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ABSTRACT
Computing the correlation of two attributes in a large dataset is an
important problem, with many applications, including exploratory
analytics and dimensionality reduction. Among the well-known
correlation measures, Kendall’s 𝐿 is the most robust one, as it is
immune from parametric assumptions and outliers. On the other
hand, computing Kendall’s 𝐿 for large-scale data becomes challeng-
ing (i) due to the superlinear cost of the state-of-the-art algorithm
and (ii) because all data need to be memory-resident for e!cient
processing. In this paper, we address the problem via a geometric
approach that partitions the data in the cells of a grid, and exploits
the relative position of the cells to compute correlation information
en masse. Our approach facilitates parallel and distributed compu-
tation of Kendall’s correlation; we propose a scalable algorithm in
this direction. Finally, we propose an e!cient approximate algo-
rithm with a provable error bound, which derives accurate results
by a single pass over the grid statistics. Our experimental evalua-
tion demonstrates the e!ciency and scalability of our grid-based
techniques compared to the state-of-the-art algorithm.
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1 INTRODUCTION
Correlation analysis measures the nature and strength of the rela-
tionship between two attributes in a relation. Identifying correlated
attributes enriches the knowledge and deep understanding on inter-
dependencies between attributes in multivariate data. Among other
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tasks, correlation analysis facilitates feature selection and regres-
sion estimation. Correlated variables do not need to be included
together in the same exploratory analysis. In addition, "nding corre-
lated pairs or sets of attributes facilitates dimensionality reduction
[3]. Correlation analysis has been used in modeling business pro-
cesses [1], time-series mining and cleaning [25, 32, 41], indexing
[18, 37], query optimization [44], and column compression [23].

Measures of correlation. A popular correlation measure is Pear-
son’s 𝑀 coe!cient [7, 11, 24, 26, 33, 38, 42]. Still, the semantics of
Pearson’s 𝑀 assess only linear relationships, failing to accurately
identify other forms of correlation (e.g., polynomial or logarith-
mic). Also, 𝑀 is signi"cantly sensitive to outliers. Spearman’s 𝑁 and
Kendall’s 𝐿𝑀 correlation coe!cients address these shortcomings,
by measuring rank correlation, i.e., the ordinal association of two
variables; 𝑁 and 𝐿𝑀 are both more expensive to compute than 𝑀 , hav-
ing 𝑂 (𝑃 log𝑃) cost. They are considered quite similar and typically
produce values that are close to each other [31]. Their di#erence
has to do with their interpretation: Kendall’s correlation tests the
hypothesis that the two variables are statistically independent and
essentially represents a probability. Spearman’s 𝑁 measures the
proportion of variability accounted for, by the correlation of the
two variables. Furthermore, 𝑁 can be biased for cases where there
are many tied ranks, making it less robust than 𝐿𝑀 . For a comparison
between Spearman’s and Kendall’s correlation, we can resort to
Xu et al. [39], who concluded after a thorough theoretical and ex-
perimental analysis that 𝑁 is preferred for small samples with weak
correlations, while 𝐿𝑀 is preferred for strong correlations, large sam-
ples, and the presence of noise (i.e., outliers) – practically meaning
deviation from a normal distribution.

Kendall’s 𝐿𝑀 . In this paper, we focus on Kendall’s 𝐿𝑀 , which is more
robust than Pearson’s and Spearman’s methods, being immune to
parametric assumptions and outliers. Kendall’s 𝐿𝑀 has been used
across various domains, including computational linguistics [21],
system analytics [8], environmental sciences [22], and healthcare
[5, 6, 15]. Intuitively, the coe!cient shows how well the ranks of
one variable agree with the ranks of another variable, assessing
whether they tend to rise or fall together in the same way. Figure 1a
shows a set of observations of two variables 𝑄 and 𝑅 , each mapped
to a point in the 2D space. A pair of observations (e.g., 𝑆1 and 𝑆7) is
concordant when the order relation between their X and Y values is
the same (e.g., 𝑆1 .𝑄 < 𝑆7 .𝑄 and 𝑆1 .𝑅 < 𝑆7 .𝑅 ); if the order relation
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Figure 1: A set of observations (as points).

is di#erent, as in pair (𝑆5, 𝑆7), the pair is discordant. The value of 𝐿𝑀
ranges from -1 to 1; 𝐿𝑀 is positive if the concordant pairs are more
than the concordant ones; in the opposite case (as in Figure 1), 𝐿𝑀 is
negative. A value close to zero indicates independent behavior for
the two attributes. 𝐿𝑀 is dampened by the existence of tied values
in the 𝑄 or 𝑅 dimensions (see the de"nition in Section 2.1).

Contribution. Knight [19] suggested a variant of the merge-sort
algorithm that can compute 𝐿𝑀 in 𝑂 (𝑃 log𝑃). This method natu-
rally extends merge-sort, however, it relies on binary merging of
sorted runs and hence it is not scalable for big data that do not
"t in memory. In this paper, we propose a scalable geometric ap-
proach, which partitions the data to the cells of a grid that uses the
relationships between cells for computing discordant and concor-
dant pairs between groups of points that belong to di#erent cells.
The proposed approach not only delivers comparable or superior
performance against Knight’s algorithm, but it also is inherently
parallelizable under the MapReduce paradigm, making it suitable
for large datasets not "tting in the main memory of a single com-
puter. Figure 1b shows an example of such a partitioning. We take
advantage of the grid statistics to reduce comparisons for diago-
nally oriented cells. For example, cell 12 which includes 𝑆3 and 𝑆5
(2 observations), contributes 2 → 2 = 4 discordant pairs, since cells
20, 21, 30, and 31 collectively contain 2 points. We apply Knight’s
algorithm [19] to compute discordant pairs within the same cell
and we propose a merge-join algorithm for pairs of cells that belong
to the same row or column of the grid. By explicitly measuring ties
and discordant pairs, we can infer the concordant ones, and thus the
exact value of Kendall’s 𝐿𝑀 . For big data, we propose a distributed
version of our method that applies the MapReduce framework and
scales gracefully. Finally, we suggest a single-pass algorithm over
grid cell statistics that can compute the discordant pairs between
cells not in the same row or column, which can also be adapted
to a very fast algorithm for approximate Kendall’s 𝐿𝑀 correlation
computation with approximation guarantees.

After de"ning the problem in Section 2, we proceed with our
contributions, which can be summarized as follows:

• In Section 3, we propose a geometric, partitioning-based and in-
herently parallelizable approach for the computation of Kendall’s
𝐿𝑀 coe!cient. Our method includes a set of grid-based process-
ing modules collecting the necessary statistics for Kendalls’ 𝐿𝑀
computation.

• In Section 4, we scale up and out Kendall’s Tau computation
by evenly splitting the required processing into equi-weighted
jobs, which are assigned to a number of nodes. We present a
MapReduce-based version of our method using Spark for scalable
computation.

• In Section 5, we introduce an approximate algorithm of Kendall’s
𝐿𝑀 , which avoids expensive comparisons and trades e!ciency
for accuracy.

• In Section 6, we experimentally evaluate the e!ciency and scal-
ability of our approach in both centralized and distributed envi-
ronments.

We conclude the paper with a survey of related work and directions
for future work.

2 PRELIMINARIES
In this section, we present a de"nition of Kendall’s 𝐿𝑀 rank correla-
tion measure and the state-of-the-art algorithm.

2.1 Kendall’s Tau
Let (𝑄 ,𝑅 ) be a binary matrix with 𝑃 observations. Kendall’s Tau
is a family of non-parametric rank correlation coe!cients [17]
that measure the ordinal association between columns 𝑄 and 𝑅 . It
includes three main rank coe!cient variants, Kendall’s Tau-a (𝐿𝑂),
Tau-b (𝐿𝑀 ) and Tau-c (𝐿𝑃 ), where 𝐿𝑀 is the most widely used due to its
ability to account for tied ranks, providing a more precise measure
of the rank correlation. Hence, in this work we focus exclusively
on computing 𝐿𝑀 .

Kendall’s 𝐿𝑀 classi"es pairs of observations into concordant, dis-
cordant, tied on X, or tied on Y. A pair of observations (𝑇𝑄 ,𝑈𝑄 ) and
(𝑇 𝑅 ,𝑈 𝑅 ) of the joint random variables 𝑄 and 𝑅 are said to be con-
cordant if the ranks for both elements agree; that is, if 𝑇𝑄 > 𝑇 𝑅 and
𝑈𝑄 > 𝑈 𝑅 or if 𝑇𝑄 < 𝑇 𝑅 and 𝑈𝑄 < 𝑈 𝑅 . The observations are said to be
discordant if 𝑇𝑄 > 𝑇 𝑅 and 𝑈𝑄 < 𝑈 𝑅 or if 𝑇𝑄 < 𝑇 𝑅 and 𝑈𝑄 > 𝑈 𝑅 . If 𝑇𝑄 = 𝑇 𝑅
and 𝑈𝑄 ω 𝑈 𝑅 the pair is tied on X and if 𝑇𝑄 ω 𝑇 𝑅 and 𝑈𝑄 = 𝑈 𝑅 the
pair is tied on Y. If two observations are identical, i.e. 𝑇𝑄 = 𝑇 𝑅 and
𝑈𝑄 = 𝑈 𝑅 , then they are disregarded.

De!nition 2.1. [Kendall’s Tau-b (𝐿𝑀 )] Assuming a relation (𝑄 ,𝑅 )
with𝑄 and𝑅 being ordinal variables, number𝑉 of concordant pairs,
number 𝑊 of discordant pairs, number of pairs𝑋𝑆 tied at variable 𝑄
and number of pairs𝑋𝑇 tied at variable 𝑅 , the Kendall 𝐿𝑀 correlation
of 𝑄 and 𝑅 is de"ned as:

𝐿𝑀 (𝑄 ,𝑅 ) = 𝑈↑𝑉↓
(𝑈+𝑉+𝑊𝐿 ) (𝑈+𝑉+𝑊𝑀 )

Kendall’s 𝐿𝑀 (𝑄 ,𝑅 ) ranges in [↑1, 1], with 1 indicating that𝑄 and
𝑅 have identical rankings, -1 inverse rankings, and, 0 indicating
independent behavior for 𝑄 and 𝑅 .

2.2 Knight’s algorithm
To compute 𝐿𝑀 (𝑄 ,𝑅 ), a naive approach applies comparisons be-
tween all 𝑋 (𝑋↑1)

2 pairs of observations. Knignt [19] noted that, after
sorting the binary matrix by𝑄 , the discordant pairs can be obtained
by counting the number of swaps that the BubbleSort algorithm
needs to sort the 𝑅 column of the matrix. Knight’s algorithm adapts
the MergeSort algorithm to count these swaps in 𝑂 (𝑃 log𝑃) time.
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Algorithm 1: Knight’s Algorithm.
Input: A 2D array (𝑌 ,𝑍 ) of 𝑋 observations
Output: 𝐿𝑁 (𝑌 ,𝑍 )

1 Function knight((𝑌 ,𝑍 )):
2 𝑎𝑄𝑏 ↔ 0; 𝑐𝑄𝑌 ↔ 0; 𝑐𝑄𝑍 ↔ 0; 𝑐𝑄𝑌𝑍 ↔ 0
3 Sort (𝑌 ,𝑍 ) on 𝑌 ,𝑍
4 With a single pass over 𝑌 -sorted (𝑌 ,𝑍 ) , compute number 𝑐𝑄𝑌 of tied

pairs on 𝑌 and number 𝑐𝑄𝑌𝑍 of tied pairs on 𝑌 and 𝑍
5 {𝑎𝑄𝑏, (𝑌 ,𝑍 )}↔ mergeSortDis((𝑌 ,𝑍 ))
6 With a single pass over 𝑍 -sorted (𝑌 ,𝑍 ) , compute number 𝑐𝑄𝑍 of tied

pairs on 𝑍
7 𝑃𝑑𝑋 = 𝑋 · (𝑋 ↑ 1)/2 ↑ 𝑎𝑄𝑏 ↑ 𝑐𝑄𝑌 ↑ 𝑐𝑄𝑍 ↑ 𝑐𝑄𝑌𝑍

8 return (𝑃𝑑𝑋 ↑ 𝑎𝑄𝑏 )/
√
(𝑃𝑑𝑋 + 𝑎𝑄𝑏 + 𝑐𝑄𝑌 ) (𝑃𝑑𝑋 + 𝑎𝑄𝑏 + 𝑐𝑄𝑍 )

9 Function mergeSortDis((𝑌 ,𝑍 )):
10 if | (𝑌 ,𝑍 ) | = 1 then
11 return {0, (𝑌 ,𝑍 ) }
12 else
13 Split (𝑌 ,𝑍 ) into two halves: (𝑌 ,𝑍 )𝑂 and (𝑌 ,𝑍 )𝑃
14 {𝑏𝑒𝑂𝑁𝑏𝑂 ,(𝑌 ,𝑍 )𝑂𝑄 }↔ mergeSortDis((𝑌 ,𝑍 )𝑂 )
15 {𝑏𝑒𝑂𝑁𝑏𝑃 ,(𝑌 ,𝑍 )𝑃𝑄 }↔ mergeSortDis((𝑌 ,𝑍 )𝑃 )
16 {𝑏𝑒𝑂𝑁𝑏𝑂𝑃 ,(𝑌 ,𝑍 )𝑄 }↔ mergeDis((𝑌 ,𝑍 )𝑃𝑂 ,(𝑌 ,𝑍 )𝑃𝑄 )
17 𝑐𝑑𝑐𝑓𝑒𝑂𝑁𝑏 ↔ 𝑏𝑒𝑂𝑁𝑏𝑂+𝑏𝑒𝑂𝑁𝑏𝑃+𝑏𝑒𝑂𝑁𝑏𝑂𝑃
18 return {𝑐𝑑𝑐𝑓𝑒𝑂𝑁𝑏 ,(𝑌 ,𝑍 )𝑄 }

19 Function mergeDis((𝑌 ,𝑍 )𝑂𝑄 ,(𝑌 ,𝑍 )𝑃𝑄):
20 𝑄 ↔ 1; 𝑅 ↔ 1; 𝑏𝑒𝑂𝑁𝑏 ↔ 0
21 𝑑𝑔𝑐𝑕𝑖𝑖𝑂𝑇 = [ ]
22 while 𝑄 ↗ | (𝑌 ,𝑍 )𝑂𝑄 |𝑂𝑋𝑎 𝑅 ↗ | (𝑌 ,𝑍 )𝑃𝑄 | do
23 if (𝑌 ,𝑍 )𝑃𝑄 [ 𝑅 ] .𝑇 < (𝑌 ,𝑍 )𝑂𝑄 [𝑄 ] .𝑇 then
24 𝑑𝑔𝑐𝑕𝑖𝑖𝑂𝑇.𝑂𝑁𝑁𝑗𝑋𝑎 ( (𝑌 ,𝑍 )𝑃𝑄 [ 𝑅 ] )
25 𝑏𝑒𝑂𝑁𝑏 ↔ 𝑏𝑒𝑂𝑁𝑏 + | (𝑌 ,𝑍 )𝑂𝑄 | ↑ 𝑄 + 1
26 𝑅 ↔ 𝑅 + 1
27 else
28 𝑑𝑔𝑐𝑕𝑖𝑖𝑂𝑇.𝑂𝑁𝑁𝑗𝑋𝑎 ( (𝑌 ,𝑍 )𝑂𝑄 [𝑄 ] )
29 𝑄 ↔ 𝑄 + 1

30 return {𝑏𝑒𝑂𝑁𝑏,𝑑𝑔𝑐𝑕𝑖𝑖𝑂𝑇}

Algorithm 1 shows the steps of Knight’s approach, which also
counts ties, as implemented in commons.apache.org. The algorithm
"rst sorts the input array (𝑄 ,𝑅 ) primarily by 𝑄 and secondarily
by 𝑅 . With one pass over the sorted array it can compute (i) the
total number 𝑌𝑍𝑄 of pairs which have identical 𝑄 only and (ii) the
total number 𝑌𝑍𝑄𝑅 of pairs which are identical in both 𝑄 and 𝑅 .
Then, the algorithm runs an adapted version of MergeSort (function
mergeSortDis), which sorts (𝑄 ,𝑅 ) by𝑅 and at the same time counts
the total number of swaps that BubbleSort would require for such
a sorting. This number is the same as the number 𝑎𝑍𝑏 of discordant
pairs in (𝑄 ,𝑅 ) [19]. Then, the resulting𝑅 -sorted array is scanned to
compute the total number 𝑌𝑍𝑅 of pairs which have identical 𝑅 . The
number 𝑐𝑑𝑃 of concordant pairs can be computed by subtracting
from the total number of pairs 𝑎𝑍𝑏, 𝑌𝑍𝑄 , 𝑌𝑍𝑅 , and 𝑌𝑍𝑄𝑅 . Finally, 𝐿𝑀 is
computed using De"nition 2.1.

3 GRID-BASED 𝐿𝑀 COMPUTATION
In this section, we present our grid-based approach for the e!cient
computation of Kendall’s 𝐿𝑀 rank correlation of two attributes. Fig-
ure 2 shows an overview of our approach. Algorithm 2 outlines the
steps of our method. We "rst partition the observations using a
grid and we sort the contents of each cell by 𝑄 (Lines 2–4). Then,
for each column 𝑍 of the grid, we apply an inter-cell merge join for
all pairs of cells (𝑐𝑄 𝑅 , 𝑐𝑄𝑘 ),𝑒 < 𝑓 (function mergeSortSouth). This

join module, which will be described in detail later, computes the
discordant and tied-at-𝑄 pairs (𝑆𝑙 , 𝑆𝑚), 𝑆𝑙 ↘ 𝑐𝑄 𝑅 , 𝑆𝑚 ↘ 𝑐𝑄𝑘 . Next, for
each cell 𝑐 , the algorithm computes all intra-cell discordant and
tied pairs, using Knight’s algorithm (Section 2). Running Knight’s
algorithm for a cell 𝑐 results in sorting its content by 𝑅 . The next
step is, for each column 𝑓 of the grid, to apply an inter-cell merge
join for all pairs of cells (𝑐𝑘 𝑅 , 𝑐𝑄 𝑅 ),𝑒 < 𝑍 (function mergeSortEast).
Finally, the algorithm runs the discordantCells module, to compute
for each cell 𝑐 the discordant pairs from 𝑐 and all cells south-east
of 𝑐 . As in Algorithm 1, the concordant pairs are computed by sub-
tracting from the total number of pairs the tied pairs in any or both
axes. We now elaborate on the mergeSortSouth, mergeSortEast,
and discordantCells modules.
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Figure 2: Overview of grid-based Kendall 𝐿𝑀 computation.

Algorithm 2: Grid-based 𝐿𝑀 computation.
Input: A𝑚𝐿 →𝑚𝑀 grid𝑛 , a 2D array (𝑌 ,𝑍 ) of 𝑋 observations
Output: 𝐿𝑁 (𝑌 ,𝑍 )

1 𝑎𝑄𝑏 ↔ 0; 𝑐𝑄𝑌 ↔ 0; 𝑐𝑄𝑍 ↔ 0; 𝑐𝑄𝑌𝑍 ↔ 0
2 Perform one pass over (𝑌 ,𝑍 ) to partition it to the grid𝑛
3 for each 𝑃𝑅 𝑆 ↘ 𝑛 do
4 𝑏𝑑𝑖𝑐𝑈𝑗𝑙𝑙𝑜𝑇𝑌 (𝑃𝑅 𝑆 )
5 for 𝑄 = 0 to𝑚𝐿 ↑ 1 do
6 for 𝑅 = 1 to𝑚𝑀 ↑ 1 do
7 for 𝑘 = 0 to 𝑅 ↑ 1 do
8 (𝑎𝑄𝑏, 𝑐𝑄𝑌 ) ↔ (𝑎𝑄𝑏, 𝑐𝑄𝑌 )+ mergeSortSouth(𝑃𝑅 𝑆 , 𝑃𝑅𝑇 )

9 for each 𝑃 ↘ 𝑝𝑖𝑄𝑎 do
10 (𝑎𝑄𝑏, 𝑐𝑄𝑌 , 𝑐𝑄𝑍 , 𝑐𝑄𝑌𝑍 ) ↔ (𝑎𝑄𝑏, 𝑐𝑄𝑌 , 𝑐𝑄𝑍 , 𝑐𝑄𝑌𝑍 ) + 𝑘𝑋𝑄𝑝𝑞𝑐 (𝑃 )
11 for 𝑅 = 0 to𝑚𝑀 ↑ 1 do
12 for 𝑄 = 1 to𝑚𝐿 ↑ 1 do
13 for 𝑘 = 0 to 𝑄 ↑ 1 do
14 (𝑎𝑄𝑏, 𝑐𝑄𝑍 ) ↔ mergeSortEast(𝑃𝑇 𝑆 , 𝑃𝑅 𝑆 )

15 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏+ discordantCells(𝑛 )
16 𝑃𝑑𝑋 ↔ 𝑋 (𝑋 ↑ 1)/2 ↑ 𝑎𝑄𝑏 ↑ 𝑐𝑄𝑌 ↑ 𝑐𝑄𝑍 ↑ 𝑐𝑄𝑌𝑍

17 return (𝑃𝑑𝑋 ↑ 𝑎𝑄𝑏 )/
√
(𝑃𝑑𝑋 + 𝑎𝑄𝑏 + 𝑐𝑄𝑌 ) · (𝑃𝑑𝑋 + 𝑎𝑄𝑏 + 𝑐𝑄𝑍 )

Pairs of cells in the same row or column The mergeSortSouth
module is used to "nd the discordant and tied pairs (𝑆𝑙 , 𝑆𝑚) of
observations, such that 𝑆𝑙 ↘ 𝑐𝑄 , 𝑆𝑚 ↘ 𝑐 𝑅 and cell 𝑐 𝑅 is in the same
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grid column and south of cell 𝑐𝑄 . Before running this module, the
contents of 𝑐𝑄 and 𝑐 𝑅 are sorted by 𝑄 . Note that, since a pair (𝑆𝑙 ↘
𝑐𝑄 𝑅 , 𝑆𝑚 ↘ 𝑐𝑄𝑘 ) of observations are in di#erent rows, there cannot
be 𝑅 or 𝑄𝑅 ties. Our goal is to count the discordant pairs and
those tied on 𝑄 . We achieve this by merge-joining the 𝑄 -sorted
𝑐𝑄 𝑅 and 𝑐𝑄𝑘 cells. Algorithm 3 describes this process. We initialize
two pointers (indices) 𝑐𝑔𝑀1 and 𝑐𝑔𝑀2 that run along the positions
of the two arrays, progressing at each time the position with the
smallest 𝑄 value. If the observations at 𝑐𝑔𝑀1 and 𝑐𝑔𝑀2 have the
same 𝑄 -value (i.e., 𝑇𝑄 = 𝑇 𝑅 ), then we move forward both pointers
to collect all observations with value equal to 𝑇𝑄 and update the
number 𝑌𝑍𝑄 of tied𝑄 pairs, accordingly. We also update the number
𝑎𝑍𝑏 of discordant pairs to include the discordant observations in 𝑐 𝑅
with the points in 𝑐𝑄 having the 𝑇𝑄 value. If 𝑇𝑄 < 𝑇 𝑅 , we update the
discordant pairs, whereas if 𝑇 𝑅 < 𝑇𝑄 we do nothing.

Figure 3 illustrates the steps of Algorithm 3 and the contribution
of each case to discordant and tied pairs. The "rst observation in
𝑄 -order belongs to 𝑐𝑄 , so we increase the discordant counter 𝑎𝑍𝑏 by
|𝑐 𝑅 |, as 𝑐𝑔𝑀2 = 0; i.e., the "rst point of 𝑐𝑄 is discordant with all points
in 𝑐 𝑅 (Line 16). The second observation in 𝑄 -order belongs to 𝑐 𝑅 , so
we simply increment 𝑐𝑔𝑀2 by 1 (Line 18). For the third 𝑄 -value, we
have 𝑇𝑄 = 𝑇 𝑅 ; we count 2 objects in 𝑐𝑄 and 3 objects in 𝑐 𝑅 as 𝑄 -tied,
with 𝑇𝑄 = 𝑇 𝑅 , so we increase 𝑌𝑍𝑄 by 2 → 3 = 6 pairs (Line 11). At the
same time, we increase the number of discordant pairs by 2 → 1 as
one point in 𝑐 𝑅 has 𝑄 -value larger than 𝑇𝑄 (Line 12).
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Figure 3: Steps of mergeSortSouth.

The mergeSortEast module is symmetric to mergeSortSouth
and applies on two cells 𝑐𝑄 and 𝑐 𝑅 , such that 𝑐𝑄 and 𝑐 𝑅 are in the
same row and 𝑐 𝑅 is to the east of 𝑐 𝑅 . The di#erence is that the input
cells are assumed to be sorted by 𝑅 and the comparisons in the
merge process are done in the 𝑅 dimension to discover discordant
and 𝑅 -tied pairs. As already explained, the application of Knight’s
algorithm in Line 9 of Algorithm 2 to each cell, changes the 𝑄 -sort
order in each cell to 𝑅 -sort order, so cells need not be sorted by 𝑅
before running mergeSortEast in Lines 11-14 of Algorithm 2. The
pseudocode of mergeSortEast is omitted for brevity.

Discordant cells To complete the total number 𝑎𝑍𝑏 of discordant
pairs, Line 15 of Algorithm 2 runs function discordantCells, which,
for each cell 𝑐𝑄 𝑅 multiplies the number |𝑐𝑄 𝑅 | of points in 𝑐𝑄 𝑅 with the
total number of points in cells south-east of 𝑐𝑄 𝑅 .

Algorithm 3:Merge sort join for south cells.
Input: Array of elements of cell (𝑃𝑅 ) and array of elements of cell (𝑃 𝑆 ) that is

located south of 𝑃𝑅 , both arrays ordered by 𝑌
Output: A tuple with the discordant and 𝑌 -tied pairs

1 Function mergeSortSouth(𝑃𝑅 , 𝑃 𝑆 ):
2 𝑎𝑄𝑏 ↔ 0; 𝑐𝑄𝑌 ↔ 0; 𝑃𝑔𝑖1 ↔ 0; 𝑃𝑔𝑖2 ↔ 0
3 while 𝑃𝑔𝑖1 < |𝑃𝑅 | and 𝑃𝑔𝑖2 < |𝑃 𝑆 | do
4 𝑆𝑅 ↔ 𝑃𝑅 [𝑃𝑔𝑖1] .𝑆 ; 𝑆 𝑆 ↔ 𝑃 𝑆 [𝑃𝑔𝑖2] .𝑆
5 if 𝑆𝑅 = 𝑆 𝑆 then
6 𝑄𝑓𝑐𝑂𝑖𝑐 ↔ 𝑃𝑔𝑖1; 𝑅𝑓𝑐𝑂𝑖𝑐 ↔ 𝑃𝑔𝑖2
7 while 𝑃𝑔𝑖1 ↗ |𝑃𝑅 | and 𝑃𝑅 [𝑃𝑔𝑖1] .𝑆 = 𝑆𝑅 do
8 𝑃𝑔𝑖1 ↔ 𝑃𝑔𝑖1 + 1
9 while 𝑃𝑔𝑖2 ↗ |𝑃 𝑆 | and 𝑃 𝑆 [𝑃𝑔𝑖2] .𝑆 = 𝑆 𝑆 do
10 𝑃𝑔𝑖2 ↔ 𝑃𝑔𝑖2 + 1
11 𝑐𝑄𝑌 ↔ 𝑐𝑄𝑌 + (𝑃𝑔𝑖1 ↑ 𝑄𝑓𝑐𝑂𝑖𝑐 ) · (𝑃𝑔𝑖2 ↑ 𝑅𝑓𝑐𝑂𝑖𝑐 )
12 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 + ( |𝑃 𝑆 | ↑ 𝑃𝑔𝑖2) · (𝑃𝑔𝑖1 ↑ 𝑄𝑓𝑐𝑂𝑖𝑐 ) ;
13 𝑃𝑔𝑖2 ↔ 𝑅𝑓𝑐𝑂𝑖𝑐

14 else if 𝑆𝑅 < 𝑆 𝑆 then
15 𝑃𝑔𝑖1 ↔ 𝑃𝑔𝑖1 + 1
16 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 + ( |𝑃 𝑆 | ↑ 𝑃𝑔𝑖2)
17 else
18 𝑃𝑔𝑖2 ↔ 𝑃𝑔𝑖2 + 1

19 return (𝑎𝑄𝑏, 𝑐𝑄𝑌 )

Algorithm 4 shows the details of discordantCells, which achieves
this with a single pass over the grid. Speci"cally, starting from the
southeast corner of the grid, in each cell 𝑐𝑄 𝑅 we accumulate the total
number of points in 𝑐𝑄 𝑅 and all cells south, east, and southest of
𝑐𝑄 𝑅 . This is done by adding the number of points |𝑐𝑄 𝑅 | to (𝑕𝑄,( 𝑅↑1) +
𝑕 (𝑄+1), 𝑅↑𝑕(𝑄+1),( 𝑅↑1) ), where𝑕𝑄, 𝑅 denotes the total number of points
in the cells at grid columns larger than or equal to 𝑍 and grid rows
smaller than or equal to 𝑓 . For example, as Figure 4 illustrates, to
compute𝑕𝑄, 𝑅 for cell 𝑐𝑄 𝑅 and all cells to the south, east, and southeast
of 𝑐𝑄 𝑅 , we can add to |𝑐𝑄 𝑅 | = 4 the corresponding sums 𝑕𝑄,( 𝑅↑1) = 21
and 𝑕 (𝑄+1), 𝑅 = 20, to the south and east of 𝑐𝑄 𝑅 and subtract the
sum 𝑕 (𝑄+1),( 𝑅↑1) = 16 to the southeast of 𝑐𝑄 𝑅 (since 𝑕 (𝑄+1),( 𝑅↑1) is
included in both𝑕𝑄,( 𝑅↑1) and𝑕 (𝑄+1), 𝑅 ). After computing𝑕𝑄, 𝑅 , for the
current cell 𝑐𝑄 𝑅 , we contribute to the total number of discordant
pairs 𝑎𝑍𝑏 the product |𝑐𝑄 𝑅 | · 𝑕 (𝑄+1),( 𝑅↑1) , i.e., the number of points
in 𝑐𝑄 𝑅 times the total number of points aggregated at the southeast
cell of 𝑐𝑄 𝑅 . In Figure 4a, the contribution of 𝑐𝑄 𝑅 to 𝑎𝑍𝑏 is 4 · 16 = 64.
Note that Algorithm 4 does not keep the entire 𝑕 matrix, but only
updates the current row and uses the aggregates at the current and
previous row. The order by which the matrix with cell statistics is
processed is illustrated in Figure 4b.

3.1 Adaptive Grid Partitioning
The performance of intra and inter cell processing depends on the
number of points in the processed cells. By employing a regular
(i.e., uniform) grid, if the data are skewed, there is a risk of having
a few heavy-loaded cells, that may render the partitioning process
ine#ective. To alleviate data skew, we adopt an adaptive grid parti-
tioning to the data distribution. Speci"cally, we use a data sample to
determine approximate quantiles at each dimension and use them
to de"ne the grid boundaries.

Figure 5 illustrates the process of de"ning adaptive grid bound-
aries, assuming that we need 3 partitions per dimension. Given
a sample of observations, we order it by 𝑅 and take the 33% and
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Figure 4: Computing discordant pairs for south-east cells and
updating aggregates.

Algorithm 4: Finding the discordant pairs between cells.
Input: A𝑚𝐿 →𝑚𝑀 grid𝑛 , where for each cell 𝑃𝑅 𝑆 ↘ 𝑛 ,𝑛 . |𝑃𝑅 𝑆 | is the total

number of points in 𝑃𝑅 𝑆
Output: Discordant pairs

1 Function discordantCells(𝑛,𝑚𝐿 ,𝑚𝑀):
2 𝑎𝑄𝑏 ↔ 0; 𝑂𝑖𝑖 ↔ 𝑋𝑗𝑒 𝑂𝑖𝑖𝑂𝑇 [𝑚𝐿 ]
3 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1] ↔ 𝑛 . |𝑃𝑈𝐿 ↑1,0 |
4 for 𝑄 =𝑚𝐿 ↑ 2 to 0 do
5 𝑂𝑖𝑖 [𝑄 ] ↔ 𝑛 . |𝑃𝑅0 | + 𝑂𝑖𝑖 [𝑄 + 1]
6 for 𝑅 = 1 to𝑚𝑀 ↑ 1 do
7 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 ↔ 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1]
8 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1] ↔ 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1] +𝑛 . |𝑃𝑈𝐿 ↑1,𝑆 |
9 for 𝑄 =𝑚𝐿 ↑ 2 to 0 do
10 𝑀𝑗𝑙𝑑𝑒 ↔ 𝑂𝑖𝑖 [𝑄 ]
11 𝑂𝑖𝑖 [𝑄 ] ↔ 𝑂𝑖𝑖 [𝑄 ] + 𝑂𝑖𝑖 [𝑄 + 1] ↑ 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 +𝑛 . |𝑃𝑅 𝑆 |
12 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅 𝑆 | · 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙
13 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 ↔ 𝑀𝑗𝑙𝑑𝑒

14 return 𝑎𝑄𝑏
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Figure 5: Adaptive grid partitioning.

66% percentile 𝑅 -values to de"ne the cell boundaries for 𝑅 . This
guarantees (depending on the sample e#ectiveness) that each hori-
zontal stripe gets an equal number of points. Then, we can repeat
by sorting the sample by 𝑄 to obtain equi-depth vertical stripes.
Although adaptive grid partitioning does not guarantee balance
at the cell level, it avoids hugely overloaded cells (which was a
practical problem for regular grids), as in the worst case a cell does
not take more than the data in the row or column where it belongs.
Hence, in a𝑖 →𝑖 grid, no cell takes more than 1/𝑖 of the data.

3.2 Complexity Analysis
In this section, we analyze the computational cost of Algorithm 2.
We assume that a𝑖 →𝑖 adaptive grid is used for the partitioning.
Under this, the cost of assigning the observations to grid cells
(and counting the number of points per cell) is 𝑂 (𝑃 log𝑖), as we
need𝑂 (log𝑖) time to determine the grid row and column for each
observation, by binary search. The cost of 𝑄 -sorting all cells (Lines
3–4 of Algorithm 2) is bounded by the worst-case distribution,
where in each row (or column) of the grid, just one cell gets 𝑃/𝑖
points and the other cells are empty. This means that total cost
of 𝑄 -sorting is 𝑂 (𝑖 · (𝑃/𝑖) log(𝑃/𝑖)), i.e., 𝑂 (𝑃 log(𝑃/𝑖)). When
merging cells in the same column (FunctionmergeSortSouth), each
observation is accessed 𝑖 ↑ 1 times, as the cell that contains it
is merged with 𝑖 ↑ 1 other cells. Therefore, the total cost of all
mergeSortSouth calls (Lines 5–8 of Algorithm 2) is 𝑂 (𝑖𝑃). The
cost of applying Knight’s algorithm for the intra-cell relationships
(Lines 9-10 of Algorithm 2) is the same as the cost of 𝑅 -sorting
each cell, i.e., the total cost for all cells is 𝑂 (𝑃 log(𝑃/𝑖)). The cost
of merging east cells (Lines 11-14 of Algorithm 2) is the same as
the total cost of mergeSortSouth calls, i.e., 𝑂 (𝑖𝑃) in total. Finally,
discordantCells applies a linear pass over the cells with total cost
𝑂 (𝑖2).

Hence, the overall time complexity is𝑂 (𝑃(𝑖+log(𝑃/𝑖))). Based
on this,𝑖 should be selected to a value close to log2 𝑃; for values
of𝑖 much larger than log2 𝑃, 𝑂 (𝑃𝑖) becomes the dominant factor
in the complexity and Algorithm 2 becomes more expensive than
Knight’s algorithm. More importantly, our algorithm o#ers oppor-
tunities for parallelism, as mergeSortSouth calls can be executed
in parallel and independently by di#erent threads. The same holds
for all calls to Knight’s algorithm for intra-cell pairs, and for all
mergeSortEast calls. In Section 4, we will present a distributed and
parallel version of our algorithm that greatly reduces the cost of
Kendall’s 𝐿𝑀 computation. The space complexity is 𝑂 (𝑃), even for
large grids, as we do not have to allocate memory for empty cells
(non-empty cells can be accessed with the help of a hashmap).

4 DISTRIBUTED 𝐿𝑀 COMPUTATION
If the observations do not "t in the memory of a single machine,
to compute the exact 𝐿𝑀 rank correlation, we need to resort to a
distributed algorithm. In this section, we present such an approach
that relies on data partitioning to the main memories of multiple
nodes and applies MapReduce primitives to compute and aggregate
the relationships between pairs required for 𝐿𝑀 in parallel.1

The data are partitioned and processed independently in di#erent
nodes, where each node provides the necessary information to
a designated coordinator node. After collecting all the necessary
information, the coordinator node calculates the coe!cient. Figure
6 illustrates the distributed algorithm and Algorithm 5 presents its
details. The coordinator node de"nes the adaptive grid boundaries
based on a sample of the data and broadcasts them to the nodes.
Then, the data are shu$ed and partitioned to horizontal stripes
based on the horizontal lines of the grid that divide the 𝑅 axis. All

1Implementing Knight’s algorithm [19] on Spark is challenging, because there is
no e!cient way of merging sorted runs that appear in di#erent nodes. Multi-way
merging requires a lot of communication and binary merging requires multiple rounds
of merging with data transfers (partitioning/shu$ing multiple times).
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data in the same horizontal stripe end up at the same worker node.
For each horizontal stripe, Algorithm 5 runs Knight’s algorithm to
compute all intra-stripe discordant and tied pairs independently at
each worker. After processing a stripe, the corresponding worker
node dispatches the number of discordant, 𝑄 -tied, 𝑅 -tied, and 𝑄𝑅 -
tied pairs to the coordinator. The coordinator aggregates these
statistics and maintains the global values of these variables.

After "nishing with all horizontal stripes, the data are reshu$ed
and partitioned again based on the grid divisions across the 𝑄 axis,
such that all data of a single vertical stripe end up at the same
node. The nodes then process the vertical stripes independently.
Since intra-cell pairs have already been considered by horizontal
stripes, vertical stripes are processed di#erently (Function southM-
SReducer). Speci"cally, each node divides the vertical stripes into
cells (using the grid boundaries), counts the number of elements
|𝑐 𝑅 | per cell 𝑐 𝑅 and sorts the cell by 𝑄 . Then, each cell 𝑐 𝑅 in the
vertical stripe is merge-joined with all cells 𝑐𝑘 at 𝑐 𝑅 ’s south using
mergeSortSouth (Algorithm 3) to "nd the inter-cell discordant and
𝑄 -tied pairs in the same grid column. All counters (i.e., 𝑎𝑍𝑏 , 𝑌𝑍𝑄 )
are collected by the coordinator and aggregated. The coordinator
also collects, from the workers that execute southMSReducer, a 2D
histogram the number of points in each cell. The coordinator uses
the collected cell counts to run discordantCells module (Algorithm
4) that measures the discordant pairs in di#erent rows and columns
of the grid and completes the computation of 𝐿𝑀 .

Load balancing and complexity. The Reduce jobs of the hori-
zontal (and vertical) stripes have equal complexity, ensured by the
adaptive grid de"ned by the coordinator (Line 2 of Algorithm 5).
This leads to load balancing and good scalability with increasing
numbers of workers, as we demonstrate experimentally. The pro-
cessing of horizontal stripes (Function knightReducer) is the com-
putational bottleneck of the algorithm. Assuming a𝑖→𝑖 grid, each
of the𝑖 stripe includes 𝑃/𝑖 points and requires (𝑃/𝑖) log(𝑃/𝑖)
time to process. Hence, if 𝑒 jobs can be executed in parallel, the
time complexity is bounded by 𝑂 ( 1𝑘 ·𝑖 · (𝑃/𝑖) log(𝑃/𝑖)), which
is 𝑂 ( 𝑋𝑘 log( 𝑋𝑚 )).
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Algorithm 5: Distributed Grid Algorithm.
Input: A𝑚𝐿 →𝑚𝑀 grid𝑛 , a 2D array 𝑟 of observations
Output: 𝐿𝑁 (𝑟 )

1 𝑎𝑄𝑏 ↔ 0; 𝑐𝑄𝑌 ↔ 0; 𝑐𝑄𝑍 ↔ 0; 𝑐𝑄𝑌𝑍 ↔ 0
2 Based on a sample from 𝑟 , de!ne an adaptive grid𝑛
3 𝑟 ≃ ↔ 𝑟 .mapToYStripe.𝑝𝑖𝑑𝑔𝑁𝑜𝑇𝑠𝑗𝑇 ( )
4 (𝑎𝑄𝑏, 𝑐𝑄𝑌 , 𝑐𝑄𝑍 , 𝑐𝑄𝑌𝑍 ) ↔ 𝑟 ≃ .knightReducer(𝑘𝑗𝑇,𝑁𝑑𝑄𝑋𝑐𝑏 ) .𝑏𝑔𝑚𝑡𝑗𝑏𝑔𝑙𝑐𝑏 ( )
5 𝑟 ≃≃ ↔ 𝑟 .mapToXStripe.𝑝𝑖𝑑𝑔𝑁𝑜𝑇𝑠𝑗𝑇 ( )
6 (𝑎𝑄𝑏, 𝑐𝑄𝑌 ) ↔

(𝑎𝑄𝑏, 𝑐𝑄𝑌 ) + 𝑟 ≃≃ .𝑏𝑑𝑔𝑐𝑞𝑢𝑓𝑡𝑗𝑎𝑔𝑃𝑗𝑖 (𝑘𝑗𝑇,𝑁𝑑𝑄𝑋𝑐𝑏 ) .𝑏𝑔𝑚𝑡𝑗𝑏𝑔𝑙𝑐𝑏 ( )
7 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏+discordantCells(𝑛,𝑚𝐿 ,𝑚𝑀 )
8 𝑃𝑑𝑋 ↔ |𝑟 | ( |𝑟 | ↑ 1)/2 ↑ 𝑎𝑄𝑏 ↑ 𝑐𝑄𝑌 ↑ 𝑐𝑄𝑍 ↑ 𝑐𝑄𝑌𝑍

9 return (𝑃𝑑𝑋 ↑ 𝑎𝑄𝑏 )/
√
(𝑃𝑑𝑋 + 𝑎𝑄𝑏 + 𝑐𝑄𝑌 ) ⇐ (𝑃𝑑𝑋 + 𝑎𝑄𝑏 + 𝑐𝑄𝑍 )

10 Function mapToYStripe(𝑁𝑑𝑄𝑋𝑐𝑏𝑈𝑞𝑔𝑋𝑘):
11 𝑚𝑂𝑁𝑁𝑗𝑎𝑟𝑑𝑄𝑋𝑐𝑏 = [ ]
12 for each 𝑁 ↘ 𝑁𝑑𝑄𝑋𝑐𝑏𝑈𝑞𝑔𝑋𝑘 do
13 𝑏𝑐𝑖𝑄𝑁𝑗𝑣𝑎 ↔ (𝑝𝑖𝑄𝑎 .𝑏𝑐𝑖𝑄𝑁𝑗𝑍 (𝑎𝑄𝑚𝑗𝑋𝑏𝑄𝑑𝑋,𝑁 ) )
14 𝑚𝑂𝑁𝑁𝑗𝑎𝑟𝑑𝑄𝑋𝑐𝑏 .𝑂𝑁𝑁𝑗𝑋𝑎 ( (𝑏𝑐𝑖𝑄𝑁𝑗𝑣𝑎,𝑁 ) )
15 return𝑚𝑂𝑁𝑁𝑗𝑎𝑟𝑑𝑄𝑋𝑐𝑏

16 Function mapToXStripe(𝑁𝑑𝑄𝑋𝑐𝑏𝑈𝑞𝑔𝑋𝑘):
17 Same as mapToYStripe(), but assigns points to X stripes

18 Function knightReducer(𝑘𝑗𝑇,𝑁𝑑𝑄𝑋𝑐𝑏):
19 𝑏𝑑𝑖𝑐𝑗𝑎𝑟𝑑𝑄𝑋𝑐𝑏 ↔ 𝑏𝑑𝑖𝑐𝑜𝑇𝑌 (𝑁𝑑𝑄𝑋𝑐𝑏 )
20 (𝑎𝑄𝑏, 𝑐𝑄𝑌 , 𝑐𝑄𝑍 , 𝑐𝑄𝑌𝑍 ) ↔ 𝑘𝑋𝑄𝑝𝑞𝑐 (𝑏𝑑𝑖𝑐𝑗𝑎𝑟𝑑𝑄𝑋𝑐𝑏 )
21 return (𝑎𝑄𝑏, 𝑐𝑄𝑌 , 𝑐𝑄𝑍 , 𝑐𝑄𝑌𝑍 )
22 Function southMSReducer(𝑘𝑗𝑇,𝑁𝑑𝑄𝑋𝑐𝑏):
23 𝑃𝑗𝑙𝑙𝑏 ↔ 𝑂𝑏𝑏𝑄𝑝𝑋𝑟𝑑𝑄𝑋𝑐𝑏 (𝑁𝑑𝑄𝑋𝑐𝑏 ) ; 𝑎𝑄𝑏 ↔ 0; 𝑐𝑄𝑌 ↔ 0
24 for each 𝑃 𝑆 ↘ 𝑃𝑗𝑙𝑙𝑏 do
25 𝑏𝑑𝑖𝑐𝑈𝑗𝑙𝑙𝑜𝑇𝑌 (𝑃 𝑆 )
26 for 𝑅 = 1 to𝑚𝑀 ↑ 1 do
27 for 𝑘 = 𝑅 ↑ 1 to 0 do
28 (𝑎𝑄𝑏, 𝑐𝑄𝑌 ) ↔ (𝑎𝑄𝑏, 𝑐𝑄𝑌 )+mergeSortSouth(𝑃 𝑆 , 𝑃𝑇 )

29 return (𝑎𝑄𝑏, 𝑐𝑄𝑌 )

5 APPROXIMATE COMPUTATION OF 𝐿𝑀
We now present an approximate algorithm of Kendall’s 𝐿𝑀 , which
avoids the expensive steps of intra-cell comparisons and inter-cell
merge-scans for pairs of cells at the same grid row or column.

Algorithm 6 shows the steps of our approximate algorithm. As in
the exact algorithm, we de"ne an adaptive grid, but do not partition
the data into the grid’s cells; instead, we only measure the number
of points |𝑐 | that fall in each cell 𝑐 . Then, we run an adaptation of
discordantCells algorithm (see Algorithm 4), where for each cell
𝑐𝑄 𝑅 , we (i) compute 𝑕𝑄, 𝑅 , the total number of points in 𝑐𝑄 𝑅 and all
cells south, east, and southeast of 𝑐𝑄 𝑅 ; and (ii) we update 𝑎𝑍𝑏 , by
multiplying |𝑐𝑄 𝑅 | with the sum of counts 𝑕𝑄+1, 𝑅↑1 recorded in the
neighbor cell diagonally to the south-east.

To complete the contribution of 𝑐𝑄 𝑅 we have to take into account
the contribution to 𝐿𝑀 from intra-cell pairs in 𝑐𝑄 𝑅 and inter-cell pairs
from 𝑐𝑄 𝑅 and cells to the south of 𝑐𝑄 𝑅 and to the east of 𝑐𝑄 𝑅 . We employ
estimates of these contributions, as we aim for a fast approximate
algorithm (otherwise, we would run the steps of our exact method).
To simplify processing, we ignore ties, as estimating ties requires
advanced statistics (histograms of distinct 𝑄 and 𝑅 values per cell).
We assume that the points in each cell are uniformly distributed
and compute the expected number of discordant pairs for each
cell or pair of cells that we consider. In particular, the intra-cell
discordant pairs in 𝑐𝑄 𝑅 are estimated to be half of the pairs in 𝑐𝑄 𝑅 ,
i.e., |𝑐𝑄 𝑅 | · ( |𝑐𝑄 𝑅 | ↑ 1)/4. The inter-cell discordant pairs in two cells
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𝑐𝑄 and 𝑐 𝑅 , where either 𝑐 𝑅 is the same column as 𝑐𝑄 and to the south
or 𝑐 𝑅 is the same row as 𝑐𝑄 and to the east are estimated to be half
of the pairs, i.e., |𝑐𝑄 | · |𝑐 𝑅 |/2.

Overall, Algorithm 6 scans the grid just once, row-by-row from
east to west and from south to north, in the same manner as Algo-
rithm 4. At each cell 𝑐 , the approximate algorithm (i) estimates the
intra-cell discordant pairs (Lines 4, 7, 12, and 18), (ii) estimates the
inter-cell discordant pairs in 𝑐 and in cells to the east of 𝑐 (Lines
8 and 19), (iii) estimates the inter-cell discordant pairs in 𝑐 and in
cells to the south of 𝑐 (Lines 13 and 20), and (iv) computes exactly
the discordant pairs in 𝑐 and in all cells south-east from 𝑐 (Line
17). The concordant pairs are computed as a complement of the
discordant ones (Line 22) and the tied pairs are assumed to be 0.

Complexity.Algorithm 6, in Line 1, reads all observations and iden-
ti"es the cell wherein each observation falls. This takes 𝑂 (𝑃 log𝑖)
time, assuming a𝑖 →𝑖 grid. Thereafter, it performs a linear scan
over all cells and updates the𝑎𝑍𝑏 statistics. A constant number of op-
erations are executed at each cell, so the total cost of the algorithm
is 𝑂 (𝑃 log𝑖 +𝑖2), or simply 𝑂 (𝑃 log𝑖), assuming that 𝑖2 < 𝑃.
This is much lower than the 𝑂 (𝑃(𝑖 + log(𝑃/𝑖))) time required
by our exact algorithm and Knight’s 𝑂 (𝑃 log𝑃) complexity. More
importantly, our approximate algorithm is lightweight as it requires
𝑂 (𝑖2) space vs. 𝑂 (𝑃) of the exact algorithm.

Approximation error bound.Consider𝑖→𝑖 adaptive grid, where
each row and column of the grid takes 𝑇 = 𝑃/𝑖 observations. The
worst-case error is when, in each row and column, all observations
fall in the same cell and in all such cells the points are perfectly
correlated or in all such cells the points are perfectly anti-correlated.
Since the algorithm incurs no errors in the inter-cell discordant
pairs (no pair of cells are on the same row/column) the only errors
are for the discordant pairs which are estimated to be 𝑇 (𝑇 ↑ 1)/4
instead of the actual 0 or 𝑇 (𝑇 ↑ 1)/2, where 𝑇 = 𝑃/𝑖. Hence, the
maximum error in the discordants count in each non-empty cell is
𝑇 (𝑇↑1)/4 and in all cells is𝑖𝑇 (𝑇↑1)/4. Summing up, the maximum
absolute error is 𝑚𝑆 (𝑆↑1)/4

𝑋 (𝑋↑1)/2 , which is equal to 𝑋↑𝑚
2𝑚 (𝑋↑1) . For 𝑃 >> 𝑖,

the bound is 1/2𝑖. For example, when using a 50→ 50 adaptive grid,
the absolute error in the correlation computation is 0.01 or lower.

5.1 Advanced Approximate Algorithm
Our algorithm relies on uniformity assumption at each cell and
ignores possible ties, so it may reach its upper error bound when
the data distribution in cells is non-uniform. To alleviate this issue,
we suggest a more sophisticated version of Algorithm 6, which
employs a small data sample and histograms at each cell to improve
its accuracy, especially in skewed datasets that include many ties.

In particular, while scanning the data to determine the number
of points |𝑐𝑄 𝑅 | in each cell 𝑐𝑄 𝑅 , we apply independent sampling, to
keep a small sample 𝑏𝑄 𝑅 of the points in 𝑐𝑄 𝑅 . For each point that we
read from the input, we keep it as a sample with a small probability
(empirically set to 0.01). We also divide each cell 𝑐𝑄 𝑅 into𝑒 horizontal
and into 𝑒 vertical stripes uniformly. While reading the data, we
keep 2𝑒 values in the cell which form two 𝑒-equiwidth histograms
that capture the 𝑄 - and 𝑅 - distribution of values in 𝑐𝑄 𝑅 . Finally, for
each of the 𝑒 horizontal and vertical stripes in the cell, we keep

Algorithm 6: Approximate Grid-based Algorithm.
Input: A𝑚𝐿 →𝑚𝑀 grid𝑛 , a 2D array (𝑌 ,𝑍 ) of 𝑋 observations
Output: Approximate 𝐿𝑁 (𝑌 ,𝑍 )

1 Perform one pass over (𝑌 ,𝑍 ) to count for each cell 𝑃 ↘ 𝑛 , the number |𝑃 | of
observations in 𝑃 .

2 𝑂𝑖𝑖 ↔ 𝑋𝑗𝑒 𝑂𝑖𝑖𝑂𝑇 [𝑚𝐿 ]; 𝑎𝑄𝑏 ↔ 0
3 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1] ↔ 𝑛 . |𝑃𝑈𝐿 ↑1,0 |
4 𝑎𝑄𝑏 ↔ 𝑛 . |𝑃𝑈𝐿 ↑1,0 | · (𝑛 . |𝑃𝑈𝐿 ↑1,0 | ↑ 1)/4 // intra-cell
5 for 𝑄 =𝑚𝐿 ↑ 2 to 0 do // scan cells in row 0 (bottom)
6 𝑂𝑖𝑖 [𝑄 ] ↔ 𝑛 . |𝑃𝑅,0 | + 𝑂𝑖𝑖 [𝑄 + 1]
7 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅,0 | · (𝑛 . |𝑃𝑅,0 | ↑ 1)/4 // intra-cell
8 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅,0 | · 𝑂𝑖𝑖 [𝑄 + 1]/2 // cells to the east

9 for 𝑅 = 1 to𝑚𝑀 ↑ 1 do // row 𝑅
10 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 ↔ 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1]
11 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1] ↔ 𝑂𝑖𝑖 [𝑚𝐿 ↑ 1] +𝑛 . |𝑃𝑈𝐿 ↑1,𝑆 |
12 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑈𝐿 ↑1,𝑆 | · (𝑛 . |𝑃𝑈𝐿 ↑1,𝑆 | ↑ 1)/4 // intra-cell
13 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑈𝐿 ↑1,𝑆 | · 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙/2 // cells to the south
14 for 𝑄 =𝑚𝐿 ↑ 2 to 0 do // scan cells in row 𝑅
15 𝑀𝑗𝑙𝑑𝑒 ↔ 𝑂𝑖𝑖 [𝑄 ]
16 𝑂𝑖𝑖 [𝑄 ] ↔ 𝑂𝑖𝑖 [𝑄 ] + 𝑂𝑖𝑖 [𝑄 + 1] ↑ 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 +𝑛 . |𝑃𝑅 𝑆 |
17 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅 𝑆 | · 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 // south-east cells
18 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅,𝑆 | · (𝑛 . |𝑃𝑅,𝑆 | ↑ 1)/4 // inter-cell
19 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅,𝑆 | · (𝑂𝑖𝑖 [𝑄 + 1] ↑ 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 )/2 // east
20 𝑎𝑄𝑏 ↔ 𝑎𝑄𝑏 +𝑛 . |𝑃𝑅,𝑆 | · (𝑀𝑗𝑙𝑑𝑒 ↑ 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 )/2 // south
21 𝑎𝑄𝑂𝑝𝑑𝑋𝑂𝑙 ↔ 𝑀𝑗𝑙𝑑𝑒

22 𝑃𝑑𝑋 ↔ 𝑋 · (𝑋 ↑ 1)/2 ↑ 𝑎𝑄𝑏 // estimate of concordants
23 return (𝑃𝑑𝑋 ↑ 𝑎𝑄𝑏 )/(𝑃𝑑𝑋 + 𝑎𝑄𝑏 )

the points in the sample 𝑏𝑄 𝑅 that fall in the stripe. We now apply
Algorithm 6 with the following changes.

5.1.1 Intra-cell statistics. For each cell 𝑐𝑄 𝑅 , we use the sample 𝑏𝑄 𝑅
to compute all statistics (discordant pairs, tied 𝑄 pairs, etc.). Each
statistic is multiplied by the ratio (pairs in 𝑐𝑄 𝑅 )/(pairs in 𝑏𝑄 𝑅 ) to es-
timate the corresponding statistics in 𝑐𝑄 𝑅 . Note that if 𝑏𝑄 𝑅 is empty,
but |𝑐𝑄 𝑅 | > 0, we apply the uniform distribution assumption as in
the original algorithm.

5.1.2 Inter-cell statistics. Assume that 𝑐𝑁 is north of 𝑐𝑤 (the case
where 𝑐𝑁 is west of 𝑐𝑤 is symmetric). For each position 𝑍 of the
𝑄 -histograms of 𝑐𝑁 and 𝑐𝑤 , let |𝑐𝑄𝑁 | and |𝑐𝑄𝑤 | be the actual number of
points there and 𝑏𝑄𝑁 and 𝑏𝑄𝑤 be the sample point-sets kept there. 𝑏𝑄𝑁
and 𝑏𝑄𝑤 are used to measure discordant and X-tieX statistics, which
are multiplied by (|𝑐𝑄𝑁 | · |𝑐𝑄𝑤 |)/(|𝑏𝑄𝑁 | · |𝑏𝑄𝑤 |) to derive the estimations that
will be aggregated into the global discordant and X-tied statistics for
cells 𝑐𝑁 and 𝑐𝑤 . In addition, for each position 𝑍 of the 𝑄 -histograms,
we multiply |𝑐𝑄𝑁 | with all |𝑐 𝑅𝑤 |, such that 𝑍 < 𝑓 and add the products
to the global number of discordant pairs. To accelerate the last part,
we compute a su"x-sum (ss) histogram of each𝑄 -histogram, where
each entry |𝑏𝑏𝑄𝑁 | of the su!x histogram at cell 𝑐𝑁 holds

∑
𝑅 |𝑐 𝑅𝑁 |,⇒𝑓 ⇑

𝑍 , and multiply each |𝑐𝑄𝑁 | with |𝑏𝑏𝑄+1𝑤 |.
Example Figure 7 shows an example dataset with an adaptive grid
(solid lines), where each row and column takes 12 points. In Figure
7a, each cell 𝑐𝑁 of the grid is split vertically to 𝑒 = 4 partitions to
de"ne a 𝑄 -histogram. The numbers at the columns in a cell show
the 𝑄 -histogram values. For each histogram position, we also keep
a sample (not shown in the "gure). To estimate the 𝐿𝑀 statistics for
all pairs of points in two cells 𝑐𝑁 and 𝑐𝑤 in the same grid column (e.g.,
𝑐𝑁 is the light-shaded cell and 𝑐𝑤 the dark-shaded one), we "rst use
the samples at each position 𝑍 of the 𝑄 -histograms to estimate the
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statistics for all pairs of points in the corresponding bands of 𝑐𝑁 and
𝑐𝑤 . Second, for each position 𝑍 of 𝑐𝑁 ’s 𝑄 -histogram we multiply the
number of points |𝑐𝑄𝑁 | in it with the number 𝑏𝑏𝑄+1𝑤 at the next position
𝑍 + 1 in the su!x-sum 𝑄 -histogram of cell 𝑐𝑤 (see the dark-shaded
cell at the bottom-right corner of Figure 7a), and sum up these to
derive the exact number of discordant pairs. Figure 7b illustrates a
symmetric procedure that is applied using the 𝑅 -histograms.
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tion of correlation statistics for
pairs of cells in the same column

(b) 𝑍 -histograms and computa-
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pairs of cells in the same row.

Figure 7: Advanced approximate algorithm.

6 EXPERIMENTAL EVALUATION
In this section, we evaluate our approach, proposed in Section 3
against Knight’s algorithm (Apache Commons’ implementation).
We also evaluate the e!ciency and scalability of the distributed
version of our algorithm, presented in Section 4. Finally, we experi-
mentally study the accuracy and cost of our approximate algorithm
for Kendall’s 𝐿𝑀 (Section 5). Our experimental study aims to answer
the following research questions. RQ1: Under what conditions
does our method outperform Apache Commons’ implementation
of Knight’s algorithm [19]? RQ2: Does adaptive grid partitioning
improve the e!ciency of Algorithm 2, compared to regular grid par-
titioning? RQ3:What is a good grid resolution for the centralized
and distributed versions of our method? RQ4: Does our distributed
algorithm scale well when increasing the input size and the number
of executors? RQ5: How e!cient and e#ective is our approximate
Kendall 𝐿𝑀 computation method?

6.1 Experimental Setup
Datasets.We use six synthetic datasets, each with a di#erent dis-
tribution in the 2D space, and four real ones from diverse domains.
The datasets are visualized in Figure 8. By default, we used a sam-
ple of 80M points from each dataset as our input. Most synthetic
datasets were generated using the Spider data generator [16] and
their names are self-descriptive. We also employ two highly skewed
synthetic datasets: Hotspots and Zip"an. Hotspots groups the vast
majority of data in two clusters with the same (very small) stan-
dard deviation, each having 60% and 35% of all data points, respec-
tively; the remaining 5% of the points are uniformly distributed.
Zip"an was produced by mixing two Zipf independent distribu-
tions with 𝑗 = 1. The real datasets cover various domains, namely

Parameter Cardinality
Dataset size 15M–80M (small), 250M–1B (large)

Grid resolution 10x10, 25x25, 50x50, 100x100, 200x200, 400x400
Small-scale dataset size 15M, 30M, 45M, 60M (25x25)
Large-scale dataset size 250M, 500M, 750M, 1B (200x200)

Executors 3, 6, 9, 12 (250M)
Table 1: Overview of the datasets used in the experiments.

internet speed, astronomy, weather data, and solar radiation. The
internet speed dataset [9] contains speed test metrics from Ookla
(www.speedtest.net), where from we select download speed and
latency to measure correlation. The Gaia DR3 dataset [4] contains
records of celestial objects; we select the mean magnitude in the
G-band (white light, broad bandpass) and the mean magnitude in
the RP-band (red photometer) to measure correlation. The Weather
dataset includes climatological data from NCEI [12]; we measure
the 𝐿𝑀 correlation between bulb temperature and relative humidity.
Finally, the Radiation dataset [36] is provided by the National Solar
Radiation Database and contains solar radiation metrics across the
United States; here, we measure how solar zenith and extraterres-
trial radiation per sq. meter are correlated.
Platform. For the experiments, we employed a cluster of 15 virtual
machines; all VMs were equipped with 4 CPU cores, 8GB RAM
and 30GB system disk, running Ubuntu 16.04.6 LTS. Twelve of
these VMs had a mounted disk of 102GB, running HDFS v3.2.1
and functioning as Datanodes and NodeManagers. The attachable
disks of the cloud platform are based on the Ceph storage system
(ceph.io), which is a distributed block level storage. The remaining
3 VMs acted as NameNode, ResourceManager (YARN) and Driver
(i.e., Coordinator) for the running jobs. The HDFS was set to the
default con"guration, i.e. 128MB block size and replication factor
of 3. For the experiments with the local executions, the VM that
was used was the one that acted as a Driver for the conduction of
experiments in the distributed mode. The IaaS platform we use for
the experiments uses under-the-hood SSDs (for persistent storage)
on which Ceph runs as a distributed storage solution for supporting
the whole infrastructure.
Metrics and parameters. In all experiments we measure the total
wall clock time for a computation of Kendall’s 𝐿𝑀 . For the local
(centralized) experiments we set the maximum heap size of the Java
Virtual Machine (JVM) to 4GB. To ensure consistent measurements,
each job runs to completion, after which the JVM is terminated.
Thus, every job starts on a fresh JVM instance. Concerning the
distributed experiments, we set the number of executors in Spark
equal to the number of used processing nodes (12), each one having
4GB main memory and 2 cores per executor. We also set the driver’s
main memory to 5GB and the number of Spark partitions for the
data shu$ing (groupByKey operation) to 192. In both local and
distributed experiments, each reported measurement is obtained
by averaging the execution time of "ve runs.

6.2 Experimental Results
Table 1 shows the ranges of parameter values used in the exper-
imental instances (default values in bold), for the number 𝑃 of
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(a) Uniform
𝐿𝑁 = 0

(b) Diagonal
𝐿𝑁 = 0.94

(c) Gaussian
𝐿𝑁 = 0

(d) Sierpinski
𝐿𝑁 = 0

(e) Hotspots
𝐿𝑁 = 0.44

(f) Zip!an
𝐿𝑁 = 0

(g) Ookla
𝐿𝑁 = ↑0.34

(h) Gaia
𝐿𝑁 = 0.83

(i) Weather
𝐿𝑁 = ↑0.21

(j) Radiation
𝐿𝑁 = ↑0.98

Figure 8: Visualization of the synthetic and real datasets. From left to right: synthetic (!rst six) and real (last four).
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Figure 9: Average execution time of Kendall 𝐿𝑀 computation (synthetic datasets, 𝑃=80M).
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Figure 10: Average execution time of Kendall 𝐿𝑀 computation (real datasets, 𝑃=80M).

observations (i.e., dataset size), grid resolution, number of execu-
tors in distributed processing. To determine the adaptive grid, we
used a sample size equal to the square root of the dataset size; we
have experimentally found that this leads to a balanced partitioning
in rows and columns.

6.2.1 Grid type and resolution. The "rst set of experiments targets
RQ1–RQ3. We compare our method with the Apache Commons im-
plementation of Knight’s algorithm on a single machine (local) for
various grid resolutions and 𝑃=80M input sizes. The study includes
our grid-based algorithm (Algorithm 2) run locally on a single ma-
chine and the distributed version of our method (Algorithm 5). We
tested each version equipped with a regular (i.e., uniform) grid
with equi-width partitions and our suggested adaptive grid (Section
3.1). We present the e#ect of varying the grid resolution on the
synthetic and real datasets in Figures 9 and 10, respectively. In all
plots, the horizontal axis represents the number of partitions𝑖 per
dimension (i.e., the grid is𝑖 →𝑖), while the vertical axis stands for
the execution time in seconds (an average over 5 runs). The dotted
horizontal line in each plot shows Knight’s algorithm performance,
which does not use a grid.

Due to the data skewness, in most synthetic datasets and in all
real datasets, a regular grid could not be used within our distributed

algorithm. In these cases, few regular stripes become overloaded
with data, thus exhausting the memory of the executors that host
them, while the rest of the executors remain underutilized or idle.
On the other hand, there is no issue in using our distributed algo-
rithm with an adaptive grid in all cases, since load is equally bal-
anced to stripes, as explained in Section 4. Hence, we only present
results of our distributed algorithm using an adaptive grid.

From the experimental results of Figures 9 and 10, we draw the
following conclusions:

• As expected, in (relatively) uniform datasets, there is no di#er-
ence between a regular and an adaptive grid in our centralized
algorithm. On the other hand, when there is signi"cant data
skew (Hotspots, Zip"an, Ookla), using an adaptive grid brings a
great bene"t to the centralized algorithm. As, a result in the rest
of the experiments, we use only adaptive grids in our methods.

• In almost all cases, for our centralized algorithm, the best grid
resolution parameter𝑖 is close to log2 𝑃, which is in accordance
to our analysis in Section 3.2 (i.e., 𝑃 = 80𝑘 , so log2 𝑃 ⇓ 25). For
such values, our method outperforms Knight’s. On the other
hand, for large values of𝑖, our centralized algorithm is outper-
formed by Knight’s (see Section 3.2). Diagonal and Radiation
are exceptional cases, where our method widely outperforms
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Knight’s and its performance is best for relatively large values
of𝑖. In these two datasets, all points are within a narrow band
close to a diagonal, and the rest of the space is empty; hence
a larger grid resolution results in numerous empty cells, and
the calls to the time-consuming functions (intra-cell Knight’s,
mergeSortSouth, and mergeSortEast) are minimized.

• Our distributed algorithm is robust with respect to the grid res-
olution parameter𝑖 and performs best for a wide range of𝑖
values. Its runtime is consistently several times lower than that
of our centralized method and Knight’s. Very small 𝑖 values
(𝑖 < log2 𝑃, e.g.,𝑖 = 10) are not good because this number is
smaller than the resources (e.g., nodes) to be utilized and large
values are also not good because the overall computational cost
increases, as per our analysis at the end of Section 4. Once again,
for our distributed algorithm the best value for the grid resolution
parameter𝑖 is around𝑖 = log2 𝑃.

6.2.2 Scalability to input data size. In the next set of experiments,
we evaluate the scalability of the centralized and distributed al-
gorithms with respect to the number of observations in the input
dataset. Figure 11 uses both real and synthetic data of small scale
that "t in the memory of a single VM, allowing the centralized
algorithms (Knight’s and our Algorithm 2 with both grid types) to
run on a single host. We have "xed the grid resolution to𝑖 = 25
cells per dimension (25x25) and (i) generated (Gaussian and Serpin-
ski or (ii) sampled (from Gaia and Weather) datasets of 15M, 30M,
45M, 60M instances. Observe that the gap between the relative per-
formance of our centralized algorithm using an adaptive grid and
Knight’s algorithm improves as the scale of data increases, which is
consistent with our complexity analysis (Sec. 3.2); for a "xed value
of𝑖, we expect relatively better performance for our method as
the input size 𝑃 increases.

Figure 12 evaluates the impact that the data scale has on the
performance of our distributed algorithm equippedwith an adaptive
grid (RQ4). This timewe used data of signi"cantly larger scale (250M
to 1B). As in the previous experiment, we generated synthetic data
that followGaussian and Sierpinski distributions. From real datasets,
we picked Gaia, the only dataset from those we have that scales
beyond 1B. As the "gure shows, the algorithm scales linearly to the
input data size, regardless of the data distribution.

6.2.3 Scalability to number of executors. In Figure 13, we assess
the impact of the number of executors in distributed execution
on the performance of "nding the 𝐿𝑀 score (RQ4). The horizontal
axis represents the number of executors, while the vertical one
shows average execution time in seconds. As expected, regardless
the dataset used, increasing the number of executors leads to a
proportional drop in execution time.

6.2.4 Load balancing. To achieve load balancing in distributed
processing for computing Kendall’s 𝐿 , we utilize the LPT (Longest
Processing Time) heuristic for multiprocessor scheduling [13]. Using
the data sample based on which the adaptive grid is de"ned, we
assign stripes to workers based on the number of observations
in each stripe, prioritizing the most populated stripes. This way,
workers take either few long jobs or numerous small jobs and
their load is balanced. To measure the e#ectiveness of LPT as a
load balancing mechanism, we compute the Maximum Relative Idle

Time (MRIT), de"ned as the di#erence between the fastest and the
slowest executor’s completion times over the total completion time.
In an ideal scenario, all executors would complete simultaneously
and MRIT is 0. For the Uniform, Diagonal, Gaussian, Sierpinski,
Hotspots and Zip"an datasets, these delays are 0.06, 0.03, 0.12,
0.056, 0.084 and 0.11 respectively. For the Ookla, Gaia, Weather and
Radiation datasets, MRIT is these delays are 0.07, 0.065, 0.077, and
0.04, respectively. This experiment shows that in all cases the idle
time at each executor is up to a relatively small percentage of the
total time and the load is well balanced.

6.2.5 Cost breakdown. To understand the impact of the di#erent
modules of our (adaptive) grid-based algorithms on the overall
cost, in Figure 14 we show the cost of the di#erent phases of our
methods, from data loading and partitioning to computing and
aggregating the rank correlation statistics. The labels of the phases
on the stacked bars are self-explanatory based on the pseudocodes
of the two algorithms. Note that there are no major bottlenecks
in the processing of the cells. In all cases, the bottleneck is the
data loading part; the east and south parts are reasonably similar
(depending on the nature of the dataset), and the self-join within
the cells (using Knight’s algorithm) is reasonably small with the
exception of Radiation, where, due to its special distribution (see
Figure 8j), most computational work is done by Knight’s calls.

6.2.6 Approximation accuracy and performance. In the last set of
experiments, we evaluate the accuracy and cost of our approximate
algorithm (RQ5), run locally on a single machine. Figure 15 shows
the absolute error and execution time of Algorithm 6. As expected,
higher grid resolutions lead to lower approximation errors and the
time on top of the overhead to load the data grows linearly with
𝑖2. Quite importantly, the absolute error soon drops below 10↑2.
Datasets strongly correlated (e.g., Diagonal, Gaia) or anticorrelated
(e.g., Radiation) have the largest errors, as the uniformity assump-
tion in each cell fails. In Ookla and Gaia, for large𝑖 values, the
error stabilizes instead of dropping due to many undetected ties
(recall that Algorithm 6 assumes only discordant and concordant
pairs). Still, for𝑖 = 100, the error is lower than 10↑2 in all cases.
The execution time remains an order of magnitude lower compared
to the exact locally run algorithm. It spends about 30 seconds for
data reading and counting cell statistics (Line 1 of Algorithm 6) and
only needs several more seconds to produce the 𝐿𝑀 estimation, even
when using large grids.

Figure 16 shows the performance of the advanced version of
Algorithm 6, described in Section 5.1. Observe that using histograms
and sampling leads to error drop by orders of magnitude, especially
when the grid granularity is small. This is due to the detection of
correlation and ties in cells and between them with the help of the
samples and histograms. The advanced algorithm has increased cost
compared to Algorithm 6, but the di#erence is insigni"cant when
𝑖 ↗ 100, especially considering the huge error drop it achieves.

6.2.7 Lessons learned. To sum up, our centralized algorithm per-
forms better than the standard implementation of Knight’s algo-
rithm when it is equipped with a relatively coarse adaptive grid
(e.g.,𝑖 = 25) on large datasets. As expected, using an adaptive grid
is more robust than using a regular grid, and much more e!cient
on skewed datasets (RQ1–RQ3). Second, employing a distributed
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Figure 11: Average execution time on the small-scale datasets (25x25 grid).
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Figure 12: Average execution time with varying data size on the large-scale datasets (200x200 grid).
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Figure 13: Average execution time with varying executors (200x200 grid).
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Figure 14: Cost breakdown of grid-based 𝐿𝑀 (real datasets).

system signi"cantly accelerates computations compared to the local
execution; our distributed algorithm scales gracefully with the data
scale and the number of executors (RQ4). Overall, our distributed
algorithm is the winner method and, more importantly, it exhibits
remarkable robustness over a wide range of grid resolutions. Fi-
nally, our approximate algorithm is very accurate, especially for
large grid resolutions (e.g.,𝑖 = 100), while having one order of
magnitude lower cost compared to the exact method (RQ5).

7 RELATEDWORK
Applications of Kendall’s 𝐿 . Arndt et. al [5] focus on the analysis
of psychiatric symptom data, advocating that Kendall’s 𝐿 coe!-
cient is the better than Spearman’s 𝑁 from a statistical standpoint.
Lapata [21] showed the reliability of Kendall’s 𝐿 coe!cient for au-
tomatic information ordering evaluation. Chen et al. [8] endorse
Kendall’s 𝐿 coe!cient an estimator of critical transitions and regime
shifts in complex systems. In the "eld of bioscience, 𝐿 has been ap-
plied to clinical survival results of patients with esophageal, pancre-
atic, and lung carcinomas [15]. In environmental science, Kendall’s
𝐿 coe!cient is applied on a study of oribatid mites in the peat blan-
ket surrounding a bog lake, to detect correlated species groups [22].
In psychology, researchers use the family of Kendall’s 𝐿 coe!cients
to assess trends and monotonicity [6]; the coe!cients are used
by psychologists as a vector of 𝐿 scores to measure how pre- and
post-treatment phases di#er, by calculating a 𝐿-based trend.

Scalability in correlation computation. The large majority of
related work in correlation computation from the area of data man-
agement focuses only on Pearson’s coe!cient and does not consider
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Figure 15: Absolute error in 𝐿𝑀 score and average execution
cost by Algorithm 6, varying grid resolution.
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Figure 16: Advanced approximate algorithm using 1% sam-
pling and 10-equiwidth 𝑄 - and 𝑅 - histograms in each cell.

Kendall’s 𝐿 at all. Chang et al. [7] and Eslami et al. [11] utilize GPU
hardware for parallel processing to compute Pearson’s correlation,
while Mu et al. [26] compute Pearson’s 𝑀 in a cluster of nodes
adopting the MapReduce paradigm. Zhang et al. [42] propose a
Pearson correlation-based weighted optimization framework to
de"ne groups of variables that exhibit similar evolutionary trends.
Xiong et al. [38] search for strongly correlated item pairs in market-
basket databases, given a minimum correlation threshold [38]. To
this end, the authors identify an upper bound of Pearson’s correla-
tion for binary variables which is cheap to compute and exhibits
a special monotone property which allows pruning of many item
pairs. Socha et al. [33], examine three algorithms for computing
Pearson’s coe!cient for di#erential power analysis attacks. Spear-
man’s rank correlation coe!cient has been used on large-scale
datasets in a parallel and distributed computing environment for

enhancing recommendation systems [28]. Speci"cally, the coe!-
cient is used to group data points, aiming at producing high quality
correlation clusters. Recall, however, that Spearman’s coe!cient
cannot handle ties e#ectively.

Due to the di#erences in the de"nitions and core computational
methods of the three coe!cients (Pearson’s, Spearman’s, Kendall’s),
it not possible to exploit previously proposed techniques for com-
puting Pearson’s and Spearman’s coe!cients to e!ciently compute
Kendall’s 𝐿 : Pearson’s 𝑀 requires just two linear passes, whereas
Spearman’s 𝑁 cannot handle ties. Mutual information (MI) is yet
another correlation measure, studied by Ho et al. [14] for pairs of
time series, restricted to a time window and considering delays
in the time-series events. To the best of our knowledge, due to
the essential inherent complexity of Kendall’s coe!cient, the need
to handle ties, and the existence of lower-complexity algorithms
like Pearson’s, the state of the art does not yet include a scalable,
paralellizable, tie-aware method to compute Kendall’s correlation.

Other work. Our work also relates to studies of computational
problems in which space partitioning is applied to split the work-
load in smaller parts and process them in parallel. These studies
focus on parallel skyline operation [27, 35], spatial joins [20, 30, 34]
and joins that include spatial and textual predicates [10, 43]. These
techniques are not applicable to the computation of 𝐿𝑀 , as the prob-
lem de"nitions and objectives are di#erent. For example, although
there is work on grid-based and quadtree-based partitioning for
parallel and distributed computation of skylines (e.g., [2, 29]), our
problem is con"ned to 2D only and to computing a single value (as
opposed to a subset of points). In addition, our problem requires, for
each cell and stripe, to access and compare all points in it. On the
other hand, when using a grid (or any other partitioningmethod) for
skyline computation, numerous cells (or partitions) can be pruned
by a single point (if they are dominated by it) and do not have to be
processed. In spatial joins, only points in the same cell or partition
need to be compared to each other and remote pairs of points are
pruned; the main goal is to achieve this property while minimizing
data replication in the partitioning phase [20].

8 CONCLUSIONS
We proposed a scalable and e!cient geometric approach for the
computation of Kendall’s 𝐿𝑀 coe!cient for very large datasets. Our
approach partitions the data with the help of an adaptive grid and
applies a sequence of steps implemented by optimized processing
modules that minimize the required comparisons. We showed how
our grid-based approach scales out by dispatching stripes of cells
to load-balanced Spark jobs, exploiting parallelism. Finally, we pro-
posed an approximate algorithm with accuracy guarantees, which
is one order of magnitude faster compared to our exact method.

Future work includes adapting the method to other rank-based
correlation measures, as well as developing grid-based exact and
approximate solutions to other multidimensional analysis problems
that count rank statistics, such as top-𝑒 dominating queries [40].
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