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ABSTRACT

In many data analysis pipelines, a basic and time-consuming pro-

cess is to produce join results and feed them into downstream

tasks. Numerous enumeration algorithms have been developed for

this purpose. To be a statistically meaningful representation of the

whole join result, the result tuples are required to be enumerated in

uniformly random order. However, existing studies lack an efficient

random-order enumeration algorithm with a worst-case runtime

guarantee for (cyclic) join queries. In this paper, we develop an

efficient random-order enumeration algorithm for join queries with

no large hidden constants in its complexity, achieving expected

𝑂 ( AGM(𝑄 )|𝑅𝑒𝑠 (𝑄 ) | log
2 |𝑄 |) delay, 𝑂 (AGM(𝑄) log |𝑄 |) total running time

after 𝑂 ( |𝑄 | log |𝑄 |)-time index construction, where |𝑄 | is the size
of input, AGM(𝑄) is the AGM bound, and |𝑅𝑒𝑠 (𝑄) | is the size of
the join result. We prove that our algorithm is near-optimal in

the worst case, under the combinatorial 𝑘-clique hypothesis. Our

algorithm requires no query-specific preprocessing and can be flex-

ibly adapted to many common database indexes with only minor

modifications. We also devise non-trivial techniques to speed up

enumeration and reduce memory usage, and present an experimen-

tal study of their impact on our algorithm. The experimental results

show that our algorithm, enhanced with the proposed techniques,

significantly outperforms existing state-of-the-art methods.
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1 INTRODUCTION

As one of the most fundamental types of queries in database sys-

tems, join queries
1
combine columns from one or more tables into

a new table based on equality conditions. The efficient evaluation

algorithm of join queries has been extensively studied theoreti-

cally and practically in the database community. Many of these

algorithms [1, 15, 18–22, 25] can achieve asymptotically optimal

performance (sometimes up to a polylogarithmic factor) in worst-

case conditions. However, joins remain computationally expensive,

even with the implementation of worst-case optimal algorithms.

The major reason for this is the size of the join result: a join query

𝑄 may produce tuples as many as the AGM bound [2], which is

usually much larger than the size of the relation tables of 𝑄 . Then,

even listing all tuples in the join result requires a large amount of

time in the worst case. This poses a significant challenge in database

systems and data analysis pipelines [13].

To address the aforementioned challenge, numerous algorithms

have been proposed that generate and output result tuples to down-

stream tasks in a continuous manner [3–5, 7, 8], without waiting

for all join results to be generated in advance. These algorithms,

say enumeration algorithms, offer the advantage that the number

of intermediate results is proportional to the processing time. This

is useful when the query is a part of a larger data analysis pipeline,

where the query results are sent to downstream processing [9].

For example, in machine learning pipelines, we may use query re-

sults as the training data or the features for the task of training a

model [14, 17, 24]. In such pipelines, intermediate results can be fed

to the next-step process without waiting for complete result mate-

rialization. This can be seen in streaming learning algorithms [24].

In addition, users are able to halt the training when the learning

process reaches a stable state.

Furthermore, enumeration in random order is required, i.e., each
query result tuple is enumerated uniformly at random from the set

of result tuples not yet enumerated [9]. In this way, at any time, the

algorithm outputs a statistically meaningful representation of all

the join results. Many downstream tasks, where the complete query

result is not necessarily required, can benefit significantly from

the random samples, and the benefit increases with the size of the

samples. To this end, Carmeli et al. [9] introduced a random-order

enumeration algorithm for free-connex acyclic conjunctive queries

with a polylogarithmic delay after a linear-time preprocessing phase.

1
The join queries discussed in this paper are more precisely known as equi-joins.
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They also prove that (under complexity assumptions) there is no

random-order enumeration algorithm with linear preprocessing

and polylogarithmic delay for non-free-connex conjunctive queries

(such as cyclic join queries), and argue that it would be interesting

to understand more precisely the time required (both in terms of

enumeration delay and preprocessing time) for enumerating results

of non-free-connex queries in random order.

For general join queries, a straightforward method [6, 13] is to

develop a trivial transformation from a uniform sampling (with

replacement) algorithm [12, 13, 23, 27] into a sampling without re-

placement process. This is typically done by treating the sampling

algorithm as a black box that generates candidate results uniformly

and discarding any duplicates that have already been seen. To sam-

ple (cyclic) join results, early works [23, 27] decompose the original

cyclic query into an acyclic join query (say the skeleton query) and

a residual component. They then apply an acyclic-join sampling

algorithm on the skeleton query and employ a trivial procedure to

sample the join results between the samples of the skeleton query

and the residual component. Although these methods are practi-

cally motivated, they do not achieve near-optimal running time,

and require at least linear time preprocessing for each query before

sampling. More recent works [13, 16, 26] avoid decomposition and

directly perform sampling on cyclic joins. These algorithms achieve

near-optimal expected sampling time under complexity assump-

tions, without query-specific preprocessing. However, the constant

and polylogarithmic factors of their running time are typically large,

which scale exponentially with the query size (e.g., the expected run-
ning time of [13] is actually 𝑂 ( AGM(𝑄 )

max{1, |𝑅𝑒𝑠 (𝑄 ) | } log
𝑑+1 |𝑄 |), where

𝑅𝑒𝑠 (𝑄) is the set of join results and 𝑑 is the maximum arity of the re-

lations). In addition, to the best of our knowledge, these algorithms

have not yet been implemented and practically evaluated.

However, the sampling-based enumeration method wastes a lot

of time in practice, as many generated result tuples will be discarded.

There is also no worst-case guarantee on its total running time, and

there is no strict guarantee that all result tuples can be output when

the algorithm ends. Strictly speaking, it would not even be counted

as an enumeration algorithm with a delay sublinear to the number

of query results [9]. Worse still, sampling-based random-order enu-

meration inherits the aforementioned weaknesses of existing join

sampling algorithms.

In this paper, we present an efficient random-order enumeration

algorithm for join queries that provides a worst-case guarantee on

the total running time. Theoretically, our algorithm enumerates

the join result tuples in expected 𝑂 ( AGM(𝑄 )
|𝑅𝑒𝑠 (𝑄 ) |+1 log

2 |𝑄 |) delay and

𝑂 (AGM(𝑄) log |𝑄 |) total running time, after an𝑂 ( |𝑄 | log |𝑄 |)-time

index construction phase. And it is proved to be a nearly worst-

case optimal algorithm, and achieves the same total running time

complexity with several worst-case optimal join algorithms such as

Generic Join [22]. Practically, we develop techniques to speed up

the enumeration and reduce the memory usage, which lead to a sig-

nificant performance improvement in our experiments, especially

when AGM(𝑄) ≫ |𝑅𝑒𝑠 (𝑄) |. Our algorithm can not only serve as a

near-optimal random-order enumeration algorithm without large

constant or polylogarithmic factors in its enumeration delay and

total running time; it can also be used as an efficient join sampling

algorithm without preprocessing, i.e., the indexes we build over the

relational tables can be reused for different join queries, without

the need for linear-time preprocessing for each query. Moreover,

our algorithm does not require complex index structures built for

relation tables. It supports various hierarchical indexing structures

that are widely used in database systems, such as balanced trees,

B-trees, skip lists, and tries. When updates are not required, simply

sorting the tuples in lexicographic order suffices as a lightweight

indexing mechanism for our algorithm. This flexibility enables our

algorithm to be integrated into different database systems with

minimal development overhead.

Concretely, we list our contributions in the following.

First, we develop an efficient random-order enumeration algo-

rithm framework for join queries, based on a novel concept, RRAc-

cess (the Relaxed Random-Access algorithm) and a well-organized

data structure (the Ban-Pick tree), which are first proposed in this

paper. Specifically, RRAccess is defined to calculate a bijection 𝛼

from a set of integers 𝑆 (not necessarily consecutive) to the set of

join result tuples 𝑅𝑒𝑠 (𝑄), and it returns a trivial interval 𝐼 with

𝐼 ∩ 𝑆 = ∅ when inputting an integer not in 𝑆 . The Ban-Pick tree

maintains a collection of disjoint intervals, referred to as the banned

intervals, and it supports picking an integer from the remaining

(unbanned) intervals uniformly at random. Based on the Ban-Pick

tree, we show that if there is an RRAccess algorithm that runs in

𝑂 (log2 |𝑄 |) worst-case time and𝑂 (log |𝑄 |) amortized time and sat-

isfies ∀𝑠 ∈ 𝑆, 𝑠 ≤ AGM(𝑄), then our algorithm enumerates result

tuples in 𝑅𝑒𝑠 (𝑄) with expected 𝑂 ( AGM(𝑄 )
|𝑅𝑒𝑠 (𝑄 ) |+1 log

2 |𝑄 |) delay and

𝑂 (AGM(𝑄) log |𝑄 |) total running time. And it is proved as a nearly

worst-case optimal algorithm since its expected enumeration delay

and total running time are only polylogarithmically higher than the

theoretical lower bound. Moreover, our framework enables practi-

cal speed-up techniques that substantially enhance the efficiency

of enumeration in practice.

Second, we design an RRAccess algorithm based on a logical

tree structure referred to as the relaxed random-access tree (RRA-

Tree), where each node of RRATree corresponds to a filter, and the

set of result tuples satisfying a parent node’s filter is recursively

partitioned into subsets corresponding to its children’s filters. By

fully leveraging the properties of filters in RRATree, we construct

efficient data structures and develop an upper-bound estimation

algorithm and a children exploration algorithm, both of them run in

𝑂 (log |𝑄 |) time. These components enable RRAccess to achieve the

𝑂 (log2 |𝑄 |) worst-case time and 𝑂 (log |𝑄 |) amortized time. Thus

yielding the nearly worst-case optimal REnum. Moreover, we ana-

lyze the memory usage of REnum and introduce three techniques

to reduce its practical memory overhead.

Third, based on our algorithm framework, two non-trivial tech-

niques are developed to speed up the enumeration. The first is

larger trivial interval discovery (LTI). Observe that the trivial inte-

gers in N[1,AGM(𝑄)] \𝛼−1 (𝑅𝑒𝑠 (𝑄)) are often continuous and can

be grouped into intervals (called trivial intervals). LTI discovers

large trivial intervals during the running of RRAccess to avoid

picking more trivial integers in the follow-up steps. Consequently,

the probability that RRAccess returns⊥ is reduced, so that the total

running time and the enumeration delay are reduced. To further

reduce the probability that RRAccess returns 𝑝𝑒𝑟𝑝 , we develop the

second technique named tighter upper-bound estimation (TU). TU

890



provides a tighter upper-bound estimation of the number of the

filtered join results for each filter in the RRATree, so that more

and larger trivial intervals are discovered and banned earlier. As a

result, it improves the effectiveness of LTI.

Finally, we experimentally evaluate the efficiency, memory usage,

and scalability of our algorithm with the optimization techniques.

The results show that with these techniques, our algorithm signifi-

cantly outperforms the sampling-based methods [13, 23].

The remainder of this paper is structured as follows. The basic no-

tations and some necessary techniques are introduced in Section 2.

In Section 3 we introduce our main random-order enumeration

algorithm framework. Section 4 details the RRATree and the RRAc-

cess algorithm, establishes bounds on the enumeration delay and

the total running time, and presents memory-reduction techniques.

Section 5 discusses non-trivial techniques that significantly speed

up the enumeration in practice. And Section 6 presents our experi-

mental study. Due to space constraints, some proofs and details are

omitted and provided in the technical report [11].

2 PRELIMINARIES

In this paper, we denote the set of all integers by Z, and denote the

set of all natural numbers by N. For any natural numbers 𝑖 and 𝑗

with 𝑖 ≤ 𝑗 , we define N[𝑖, 𝑗] = [𝑖, 𝑗] ∩ N.

2.1 Join Query

Given a finite attribute set Att and a set 𝑈 ⊆ Att, a tuple over 𝑈
is a function 𝑡 : 𝑈 → Z, and a projection of a tuple 𝑡 on 𝑉 ⊆
𝑈 , say 𝑡 [𝑉 ], is a tuple that satisfies 𝑡 [𝑉 ] (𝑣) = 𝑡 (𝑣) for each 𝑣 ∈
𝑉 . A relation 𝑅 is a set of tuples over an identical attribute set

𝑈 , say att(𝑅) = 𝑈 . Then a join query 𝑄 is defined as a set of

relations {𝑅1, . . . , 𝑅𝑚}, and can be expressed as𝑄 = 𝑅1 ⋈︁ · · · ⋈︁ 𝑅𝑚 .

Then let |𝑄 | = ∑︁𝑚
𝑖=1 |𝑅𝑖 | be the sum of sizes of the relations in 𝑄

(i.e. the size of input), and the result of the query 𝑄 is defined as

Res(𝑄) := {𝑡 over att(𝑄) |∀𝑅 ∈ 𝑄 : 𝑡 [att(𝑅)] ∈ 𝑅}, where att(𝑄) =⋃︁
𝑅∈𝑄 att(𝑅). Let dom𝑄 (𝑣) denote the active domain of attribute

𝑣 , i.e., dom𝑄 (𝑣) =
⋃︁

𝑅∈𝑄
⋃︁

𝑣∈att(𝑅) {𝑡 (𝑣) |𝑡 ∈ 𝑅}, then we have

Res(𝑄) ⊆ ∏︁
𝑣∈att(𝑄 ) dom𝑄 (𝑣).

2.2 AGM Bound

Intuitively, the AGM bound provides an upper bound on how large

the join result could be using only the cardinalities of the input

relations, without requiring knowledge of the actual data values.

This characterizes the “worst-case” size of the join result, which is

widely used for estimating the potential cost of query evaluation

and for designing efficient join algorithms. Formally, given a join

query 𝑄 , the schema graph of 𝑄 is defined as a hypergraph 𝐺𝑄 =

(𝑉 , 𝐸), where𝑉 = att(𝑄) and 𝐸 = {att(𝑅) |𝑅 ∈ 𝑄}. Let 𝑐 : 𝐸 → (0, 1)
be a fractional edge cover of 𝐺𝑄 , i.e., ∀𝑣 ∈ 𝑉 ,

∑︁
𝑣∈𝑒 𝑐 (𝑒) ≥ 1. Then

|Res(𝑄) | ≤ AGM𝑐 (𝑄) [2], where AGM𝑐 (𝑄) :=
∏︁

𝑅∈𝑄 |𝑅 |𝑐 (att(𝑅) ) .
Moreover, let 𝐸𝐶 (𝐺𝑄 ) denotes the set of all fractional edge

covers of 𝐺𝑄 , the minimized AGM bound of 𝑄 , say AGM(𝑄) =
min𝑐∈𝐸𝐶 (𝐺𝑄 ) AGM𝑐 (𝑄), is tight: there exists a join query 𝑄∗ that
satisfies |Res(𝑄∗) | = Ω(AGM(𝑄∗)) [2]. Note that the AGM bound

can be efficiently computed with only the sizes of the relation ta-

bles, and the minimized AGM bound can be calculated by solving a

linear program in 𝑂 (1) time under data complexity.

𝑥

𝑦 𝑧

𝑆

𝑅 𝑇

(a)𝐺𝑄Δ

𝑥 𝑦

1 2

2 3

3 4

4 1

(b) 𝑅

𝑦 𝑧

1 3

3 4

4 4

4 1

(c) 𝑆

𝑥 𝑧

2 4

3 1

3 4

4 2

(d)𝑇

𝑥 𝑦 𝑧

2 3 4

3 4 1

3 4 4

(e) 𝑅𝑒𝑠 (𝑄Δ )

Table 1: 𝑄Δ := 𝑅 ⋈︁ 𝑆 ⋈︁ 𝑇

2.3 Uniform Sampling

A join sampling algorithm outputs each join result tuple with an

identical probability. Formally, a join sampling algorithm is a ran-

domized algorithm G that takes a join query 𝑄 as input and out-

puts a tuple in 𝑅𝑒𝑠 (𝑄), such that Pr(G(𝑄) outputs 𝑡) = 1

|Res (𝑄 ) |
for ∀𝑡 ∈ Res(𝑄). By Deng et al. [13], there is a nearly worst-case

optimal join sampling algorithm (under a complexity hypothesis):

Theorem 1 ([13]). There is a uniform join sampling algorithm
running in expected 𝑂̃ ( AGM(𝑄 )

max{1, |𝑅𝑒𝑠 (𝑄 ) | } ) time after a 𝑂̃ ( |𝑄 |)-time
index construction phase. Moreover, under the combinatorial 𝑘-clique
hypothesis, for any 𝜀 > 0, there is no uniform sampling algorithm for

join queries that runs in 𝑂̃ ( |𝑄 | + |𝑄 |
𝜌∗−𝜀

|Res (𝑄 ) | ) time with high probability,
where 𝜌∗ is the fractional edge cover number of 𝐺𝑄 .

2.4 Random-Order Enumeration

The random-order enumeration algorithm for join queries is a

random algorithm that takes a join query𝑄 as input and outputs all

tuples in Res(𝑄) in random order. In other words, for each 1 ≤ 𝑖 <

|Res(𝑄) |, after the first 𝑖 result tuples 𝑡1, . . . , 𝑡𝑖 have been output,

the (𝑖 + 1)-th output result tuple is a uniform sample of Res(𝑄) \
{𝑡1, . . . , 𝑡𝑖 }. Note that after all result tuples have been output, the

algorithm may still need some additional computation to confirm

that no further tuples remain. The (expected) enumeration delay of

a random-order enumeration algorithm is defined as the maximum

(expected) length of the following time intervals: (1) the time from

the start of the algorithm to the output of the first result tuple, (2)

the time from the output of any result tuple to the output of the

next result tuple, and (3) the time from the output of the last result

tuple to the termination of the algorithm.

3 ENUMERATION FRAMEWORK OVERVIEW

In this section, we develop an efficient random-order enumera-

tion algorithm framework. To facilitate an intuitive exposition of

our algorithm, we begin by defining a representative cyclic join

query, denoted by 𝑄Δ, which will serve as a running example in

the subsequent discussion.

Example 1 (𝑄Δ). Let 𝑄△ := 𝑅 ⋈︁ 𝑆 ⋈︁ 𝑇 , in which att(𝑅) =

{𝑥,𝑦}, att(𝑆) = {𝑦, 𝑧} and att(𝑇 ) = {𝑥, 𝑧}. The schema graph, rela-
tion tables, and join results of 𝑄Δ are shown in Table 1.

A natural idea for random-order enumeration is to construct a

bijection between a consecutive natural number setN[1, |Res(𝑄Δ) |]
and the set of result tuples Res(𝑄Δ). For example, let Res(𝑄Δ)𝜋 (𝑖)
denote the 𝑖-th tuple of Res(𝑄Δ) in lexicographic order 𝜋 . In this

way, a random-order enumeration of 𝑅𝑒𝑠 (𝑄Δ) can be obtained by
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listing Res(𝑄Δ)𝜋 (𝜎 (𝑖)) for 𝑖 = 1, . . . , |Res(𝑄Δ) |, where 𝜎 denotes

a random permutation of integers from 1 to |Res(𝑄Δ) |. E.g., if the
random permutation of the integers in Example 1 is 2, 3, 1, then the

enumerated tuples will be (3, 4, 1), (3, 4, 4), (2, 3, 4). This approach
works for acyclic join queries, as shown in [9], which presents

such a bijection that can be calculated in polylogarithmic time after

linear-time preprocessing. However, for general (especially cyclic)

join queries, no such efficiently computable bijection exists under

certain complexity hypotheses [9].

In our approach, we relax the requirement of constructing a

bijection. Instead, we allow some integers in the domain not to

correspond to any result tuple and to be mapped to “⊥”. We refer

to these integers as “trivial integers” and the rest as “non-trivial

integers”. We can efficiently test whether a given integer is trivial

or not. It is worth noting that the mapping between all non-trivial

integers and the result tuples is bijective. Thus, by sampling inte-

gers uniformly at random without replacement, and outputting the

tuples corresponding to non-trivial integers in the sampled order,

we obtain a valid random-order enumeration of the join results. To

further improve efficiency, when a trivial integer is encountered,
we identify and record a trivial interval to which it belongs. Once a

trivial interval is discovered and recorded, the integers in it will no

longer be sampled in the follow-up steps.

The remainder of this section will introduce (1) the formal def-

inition of the mapping between integers and join results, and an

algorithm to calculate it (i.e., the relaxed random-access algorithm),

(2) a novel data structure that supports online banning of inter-

vals and uniform sampling of unbanned integers (i.e., the Ban-Pick
tree), and (3) an efficient random-order enumeration algorithm

framework based on (1) and (2).

3.1 The Relaxed Random-Access Algorithm

Given a family of functions 𝜑 =
{︁
𝜑𝑄 |𝑄 ∈ Q

}︁
and a join query 𝑄 ,

𝜑𝑄 : N+ → Res(𝑄) ∪ {⊥} satisfies that for each tuple 𝑡 ∈ Res(𝑄)
there exists only one 𝑖 ∈ N+, 𝜑𝑄 (𝑖) = 𝑡 . Let 𝑁 be an upper-bound of

|Res(𝑄) | satisfying ∀𝑖 > 𝑁,𝜑𝑄 (𝑖) =⊥. We observe that the integers

in {𝑖 |𝜑∗ (𝑖) =⊥}, say the trivial integers, are often continuous and

can be grouped into intervals (say the trivial intervals), especially
when AGM(𝑄) ≫ |𝑅𝑒𝑠 (𝑄) |. In order to prevent picking as many

trivial integers as possible, the relaxed random-access algorithm

reports the trivial intervals. Formally, we define RRAccess
𝑄,𝜑

as

the algorithm that takes an integer 𝑖 as input and behaves as follows:

(1) returns 𝜑𝑄 (𝑖) if 𝜑𝑄 (𝑖) ≠⊥,
(2) otherwise, returns a trivial interval [𝑎, 𝑏] ⊆ N+ (with 𝑎 ≤

𝑖 ≤ 𝑏) containing only trivial integers.

We will introduce the implementation of the relaxed random-

access algorithm that runs in 𝑂 (log2 |𝑄 |) worst-case time and

𝑂 (log |𝑄 |) amortized time in Section 4.

3.2 The Ban-Pick Tree

To avoid repeatedly picking integers that have already been picked

or that are known not to correspond to any join result, we dynami-

cally maintain a collection of intervals representing such integers,

which are excluded from further picking. Specifically, we define

two types of integers: (1) trivial integers, which do not correspond

to any join result, and (2) picked integers, which have already been

picked during previous steps. We maintain a set 𝐵 of disjoint in-

tervals, each consisting of either trivial or picked integers, using

a data structure called the Ban-Pick tree. This structure, together
with two operations, guarantees that newly picked integers do not

fall within any interval in 𝐵. Formally, the Ban-Pick tree enables

the following two operations:

(1) the ban operation 𝑩.𝒃𝒂𝒏, that takes an interval disjoint

from all intervals in 𝐵 as input and inserts it into 𝐵,

(2) the pick operation 𝑩.𝒑𝒊𝒄𝒌 , that takes an integer 𝐻 sat-

isfying ∀𝐼 ∈ 𝐵, 𝐼 ⊆ [1, 𝐻 ] as input and returns an integer

𝑖 ∈ [1, 𝐻 ] \ ∪𝐼 ∈𝐵𝐼 uniformly at random.

Based on the Ban-Pick tree, the trivial and picked integers in the

banned intervals in 𝐵 are prevented from being picked.

In general, the set N[1, 𝑁 ] \⋃︁𝐼 ∈𝐵 𝐼 is not a contiguous interval.

This results in a failure of the trivial generator working on an inter-

val. Therefore, we need to provide a pick operation that works on

a union of disjoint intervals. Given 𝐵 = {𝐼𝑖 = [𝑙𝑖 , ℎ𝑖 ] |𝑖 ∈ N[1, |𝐵 |]}
which is the set of disjoint intervals already banned, w.l.o.g., assume

ℎ𝑖 < 𝑙𝑖+1 for every 𝑖 ∈ N[1, |𝐵 | − 1]. Let 𝐿 = |N[1, 𝑁 ] \ ∪ |𝐵 |
𝑖=1

𝐼𝑖 |, that
is, 𝐿 = 𝑁 −∑︁ |𝐵 |

𝑖=1
|𝐼𝑖 |. Our pick operation works as follows:

(1) sample an integer 𝑦 ∈ N[1, 𝐿] uniformly at random,

(2) compute the offset 𝑏 =
∑︁𝑘∗
𝑖=1 |𝐼𝑖 | such that ℎ𝑘∗ < 𝑦 + 𝑏 and

𝑦 + 𝑏 < 𝑙𝑘∗+1 (if 𝑘
∗ < |𝐵 |),

(3) return 𝑦 + 𝑏.
To enable efficient computation of the offset in Step (2), we define

the Ban-Pick tree as a balanced tree 𝑇𝐵 such that

(1) each node 𝑢 ∈ 𝑇𝐵 corresponds bijectively to an interval

𝐼𝑢 = [𝑢.𝑙,𝑢.ℎ] ∈ 𝐵, and stores it via 𝑢.𝑙 and 𝑢.ℎ,

(2) each node 𝑢 ∈ 𝑇𝐵 maintains 𝑢.left and 𝑢.right that point to
its left child and right child, and if 𝑣 is the left (right) child

of 𝑢, then 𝑣 .ℎ < 𝑢.𝑙 (𝑣 .𝑙 > 𝑢.ℎ),

(3) each node 𝑢 ∈ 𝑇𝐵 maintains 𝑢.take, which denotes the sum

of lengths of the intervals in the subtree rooted in 𝑢,

(4) the height of 𝑇𝐵 is 𝑂 (log |𝐵 |).

Algorithm 1: 𝐵.𝑝𝑖𝑐𝑘

Input: 𝐻

Output: a uniform sample from N[1, 𝐻 ] \ ∪𝐼 ∈𝐵𝐼
1 𝑢 ← the root of 𝑇𝐵 ;

2 sample an integer 𝑦 ∈ N[1, 𝐻 − 𝑢.𝑡𝑎𝑘𝑒] uniformly;

3 𝑏 ← 0, temp← 0;

4 while 𝑢 ≠ nil do
5 if 𝑢.left = nil then temp← 0;

6 else temp← 𝑢.left.take;
7 if (𝑦 + 𝑏) + temp < 𝑢.𝑙 then 𝑢 ← 𝑢.left;
8 else 𝑏 ← 𝑏 + temp + (𝑢.ℎ − 𝑢.𝑙 + 1), 𝑢 ← 𝑢.right;

9 return 𝑦 + 𝑏

Then the ban operation takes 𝑂 (log |𝐵 |) time for each interval

insertion. We also design an efficient implementation of 𝐵.𝑝𝑖𝑐𝑘

as Algorithm 1. The algorithm conceptually views the unbanned

elements of N[1, 𝐻 ] as being concatenated into a single “compact

available space” N[1, 𝐻 − 𝑟 .𝑡𝑎𝑘𝑒], where 𝑟 is the root of 𝑇𝐵 . First, it
samples a random integer 𝑦 uniformly from N[1, 𝐻 − 𝑟 .𝑡𝑎𝑘𝑒], then
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it traverses 𝑇𝐵 to locate the unbanned interval that corresponds to

position 𝑦 and computes the offset 𝑏, which equals the total length

of all the preceding banned intervals. Finally, the algorithm returns

𝑦+𝑏, which is themapped value in the original spaceN[1, 𝐻 ]\∪𝐼 ∈𝐵𝐼 .
For example, suppose 𝐻 = 8 and 𝐵 = {[2, 3], [6, 6]}. The unbanned
intervals are [1, 2], [4, 5] and [7, 8], whose concatenation forms a

compact available space N[1, 5]. If 𝑦 = 4 is sampled from N[1, 5], it
corresponds to the third unbanned interval, [7, 8]. Therefore, the
algorithm returns 𝑦 + 𝑏 = 4 + (| [2, 3] | + | [6, 6] |) = 7.

Since the height of 𝑇𝐵 is at most 𝑂 (log |𝐵 |), Algorithm 1 runs in

𝑂 (log |𝐵 |) time. Moreover, since 𝑦 is uniformly sampled from the

compact available space, the probability of 𝑦 corresponding to a

particular unbanned interval is proportional to its size, and 𝑦 + 𝑏
is uniformly distributed within that interval. Hence, Algorithm 1

produces a uniform sample from the set N[1, 𝐻 ] \⋃︁𝐼 ∈𝐵 𝐼 .

Remarks. The Ban-Pick tree is independent of the underlying data
storage and access mechanisms, enabling integration into different

database systems without code modification.

3.3 The Enumeration Framework

Given any join query 𝑄 , let 𝑁 be an upper bound of |Res(𝑄) | such
that∀𝑖 > 𝑁,𝜑𝑄 (𝑖) =⊥. Algorithm 2 enumerates all tuples in Res(𝑄)
by repeatedly picking integers uniformly at random from [1, 𝑁 ] \𝐵,
where 𝐵 is a set of banned intervals containing trivial and picked in-

tegers. Each picked integer 𝑖 is passed to RRAccess𝑄,𝜑
. If𝜑𝑄 (𝑖) ≠⊥,

in which case RRAccess
𝑄,𝜑

returns a valid result tuple, then the

algorithm outputs the tuple, and [𝑖, 𝑖] is inserted into 𝐵 to avoid

repetition; otherwise, if 𝜑𝑄 (𝑖) =⊥, indicating that 𝑖 lies in a trivial

interval 𝐼 returned by RRAccess
𝑄,𝜑

, then the entire interval 𝐼 is

inserted into 𝐵. This process ensures that each result tuple is output

exactly once. Moreover, at each step, the output tuple (if exists) is

uniformly sampled from the set of the unenumerated join results.

Algorithm 2: REnum

Input: 𝑄

Output: Res(𝑄) in a random order

1 𝐵 ← ∅, 𝑁
ban
← 0;

2 while 𝑁
ban

< 𝑁 do

3 𝑖 ← 𝐵.𝑝𝑖𝑐𝑘 (𝑁 );
4 𝑟𝑒𝑠 ← RRAccess

𝑄,𝜑∗ (𝑖);
5 if 𝑟𝑒𝑠 is a tuple in Res(𝑄) then
6 output 𝑟𝑒𝑠;

7 𝐵.𝑏𝑎𝑛( [𝑖, 𝑖]), 𝑁
ban
← 𝑁

ban
+ 1;

8 else 𝐵.𝑏𝑎𝑛(𝑟𝑒𝑠), 𝑁
ban
← 𝑁

ban
+ |𝑟𝑒𝑠 |;

Lemma 1. For any 𝑄 ∈ Q, if log𝑁 ≤ 𝑂 (log |𝑄 |) and there
exists a relaxed random-access algorithm 𝑅𝑅𝐴𝑐𝑐𝑒𝑠𝑠𝑄,𝜑 running in
𝑂 (log2 |𝑄 |) worst-case time and 𝑂 (log |𝑄 |) amortized time, then Al-
gorithm 2 enumerates the tuples in Res(𝑄) in random order with
expected 𝑂 ( 𝑁

|Res (𝑄 ) |+1 log
2 |𝑄 |) delay and 𝑂 (𝑁 log |𝑄 |) total time.

In the casewhere𝑁 ≤ AGM(𝑄), that is, RRAccess𝑄,𝜑
in Lemma 1

satisfies ∀𝑖 > AGM(𝑄), 𝜑 (𝑖) =⊥, Algorithm 2 enumerates the join

results in random order with expected 𝑂 ( AGM(𝑄 )
|Res (𝑄 ) |+1 log

2 |𝑄 |) de-
lay and 𝑂 (AGM(𝑄) log |𝑄 |) total running time, where 𝜌∗ is the
fractional edge cover number of 𝐺𝑄 .

In addition, by [13], the𝑂 (AGM(𝑄) log |𝑄 |) total running time is

nearly optimal in the worst case, unless the combinatorial 𝑘-clique

hypothesis is false. Moreover, since the first enumerated result tuple

is a uniform sample from 𝑅𝑒𝑠 (𝑄), the lower bound of the expected

running time of join sampling algorithms is also a lower bound

of the expected delay of random-order enumeration algorithms.

Formally, the following theorem holds.

Theorem 2. Under the combinatorial 𝑘-clique hypothesis, for any
𝜀 > 0, there is no random-order enumeration algorithm for join queries

with expected 𝑂̃ ( |𝑄 |
𝜌∗−𝜀

|Res (𝑄 ) |+1 ) delay after a 𝑂̃ ( |𝑄 |)-time preprocessing,
where 𝜌∗ is the minimal fractional edge cover number of 𝐺𝑄 .

This theorem implies that, after a 𝑂̃ ( |𝑄 |)-time preprocessing

phase, the expected𝑂 ( AGM(𝑄 )
|Res (𝑄 ) |+1 log

2 |𝑄 |) ≤ 𝑂 ( |𝑄 |𝜌∗
|Res (𝑄 ) |+1 log

2 |𝑄 |)
delay is nearly optimal.

4 THE RELAXED RANDOM-ACCESS

In this section, we present an efficient implementation of RRAc-

cess, which achieves 𝑂 (log2 |𝑄 |) worst-case time and 𝑂 (log |𝑄 |)
amortized time. We then analyze the resulting REnum algorithm

and introduce techniques to reduce its space usage. To achieve these

guarantees, RRAccess is built on a conceptual tree structure called

relaxed random-access tree (RRATree), denoted by 𝑇̃𝑄 .

4.1 Overview of RRATree and RRAccess

Intuitively, the RRATree is a conceptual tree that recursively divides

the active domain of the join query.The root represents the full

active domain, each node corresponds to a subset of the domain

characterized by a filter, and each join result corresponds to a leaf.

Formally, the RRATree is defined as follows:

Definition 1 (RRATree). Let 𝑄 be an arbitrary join query. The
RRATree of 𝑄 , denoted by 𝑇̃𝑄 , is a rooted tree that satisfies:

(1) each node 𝑢 ∈ 𝑇̃𝑄 corresponds to a filter𝜓𝑢 ,
(2) let 𝑟 be the root node of 𝑇̃𝑄 , then the filter𝜓𝑟 can be computed

in 𝑂 ( |𝑄 |) time and satisfies 𝑄 = 𝑄 |𝜓𝑟
,

(3) there is an upper-bound algorithm 𝑢𝑝𝑝 which takes a filter
𝜓𝑢 with 𝑢 ∈ 𝑇̃𝑄 as input and returns a positive integer in
𝑂 (log |𝑄 |) time, such that
(a) ∀𝑢 ∈ 𝑇̃𝑄 , 𝑢𝑝𝑝 (𝜓𝑢 ) ≥ |Res(𝑄 |𝜓𝑢

) |,
(b) for any filter𝜓𝑢 with𝑢 ∈ 𝑇̃𝑄 and𝑢𝑝𝑝 (𝜓𝑢 ) ≤ 1, Res(𝑄 |𝜓𝑢

)
can be computed in 𝑂 (log |𝑄 |) time,

(4) there is a children exploration algorithm 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛, such that
for each node 𝑢 ∈ 𝑇̃𝑄 , 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓𝑢 ) returns at most a con-
stant number of filters𝜓𝑣1 , . . . ,𝜓𝑣𝑘 in 𝑂 (log |𝑄 |) time, such
that
(a) ∀𝑢 ∈ 𝑇̃𝑄 , 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓𝑢 ) = ∅ iff 𝑢𝑝𝑝 (𝜓𝑢 ) ≤ 1,
(b)

⋃︁𝑘
𝑖=1 Res(𝑄 |𝜓𝑣𝑖

) = Res(𝑄 |𝜓𝑢
),

(c) ∀1 ≤ 𝑖 < 𝑗 ≤ 𝑘, Res(𝑄 |𝜓𝑣𝑖
) ∩ Res(𝑄 |𝜓𝑣𝑗

) = ∅,
(d)

∑︁𝑘
𝑖=1 𝑢𝑝𝑝 (𝜓𝑣𝑖 ) ≤ 𝑢𝑝𝑝 (𝜓𝑢 ),

(e) ∀1 ≤ 𝑖 ≤ 𝑘,𝑢𝑝𝑝 (𝜓𝑣𝑖 ) ≤ 1

2
𝑢𝑝𝑝 (𝜓𝑢 ).
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1,4 , 1,4 , 1,4
𝑢𝑝𝑝 = 8

1,2 , 1,4 , 1,4
𝑢𝑝𝑝 = 2

3,3 , 4,4 , 1,3
𝑢𝑝𝑝 = 1

3,3 , 4,4 , 4,4
𝑢𝑝𝑝 = 1

4,4 , 1,4 , 1,4
𝑢𝑝𝑝 = 2

2,2 , 1,3 , 1,4
𝑢𝑝𝑝 = 1

4,4 , 1,3 , 1,4
𝑢𝑝𝑝 = 1

(2,3,4)

(3,4,1) (3,4,4)

∅

1 2 3 4 5 6 7 8

⊥ ⊥ ⊥ ⊥ ⊥

Figure 1: 𝑇̃𝑄Δ when 𝑢𝑝𝑝 (𝜓 ) = ⌊AGM𝑐∗ (𝑄Δ |𝜓 )⌋

Figure 1 shows the RRATree of 𝑄Δ, where the root node repre-

sents the entire active domain of𝑄Δ, and its four children represents

four disjoint subsets of the domain, each defined by a filter.

Based on the RRATree, we define the function family 𝜑∗ with
𝑢𝑝𝑝 and develop the algorithm RRAccess. Intuitively, in Figure 1, as

the upper bound of the root node is 8, it is associated with the inter-

val N[1, 8]. And its four children are associated with four disjoint

subintervals whose lengths correspond to their respective upper

bounds, distinguished by the colors in the figure. This approach

recurses until every result tuple is assigned to a unique integer,

which in turn maps to that tuple in 𝜑∗
𝑄Δ; the remaining integers are

then mapped to ⊥. Formally, given a join query 𝑄 and fix a partial

order relation ≺ in the filter set, for each integer 𝑖 > 0, if there is a

tuple 𝑡 ∈ Res(𝑄) such that

𝑖 =

ℎ−1∑︂
𝑗=1

∑︂
𝜓 ∈𝑆 𝑗

𝑢𝑝𝑝 (𝜓 ) + 1, (1)

where 𝑆 𝑗 = {𝜓 ∈ children(𝜓𝑢 𝑗
) | 𝜓 ≺ 𝜓𝑢 𝑗+1 }, 𝑢1, . . . , 𝑢ℎ is the path

from the root 𝑟 to the leaf 𝑢𝑡 (𝑢1 = 𝑟 and 𝑢ℎ = 𝑢𝑡 ), and 𝑢𝑡 ∈ 𝑇̃𝑄 is

the leaf node such that 𝑡 ∈ Res(𝑄 |𝜓𝑢𝑡
), then 𝜑∗

𝑄
(𝑖) = 𝑡 . Otherwise,

if there does not exist such a tuple, we define 𝜑∗
𝑄
(𝑖) =⊥. Then the

following lemma holds.

Lemma 2. ∀𝑖 > 𝑢𝑝𝑝 (𝜓𝑟 ), 𝜑∗𝑄 (𝑖) =⊥.

Our relaxed random-access algorithm is implemented as Algo-

rithm 3. The algorithm starts from𝜓𝑟 , which can be computed in

𝑂 (1) time after an 𝑂 ( |𝑄 | log |𝑄 |)-time index construction phase.

Then in lines 3-8, the algorithm traverses 𝑇̃𝑄 from top to down

to find the path on which the filters may contain 𝜑∗
𝑄
(𝑖). Since for

each filter 𝜓 and its children 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓 ) = 𝜓1, . . . ,𝜓𝑘 , we have

𝑢𝑝𝑝 (𝜓𝑖 ) ≤ 1

2
𝑢𝑝𝑝 (𝜓 ) for any 1 ≤ 𝑖 ≤ 𝑘 , which implies that the

depth of 𝑇̃𝑄 is at most𝑂 (log𝑢𝑝𝑝 (𝜓𝑟 )) and the number of nodes in

𝑇̃𝑄 is𝑂 (𝑢𝑝𝑝 (𝜓𝑟 )). Moreover, with the use of a caching mechanism

that stores the filters, upper bounds and children of all traversed

nodes in 𝑇̃𝑄 (thus avoiding redundant computation), in the case

where 𝑢𝑝𝑝 (𝜓𝑟 ) ≤ AGM(𝑄), the following lemma holds.

Lemma 3. If𝜓𝑟 can be computed in 𝑂 (1) time, and there exist an
algorithm 𝑢𝑝𝑝 and an algorithm 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛 satisfying the properties
in Definition 1 and running in 𝑂 (log |𝑄 |) time, then if 𝑢𝑝𝑝 (𝜓𝑟 ) ≤
AGM(𝑄), Algorithm 3 is a relaxed random-access algorithm running
in 𝑂 (log2 |𝑄 |) worst-case time and 𝑂 (log |𝑄 |) amortized time.

Algorithm 3: RRAccess
𝑄,𝜑∗

Input: 𝑖

Output: 𝜑∗
𝑄
(𝑖) if 𝜑∗

𝑄
(𝑖) ≠⊥, otherwise a trivial interval

containing 𝑖

1 offset ← 0;

2 𝜓 ← 𝜓𝑟 where 𝑟 is the root node of 𝑇̃𝑄 ;

3 while 𝑢𝑝𝑝 (𝜓 ) ≥ 2 do

4 𝜓1, . . . ,𝜓𝑘 ← 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓 );
5 if offset +∑︁𝑘

𝑗=1 𝑢𝑝𝑝 (𝜓𝑘 ) < 𝑖 then return [𝑖, 𝑖];
6 𝑟∗ ← min{𝑟 ∈ N[1, 𝑘] |offset +∑︁𝑟

𝑗=1 𝑢𝑝𝑝 (𝜓 𝑗 ) ≥ 𝑖};
7 offset ← offset +∑︁𝑟 ∗−1

𝑗=1 𝑢𝑝𝑝 (𝜓 𝑗 );
8 𝜓 ← 𝜓𝑟 ∗ ;

9 if Res(𝑄 |𝜓 ) ≠ ∅ then
10 return the tuple in Res(𝑄 |𝜓 )
11 else return [𝑖, 𝑖];

Remarks. For simplicity, the RRAccess algorithm in this section

only implements the trivial interval discovery of a naïve method.

Specifically, when 𝜑𝑄 (𝑖) =⊥, the algorithm returns the singleton

interval [𝑖, 𝑖]. In Section 5, we will introduce techniques that effi-

ciently discover larger trivial intervals within the running of RRAc-

cess, thereby enhancing the practical efficiency of the enumeration.

In the following, we introduce the proper filters of the tree nodes,

the 𝑂 (log |𝑄 |)-time upper-bound algorithm and the 𝑂 (log |𝑄 |)-
time children exploration algorithm.

4.2 The Filters of the Tree Nodes

In this paper, all filters corresponding to the nodes in 𝑇̃𝑄 are defined

to be range filters. Formally, for any node 𝑢 ∈ 𝑇̃𝑄 , the filter𝜓𝑢 can

be expressed as a list of intervals:𝜓𝑢 = [[𝑙𝑢,1, ℎ𝑢,1], . . . , [𝑙𝑢,𝑛, ℎ𝑢,𝑛]].
We further say that𝜓𝑢 is an empty range filter (or an empty range
for short) if and only if there exists 1 ≤ 𝑖 ≤ 𝑛 such that 𝑙𝑢,𝑖 >

ℎ𝑢,𝑖 . A tuple 𝑡 ∈ 𝑅 satisfies 𝜓𝑢 if and only if 𝑥𝑖 ∈ [𝑙𝑢,𝑖 , ℎ𝑢,𝑖 ] holds
for each 𝑥𝑖 ∈ att(𝑅). In Example 1, let 𝜓 = [[1, 2], [1, 4], [1, 4]],
we have 𝑅 |𝜓 = {(1, 2), (2, 3)}, 𝑆 |𝜓 = 𝑆 , 𝑇 |𝜓 = {(4, 2)}, and then

Res(𝑄Δ |𝜓 ) = {(2, 3, 4)}. Moreover, the filter of the root node 𝑟 is

𝜓𝑟 =
[︁
[min𝑄 (𝑥1),max𝑄 (𝑥1)], . . . , [min𝑄 (𝑥𝑛),max𝑄 (𝑥𝑛)]

]︁
, where

max𝑄 (𝑥𝑖 ) = max dom𝑄 (𝑥𝑖 ) and min𝑄 (𝑥𝑖 ) = min dom𝑄 (𝑥𝑖 ) for
1 ≤ 𝑖 ≤ 𝑛. These bounds are computed during index construction

in 𝑂 ( |𝑄 |) time. Once the index is constructed,𝜓𝑟 can be obtained

in 𝑂 (1) time, and 𝑄 |𝜓𝑟
= 𝑄 as all tuples in

⋃︁
𝑅∈𝑄 𝑅 satisfy𝜓𝑟 .

We further define an important class of range filters, say the

“prefix range filters", on which the upper-bound algorithm and the

children exploration algorithm can be calculated efficiently.

Definition 2. For any range filter𝜓 = [[𝑙1, ℎ1], . . . , [𝑙𝑛, ℎ𝑛]], if
there exists an integer 1 ≤ 𝑠 ≤ 𝑛 such that𝜓 satisfies (1) ∀1 ≤ 𝑖 < 𝑠 ,
𝑙𝑖 = ℎ𝑖 , (2) 𝑙𝑠 ≤ ℎ𝑠 , and (3) ∀𝑠 ≤ 𝑖 ≤ 𝑛, 𝑙𝑖 = min𝑄 (𝑥𝑖 ), ℎ𝑖 =

max𝑄 (𝑥𝑖 ), then 𝜓 is a prefix range filter with a split position 𝑠 .
Moreover, if 𝑠 + 1 is not a split position of𝜓 , then 𝑠 is the maximum

split position of𝜓 .

It is clear that𝜓𝑟 is a prefix range filter with split position 1. We

will later discuss the advantage properties of the prefix range filters

and prove that all filters in the RRATree are prefix range filters.
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4.3 The Upper-Bound Algorithm

Let 𝐺𝑄 be the schema graph of 𝑄 , given a fractional edge cover

𝑐 ∈ 𝐸𝐶 (𝐺𝑄 ), for the sake of ease in theoretical analysis, we initially

define 𝑢𝑝𝑝 (𝜓 ) = ⌊AGM𝑐 (𝑄 |𝜓 )⌋ for any range filter 𝜓 . Since all

the sizes of relations are integers, the floor of the AGM bound still

serves as an upper-bound for the size of the join result. Then it holds

immediately that 𝑢𝑝𝑝 (𝜓 ) ≥ |Res(𝑄 |𝜓 ) |. In Section 5, we introduce

other upper bounds of the join result size. Tighter upper bounds

will enhance the practical efficiency of the algorithm, i.e., reducing
both the enumeration delay and the total running time.

Deng et al. [13] build a range tree as an index for each relation

𝑅 with |att(𝑅) | = 𝑑 in 𝑂 ( |𝑅 | log𝑑−1 |𝑅 |) time in the index construc-

tion phase, then for any range filter 𝜓 , |𝑅 |𝜓 | can be computed in

𝑂 (log𝑑−1 |𝑅 |) time. We now demonstrate that, for any prefix range

filter𝜓 , the AGM bound of the filtered query 𝑄 |𝜓 can be computed

in𝑂 (log |𝑄 |) time. Since the AGM bound can be computed in𝑂 (1)
time once the cardinalities |𝑅 |𝜓 | for each 𝑅 ∈ 𝑄 are obtained, it

suffices to show that these cardinalities can be computed within

the stated time bounds.

For each 𝑅 ∈ 𝑄 with attributes att(𝑅) = {𝑥𝑟1 , . . . , 𝑥𝑟𝑑 } where
𝑑 = |att(𝑅) | and 𝑟1, . . . , 𝑟𝑑 ∈ N[1, 𝑛]. Assume that all tuples in

𝑅 are ordered lexicographically. In particular, ∀𝑡, 𝑡 ′ ∈ 𝑅, 𝑡 ≺ 𝑡 ′ iff(︁
𝑡 (𝑥𝑟1 ), . . . , 𝑡 (𝑥𝑟𝑑 )

)︁
≺

(︁
𝑡 ′ (𝑥𝑟1 ), . . . , 𝑡 ′ (𝑥𝑟𝑑 )

)︁
in lexicographical order.

Then we define the functions 𝑅.𝑙𝑜𝑤𝑒𝑟 : Z𝑑 → N and 𝑅.𝑢𝑝𝑝𝑒𝑟 :

Z𝑑 → N. For any 𝑑-ary tuple 𝑡 (which may not necessarily be a

member of 𝑅), 𝑅.𝑙𝑜𝑤𝑒𝑟 (𝑡) returns the index of the first tuple 𝑡 ′ ∈ 𝑅
such that 𝑡 ′ ≥ 𝑡 , and 𝑅.𝑢𝑝𝑝𝑒𝑟 (𝑡) returns the index of the first tuple
𝑡 ′ ∈ 𝑅 such that 𝑡 ′ > 𝑡 . Define 𝑅 [𝑡𝑙 , 𝑡ℎ] = {𝑡 ∈ 𝑅 |𝑡𝑙 ⪯ 𝑡 ⪯ 𝑡ℎ} and
𝑅.𝑐𝑛𝑡 (𝜓 ) = |𝑅 [𝑡𝜓

𝑙
, 𝑡
𝜓

ℎ
] | = 𝑅.𝑢𝑝𝑝𝑒𝑟 (𝑡𝜓

ℎ
) − 𝑅.𝑙𝑜𝑤𝑒𝑟 (𝑡𝜓

𝑙
), where 𝜓 =

[[𝑙1, ℎ1], . . . , [𝑙𝑛, ℎ𝑛]], 𝑡𝜓𝑙 = (𝑙𝑟1 , . . . , 𝑙𝑟𝑑 ) and 𝑡
𝜓

ℎ
= (ℎ𝑟1 , . . . , ℎ𝑟𝑑 ),

then the following lemma holds.

Lemma 4. For any prefix range filter𝜓 , |𝑅 |𝜓 | = 𝑅.𝑐𝑛𝑡 (𝜓 ).

Wenowpresent the index for each𝑅 ∈ 𝑄 that supports𝑂 (log |𝑅 |)-
time computation of 𝑅.𝑐𝑛𝑡 . A straightforward approach to calculate

𝑅.𝑐𝑛𝑡 is tomaintain a lexicographically sorted array of all tuples in𝑅.

Given such an array, for any prefix range filter𝜓 , both 𝑅.𝑙𝑜𝑤𝑒𝑟 (𝑡𝜓
𝑙
)

and 𝑅.𝑢𝑝𝑝𝑒𝑟 (𝑡𝜓
ℎ
) can be calculated in 𝑂 (log |𝑅 |) time via a binary

search, then 𝑅.𝑐𝑛𝑡 (𝜓 ) can be calculated in 𝑂 (log |𝑅 |) time.

However, this approach is inefficient for updates, as each inser-

tion or deletion may require𝑂 ( |𝑅 |) element shifts. To support both

efficient query and update operations, we adopt a self-balancing

binary search tree (BST), e.g., an AVL tree, as the underlying index

structure. Each node of the tree corresponds one-to-one to a tuple

in the relation table and maintains the binary search property: the

tuple in each node is lexicographically greater (less) than that in

its left (right) child, if such children exist. Furthermore, each node

𝑢 stores the size of the subtree rooted in itself, denoted as 𝑢.𝑠𝑖𝑧𝑒 ,

which enables efficient counting of tuples within a specified range

in the relation. As both tree balancing and subtree size mainte-

nance can be performed in𝑂 (log |𝑅 |) time per insertion or deletion,

the index structure efficiently supports dynamic update with log-

arithmic overhead. Using the BST structure and the stored sizes,

𝑅.𝑙𝑜𝑤𝑒𝑟 (𝑡) and 𝑅.𝑢𝑝𝑝𝑒𝑟 (𝑡) can be calculated in 𝑂 (log |𝑅 |) time for

any tuple 𝑡 ∈ Z𝑑 by performing a root-to-leaf traversal. That is, for

any prefix range filter 𝜓 , 𝑅.𝑐𝑛𝑡 (𝜓 ) = 𝑅.𝑢𝑝𝑝𝑒𝑟 (𝑡𝜓
ℎ
) − 𝑅.𝑙𝑜𝑤𝑒𝑟 (𝑡𝜓

𝑙
)

can be calculated in 𝑂 (log |𝑅 |) time. Then we have

Lemma 5. For any prefix range filter 𝜓 and any fractional edge
cover 𝑐 ∈ 𝐸𝐶 (𝐺𝑄 ), both AGM𝑐 (𝑄 |𝜓 ) and AGM(𝑄 |𝜓 ) can be calcu-
lated in 𝑂 (log |𝑄 |) time.

Therefore, for any prefix range filter𝜓 ,𝑢𝑝𝑝 (𝜓 ) = ⌊AGM𝑐 (𝑄 |𝜓 )⌋
can be computed in 𝑂 (log |𝑄 |) time.

We now aim to prove that when 𝑢𝑝𝑝 (𝜓 ) ≤ 1, the join result

𝑅𝑒𝑠 (𝑄 |𝜓 ) can be computed in 𝑂 (log |𝑄 |) time. To this end, we first

define a property of 𝑢𝑝𝑝 , called super-additivity, and prove that

when 𝑢𝑝𝑝 satisfies the property, 𝑅𝑒𝑠 (𝑄 |𝜓 ) can be computed in

𝑂 (log |𝑄 |) time for any𝜓 satisfying 𝑢𝑝𝑝 (𝜓 ) ≤ 1.

Property 1 (super-additivity). Given any range filter 𝜓 =

[[𝑙1, ℎ1], . . . , [𝑙𝑛, ℎ𝑛]] and 1 ≤ 𝑝 ≤ 𝑛, for any partition of the inter-
val [𝑙𝑝 , ℎ𝑝 ] into 𝑘 disjoint sub-intervals 𝐼1, . . . , 𝐼𝑘 such that [𝑙𝑝 , ℎ𝑝 ] =⋃︁𝑘

𝑖=1 𝐼𝑖 and 𝐼𝑖∩𝐼 𝑗 = ∅ for 𝑖 ≠ 𝑗 , the inequality
∑︁𝑘
𝑖=1 𝑢𝑝𝑝 ( [[𝑙1, ℎ1], . . . ,

𝐼𝑖 , . . . , [𝑙𝑛, ℎ𝑛]]) ≤ 𝑢𝑝𝑝 (𝜓 ) holds.

If an upper-bound algorithm satisfies Property 1, it is referred to

as super-additive. Then the following lemma holds.

Lemma 6. If 𝑢𝑝𝑝 is super-additive, then for any prefix range filter
𝜓 = [[𝑙1, ℎ1], . . . , [𝑙𝑛, ℎ𝑛]] such that 𝑢𝑝𝑝 (𝜓 ) ≤ 1, Res(𝑄 |𝜓 ) can be
computed in 𝑂 (log |𝑄 |) time.

Moreover, the upper-bound algorithm proposed in this section

is super-additive. This can be readily derived from the AGM split

theorem [13]. Hence, for any prefix range filter𝜓 with 𝑢𝑝𝑝 (𝜓 ) ≤ 1,

Res(𝑄 |𝜓 ) can be computed in 𝑂 (log |𝑄 |) time.

4.4 The Children Exploration Algorithm

During the path-finding process of RRAccess, in order to calculate

the children of each visited node in 𝑂 (log |𝑄 |) time, we develop an

efficient children exploration algorithm, which takes a prefix range

filter𝜓 as input and outputs at most a constant number of children

filters𝜓1, . . . ,𝜓𝑘 as required in Definition 1. Our approach follows

the active domain partitioning strategy proposed by Deng et al. [13].

We improve their method by introducing a novel partitioning algo-

rithm and more efficient data structures, which together reduce the

computational complexity from 𝑂 (log𝑑 |𝑄 |) to 𝑂 (log |𝑄 |), where
𝑑 = max𝑅∈𝑄 att(𝑅) denotes the maximum arity of the relations.

The divide operation. Specifically, define an operation “di-

vide” that takes a range filter 𝜓 = [[𝑙1, ℎ1], . . . , [𝑙𝑛, ℎ𝑛]] with 𝑠 =

min{𝑖 |𝑙𝑖 ≠ ℎ𝑖 } as input and outputs three range filters𝜓left,𝜓mid
and

𝜓
right

of the form [[𝑙1, ℎ1], . . . , [𝑙 ′𝑠 , 𝑟 ′𝑠 ], . . . , [𝑙𝑛, ℎ𝑛]], where [𝑙 ′𝑠 , 𝑟 ′𝑠 ]
is [𝑙𝑠 , 𝑝 − 1], [𝑝, 𝑝] and [𝑝 + 1, ℎ𝑠 ] respectively, such that

(1) 𝑢𝑝𝑝 (𝜓
left
) + 𝑢𝑝𝑝 (𝜓

mid
) + 𝑢𝑝𝑝 (𝜓

right
) ≤ 𝑢𝑝𝑝 (𝜓 ),

(2) 𝑢𝑝𝑝 (𝜓
left
) ≤ 1

2
𝑢𝑝𝑝 (𝜓 ), 𝑢𝑝𝑝 (𝜓

right
) ≤ 1

2
𝑢𝑝𝑝 (𝜓 ).

Assuming the upper-bound algorithm is super-additive, then (1)

holds for any 𝑝 ∈ N[𝑙𝑠 , ℎ𝑠 ]. Deng et al. [13] calculate the proper di-

vision point 𝑝 that satisfies (2) by a binary search for the minimized

integer in [𝑙𝑠 , ℎ𝑠 ] such that𝑢𝑝𝑝 (𝜓
left
) ≥ 1

2
𝑢𝑝𝑝 (𝜓 ). In each iteration

of their binary search process, a count oracle implemented by a

range tree is employed to calculate the cardinality of each filtered

relation. This results in a time complexity of 𝑂 (log𝑑 |𝑄 |) for the
divide operation, where 𝑑 = max𝑅∈𝑄 |att(𝑅) |. In contrast, we show
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that when dividing a prefix range filter, the division point 𝑝 can be

computed in 𝑂 (log |𝑄 |) time. We achieve this by first demonstrat-

ing that 𝑠 is a valid split position of𝜓 , then reducing the problem

to an equivalent optimization problem, and finally designing an

efficient 𝑂 (log |𝑄 |)-time algorithm to solve it.

Lemma 7. Let 𝜓 = [[𝑙1, ℎ1], . . . , [𝑙𝑛, ℎ𝑛]] be a prefix range filter,
then 𝑠 = min{𝑖 |𝑙𝑖 ≠ ℎ𝑖 } is a split position of𝜓 .

For each relation 𝑅𝑖 ∈ 𝑄 satisfying 𝑥𝑠 ∈ att(𝑅𝑖 ), define 𝐴𝑖 =[︁
𝑡1 (𝑥𝑠 ), . . . , 𝑡𝑛𝑖 (𝑥𝑠 )

]︁
, where 𝑛𝑖 = |𝑅𝑖 |𝜓 |, 𝑅 |𝜓 = {𝑡1, . . . , 𝑡𝑛𝑖 } and

𝑡1 ⪯ · · · ⪯ 𝑡𝑛𝑖 . We observe that the task of “calculating the division

point 𝑝" in the divide operation can be cast as an instance of the

following optimization problem:

Input: a constant number of sorted integer arrays 𝐴1, . . . , 𝐴𝑘 and

an integer 𝑇 ,

Output: the maximum integer 𝑝∗ such that 𝐹 (𝑝∗) ≤ 𝑇 ,
where 𝑁𝑖 (𝑝) = |{𝑥 ∈ 𝐴𝑖 |𝑥 < 𝑝}|, and 𝐹 : N𝑘 → N is an 𝑘-ary non-

decreasing function (For simplicity, we use 𝐹 (𝑝) as the shorthand
for 𝐹 (𝑁1 (𝑝), . . . , 𝑁𝑘 (𝑝))). The reduction is obvious since 𝑢𝑝𝑝 can

be viewed as a non-decreasing function over the cardinalities of

the filtered relations 𝑅
left

for each relation 𝑅 ∈ 𝑄 with 𝑥𝑠 ∈ att(𝑅).

Algorithm 4:Multi Head Binary Search (MHBS)

Input: 𝐴1, . . . , 𝐴𝑘 , 𝑇

Output: maximum 𝑝∗ such that 𝐹 (𝑝∗) ≤ 𝑇
1 if 𝐹 ( |𝐴1 |, . . . , |𝐴𝑘 |) ≤ 𝑇 then return +∞;
2 for 1 ≤ 𝑖 ≤ 𝑘 do

3 if 𝑟𝑖 − 𝑙𝑖 ≤ 1 then

4 if 𝐹 (𝐴𝑖 [𝑙𝑖 ] + 1) > 𝑇 then return 𝐴𝑖 [𝑙𝑖 ];
5 else𝑚𝑖 ← 𝑟𝑖 ;

6 else 𝑙𝑖 ← 0, 𝑟𝑖 ← |𝐴𝑖 |,𝑚𝑖 ← ⌊ 𝑙𝑖+𝑟𝑖
2
⌋;

7 while ∃𝑖, 𝑟𝑖 − 𝑙𝑖 > 1 do

8 𝑖min ← arg min

𝑟𝑖−𝑙𝑖>1
𝐴𝑖 [𝑚𝑖 ], 𝑖max ← arg max

𝑟𝑖−𝑙𝑖>1
𝐴𝑖 [𝑚𝑖 ];

9 if 𝐹 (𝑚1, . . . ,𝑚𝑘 ) ≤ 𝑇 then 𝑙𝑖min
←𝑚𝑖min

;

10 else 𝑟𝑖max
←𝑚𝑖max

;

11 for 𝑖 ∈ {𝑖min, 𝑖max} do𝑚𝑖 ← ⌊ 𝑙𝑖+𝑟𝑖
2
⌋;

12 if ∃𝑖 ∈ {𝑖min, 𝑖max}, 𝑟𝑖 − 𝑙𝑖 ≤ 1 then

13 if 𝐹 (𝐴𝑖 [𝑙𝑖 ] + 1) > 𝑇 then return 𝐴𝑖 [𝑙𝑖 ];
14 else𝑚𝑖 ← 𝑟𝑖 ;

15 return min

1≤𝑖≤𝑘
𝐴𝑖 [𝑟𝑖 ];

Assuming for each relation table 𝑅 ∈ 𝑄 , all tuples in 𝑅 are

sorted lexicographically, we propose the Multi-Head Binary Search

(MHBS) algorithm (see Algorithm 4), which solves the above prob-

lem in𝑂 (log∑︁𝑘
𝑖=1 |𝐴𝑖 |) time. Intuitively, the MHBS algorithmmain-

tains a binary search interval for each array and iteratively halves

the interval of one array chosen by a selection criterion. The process

continues until all the intervals converge to the optimal solution.

Lemma 8. Algorithm 4 returns the maximum integer 𝑝∗ such that
𝐹 (𝑝∗) ≤ 𝑇 in 𝑂 (log∑︁𝑘

𝑖=1 |𝐴𝑖 |) time.

Since

∑︁𝑘
𝑖=1 |𝐴𝑖 | ≤

∑︁𝑘
𝑖=1 |𝑅𝑖 | ≤ |𝑄 |, it follows immediately that

Corollary 1. The divide operation on any prefix range filter can
be performed in 𝑂 (log |𝑄 |) time.
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Figure 2: Devision of𝜓 of 𝑄Δ.

Remarks. The assumption that all tuples in each relation table

are sorted lexicographically is made for analytical convenience

and does not entail any loss of generality, since other hierarchical

indexing structures (such as balanced trees, B-trees, skip lists, and

tries) can be supported with minor implementation modifications

in a manner similar to that discussed in Section 4.3.

Algorithm 5: 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛

Input:𝜓

Output: a list of filters

1 if 𝑢𝑝𝑝 (𝜓 ) ≤ 1 then return ∅;
2 𝑟𝑒𝑠 ← ∅;
3 divide𝜓 into𝜓

left
,𝜓

mid
,𝜓

right
;

4 if 𝑢𝑝𝑝 (𝜓
left
) > 0 and𝜓left is not empty then

5 𝑟𝑒𝑠 ← 𝑟𝑒𝑠 ∪ {𝜓
left
}

6 if 𝑢𝑝𝑝 (𝜓
mid
) = 1 then 𝑟𝑒𝑠 ← 𝑟𝑒𝑠 ∪ {𝜓

mid
};

7 else 𝑟𝑒𝑠 ← 𝑟𝑒𝑠 ∪ 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓
mid
);

8 if 𝑢𝑝𝑝 (𝜓
right
) > 0 and𝜓right is not empty then

9 𝑟𝑒𝑠 ← 𝑟𝑒𝑠 ∪ {𝜓
right
}

10 return res;

Then for any prefix range filter𝜓 , 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓 ) can be calculated

in a recursive way in 𝑂 (log |𝑄 |) time, as shown in Algorithm 5.

Since the recursive depth is at most 𝑑 , Algorithm 5 returns at most

2𝑑 + 1 ≤ 𝑂 (1) filters. In Example 1, a prefix range filter 𝜓 can be

split into at most 7 filters, as illustrated in Figure 2. Let 𝑢𝑝𝑝 (𝜓 ) =
⌊AGM𝑐∗ (𝑄 |𝜓 )⌋ for any filter 𝜓 where 𝑐∗ (𝑅) = 𝑐∗ (𝑆) = 𝑐∗ (𝑇 ) = 1

2
,

𝑇̃𝑄Δ is finally constructed as shown in Figure 1. Moreover, by the

definition of the division operation and Property 1, it is easy to

prove that the returned filters satisfy the properties in Definition 1.

Finally, we establish that all filters in 𝑇̃𝑄 are prefix range filters.

Lemma 9. For any prefix range filter 𝜓 , let 𝜓
left

, 𝜓
mid

and 𝜓
right

denote the three filters obtained by dividing 𝜓 , then all non-empty
ranges among these filters are prefix range filters.

Since the filter of the root node (i.e.,𝜓𝑟 ) is a prefix range filter, it
follows by induction that

Corollary 2. For any node 𝑢 ∈ 𝑇̃𝑄 ,𝜓𝑢 is a prefix range filter.

4.5 The Near-Optimal REnum Algorithm.

The above implementations provide a theoretical guarantee of the

performance of REnum. Then the following theorem can be proven

by analyzing Algorithm 2 under the setting where 𝑁 = 𝑢𝑝𝑝 (𝜓𝑟 )
and 𝑢𝑝𝑝 (𝜓 ) =

⌊︁
AGM𝑐∗ (𝑄 |𝜓 )

⌋︁
for any range filter𝜓 .
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Theorem 3. There exists a constructive random-order enumeration
algorithm for join queries with expected𝑂 ( AGM(𝑄 )

|Res (𝑄 ) |+1 log
2 |𝑄 |) delay

and 𝑂 (AGM(𝑄) log |𝑄 |) total running time, after an 𝑂 ( |𝑄 | log |𝑄 |)-
time index construction phase.

Theorem 2 and the results from [13] demonstrate that, under the

combinatorial 𝑘-clique hypothesis, both the expected delay and the

total running time of Algorithm 2 are nearly worst-case optimal,

after an 𝑂 ( |𝑄 | log |𝑄 |)-time index construction phase.

Remarks. Our algorithm is not only applicable to static relations,

but also efficiently supports evolving environments where data

are frequently inserted, deleted, or updated. As discussed in Sec-

tions 4.3 and 4.4, the index components of our framework can be

implemented using dynamic data structures such as balanced trees,

B-trees, skip lists, and tries. With such dynamic indexes, the pro-

posed algorithm supports logarithmic-time updates, making it well

suited for modern data systems with hybrid workloads.

4.6 Space Usage.

The space complexity of our algorithm is dominated by two compo-

nents: (1) the ban-pick tree and (2) the cached RRATree structure.

Since both the ban-pick tree and the RRATree contain at most

𝑂 (AGM(𝑄)) nodes, and each node occupies𝑂 (1) space on average,

the overall space complexity is 𝑂 (AGM(𝑄)). In practice, we pro-

pose three techniques for reducing space overhead while largely

preserving the performance benefits of the caching mechanism. All

these techniques are implemented and evaluated in Section 6.

Merging banned intervals. When banning a new interval 𝐼 ,

𝐵.𝑏𝑎𝑛 traverses the ban-pick tree from root to leaf to locate its

position. During this process, if 𝐼 can be merged with the interval

of an existing node, we update the node with the merged interval,

thus avoiding the need to create a new node for 𝐼 . This strategy

preserves the correctness of the tree while reducing space usage.

On-demand filter release. Once an RRATree node has been

processed by the children exploration algorithm, its associated filter

will no longer be required in the subsequent process. Therefore,

the memory occupied by these filters can be released, reducing the

overall space overhead.

Depth-bounded caching. In the enumeration process, the nodes

in RRATree with smaller depths are accessed much more frequently

than those with larger depths, and the number of nodes increases

rapidly with depth. Therefore, under limited memory budgets, we

cache only the nodes within a certain depth threshold, so that the

memory can be utilized most effectively to store frequently accessed

nodes, thus reducing redundant recomputation as much as possible.

5 SPEED UP THE ENUMERATION

Evidently, large AGM(𝑄) and AGM(𝑄 )
|𝑅𝑒𝑠 (𝑄 ) |+1 lead to long enumeration

delay and total running time of REnum. To address this bottleneck,

based on our enumeration framework, we propose two speed-up

techniques that significantly improve its efficiency in practice.

5.1 Larger Trivial Interval Discovery

We observe that trivial intervals often appear as consecutive se-

quences and thus can be grouped into larger intervals, particularly

when AGM(𝑄) ≫ |𝑅𝑒𝑠 (𝑄) |. To avoid the frequent picking of such

trivial integers during enumeration, we propose the Larger Triv-

ial Interval discovery (LTI) technique. In contrast to the previous

implementation of RRAccess, which returns only a single-point

interval [𝑖, 𝑖] when 𝜑𝑄 (𝑖) =⊥, LTI discovers larger trivial intervals,
so that more trivial integers are prevented from being picked in the

follow-up steps, thereby speeding up the enumeration.

The trivial intervals of filters. Observe that when 𝜑∗
𝑄
(𝑖) =⊥,

Algorithm 3 may return a trivial interval only at line 5 or line 11.

By the definition of 𝑇̃𝑄 , for each filter𝜓 satisfying 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓 ) =
𝜓1, . . . ,𝜓𝑘 , we have 𝑢𝑝𝑝 (𝜓 ) ≥

∑︁𝑘
𝑖=1 𝑢𝑝𝑝 (𝜓𝑖 ). Then if an integer 𝑖

(after removing the offset) falls within (∑︁𝑘
𝑖=1 𝑢𝑝𝑝 (𝜓𝑖 ), 𝑢𝑝𝑝 (𝜓 )], it

follows that 𝜑∗
𝑄
(𝑖) =⊥. That is, such intervals should be discov-

ered and banned in the follow-up steps. Then for line 5, since for

any integer offset +∑︁𝑘
𝑗=1 𝑢𝑝𝑝 (𝜓𝑘 ) < 𝑡 ≤ offset + 𝑢𝑝𝑝 (𝜓 ) we have

𝜑∗
𝑄
(𝑡) =⊥, we define the trivial interval of the filter𝜓 as

𝐼𝜓 =

⎡⎢⎢⎢⎢⎣offset +
𝑘∑︂
𝑗=1

𝑢𝑝𝑝 (𝜓𝑘 ) + 1, offset + 𝑢𝑝𝑝 (𝜓 )
⎤⎥⎥⎥⎥⎦ , (2)

and let RRAccess
𝑄,𝜑∗

return 𝐼𝜓 instead of [𝑖, 𝑖]. For line 11, since the
algorithm has already reached a leaf node of 𝑇̃𝑄 (i.e. 𝑢𝑝𝑝 (𝜓 ) = 1),

and the leaf node corresponds to no result tuple, we define the

trivial interval of𝜓 as 𝐼𝜓 = [𝑖, 𝑖] and let RRAccess
𝑄,𝜑∗

return it.

In Example 1, when we call RRAccess
𝑄Δ,𝜑

∗ (7) in the enumer-

ation process, the algorithm first computes 𝐶𝑟 ← 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓𝑟 ).
As shown in Figure 1,

∑︁
𝜓 ∈𝐶𝑟

𝑢𝑝𝑝 (𝜓 ) = 6 < 7, thus it returns

𝐼𝜓𝑟
=

[︁∑︁
𝜓 ∈𝐶𝑟

𝑢𝑝𝑝 (𝜓 ) + 1, 𝑢𝑝𝑝 (𝜓𝑟 )
]︁
= [7, 8]. Then the Ban-Pick

tree bans [7, 8] and stops picking the integers in it during the follow-
up steps, thereby eliminating the need to call RRAccess

𝑄Δ,𝜑
∗ (8).

Notice that each trivial interval [𝑙, ℎ] is produced by RRAc-

cess
𝑄,𝜑∗

at most once during the enumeration process. Other-

wise, some integer 𝑖 ∈ [𝑙, ℎ] would be selected after [𝑙, ℎ] has been
banned, which leads to a contradiction. Moreover, by the definition

of 𝑇̃𝑄 and 𝜑∗, the trivial intervals of the filters in 𝑇̃𝑄 are disjoint

from each other. We evaluate this basic LTI technique in Section 6.

Merging contiguous trivial intervals. We observe that many

trivial intervals are contiguous and can be merged to form a larger

interval. Specifically, by the definition of 𝑇̃𝑄 and 𝜑∗, for any filter𝜓
in 𝑇̃𝑄 , let𝜓 ′ ∈ 𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛(𝜓 ) be the last child of𝜓 , then the intervals

𝐼𝜓 and 𝐼𝜓 ′ are contiguous. For example, in 𝑇̃𝑄Δ (Figure 1), the last

child of the root filter𝜓𝑟 is𝜓
′
𝑟 = [[4, 4], [1, 4], [1, 4]], then the trivial

interval 𝐼𝜓 ′𝑟 = [6, 6] is contiguous with 𝐼𝜓𝑟
= [7, 8]. Moreover, once

we obtain a trivial interval 𝐼𝜓 of a filter𝜓 in the recursive process

of RRAccess, to compute such contiguous trivial intervals that can

be merged with 𝐼𝜓 , one can recursively visit the last child of the

current filter, and determine whether they can be merged with their

parents’ trivial intervals upon the recursive return (for instance,

if 𝜓 is the last child of its parent 𝜓∗, then the trivial interval 𝐼𝜓 ∗

can be merged with 𝐼𝜓 ). Then we get the merged trivial interval

in 𝑂 (log |𝑄 |) time, without calling RRAccess too many times. As

a result, the number of calls to RRAccess is reduced during the

enumeration, leading to better practical performance. Moreover, it

can be proven that during the enumeration process, no two merged
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1,4 , 1,4 , 1,4
AGM = 8

1,2 , 1,4 , 1,4
AGM = 2

3,3 , 4,4 , 1,3
AGM = 1

3,3 , 4,4 , 4,4
AGM = 1

4,4 , 1,4 , 1,4
AGM = 1

2,2 , 1,3 , 1,4
AGM = 1

(2,3,4)

(3,4,1) (3,4,4) ∅
𝑅 𝜓| = 1

𝑆 𝜓| = 4

𝑇 𝜓| = 1

AGM𝑐∗ = 2

Figure 3: 𝑇̃𝑄Δ when 𝑢𝑝𝑝 (𝜓 ) = ⌊AGM(𝑄Δ |𝜓 )⌋

trivial intervals overlap. We evaluate this variant of basic LTI (say

merging trivial intervals, MTI) in Section 6.

Batch Trivial Interval Discovery. To further reduce the num-

ber of calls to RRAccess, we enhance the MTI technique to discover

and report multiple trivial intervals within a single run of RRAccess.

Specifically, along the top-to-down traversal path of the RRATree,

we compute the trivial intervals of each visited node and recursively

explore the chain of its last child. All the discovered trivial intervals

along this path are then merged (when possible) and reported to

the Ban-Pick Tree. In this way, although the enumeration delay

increases to 𝑂 ( AGM(Q)|𝑅𝑒𝑠 (𝑄 ) | log
3 |𝑄 |), the total running time remains

𝑂 (AGM(𝑄) log |𝑄 |), and the number of calls to RRAccess is re-

duced during the enumeration. We evaluate this variant of MTI

(say batch trivial interval discovery, BTI) in Section 6.

5.2 Tighter Upper-Bound Estimation

This subsection introduces the Tighter Upper-bound estimation

(TU) technique, which enhances the effectiveness of LTI. We first

illustrate its impact through a motivating example.

Let𝑢𝑝𝑝 (𝜓 ) = ⌊AGM(𝑄 |𝜓 )⌋ instead of ⌊AGM𝑐∗ (𝑄 |𝜓 )⌋ for any𝜓 ,
then 𝑇̃𝑄Δ is shown in Figure 3. For𝜓 = [[4, 4], [1, 4], [1, 4]], we have
|𝑅 |𝜓 | = |𝑇 |𝜓 | = 1 and |𝑆 |𝜓 | = 4. Then 𝑢𝑝𝑝 (𝜓 ) = ⌊AGM(𝑄Δ |𝜓 )⌋ =
1 < ⌊AGM𝑐∗ (𝑄Δ |𝜓 )⌋ = 2. This tighter upper bound increases the

size of the trivial interval of𝜓𝑟 , yielding 𝐼𝜓𝑟
= [6, 8] instead of [7, 8].

Namely, TU expands the trivial intervals of filters in the lower levels

of the RRATree, making more trivial integers to be discovered and

banned earlier, thus enhancing the effectiveness of LTI.

In this subsection, we introduce two different upper-bound algo-

rithms. It can be verified that both of them satisfy the properties

in Definition 1 and are super-additive. In practice, for each prefix

range filter𝜓 , we compute the minimum value among these upper-

bound algorithms as the estimated upper bound of |𝑅𝑒𝑠 (𝑄 |𝜓 ) |, say
𝑢𝑝𝑝∗ (𝜓 ). In this way, it is clear that 𝑢𝑝𝑝∗ satisfies the properties
defined in Definition 1. Moreover, it is super-additive, as formalized

in the following lemma.

Lemma 10. If the upper-bound algorithms 𝑢𝑝𝑝1, . . . , 𝑢𝑝𝑝𝑐 are
super-additive, then the upper-bound algorithm 𝑢𝑝𝑝∗, where ∀𝜓 ,
𝑢𝑝𝑝∗ (𝜓 ) = min

𝑐
𝑖=1

𝑢𝑝𝑝𝑖 (𝜓 ), is also super-additive.

Therefore, 𝑢𝑝𝑝∗ can be used as a replacement for the upper-

bound algorithm presented in Section 4.

Upper-bound based on minimized AGM bound. Given any

join query𝑄 ∈ Q, |𝑅𝑒𝑠 (𝑄) | ≤ ⌊AGM(𝑄)⌋. During the enumeration

process, the minimal AGM bound AGM(𝑄 |𝜓 ) can be calculated by

solving a linear program in 𝑂 (1) time after computing the sizes of

relations {|𝑅 |𝜓 | |𝑅 ∈ 𝑄} in 𝑂 (log |𝑄 |) time.

However, solving this linear program incurs significant com-

putational overhead. As a compromise, we heuristically select a

small number of representative fractional edge covers and calculate

the minimum of their corresponding AGM bounds. This approach

effectively presents a tighter upper bound while avoiding the cost

of repeatedly solving linear programs.

In Example 1, during the top-down traversal of 𝑇̃𝑄Δ , the ac-

tive domain of each attribute is progressively reduced in order 𝑥 ,

𝑦, and 𝑧. Since 𝑥 is the first attribute to be constrained, the car-

dinalities of the filtered relations involving 𝑥 (i.e., 𝑅 and 𝑇 ) will

decrease more rapidly in each root-to-leaf path of 𝑇̃𝑄Δ . There-

fore, higher fractional edge cover weights of 𝑅 and 𝑇 lead to a

smaller AGM bound. For instance, consider the prefix range filter

𝜓 = [[4, 4], [1, 4], [1, 4]]. Let 𝑐 ∈ 𝐸𝐶 (𝑄Δ) with 𝑐 (𝑅) = 𝑐 (𝑇 ) = 1 and

𝑐 (𝑆) = 0, then we have AGM𝑐 (𝑄Δ |𝜓 ) = 1 < AGM𝑐∗ (𝑄Δ |𝜓 ) = 2.

This example demonstrates that assigning larger fractional edge

cover weights to relations involving attributes that appear earlier

in the domain-reduction order can lead to a tighter AGM bound at

lower levels of the RRATree. In practice, we heuristically select a

constant number of fractional edge covers based on this principle,

and ensure that for every relation 𝑅 ∈ 𝑄 , there exists at least one
selected cover 𝑐 ∈ 𝐸𝐶 (𝑄) such that 𝑐 (𝑅) > 0.

Upper-bound based on acyclic skeleton query. Although the

AGM bound is tight in the worst case, it can be extremely large and

often much larger than the actual result size in practice. To address

this, we propose another upper bound that uses additional table

information to obtain a potentially tighter practical estimation.

By [27], any cyclic join query can be transformed into an acyclic

one by removing a subset of the relations. Specifically, given any

cyclic join query 𝑄 , it can be decomposed into two subqueries, 𝑄𝑠

and𝑄𝑟 , such that𝑄 = 𝑄𝑠 ⋈︁ 𝑄𝑟 . Here,𝑄𝑠 is an acyclic query (called

the skeleton query) and 𝑄𝑟 is the query consisting of the remaining

relations (called the residual query). In Example 1, the triangle

query 𝑄Δ can be decomposed into an acyclic skeleton subquery

𝑄Δ𝑠 = 𝑅(𝑥,𝑦) ⋈︁ 𝑆 (𝑦, 𝑧) and a residual subquery 𝑄Δ𝑟 = 𝑇 (𝑥, 𝑧).
Based on the above decomposition, the following lemma holds:

Lemma 11. For any join query 𝑄 and filter𝜓 , if att(𝑄𝑠 ) = att(𝑄),
then |𝑅𝑒𝑠 (𝑄 |𝜓 ) | ≤ |𝑅𝑒𝑠 (𝑄𝑠 |𝜓 ) |. Otherwise, if att(𝑄𝑠 ) ⊊ att(𝑄), for
any fractional edge cover 𝑐 ∈ 𝐸𝐶 (𝐺𝑄𝑟 \𝑄𝑠

), |𝑅𝑒𝑠 (𝑄 |𝜓 ) | ≤ |𝑅𝑒𝑠 (𝑄𝑠 |𝜓 ) |·
AGM𝑐 (𝑄∗𝑟 |𝜓 ), where 𝑄∗𝑟 = {𝑅 [att(𝑄𝑟 ) \ att(𝑄𝑠 )] |𝑅 ∈ 𝑄𝑟 }, and for
any attribute set 𝑉 ⊆ att(𝑅), 𝑅 [𝑉 ] = {𝑡 [𝑉 ] |𝑡 ∈ 𝑅}.

We build the indexes described in Section 4 on 𝑄∗𝑟 before the

enumeration, so that AGM𝑐 (𝑄∗𝑟 |𝜓 ) can be computed in 𝑂 (log |𝑄 |)
time for any 𝜓 . For |𝑅𝑒𝑠 (𝑄𝑠 |𝜓 ) |, we assume that each relation

𝑅 = {𝑡1, . . . , 𝑡 |𝑅 | } is ordered lexicographically, and calculate an array
𝐴𝑅 and its prefix-sum array for each 𝑅 ∈ 𝑄𝑠 , such that ∀1 ≤ 𝑖 ≤ |𝑅 |,
𝐴𝑅 [𝑖] = | ⋈︁𝑅′∈𝑇𝑅 𝑅′ ⋉ 𝑡𝑖 |, where 𝑇𝑅 denotes the subtree of the join

tree of 𝑄𝑠 rooted at 𝑅. These arrays can be computed using a dy-

namic programming approach similar to that described in [27],

which takes 𝑂 ( |𝑄 | log |𝑄 |) time. Then, for each table 𝑅 and any

prefix range filter𝜓 , the cardinality | (⋈︁𝑅′∈𝑇𝑅 𝑅′) ⋈︁ 𝑅 |𝜓 | can be ef-

ficiently computed in𝑂 (log |𝑅 |) time with the help of a prefix-sum

array of 𝐴𝑅 . Subsequently, |𝑅𝑒𝑠 (𝑄𝑠 |𝜓 ) | can be computed in 𝑂 (1)
time using these cardinalities for all 𝑅 ∈ 𝑄 . Although this method
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requires an𝑂 ( |𝑄 | log |𝑄 |)-time query-specific preprocessing, it can

effectively reduce the enumeration delay for many queries in prac-

tice, especially in the early stages of the enumeration.

We implement these upper-bound algorithms, referred to as A

(minimized AGM-based) and S (Skeleton-based), and evaluate their

effectiveness in speeding up the enumeration in Section 6.

6 EXPERIMENTS

In this section, we present an experimental evaluation of our random-

order enumeration algorithm for join queries along with the opti-

mization techniques. We denote the basic random-order enumer-

ation algorithm introduced in Section 3 as REnum. We evaluate

the optimized variants of REnum, each combining an LTI tech-

nique from Section 5.1 with a TU technique from Section 5.2. These

variants are denoted uniformly as REnumX-Y, where X ∈ {L,M, B}
indicates the use of basic LIT, MTI or BTI, and𝑌 ∈ {A,AS} indicates
the employed upper-bound algorithm. Unless stated otherwise, all

optimized REnum variants run with full caching of the RRATree.

6.1 Experimental Setup

We now describe the setup of our experiments.

Algorithms. We compare our algorithms with sampling-based

methods derived from two join sampling algorithms:

(1) PGMJoin [23]: the state-of-the-art among all existing im-

plemented algorithms (with preprocessing), which requires

Ω( |𝑄 |)-time preprocessing for each query.

(2) NWCO [13]: a theoretically nearly worst-case optimal join

sampling algorithm without query-specific preprocessing.

We use the implementation of PGMJoin from their public reposi-

tory. As there is no publicly available implementation of NWCO,

we implemented it for our experiments. These algorithms generate

uniform samples with replacement. We adapt them to a sampling

without replacement (SWOR) process by naively discarding dupli-

cate results that have already been seen. We denote the resulting

variants by SWORPGM and SWORNWCO, respectively.

Datasets. In our experiments, we use two datasets: TPC-DS+

and Twitter. TPC-DS+ is an extension of the standard TPC-DS

benchmark (with a scale factor of 5), augmented with an additional

customer-to-customer relation table with 3 × 105 tuples, that mod-

els follow relationships in a social network. The source node of

each tuple is sampled uniformly, while its target node is drawn

from a normal distribution. The resulting follow graph is treated

as undirected by adding reciprocal edges. Twitter is a real-world

dataset that refers to follower links and profiles of twitter users,

which is also used in [10, 23, 27], and we treat the follow graph as

undirected. All relation tables in these datasets are instantiated in

memory, with the necessary indexes constructed in advance.

Queries. We evaluate the algorithms and the optimization tech-

niques across three queries. On the TPC-DS+ dataset, we evaluate

𝑄𝐴 , which returns tuples consisting of a pair of customers and 2

items they have both purchased, under the condition that the cus-

tomers are connected in the social network. On the Twitter dataset,

we evaluate queries that return all triangles (𝑄Δ) and 4-cliques (𝑄𝑆 ).

To avoid excessive running times during the complete performance

evaluation, we uniformly sample node subsets and run the queries

on their induced subgraphs, with 2M and 1M nodes for 𝑄Δ and

𝑄𝑆 , respectively, unless stated otherwise. These queries were se-

lected both for their practical relevance (e.g. in social network and

e-commerce analysis); and for their structural representativeness,

as they form key components of many complex cyclic join queries.

The SQL statements are provided in the technical report [11].

Platform and Hardware. All experiments are performed on a

workstation running 64-bit Ubuntu22.04 LTS, equipped with one

Intel Xeon E7-8860@2.2GHz, 384GB DDR4 RAM, and 2TB SSD.

6.2 Experimental Results

Total enumeration time. To characterize the total enumeration

time of our algorithms, we compare it against that of SWORPGM

and SWORNWCO on these queries. We record the elapsed time

from the beginning to the moment after the 𝑘-th join result is

enumerated, with 𝑘 represents 1% to 100% of the total result size.

The experimental results are presented in Figure 4 (a)-(c) with a

chart per query. As both SWORNWCO and the basic REnum require

prohibitively long time to produce even 1% of the join results, we

only record their performance on 𝑄Δ in the early stages of the

enumeration, which is presented in Figure 4 (d).

The results indicate that, with the speed-up techniques, our al-

gorithm significantly outperforms SWORPGM and SWORNWCO. As

an ablation study, Figure 4(a)–(c) show that REnumB-AS enumer-

ates faster than REnumM-AS, which in turn performs better than

REnumL-AS, and all of them significantly outperform the basic algo-

rithm REnum. This demonstrates the effectiveness of the basic LTI,

MTI and BTI. Similarly, the results of REnumB and REnumB-AS ver-

ify the effectiveness of TU. In the early stages of the enumeration,

we record the total enumeration time of the first 150 enumerated

tuples, as shown in Figure 4 (d). Note that all these tuples (except

those of SWORNWCO) are enumerated before SWORPGM complet-

ing its preprocessing and producing its first result tuple. The results

show that our algorithm enumerates faster in the early stages with-

out MTI or BTI, due to the overhead incurred by discovering and

merging numerous trivial intervals.

Enumeration delay. Due to its poor performance, SWORNWCO

is excluded from the delay analysis, and the delay of REnum is

evaluated only during the early stages (the first 150 tuples) of the

enumeration on𝑄Δ. We record the enumeration delay of each result

tuple and analyze the delay distribution by calculating the delays

for the first 5% and all results (only the first 5% for SWORPGM),

which are presented in a box plot, as shown in Figure 5 (a)-(c). The

delays in the early stages of 𝑄Δ are shown in Figure 5 (d). Outliers

that fell outside the whiskers are not shown, since some are several

orders of magnitude larger than the median.

These results show that the enumeration delay of our algo-

rithms (with the speed-up techniques) is much smaller than that

of SWORPGM and SWORNWCO. Moreover, while MTI and BTI re-

duce the overall enumeration delay, they tend to increase the delay

in the early stages due to the overhead of trivial interval discov-

ery and merging. In contrast, TU mainly reduces the enumeration

delay in the early stages. These findings are consistent with the

experimental results on the total running time presented earlier.

Space usage. To evaluate the memory efficiency of our algo-

rithm, we implement the techniques introduced in Section 4.6 and

examine the effect of limiting the number of cached layers in the
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Figure 7: Scalability

RRATree. Specifically, we vary the number of the cached layers

and measure both the memory usage
2
and the running time for

enumerating the first 5% and all results of 𝑄Δ.

Figure 6 illustrates a clear trade-off between space usage and exe-

cution time. Caching only a few nodes in the upper layers (e.g., up to
12–20 layers) significantly reduces memory usage while keeping the

algorithm efficient, particularly in the early stages (first 5%). Notably,

our algorithm outperforms sampling-based methods even under

stricter memory constraints. With 12 cached layers, it enumerates

5% and 100% of 𝑅𝑒𝑠 (𝑄Δ) with 46MB and 1002MB of memory, re-

spectively. In contrast, the sampling-based methods require at least

84MB and 1690MB to store tuples in an unordered_set<vector>
for deduplication and runs much slower. These results demonstrate

that our algorithm can flexibly adapt to different memory budgets

and efficiently utilizes memory to achieve high performance.

Scalability.We further evaluate the time and space scalability

of our algorithm (with 20 cached layers). Specifically, we generate

datasets of varying sizes by iteratively sampling nodes and extract-

ing their induced subgraphs. On these datasets, we execute 𝑄Δ and

2
In this paper, the reported memory usage only accounts for the enumeration phase.

The space required for indexing and preprocessing is not included.

measure the average delay and memory usage for enumerating the

first 5% and all result tuples.

As shown in Figure 7, the average enumeration delay grows log-

arithmically with the database size. The space usage increases ap-

proximately linearly with the database size, yet remains far slower

than the growth of the total number of results, which typically

increases superlinearly with respect to the database size.

7 CONCLUSIONS

This paper demonstrates that the sampling-based random-order

enumeration is not the end of the story, by presenting a more ef-

ficient random-order enumeration algorithm with a worst-case

guarantee on the total running time for join queries, along with

two techniques to speed up the enumeration. Our algorithm is effi-

cient and flexible, achieving nearly optimal expected delay and total

running time in the worst case under the combinatorial 𝑘-clique

hypothesis, without large hidden constants or query-specific prepro-

cessing. In our experiments, with the optimization techniques, our

algorithm significantly outperforms the state-of-the-art sampling-

based methods. This allows the join results to be produced more

quickly in random order within data analysis pipelines. An interest-

ing future work direction is to implement and further optimize these

algorithms in external-memory and distributed database systems

to support queries in large-scale data analysis.
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