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ABSTRACT

Traditional k-means minimizes the sum of squared error (SSE) but
may treat data points unequally, as some are assigned to signifi-
cantly distant centroids. This leads to unfair outcomes in down-
stream tasks such as facility location planning, where each cluster
corresponds to a specific share of limited resources. To address
this, we modify the objective of k-means via exponential tilting,
which emphasizes the impact of distant data points and yields a
new objective: the tilted SSE. We propose TKM, which optimizes via
coordinate descent and stochastic gradient descent, and improves
fairness by shifting centroids toward underrepresented groups. We
adopt the within-cluster variance to quantify fairness among indi-
viduals within the same group, which provably reduces extreme
disparities in outcomes. To improve efficiency, we propose FastTKM,
which uses stochastic dynamics to estimate the tilted SSE with lower
computational cost. We theoretically demonstrate that, under our
proposed methods, the variance decreases with ¢, a scaling factor
that controls the degree of centroid deviation. Furthermore, our
methods exhibit time and space complexities comparable to the clas-
sical Lloyd’s heuristic. Experimentally, our methods outperform six
baselines in terms of clustering utility and fairness across twelve
real-world datasets. In terms of efficiency, our methods achieve
thousand-fold speedups in running time and reduction in memory
usage, with this factor growing as the dataset size increases.
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1 INTRODUCTION

The explosive growth of data across diverse domains [29, 30] has
made clustering an essential technique for extracting meaningful
insights from large-scale datasets. One important application is
facility location [35], which focuses on optimizing the placement
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Figure 1: A comparison between k-means and individually
fair k-means in a facility location planning scenario. k-means
results in the minority being too far from the centroid, while
in individually fair k-means, the distance of each point to
the centroid is approximately equal.

of resources to improve accessibility [25]. The classic k-means
algorithm [44], which measures similarity using Euclidean distance,
is well suited for this task due to its simplicity and scalability [71].
However, directly applying k-means to facility location often
leads to the issue of unfairness [7, 38, 40, 41, 58]. For example, an
estimated 40 million Americans live in food deserts [54], which are
defined as regions with low access to fresh food (e.g., people with
no cars, and no grocery stores within a mile of their home) [27, 37].
Similar disparities are observed in the placement of base stations
[33, 60, 62] and COVID-19 testing sites [56, 65]. As shown in Figure
1(a), when deploying public infrastructure such as base stations,
k-means tends to place them in densely populated areas, leaving
users in remote regions with weaker signal strength. This results in
inequitable access to resources. Individual fairness is a promising
concept that ensures each data point within the same cluster is
treated approximately equally [16, 47]. Figure 1(b) demonstrates
how a clustering method that equalizes the distances between users
and base stations leads to a more equitable distribution of signal
strength. We refer to this method as individually fair k-means.
One of the most widely studied concepts in individually fair
k-means is the “service in your neighborhood” proposed by Jung
et al. [38]. This concept ensures that each data point has a cen-
troid within a small constant factor of its neighborhood radius. The
neighborhood radius is defined as the minimum radius of a ball
centered at each point that includes at least n/k points, where n is
the total number of points. The rationale behind n/k is that if each
point had an equal chance of being selected as a facility, each point
would expect a facility to be located within a neighborhood radius
[49]. This concept naturally encourages placing more facilities in
dense areas, where the neighborhood radius is smaller [49]. Sev-
eral studies [45, 49] have improved clustering utility and yielded
tighter theoretical bounds based on this individual fairness con-
cept. Mahabadi and Vakilian [45] introduced a local search method
that notably surpasses Jung et al. [38] in effectiveness. Negahbani
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and Chakrabarty [49] proposed leveraging linear programming to
develop improved algorithms both theoretically and practically.

However, existing fairness definitions may face challenges in
certain contexts: they ensure each point has a nearby facility but
neglect within-cluster fairness, which refers to whether users as-
signed to the same facility receive similar service quality. For ex-
ample, while methods like [38, 45, 49] guarantee facility access
within a bounded radius, they permit significant disparities among
users sharing the same facility. In base station deployment, users
at coverage edges may experience much weaker signal strength
than those near the station, despite both being served by the same
facility. Existing definitions constrain only maximum distances but
do not ensure equitable treatment within each service area.

Moreover, existing individually fair clustering methods suffer
from the efficiency issue: their running time heavily depends on
the dataset size. The most promising theoretical finding suggests
a time complexity of O(kn?) [49]. Due to the high time complex-
ity of existing algorithms, no individual fair clustering algorithm
can effectively perform clustering analysis on large-scale datasets.
Moreover, as the data scale increases, existing methods suffer from
the issue of memory overflow since they require computation of
the pairwise distances, necessitating the storage of an n X n array
in memory. Additionally, in the clustering results obtained by these
algorithms, each centroid must be selected from the data points,
which is often unreasonable in real-world applications.

To address the within-cluster fairness issue, we propose a cri-
terion based on the variance of squared distances in each cluster.
Variance naturally quantifies treatment uniformity: small variance
ensures users within a service area experience comparable ser-
vice quality and reduces maximum distances, promoting balanced
geometric structure. As a secondary benefit, we observe that mini-
mizing within-cluster variance yields more balanced global facil-
ity distributions, potentially mitigating cross-regional inequalities.
Drawing inspiration from exponential tilting [43], a technique for
shifting probability distributions, we develop tilted k-means (TKM),
which establishes fair k-means as an optimization problem using a
tilted SSE objective parameterized by a scaling factor ¢. In particular,
we show that when t — 0, the tilted SSE reduces to the standard
SSE. We use coordinate descent (CD) [73] and stochastic gradient
descent (SGD) [12] for optimization, encouraging centroids to move
closer to underrepresented points. To improve large-scale data effi-
ciency, we propose FastTKM, which uses stochastic dynamics for
gradient estimation. We theoretically show that increasing the scal-
ing factor t reduces variance, thus improving fairness. Our methods
achieve time and space complexity of O(ndk) and O(nd + kd),
comparable to classical Lloyd’s heuristic [44] and significantly
more efficient than existing fairness-aware methods. Our experi-
ments on two non-spherical and twelve diverse application datasets
show that our methods outperform SOTA methods in both effec-
tiveness and efficiency, highlighting the broader applicability of our
methods beyond facility location. Specifically, our methods achieve
improved clustering utility and fairness, along with thousand-fold
speedups in running time and reduced memory usage, overcoming
the scalability limitations of previous methods. We validate the
impact of different hyperparameters on performance and present a
suitable combination of hyperparameters for practical applications.

Our contributions are summarized as follows:
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Table 1: Summary of notations

Notation Description

Xo={x;}, The dataset of n points

S .= {Sj}’le The set of k clusters

C = {cj }j:1 The set of k centroids

J, a The SSE, tilted SSE of all clusters
v, $ The SSE, tilted SSE of each cluster
Tm The tilted mean operator

d The dimensionality of a data point
n The learning rate

E The epoch size

e We propose a variance-based fairness metric focusing on within-
cluster distance uniformity, unlike existing metrics that only
consider accessibility and neglect equity within service areas.

e We propose a novel objective, tilted SSE, by incorporating expo-
nential tilting into the standard SSE. Based on this, we optimize
using CD and SGD, and propose a fair k-means algorithm, TKM.

e To improve efficiency on large-scale data, we introduce FastTKM,
a computationally accelerated variant of TKM. Both methods
achieve linear time and space complexity with respect to dataset
size, offering superior scalability over existing methods.

e We provide a theoretical analysis of the fairness of our methods
and prove that the variance of squared distances within each
cluster decreases as the scaling factor ¢ increases.

e We experimentally demonstrate that our methods outperform
SOTA approaches in clustering utility and fairness, achieving
thousand-fold improvements in speed and memory usage.

2 NOTATIONS

We use different text formatting styles to represent different math-
ematical concepts: plain letters for scalars, bold letters for vectors,
and calligraphic letters for sets. For instance, k represents a scalar, x
represents a vector, and C denotes a set. Without loss of generality,
all data points in this paper are represented using vectors. We use
[k] to represent the set {1, 2, ..., k}. The symbol E denotes the expec-
tation of a random variable, and we use “:=" to indicate a definition.
We use || - || to denote the Euclidean norm of a vector. We use the
symbol “log” to denote the natural logarithm with base e. Table 1

lists the notations appearing in this paper and their interpretations.

3 RELATED WORK

Fair Facility Location and Fair Clustering. Inequity in the place-
ment of critical facilities is a well-documented issue [34, 35, 40, 41,
68]. For example, an estimated 40 million Americans live in food
deserts [27, 37], where remote populations (e.g., individuals without
cars and no grocery stores within a mile) face limited access to fresh
food. Similar disparities have also been observed in the placement
of base stations [33, 60, 62] and COVID-19 testing sites [56, 65].
Recent studies in fair facility location extend classical k-median,
k-means, and k-center formulations by embedding fairness con-
straints or penalty terms into the optimization objective. Gupta et al.
[35] treats the £, objective as a fairness regularizer, where larger
p values impose stronger penalties on inequitable access. Wang
et al. [68] studies fairness from the facility perspective, ensuring
equitable agent allocation across facilities, orthogonal to our focus
on equitable treatment of users within each service area.



Table 2: Comparison of space and time complexity across
different individually fair clustering methods.

Methods Space complexity Time complexity
CDCS [20] O((logn)? +dlogn) O(kd +k8d* + (klogn)*)
JKL [38] O(n? +nd) O (ndk)

MV [45] O(n? +nd) O(k°n*)

FR [49] O(n® +nd) O(kn*)

Ours O(nd +kd) O(ndk)

Fair clustering algorithms are typically divided into two cate-
gories: group fairness and individual fairness [14, 16, 26, 47]. Group
fairness aims to cluster points with minimal SSE while ensuring
balance across protected attributes. As this paper does not focus on
group fairness, readers may refer to [11, 19, 21, 24, 74] for details.
The concept of individual fairness is initially introduced by Dwork
et al. [28] in the context of classification, which posits that “similar
individuals should be treated equally’”. Several studies have explored
this definition in clustering [13, 17]. Another widely used and re-
searched concept of individual fairness is referred to as “service in
your neighborhood”, which is initially proposed by Jung et al. [38].
This concept aims to ensure that each point has a centroid within
at most a small constant factor of its neighborhood radius, where
the neighborhood radius is the minimum radius of a ball centered
at the point x; that includes at least n/k data points. Subsequently,
various methods addressing the individually fair k-clustering are
based on this paradigm [20, 39, 45, 49], along with numerous im-
proved theoretical upper bounds [36, 66]. Mahabadi and Vakilian
[45] propose a local search algorithm for k-clustering, which sig-
nificantly outperforms the method proposed by Jung et al. [38] in
terms of clustering utility. Negahbani and Chakrabarty [49] propose
leveraging linear programming to develop improved algorithms for
individually fair k-clustering, both theoretically and practically.

Existing fairness metrics ensure facility accessibility by bound-
ing the distance from each point to its nearest centroid. However,
they overlook within-cluster fairness, which does not guarantee
equitable treatment among users served by the same facility. More-
over, existing individually fair clustering methods encounter the
same issue: they suffer from prohibitively high computational time.
Specifically, the time complexity of Mahabadi and Vakilian [45] is
O(k°n*), and Negahbani and Chakrabarty [49] is O(kn*). To ad-
dress this issue, Chhaya et al. [20] proposed a method to reduce
the dataset size by constructing a coreset. However, this approach
results in diminished clustering utility and fails to mitigate the
inherent dependency of the time complexity on dataset size. Fur-
thermore, regarding spatial complexity, these algorithms require
calculating the pairwise distance between each point and storing
it in memory, which consumes O(n?) memory. Table 2 compares
the time and space complexity of different fair clustering methods,
highlighting the efficiency of our methods in both aspects.
Exponential Tilting. We elucidate the concept of exponential
tilting and explore its applications across various disciplines. Let
P = {pg} be a set of parametric distributions; for any x, let I(x, 0)
be the information of x under 6 [22], which is defined as

1

If we assume that X is a random variable drawn from a distribution
p(+), which may not match to $, meaning that the parametric family

I(x,0) := —logpg(x).
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Figure 2: Two examples of TERM [43]. Increasing the scaled
factor t magnifies the impact of the minority on the models.

)

could be misspecified, then the cumulant generating function [23]
of the information random variable I(X, 0) can be defined as

Gx (1.0) = log(E[e" X0 |) =log 3 p(x)po ). (@)

where E[e//(X0)] is commonly referred to as an exponential tilting
of the information density, and can induce the probability distribu-
tion with parameter 0 shifting. Exponential tilting has been applied
in numerous fields, such as statistics [15, 61, 64], applied proba-
bility [23], information theory [10, 48], and optimization [53, 59].
Interested readers can refer to [43] for a more detailed introduc-
tion. Currently, there are relatively few applications of exponential
tilting in machine learning [43, 63, 72]. Li et al. [43] proposed tilted
empirical risk minimization (TERM), which allows flexible tuning of
individual losses, marking a pioneering move in machine learning.
TERM offers several examples of supervised learning, including
linear regression and logistic regression, as illustrated in Figure 2.
Recent research has also concentrated on supervised learning, such
as the additive model [72] and semantic segmentation [63].
Challenges. 1) Existing fairness metrics ensure access to nearby
facilities but overlook within-cluster fairness, leaving disparities
among users in the same cluster. 2) The time and space complexity of
existing individually fair k-clustering algorithms heavily depend on
the dataset size. 3) Existing individually fair clustering algorithms
are constrained to select centroids only from the input data points,
reducing the flexibility and adaptability in continuous spaces. 4)
The current application of exponential tilting is still limited to
supervised learning, and it has not been applied in unsupervised
learning, especially in clustering.

4 PRELIMINARIES

4.1 k-means

We begin by presenting k-means, which is a widely used clustering
algorithm designed to partition a dataset into k distinct clusters
based on similarities among points. Let X := {x;}_ be a dataset
of n d-dimensional points, k-means aims to find a set S := {S; }§=1
of k clusters such that the sum of squared error (SSE) is minimized,

min{(/(8,0) =37~ 3 eyl )

Jj=1 x;€Sj

where C = {c; }§=1 is a set of centroids, c; is the centroid of cluster

Sj, f(xi,cj) = |lxi — Cj||2 denotes the square of the Euclidean dis-
tance from a data point x; to the centroid c¢;. The commonly used
method for solving k-means is the well-known Lloyd’ s heuristic
[44], which iteratively computes the assignment of each data point



Algorithm 1: k-means++

Algorithm 2: TKM

Input: X: dataset, k: # clusters.
1 C « Sample a point uniformly from X;

2
2 C « Sample the next centroid ¢ with probability %;
ceX

3 Repeat Step 2 until k centroids are chosen;
/* Coordinate descent. */

4 while not converge do

5 Update A by Equation (5);

6 Update C by Equation (6);

7 return A and C.

and the refinement of the centroids through coordinate descent
(CD). Next, we provide a detailed description of the optimization
process of Lloyd’s heuristic. We begin by presenting the equiv-
alent form of Problem (3) as follows,

k k
min{J(A,C)i= ) /(8j.¢)) = )
g Jj=1 J=1

where §;j,i € [n],j € [k] denotes the assignment of each data
point, for example, if x; € Sj, then §;; = 1, else §;; = 0; A =
{6]-}5:1 defines an indicator set, each §; := (J1j,02j, -+ ,dnj) €
R™ represents the assignment of data points in the j-th cluster,
and (8j,¢j) = 111 1 f(xi,¢j)dij denotes the SSE in the cluster
S;. To solve Problem (4), one can iteratively assign each point
to its nearest centroid and refine c; using Lloyd’s heuristic.
Following initialization, with the centroid set C holds constant, the
solution for the indicator set A can be obtained as

Sij = L
ij = 0,

When the indicator set A holds constant, solve for C as follows:
i 6ij - xi
i iy
As the initialization plays a critical role in the performance of the
k-means, next we introduce the well-known k-means++ algorithm.

M=

% ) f(xi, Cj)5ij}, 4)

I
—_

Jj =argming f(x;, ¢p),
otherwise.

®)

()

Cj=

4.2 k-means++

k-means++ [9] is an improved version of k-means by providing a
more effective strategy for selecting initial centroids, thus enhanc-
ing speed and accuracy. We provide the details of k-means++ in
Algorithm 1. Its process involves selecting the first centroid ran-
domly from the dataset (Step 1 in Algorithm 1). Let D(x;) be the
shortest distance from a data point x; to its closest centroids that we
have already chosen, then the subsequent centroid is chosen from
the data points based on their squared distances to the nearest exist-

ing centroids, with a probability % (Step 2 in Algorithm
X €, 3

1). This iterative process is repeated until k centroids are chosen
(Step 3 in Algorithm 1). After selecting k centroids for initialization,
the update of C and A is performed through CD, which is identical
to that of Lloyd’s heuristic (Steps 4-6 in Algorithm 1).

4.3 Fairness in Clustering

Existing individually fair clustering methods ensure facility acces-
sibility but overlook within-cluster fairness, as points assigned to
the same facility may experience significantly unequal centroid
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Input: X: dataset, k: # clusters, E: # epoch.
1 Initialize A and C by k-means++;
2 while not converge do

/* Assignment. */
3 Update A by (5);
/* Refinement. *x/
4 fore=1,---,Edo
5 Sample a mini-batch data B from X;
6 Update C by (11);
7 return A and C.
k-means++ initialization Al 1 o CDOﬂgZﬁiZifce"t
Choosing centroids with probability O I '1>"'1. S : e o
_1 __ D ] @
ple) =5, plea) Srom DD G D o 0 0° ° oG
o Update A ¥ 1 Update ¢
61 ° e [ o C|  sep Refinement
@ oo ® o— cl‘ N . T
° SGD * 0¢®
e 0® o= C2 @ = L :.o o S T

Figure 3: A running example of TKM includes the stages of
initialization, assignment, and refinement.

distances, leading to inequitable service quality. Next, we provide a
formal definition of fairness in this context.

Definition 1 (Fairness). Let D = {Z)j}i?zl and D’ = {D}}§:1 rep-
resent sets of squared distances generated by two clustering algorithms
A and A’, where D and D;. represent the set of squared distances of
the j-th cluster. We say A is fairer than A’ if the distance distribution
of A is more uniform than A’, ie., le?zl Var[D;] < Z§=1 Var[Z)j’.],
where Var[Dj] denotes the variance in the j-th cluster.

Our definition focuses on within-cluster fairness, which is dif-
ferent from the commonly used “service in your neighborhood”
criterion [38]. That criterion requires each point x to have a cen-
troid within a radius r(x), ensuring accessibility but not equitable
treatment within each service area. In contrast, variance directly
quantifies treatment uniformity: points in the same cluster with
similar distances to the centroid receive comparable service quality.

One might aim to make all distances uniform by minimizing vari-
ance across all points, but clustering algorithms focus on improving
intra-cluster similarity and maximizing inter-cluster dissimilarity.
Minimizing global variance without considering the data’s intrinsic
structure could undermine this goal, as centroids may fail to re-
flect the true data structure. Moreover, our definition likely reduces
the maximum distance, promoting a balanced geometric structure
within each cluster. Let D;; denote the squared distance from a point
in the j-th cluster to its centroid. A reduction in variance Var[Dj]
leads to a tighter concentration of distances around E[D;]. By
Chebyshev’s inequality, Pr {|Dl~j -E[Dj]| 2 e} < %, which
implies that the probability of large deviations decreases as Var[ D]
becomes smaller. Therefore, although the maximum distance is not
directly bounded by variance, a smaller Var[ D] increases the like-
lihood that the maximum distance is reduced.

5 PROPOSED TKM

5.1 Problem Formulation

Although k-means is widely used, it falls short in scenarios where
average performance overlooks the need for equitable treatment
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gradient from blue to red. Points within different clusters are distinguished by different colors.

within clusters. In this section, we present a unified framework
called tilted k-means (TKM) to address the limitations of standard k-
means. TKM incorporates exponential tilting into the SSE, resulting
in a tilted SSE parameterized by a real-valued scale factor t € R*.

gradient method to solve c;. Let B be a batch data sampled from
X, then c; is updated via mini-batch gradient descent as follows,

cje¢cj—n Z we (xi) Ve, f (i, €j)bijs

This formulation allows individually fair k-means to be formulated xie8
the following optimization problem: tf (xie)) (1
as the following optimization problem: we () = _ otf(xic))—te;
Kk ko4 L& po etf (xi,¢j)bij ’
.y — o) =32 - tf(xicj)dij
‘Efé‘{‘ﬁ(t’ AC): ]Z:; 9(t.8j.¢;) ; t log n & ¢ o } @ where 7 is a learning rate, w; (x;) is referred to a tilted weight with

where a() denotes the tilted SSE aggregated over all clusters, and
¢(-) denotes the tilted SSE for each cluster. The tilted SSE provides
flexibility in incorporating other constraints to account for other
potential complex conditions in fairness clustering scenarios. We
now examine the special case when ¢ = 0 of the tilted SSE.
Theorem 1 (Limit case of tilted SSE). Consider the tilted SSE pa-
rameterized byt € R*. Ast — 0, the following holds:

k

Z if(xi, Cj)5ij-

J=1i=1

1

n

lim §(2,A, C) = ®)

This result follows directly from L’Hopital’s rule, and implies
that, as t — 0, the tilted SSE degenerates into the standard SSE,
and TKM degenerates into the standard k-means.

5.2 TKM Algorithm Design

Since Problem (7) involves a highly non-convex objective function
(due to A), we consider using CD to solve it. We begin by fixing C to
solve A. Note that both the logarithmic and exponential functions
are monotonically increasing with ¢f(x;,cj) > 0. Therefore, to
minimize the objective, we would select §;; = 1 for the closest
centroid c; for each data point x;, and set §;; = 0 for all other
centroids (the solution for A is identical to Equation (5)). Next, we
consider fixing A to solve C. Since the tilted SSE is convex with ¢,
we can derive the optimality condition for the tilted SSE with c;.

We present the first-order gradient of a(t, A, C) with ¢; as

inESj etf(xi,cj) 'chf(xi, Cj)
n, etf (xi.cj)dij

G

Ve, ¢(t,A,C) = Ve,$(t,8,¢)) =

where V¢, f(xi,cj) = 2(cj — x;) is the first-order gradient of
f(xi,cj) with respect to ¢j. Then setting Equation (9) equal to
zero yields the optimal condition of c;:

Z etf(x"’cf)(Cj - x;)=0.

x;€S;

(10)

Note that obtaining the closed-form solution for ¢; from Equation
(10) is nontrivial, therefore, we consider employing the first-order
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respect to the point x;, and ¢; is an abbreviation for ¢(t, §;,¢c;).
Algorithm Description. The algorithmic process of TKM can be
summarized into three parts: initialization, assignment, and refine-
ment. We provide algorithm details for TKM in Algorithm 2 and an
example in Figure 3. Firstly, the centroids set C is initialized using
k-means++ (Line 1 in Algorithm 2). Subsequently, we employ CD
to iteratively solve A (assignment) and C (refinement) (Lines 3-6 in
Algorithm 2). We set E epochs for solving C, where in each epoch,
a batch B of data is sampled from X, and the data points within 8
are used to solve C using Equation (11).

To illustrate how TKM can be applied in fair clustering, we pro-
vide two toy examples, illustrated in Figure 4. As t increases, each
cluster’s centroid shifts toward points with larger distances. This
phenomenon can be explained as follows: From (11), the gradient
represents a weighted average of the gradients of the original in-
dividual losses, where each data point is weighted in exponential
proportion to the value of its loss. For any ¢ € R*, this exponential
weighting increases the influence of points farther from the cen-
troid, encouraging the centroid to move toward regions that reduce
within-cluster distance disparities. Consequently, points within the
same cluster experience more uniform distances to their centroid,
ensuring more equitable service in each facility’s coverage area.
Stopping Criterion. Since we use SGD as the solver for C, and it is
an iterative optimization method, the algorithm will run indefinitely
and waste computational resources. To address this, we propose
the following stopping criterion:

o Setting a maximum number of epochs E, after which the algo-
rithm terminates. However, this approach has a disadvantage as
it may run for an excessive number of iterations unnecessarily.

e Monitoring the magnitude of parameter updates and stopping
when the change becomes negligible, specifically when for any

j € [k], we have ||cjf+1 - c;|| <y, where c; represents the e-th
epoch value of ¢j, and y is a small threshold, e.g. y = 1075,

By combining the two conditions mentioned above, we consider

the algorithm to have converged when either of them is satisfied.



Algorithm 3: FastTKM
Input: X: dataset, k: # clusters, E: # epoch, yu: weighted factor.
1 Initialize A and C by k-means++, and initialize {¢ i }}‘Zl by
) — Hlog AL, e 15

2 while stopping criterion not reached do

/* Refinement. */
3 fore=1,---,Edo
1 Sample a mini-batch data 8 from X;
5 Compute f(x;, cj) and chf(x,-, c;) forall x; € B;
6 ¢g,j « t-tilted SSE on mini-batch B;
7 $j = %bg((l—y)e"”f +uet¢2‘«f);
8 we () e effxie)) =195
9 cj—cj— %ineg we (xi) Ve, f (xi, ;)i
/* Assignment. */
10 Update A by Equation (5);

11 return A and C.
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Figure 5: Comparison of TKM and FastTKM workflows: TKM
computes the exact tilted SSE, while FastTKM estimates it.

5.3 Improved Version of TKM

In Algorithm 2, obtaining unbiased stochastic gradients requires
calculating the tilted weights for each sample, which can be compu-
tationally expensive for large datasets. This bottleneck arises from
calculating the tilted SSE, involving: 1) distance computations be-
tween points and centroids, and 2) iterative exponential/logarithmic
operations. To mitigate this, we propose FastTKM, a faster variant
of TKM (detailed in Algorithm 3). Specifically, we use {¢; i} ’;:1, which
integrates stochastic dynamics ¢g ; = % log %ineg etf (xi.c;) 8
to estimate the tilted SSE (Line 6 in Algorithm 3). This ¢ ; is then
applied to calculate the tilted weights, as described in (11). We apply

atilted averaging of the current estimate e!#5./ and past values e?%i
with a weighted factor p to update ¢; to ensure an unbiased estima-
tor (Line 7 in Algorithm 3). The objective of TKM can be interpreted
as a function composition, specifically of % p et (xi:¢j)8ij and
% log(+). This objective can be optimized by leveraging established
stochastic compositional optimization methods [32, 43, 55, 69, 70].
We maintain two sequences during the optimization process: one for
the centroids C, and the other for the tilted SSE estimates {g{; i }521.
This strategy is used to ensure both convergence and efficiency.
Figure 5 compares TKM and FastTKM in computing tilted weights.
While TKM calculates the exact tilted SSE, FastTKM estimates it. Al-
though one might expect FastTKM to slow convergence, Section 6
shows that FastTKM converges more rapidly. This improvement is
due to the fact that adding randomness in non-convex optimiza-
tion helps escape local optima and find better minima [12]. Thus,
FastTKM outperforms TKM in both effectiveness and efficiency.
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5.4 Complexity Analysis

Both TKM and FastTKM exhibit time and space complexities similar
to mini-batch gradient descent, ensuring scalability for large-scale
datasets. The assignment step computes pairwise distances between
n d-dimensional points and k centroids, yielding O (nkd) complex-
ity. For refinement, without loss of generality, we assume that SGD
iterates over each data point to update the k centroids, resulting in
O(nkd) complexity. While FastTKM uses stochastic dynamics for
gradient estimation, it retains this complexity. Space complexity is
dominated by storing the n X d data matrix, n X k sparse assignment
matrix A, kX d centroid matrix C, a gradient matrix (scaled by batch
size), and the tilted SSE scalar, leading to O(nd + kd) complexity,
similar to that of Lloyd’s heuristic [44].

Moreover, FastTKM helps address the numerical issues caused
by the exponential tilting operator. For example, when calculating
p e!f(xi:¢/)%; it is common to encounter situations where the
result exceeds the representable range of floating-point numbers.
Using the estimated tilted SSE can help avoid this issue. In addition,
FastTKM is amenable to further acceleration through vectorized
operations and GPU parallelization. Since the algorithm retains
the additive structure of standard clustering objectives and only
modifies the loss weights, it can be easily implemented within
existing deep learning frameworks such as PyTorch [51].

5.5 Fairness Analysis

In this section, we aim to demonstrate that the clustering results
generated by TKM and FastTKM reduce variance and ensure fairness.
We begin by providing the definitions of tilted empirical mean and
tilted empirical variance that will be used in our theory.

Definition 2 (Tilted empirical mean and variance). Let {S; }§=1 and
{cj }’j?:l be the outcomes generated by Algorithm 2 or 3, letf(Sj, cj) =

{f(x,-, cj)lxi € Sj} be a set of squared Euclidean distances of points
in Sj to the centroid c;, then the tilted empirical mean and tilted
empirical variance in cluster S; are defined as

Ec(f(Sjc)) = D we(xi) - flxic)), (12)
x;€S;
Var, (£(S;, ¢;)) = ]E,(f(xi, ;) - Ee(£(S;, cj)))z. (13)

Note that when t = 0, tilted empirical mean and variance gen-
eralize to the standard mean and variance in statistics. Next, we
consider the monotonicity of the tilted empirical variance with t.
Theorem 2. Suppose the dataset is normalized. Let {S; }§=1 be the
outcomes generated by Algorithm 2 or 3, and {c;(t) = Tm(t, Sj)}§:1
be the corresponding centroid set, where c; = Tm(t, S;) means the
values of ¢ satisfy (10), then for anyt > 0, it holds that

%{Var.,(f(sj,cj(t)))} <0,

where 7 is a constant in the calculation of tilted empirical variance
and contributes to the tilted weight adjustment.

(14)

The proof of Theorem 2 is provided in Section 7. Theorem 2 states
that the r-tilted empirical variance will decrease with an increase
in t. Therefore, our methods can achieve desirable clustering utility
and fairness flexibly. Although Theorem 2 assumes normalized data
and an exact solution for C (a condition can be met given the tilted
SSE’s strong convexity with C for fixed A), we observe favorable



Table 3: Overview of datasets: summary of attributes and points for various datasets, with corresponding references.

Datasets  Iris Abalone MNIST Seeds 3D-spatial CNAD Health Mobile Singapore Census1990 HMDA Argoverse
Reference  [1] (1] [42] (1] [2] (6] (4] (8] (5] [46] (3] (18]
# attributes 4 8 784 8 4 12 8 31 9 69 53 2
# points 150 4177 60,000 210 434,874 16,829 3,756 38,529 25,293 2,458,285 5,986,660 12,000,000
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Figure 6: Visualization of clustering results of different
fairness-aware methods. TKM and FastTKM adjust centroid po-
sitions to reduce within-cluster distance variance, promoting
equitable service quality for users assigned to the same facil-
ity and yielding more balanced global facility distributions.
numerical results in Section 6, motivating the extension of these
results beyond the cases that are theoretically studied.

6 EXPERIMENTS

Goals. In this section, we aim to: 1) examine the within-cluster
fairness of our proposed methods; 2) evaluate the effectiveness in
balancing clustering utility and fairness; 3) assess the efficiency
advantages over existing approaches; and 4) analyze the influence
of different hyperparameters.

6.1 Settings

Datasets. We use 12 real-world datasets to validate the performance
of TKM and FastTKM. To compare the effectiveness, fairness, and
convergence of our proposed methods, we conduct a comprehensive
comparison with various existing methods and hyperparameter set-
tings. The evaluation is performed using 4 labeled datasets: Iris [1],
Abalone [1], MNIST [42], and Seeds [1], as well as 5 location-based
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[38], MV [45], FR [49], SFR [49], and CDCS [20]. As explained in our
related work, JKL first introduced the concept of individually fair
k-means. MV, FR and SFR are three SOTA methods for individually
fair k-means, where SFR is a sparse version of FR. CDCS is a method
that constructs a coreset over the entire dataset before applying
MV. k-means++ is one of the most classical clustering methods that
does not take individual fairness into account.

Measurements. We employ several metrics to evaluate the perfor-
mance of clustering algorithms. To evaluate utility, we use the SSE,
where lower values indicate superior clustering performance, and
the Adjusted Rand Index (ARI) [31, 57], which assesses the agree-
ment between predicted and true cluster assignments. ARI scores
range from 0 (random agreement) to 1 (perfect match), with higher
values indicating greater concordance with the ground truth. To
measure fairness among different clustering algorithms, we con-
sider using three metrics. The first is the variance of each point’s
squared distance to the centroid within each cluster. A smaller
variance indicates a fairer algorithm. The second metric is the
maximum distance (Max_D) from each point in a cluster to the cen-
troid, where a smaller maximum distance signifies greater fairness.
Finally, we adopt the fairness criterion from [45], which defines,

for any centroid set C, a violation score 0 (x) = difx(;)

, where



Table 4: Comparative performance of various methods across four labeled datasets. The best and the second-best performance
for each metric is highlighted. Statistically significant differences with the best method are denoted by ** for p < 0.01 and * for

p < 0.05. Arrow annotations indicate the desired performance trend: T means higher is better, and | means lower is better.

ARI T

Max V |

Max_D |

0.3599 + 0.0001 **
0.3671 + 0.0267 **
0.4056 + 0.0002 **
0.3599 + 0.0001 **
0.3455 + 0.0103 **
0.7177 + 0.0042 *
0.7219 = 0.0068

0.9133 + 0.0002 **
0.9809 + 0.0449 **
0.9346 + 0.0001 **
0.9065 + 0.0004 *
0.9972 + 0.0341 **
0.9050 + 0.0079
0.9016 + 0.0030

0.8695 + 0.0000 **
0.7489 + 0.0401 **
0.7747 + 0.0000 **
0.8695 + 0.0000 **
0.8011 + 0.0121 **
0.6425 £+ 0.0066
0.6418 + 0.0098

0.0060 + 0.0050 **
0.0539 + 0.0151 **
0.0546 + 0.0108 **
0.0554 + 0.0170 **
0.0504 + 0.0128 **
0.1245 = 0.0137
0.1238 +0.0122 *

0.9983 + 0.0011 *
1.0843 + 0.0170 **
0.9933 + 0.0077 *
0.9876 + 0.0154
1.0109 £ 0.0239 **
1.0047 + 0.0104 **
1.0868 + 0.0115 **

1.7714 £ 0.2246 **
1.4502 £ 0.2310 **
1.4200 + 0.1845 **
1.5081 + 0.2502 **
1.6925 + 0.1441 **
1.2314 £ 0.2052
1.2463 £ 0.3019 *

0.0592 + 0.0095 **
0.0658 + 0.0187 **
0.0806 + 0.0127 **
0.0788 + 0.0132 **
0.0544 + 0.0176 **
0.2468 + 0.0252 **

0.3521 + 0.0407

1.0473 £+ 0.0087 **
1.0768 + 0.0162 **
1.0630 £ 0.0132 **
1.0587 + 0.0140 **
1.0741 £ 0.0115 **
1.0143 £ 0.0309 **
0.8575 +0.0078

34.4850 + 2.0306 **
34.6256 + 0.6777 **
34.3497 + 0.6301 **
34.4780 + 0.6598 **
34.3144 + 0.6483 **
24.6511 £ 0.2523
27.3265 + 0.7360 **

Datasets  Methods SSE | Variance |

JKL 0.1653 = 0.0001 ** 0.0253 + 0.0001 **

MV 0.1458 + 0.0018 ** 0.0210 + 0.0043 *
Iris FR 0.1436 = 0.0000 ** 0.0237 + 0.0001 **
SFR 0.1653 = 0.0001 ** 0.0253 + 0.0001 **
CDCS 0.1519 = 0.0011 ** 0.0231 + 0.0024 **

TKM 0.1352 + 0.0001 ** 0.0204 £+ 0.0005

FastTKM 0.1273 £ 0.0001 0.0201 £ 0.0006
JKL 0.4798 + 0.0429 ** 0.1312 + 0.0169 **
MV 0.2239 + 0.0152 ** 0.0531 + 0.0095 **
Abalone FR 0.2201 = 0.0136 ** 0.0494 + 0.0051 **
SFR 0.2364 + 0.0233 ** 0.0569 + 0.0136 **
CDCS 0.2511 + 0.0217 ** 0.0544 + 0.0120 **
TKM 0.2275 + 0.0191 ** 0.0313 £ 0.0135 **

FastTKM 0.2092 £ 0.0118 0.0274 £ 0.0181
JKL 639.34 + 12.408 ** 19.679 + 2.8506 **
MV 640.47 + 9.3020 ** 21.790 = 4.3753 **
FR 597.22 + 7.5347 ** 25.644 + 2.9417 **
MNIST SFR 597.22 +7.1273 ** 25.726 + 2.9957 **
CDCS 652.63 = 12.106 ** 20.360 = 3.1949 **

TKM 496.16 + 5.9496 ** 1.1715 £ 0.1617
FastTKM 400.33 + 4.6801 2.6745 + 0.9723 **
JKL 0.1294 + 0.0001 ** 0.0180 + 0.0001 **
MV 0.1000 + 0.0012 ** 0.0173 + 0.0008 **
Seeds FR 0.0971 + 0.0002 * 0.0171 + 0.0001 **
SFR 0.1002 = 0.0001 ** 0.0171 + 0.0001 **
CDCS 0.1365 + 0.0047 ** 0.0182 + 0.0026 **

TKM 0.0963 £ 0.0001 0.0161 £ 0.0008

FastTKM 0.0964 + 0.0001 0.0163 £+ 0.0002

0.1870 + 0.0001 **
0.3002 + 0.0196 **
0.3199 + 0.0001 **
0.2912 + 0.0002 **
0.2115 + 0.0351 **
0.7361 + 0.0083
0.7403 £+ 0.0000

0.9983 + 0.0000 **
0.9697 + 0.0164 **
0.9729 + 0.0001 **
1.0217 £ 0.0001 **
0.9754 + 0.0233 **
0.9374 = 0.0080
0.9420 + 0.0114 *

0.6443 + 0.0001 **
0.6136 + 0.0382 **
0.5834 + 0.0001 **
0.6218 + 0.0001 **
0.6243 + 0.0276 **
0.5479 £+ 0.0090
0.5481 + 0.0069

d(x, C) denotes the distance from point x to its assigned centroid,
and r(x) is the smallest radius of a ball centered at x containing
at least n/k points. The maximum violation (Max_V), defined as
maxye x 0¢(x), serves as the third metric. For efficiency evaluation,
we assess the running time and memory usage of each algorithm.

To verify convergence, we use tilted SSE as the metric.
Implementations. All algorithms were executed on a CentOS 7
platform with an Intel i9-14900KF CPU and 64 GB RAM. The im-
plementations, including our methods and the baselines (provided
by [49] and [20]), were realized in Python 3.7 and open-sourced.

6.2 Comparison among Various Methods

6.2.1 Visualization of Clustering. We visually demonstrate the ef-
fectiveness of our methods on both spherical and non-spherical
datasets. Figure 6 presents a visualization of the clustering results
on the standardized CNAD dataset, comparing TKM and FastTKM
with baselines k-means++, CDCS, JKL, MV, FR, and SFR. We sampled
5,000 points from the CNAD dataset, selecting longitude and lati-
tude as features. Specifically, 30% of the points are sampled from
the latitude range [—2, —0.5] as sparse areas, and 70% from [—0.5, 1]
as dense areas. The number of clusters is set to k = 20. For TKM and
FastTKM, the hyperparameters are configured as ¢t = 10, 5 epochs,
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500 iterations, and a batch size of 50. The hyperparameters for
JKL, MV, FR, and SFR are set to their default values in their papers.
Specifically, for JKL, the initial parameters are set to low = 1 and
high = 2. For MV and CDCS, we set dilation = 3 and ratio = 2; for
FR and SFR, we set dilation = 2 and ratio = 2, where dilation and
ratio represent algorithm parameters for filter and radius calcu-
lation, respectively, initialized according to the settings in their
original papers. For CDCS, the coreset sampling size is set to 10%,
following the configuration to balance clustering utility, fairness,
and efficiency. For SFR, the sparsification parameter is set to § = 0.3.

Figure 7 compares clustering results on the non-spherical datasets:
two-moon and three-ring datasets, generated using scikit-learn
[52] with additional points added to simulate sparse regions. Each
dataset is transformed by first computing a radial basis function
(RBF) kernel similarity matrix, then constructing the normalized
Laplacian matrix [67]. Spectral embedding is then performed by ex-
tracting the first two eigenvectors of the Laplacian and normalizing
each row to obtain a lower-dimensional representation [50]. Clus-
tering is then applied using k-means++, TKM, and FastTKM. Both
datasets consist of 300 data points, with the number of clusters set
to k = 2. For TKM and FastTKM, hyperparameters are configured as
t = 10, 5 epochs, 500 iterations, and a batch size of 20.
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Figure 8: Performance comparison of clustering methods across multiple location-based datasets. The scatter plots depict the
relationship between SSE and Max_D for various clustering algorithms. The direction of the arrow indicates the optimal region.

Observations from spherical datasets. As shown in Figure 6, our

methods adjust centroid positions to reduce variance. Existing meth-
ods (JKL, MV, FR, SFR, CDCS) ensure facility accessibility but permit
distance disparities among points within the same cluster. In con-
trast, TKM and FastTKM optimize for within-cluster uniformity, en-
suring more equitable service quality for users assigned to the same
facility. This within-cluster optimization also yields more balanced
global facility distributions, as shown by the more spatially dis-
persed centroids in TKM and FastTKM compared to other methods.
Observations from non-spherical datasets. Figure 7 shows the

results on non-spherical datasets containing several boundary points.

k-means++ mispartitions the data, merging distinct moons or rings
and isolating boundary points. In contrast, TKM and FastTKM lever-
age exponential tilting to reduce within-cluster variance, amplifying
the influence of boundary points and preventing misassignments.
Both methods accurately recover the true cluster structure. These
findings highlight that optimizing within-cluster fairness enhances
robustness to boundary cases and complex geometries.

6.2.2  Effectiveness Analysis. Table 4 presents an overall perfor-
mance comparison of various methods across four labeled datasets,
evaluating metrics such as SSE, variance, ARI, Max_V, and Max_D.
For variance and Max_D, we report the average value across clusters.
Figure 8 presents a trade-off comparison across five location-based
datasets, examining the relationship between SSE and Max_D. SSE
is a key indicator of utility in a facility location scenario, with lower
values indicating smaller distances between all users and the facility.
In contrast, Max_D measures fairness, with lower values indicating
a smaller maximum distance between users and the facility. Due
to the computational complexity of the baselines, we conduct ex-
periments on sampled datasets for scalability. For Abalone, MNIST,
3D-spatial, CNAD, Health, Mobile, and Singapore, we generate
20 subsets, each containing 1,000 points, and report the averaged
metrics. For Iris and Seeds, we use the full data but create 20 shuf-
fled variants to ensure a robust evaluation. For TKM and FastTKM,
hyperparameters are configured as t = 0.1, 5 epochs, 500 iterations,
and a batch size of 50. The hyperparameters for CDCS, JKL, MV, FR,
and SFR follow the same configuration as in Section 6.2.1.

Observations from labeled datasets. TKM and FastTKM consis-
tently show strong performance, particularly in clustering utility
metrics such as SSE and ARI. In the Iris dataset, FastTKM achieves
the lowest SSE (0.1273 + 0.0001) and highest ARI (0.7219 + 0.0068),
while TKM follows closely with SSE of 0.1352 + 0.0001 and ARI
of 0.7177 + 0.0042. Both methods outperform the others in these
clustering-related metrics, indicating their superior suitability for
clustering tasks. Furthermore, they demonstrate competitive results
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in fairness-related metrics, with both TKM and FastTKM exhibiting
lower variance, Max_V, and Max_D compared to other methods.
For example, in the Iris dataset, FastTKM achieves the lowest vari-
ance of 0.0201 * 0.0006, the lowest Max_V of 0.9016 + 0.0030, and
the lowest Max_D (0.6418 + 0.0098), showing the advantages in
fairness. In the Abalone dataset, FR and SFR achieve the smallest
Max_V. However, except for this metric, TKM and FastTKM show
a significant advantage in all other metrics. Specifically, FastTKM
and TKM overall achieve top-2 performances in terms of SSE, vari-
ance, ARI, and Max_D. For the MNIST and Seeds datasets, both
TKM and FastTKM achieve the top-2 performance in all metrics. The
performance differences in the SSE and ARI are notably significant,
demonstrating that both methods excel in clustering utility. More-
over, in fairness-related metrics, TKM and FastTKM stand out with
considerably lower variance, Max_V, and Max_D values compared
to other methods. By comparing TKM and FastTKM, we observe that
FastTKM achieves better performance in most cases, which is an
interesting phenomenon. This can be attributed to the fact that
the randomness introduced in the gradient computation helps the
algorithm escape local optima, thus leading to better performance.
Observations from location-based datasets. Among the meth-

ods evaluated, k-means++ exhibits the best clustering utility, achiev-
ing the lowest SSE values across all datasets. However, this advan-
tage comes at the cost of fairness, as k-means++ shows high Max_D
values, indicating poor fairness. In contrast, TKM and FastTKM man-
age to strike a balance between both metrics. Our methods demon-
strate excellent clustering utility while minimizing Max_D, achiev-
ing both low SSE and Max_D values across the datasets. By com-
paring FastTKM and TKM, we observe that FastTKM demonstrates a
better trade-off between SSE and Max_D in most cases. This is due
to FastTKM ’s use of stochastic dynamics in gradient estimation,
which introduces randomness that helps escaping the local optima.
6.2.3  Efficiency Analysis. Figure 9 provides a comparative analysis
of the running time and memory usage between TKM, FastTKM, and
5 baselines: k-means++, MV, CDCS, FR, and SFR (Due to the poor per-
formance of JKL, we do not consider this method in the efficiency
comparison). For fair comparison with k-means++, both TKM and
FastTKM employ random initialization. We sample Census1990,
HMDA, and Argoverse with sizes ng of 1K, 2K, 5K, 10K, 20K, 50K,
90K, 200K, 2M, 5M, and 10M, where the choice of sample sizes is
based on our testing, which showed that these specific sample sizes
correspond to the point at which certain algorithms exceed the pre-
set time limits or experience memory overflow. We set the number
of iterations for TKM and FastTKM to 500, the batch size to %ns, the
epoch size to 5, and the learning rate to 0.05. The hyperparameters
of CDCS, MV, FR, and SFR are configured same with Section 6.2.1.
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Figure 9: Comparison among different methods in terms of running time (seconds) and memory usage (MB).

Observations. As shown in Figure 9, regardless of the number of
data points sampled, the running time of TKM and FastTKM is con-
sistently shorter than that of MV, FR, and SFR. Due to the use of
coreset in CDCS, it exhibits shorter running time when the dataset
size is small (less than 5,000). However, as the dataset size increases
to 10, 000, the required time for CDCS becomes considerably longer
than that of TKM and FastTKM. k-means++ does not consider indi-
vidual fairness, which results in a shorter running time compared
to TKM. However, FastTKM and k-means++ exhibit nearly identical
running time, highlighting the remarkable efficiency advantage
of FastTKM. When comparing FastTKM and TKM, FastTKM consis-
tently requires less running time than TKM. All algorithms were
implemented in Python 3.7, with TKM and FastTKM demonstrating
significantly higher scalability than MV, FR, SFR, and CDCS by effi-
ciently processing million-scale datasets per hour. Moreover, as the
dataset size increases, the running time and memory efficiency of
TKM and FastTKM become hundreds to thousands of times superior
to those of MV and FR. While CDCS and SFR run significantly faster
and consume less memory than MV and FR, both TKM and FastTKM
achieve substantial acceleration in terms of both running time and
memory usage over SFR and CDCS as the sample size increases. Fur-
thermore, when the sample size reaches 90,000, the algorithmic
characteristic of SFR, which requires computing distances between
each sample point, can lead to a memory overflow issue, causing
the algorithm to terminate. This issue also arises in MV and FR.
6.2.4 Summary of Lessons Learned. We present visualizations of
clustering results, compare the effectiveness and efficiency across
multiple methods. Our results lead to the following insights:

e TKM and FastTKM effectively improve within-cluster fairness by
reducing distance variance within each cluster through exponen-
tial tilting, which amplifies the influence of points farther from
centroids. This optimization potentially yields more balanced
global facility distributions and demonstrates robustness in han-
dling boundary cases in challenging non-spherical datasets.

TKM and FastTKM outperform SOTA methods in effectiveness,
demonstrating superior performance across multiple clustering
utility and fairness metrics on both labeled and location-based
datasets. Notably, FastTKM achieves better results in most cases
than TKM due to the use of stochastic dynamics in gradient estima-
tion, which introduces randomness to help escape local optima.
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e TKM and FastTKM surpass SOTA methods in terms of efficiency.
Specifically, TKM and FastTKM can cluster more data points in a
shorter running time, and as the sample size increases, this ac-
celeration effect becomes even more pronounced. Moreover, our
methods can overcome the memory overflow issue that existing
methods encounter when dealing with large-scale data.

6.3 Comparison among Various Parameters

6.3.1 Tilted SSE vs. t. Figure 10 illustrates the convergence of TKM
and FastTKM for tilted SSE across iterations at ¢ values of 0.01, 0.05,
and 0.1. We use five location-based datasets: 3D-spatial, Health, Mo-
bile, Singapore, and CNAD. We randomly select 1,000 data points
for each dataset and repeat this process 20 times. We conduct ex-
periments on these 20 subsampled datasets, calculating the average
of the resulting tilted SSE. For other hyperparameters, we set the
learning rate to 0.05, the number of iterations to 500, the batch size
to 50, the epoch size to 5, and k = 3.

Observations. First, we observe that despite using SGD to update
the centroids, the tilted SSE of both TKM and FastTKM decreases
steadily with iterations, which confirms the convergence of our
methods. Secondly, we observe that FastTKM exhibits better con-
vergence than TKM. This is because FastTKM estimates the gradient
using stochastic dynamics, which introduces more randomness
compared to TKM. Since the objective of TKM is highly non-convex,
this increased randomness helps the algorithm more effectively es-
cape local optima and find better local minima. Third, as t increases,
the tilted SSE also increases monotonically. Readers can refer to
[43] for the theoretical analysis of this monotonicity.

6.3.2 Tilted SSE vs. Epoch. Figure 11 illustrates the convergence
of tilted SSE with different epoch sizes during iterations. The data
preprocessing here follows the same procedures outlined in Section
6.3.1. To visualize the curve of tilted SSE over iterations intuitively,
we set t = 0.02, k = 3, learning rate to 0.05, number of iterations to
500, batch size to 50, and epoch size to 1, 3, 5.

Observations. From Figure 11, it can be observed that as the num-
ber of iterations increases, the tilted SSE of TKM and FastTKM de-
creases and tends to stabilize after reaching a certain value on
all datasets. With an increase in the epoch size, the convergence
speed of TKM and FastTKM accelerates, and its convergence perfor-
mance improves. This is because increasing the epoch size allows
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Figure 13: Effect of the scaled factor ¢ on the variance in each cluster.
for higher precision in the solution obtained through SGD during 6.3.4 Variance vs. t. Figure 13 illustrates the variance within each
each iteration, as more data can be used to update C. However, cluster for TKM and FastTKM across five location-based dataset when
in some datasets, we found that increasing the epoch size does t =0.01,0.05,0.1,0.5. The variances within clusters 1-3 are sorted
not necessarily improve convergence. For example, in Mobile, an in descending order. The data processing and hyperparameter con-
epoch size of 3 or 5 has little impact on convergence. This can be figurations are consistent with those in Section 6.2.2.
attributed to the fact that with an epoch size of 3, the solution has Observations. As t increases, both TKM and FastTKM exhibit a de-
already converged to a local optimum, and additional epochs do crease in variance, confirming the theoretical findings presented in
not further improve the accuracy of the solution. Theorem 2. This indicates that even when the dataset does not sat-
isfy the assumptions of normalization and the existence of an exact
6.3.3 Tilted SSE vs. Learning Rate. Figure 12 illustrates the con- solution for C, the numerical results motivate the extension of these
vergence of the tilted SSE across iterations with different learning theoretical findings to broader, more practical scenarios. In most
rates. The data preprocessing steps are the same as those described cases, FastTKM consistently outperforms TKM, showing smaller vari-
in Section 6.3.1. For the hyperparameter settings, we set t = 0.02, ance values. This confirms that the stochastic dynamics introduced
the epoch size to 5, the batch size to 50, the number of iterations to in FastTKM contribute to better fairness.

500, and the learning rates to 0.01, 0.03, and 0.05.

Observations. From Figure 12, we can see that, across all datasets,
the convergence speed generally increases with the increase in
learning rate. However, when the learning rate increases to a certain

6.3.5 Summary of Lessons Learned. We have evaluated the con-
vergence and fairness of TKM and FastTKM under varying hyperpa-
rameters. The results lead to the following insights:

extent, the increase in convergence speed becomes slower. For e TKM and FastTKM are convergent algorithms, and the tilted SSE
example, when 7 = 0.03, 0.05, the converged tilted SSE value on the increases monotonically with t. Specifically, for different values
Singapore is almost indistinguishable. Therefore, selecting = 0.05 of t, the tilted SSE steadily decreases to a stable value. Moreover,
is a suitable choice for most datasets. as t increases, the tilted SSE increases.
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o The convergence of TKM and FastTKM is influenced by the epoch
size and learning rate. Specifically, selecting an appropriate epoch
size and learning rate can lead to faster and better convergence.
However, choosing excessively large epoch sizes or learning
rates does not necessarily improve performance.

e Although the experimental setting extends beyond the assump-
tions made in the theory, both TKM and FastTKM exhibit a decreas-
ing variance with increasing t, aligning well with the theoretical
results. This suggests that TKM and FastTKM generalize effectively
beyond the conditions formally studied.

7 PROOF OF THEOREM 2

We begin by defining the tilted weight, tilted empirical mean, and
tilted empirical variance when all data points are normalized.
Definition 3 (Tilted weight). Suppose the dataset is normalized, then
the tilted weight is defined as follows,

_c:l12
et”xz CJH 1

w; (¢, Sj, Cj) =——— =

T P
72tcjx, I'(t.Sj.cj)
c_csl2 >
tllx; Cj”

—e
[Sjl

x;€S; €

—Ztc;'.—x,-

whereT'(t,Sj,cj) :=log |S_lj| ineSj e

Definition 4 (Tilted empirical mean and variance). Suppose the
dataset is normalized, the tilted empirical mean and tilted empirical
variance in each cluster are defined as

B (£(Spen) = sl + Y wilt, Sjveplill® - ¢ M2, Sje)),
x;€S;
T 2 T
Vart(f(Sj, cj)) = Et(cj (—2x;-M(t, S;, cj))) =c;V(t,Sj.cj)ey,
where M(t, Sj, cj) = inesj 2w;(t,Sj,¢j)xi, and

V(t, Sj,¢j) =By (=2x; — M(t, Sj, ¢;)) " (=2x; = M(¢, S}, ¢j))
= Z Wi(t,Sj, cj)(—in - M(t, Sj, Cj))T(—in - M(t, Sj, Cj)).

x;€Sj
To establish the results in Theorem 2, we need the partial deriva-
tives of M(t, S;,cj) and I'(¢, Sj, ¢j) with respect to t and c;.
Lemma 1 (Partial derivatives of M(t,Sj, ¢;)). For anyt € R*, and
anycj € R, the following results hold:

(15)
(16)

Lemma 1 can be trivially established through differentiation.
Building on the above, we proceed to prove Theorem 2.

7]
EM(t’Sj’ Cj) = —V(I,Sj, Cj)Cj,
Ve;M(2,Sj, cj) = =tV (t, Sj, cj),

ProOOF OF THEOREM 2. Let c¢j(t) := Tm(t, S;) be the solution of
(7), then substituting ¢, S and c;(t) into the tilted weight denoted
as w; := w;(t,Sj,cj(t)), we can obtain the tilted empirical mean
and variance for each cluster as follows,

Be(£(Sjoe)))= 3 i Flxives) = lejll? + ) wllxll® = ¢ My

x;€S; x;€Sj

Vart(f(Sj, cj))=]Et(cJT(—2x,~ - M,))z = c]TV,cj,

where M; =23, €S; wi-x;and V; := Zx,-eSj Wi (—in—M,) T (—in—
M) are constants. Then, by taking derivative of Var, (f (Sj.c j(t)))
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with respect to ¢, we have
a
E{Var,(f(sj, cj(t)))}

:(icj(t))T Ve {Varr(f(sj, Cj(t)))}

at
Vel T
ZZ(ECj(t)) Vee;(t). 17)
Based on the optimal condition with ¢, we have
0= elxizeiOF (x; — ¢;(1)). (18)

x;€S;

Divide both sides of (18) by —§ Y,es, /1%~ ()", and differen-
tiate with respect to ¢ yields

B
0 =§{x;$ wi (t, Sj,¢j(t)) - 2(cj(t) - xi)}
B
= 5 {zer 0 =My c50)]
ac;
] c;ft) (Z_VCJMU’ S cj(t)))_ a%M(T, S Cj(t))‘,:: (19)
= 3C;t(f) (2+tV(t, S;, Cj(t)))+V(t) Sj.ci(t))ej(t), (20)

where (19) follows from the chain rule, and (20) follows from Lemma
1. Then we can infer from (20) that

29 v, Sy () (1) (e
or o G WV Sy e (1)
Substituting (21) into (17), we obtain
a a T
a{Var,(f(s,-, cj(t)))} ZZ(ECj(t)) Vee;(t)
__Cj(t)TV(t,Sj,Cj(t))VTCj(t)
- 2+tV(t,S),cj(t)) ’
<0
which completes the proof. O

8 CONCLUSIONS

We proposed TKM and FastTKM to address within-cluster fairness
in individually fair clustering. By introducing a variance-based fair-
ness metric and an exponentially tilted SSE objective, our methods
reduce intra-cluster distance disparities while encouraging more
balanced facility distributions. Extensive experiments show that
both algorithms consistently outperform state-of-the-art methods
in effectiveness and efficiency, and scale robustly to large datasets
without memory overflow. The adjustable variance parameter fur-
ther enhances their flexibility in practical applications.
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