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ABSTRACT
Temporal graphs are critical for modeling dynamic systems where
interactions evolve over time, with a central challenge being the
characterization of structural cohesion. The temporal edge-core,
de!ned under a temporal proximity constraint ω, quanti!es the
stability and density of connections within subgraphs and is essen-
tial for applications such as anomaly detection and information
di"usion. Existing edge-core decomposition methods, however, are
designed for static graphs and are computationally prohibitive in
streaming environments due to frequent edge arrivals and deletions.
We present TECM, an e#cient framework for streaming temporal
edge-core decomposition that leverages the localized impact of edge
updates within ω-incident neighbors. TECM incrementally updates
core values through ω-aware traversals and localized H-index anal-
ysis, and incorporates batch processing to handle high-velocity
streams. Extensive experiments on real and synthetic temporal
networks demonstrate that TECM delivers speedups of several
orders of magnitude over state-of-the-art static baselines, providing
a scalable and principled solution for real-time structural analysis
in evolving temporal graphs.
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1 INTRODUCTION
Modern dynamic systems increasingly rely on temporal graphs to
model time-varying interactions [8, 9, 67]. These graphs capture
essential temporal patterns such as bursty transactions in fraud
detection [15, 28, 33], ephemeral social connections in information
di"usion [57], and time-dependent routes in urban mobility [29, 62].
A fundamental challenge lies in identifying cohesive substructures
that persist both structurally and temporally, underlying critical ap-
plications including community evolution tracking [12, 14, 22, 60],
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anomaly detection [2, 44], and epidemic forecasting [45]. Tradi-
tional cohesion metrics like 𝐿-core and 𝐿-truss, while e"ective in
static graphs [4, 10, 27, 53], su"er from temporal blindness: They
overlook temporal proximity constraints inherent in real-world
interactions. For instance, fraudulent transaction clusters often
manifest as tightly connected edges within narrow time windows—
patterns invisible to static decomposition methods [28, 31, 50, 71].
The temporal edge core directly addresses this limitation by quan-
tifying how tightly an interaction event is embedded within short-
term, locally cohesive substructures. In fraud detection, high core
values indicate coordinated transactions within narrow time win-
dows, characteristic of collusion schemes. In misinformation scenar-
ios, rapidly rising core values signal burst-like ampli!cation typical
of coordinated disinformation campaigns. Similarly, disease spread
risks depend on temporally proximate contacts, necessitating anal-
yses that integrate structural density with temporal locality [3, 35].

Recent proposals for temporal cohesiveness metrics, particularly
the (𝐿,ω)-temporal edge-core [47], address this need by requiring
edge endpoints to reside in substructures with at least 𝐿 temporal
neighbors within a ω-duration window. However, real-world tem-
poral graphs operate in dynamic, streaming environments where
edges continuously arrive and expire at high velocities [20, 21].

In such settings, existing traversal-based (𝐿,ω)-core decomposi-
tion methods become computationally prohibitive, requiring full
recomputation upon each update. Even state-of-the-art incremental
algorithms for time-agnostic graph cores fail to adapt [11, 27, 40, 51,
73], as they ignore temporal dependencies: Update impacts propa-
gate through structural adjacency rather than temporally bounded
paths, causing excessive recomputations or missed updates. This
ine#ciency stems from a fundamental mismatch—static methods
prioritize spatial locality, while temporal cohesion demands simul-
taneous consideration of structural density and time-constrained
reachability. Consequently, maintaining (𝐿,ω)-cores in streaming
contexts remains an open challenge, with existing approaches lack-
ing theoretical guarantees on update locality and practical mecha-
nisms to contain cascading e"ects along temporal pathways.

To overcome these limitations, we propose Temporal Edge-
Core Maintenance (TECM), a framework grounded in temporally
bounded propagation locality and ω-reachable in!uence containment.
Central to TECM is a task decomposition strategy that partitions
edge updates into localized sub-edges constrained by ω-incident
proximity. The e"ect of edge insertions or deletions propagates
along ω-incident adjacency chains—edges sharing a vertex and
occurring within a ω-length time window. By restricting propa-
gation to these chains, TECM con!nes recomputation to nearby,
temporally cohesive subgraphs and contains cascading e"ects.
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This approach is grounded in a novel theory of ω-reachable
candidate subgraphs that characterizes the minimal set of edges
a"ected by core updates. We formally prove that any edge subject
to potential core changes must lie on a temporal path originating
from the updated edge, where successive edges di"er in timestamp
by at most ω and initially share the root’s core value. This enables
TECM to identify candidate subgraphs through a provably minimal
BFS over ω-incident adjacencies, avoiding exhaustive scans.

Further, TECM advances incremental peeling by unifying tem-
poral support thresholds with dynamic H-index maintenance [42].
Unlike conventional static approaches, each edge’s ω-support—the
minimum number of ω-incident neighbors from its endpoints with
core values at least equal to its own—acts as a stability criterion.
During insertions, edges iteratively “ascend” to higher cores when
their ω-support exceeds their current core; during deletions, edges
are “stripped” once their ω-support falls below the threshold. To
mitigate overcomputation, TECM employs lightweight pruning
that preemptively eliminates edges with su#cient ω-support dur-
ing BFS traversal, reducing candidate subgraph sizes by up to 65.2%.
This design ensures that per-update complexity scales linearly with
candidate subgraph size rather than the entire graph.

TECM addresses the critical challenge of maintaining (𝐿,ω)-
temporal edge-cores in high-velocity streaming graphs through
temporal propagation locality, formalized via ω-reachable chains.
This enables a uni!ed model that provably bounds update impacts
within minimal candidate subgraphs identi!ed through localized
searches along ω-incident adjacencies.

TECM presents a new paradigm for dynamic temporal graph
analysis by using ω-incident proximity as a computational localiza-
tion mechanism. This turns temporal constraints from a liability
into an e#ciency advantage, enabling real-time maintenance of
(𝐿,ω)-temporal edge-cores in settings where spatiotemporal cohe-
sion matters, such as evolving fraud networks and event-driven
social interactions. Our incremental framework resolves the previ-
ously open problem of updating (𝐿,ω)-cores under edge insertions
and deletions, delivering orders-of-magnitude speedups over batch
recomputation while raising alerts when edge core values cross
prede!ned thresholds and returning candidate subgraphs for inves-
tigation. In doing so, it connects advanced temporal cohesion mod-
els with the operational needs of high-velocity streaming systems
and provides a basis for future work in streaming graph analytics.

The main contributions of this work are as follows:
• We formalize the problem of maintaining (𝐿,ω)-temporal edge-

cores in dynamic streaming graphs, addressing fundamental
limitations of prior static baseline methods. By introducing ω-
incident adjacency chains, we show that update propagation is
con!ned to structurally and temporally coherent neighborhoods,
resolving temporal insensitivity in earlier approaches.

• We propose the TECM framework, which incrementally main-
tains temporal edge-cores via localized task decomposition, dy-
namic peeling guided by ω-support thresholds, and candidate
pruning techniques. This design guarantees correctness equiva-
lent to full recomputation while substantially reducing overhead.

• We empirically evaluate TECM on diverse real-world temporal
graph streams, demonstrating signi!cant performance gains over
batch baselines with speedup ratios up to 5 orders of magnitude.

Table 1: Summary of Notations
Notation Description

𝑀 = (𝑁 , 𝑂, 𝑃) A temporal graph
𝑄 = (𝑅, 𝑆, 𝑇) A temporal edge 𝑄 at time 𝑇 → N

𝑈 (𝑆) The degree of vertex 𝑆
ω → N The temporal proximity constraint
𝑉ω (𝑄) The ω-incident adjacent edges
𝑈ω (𝑄) The edge degree of edge 𝑄 (i.e., |𝑉ω (𝑄) |)

𝑊 = (𝑁 ↑, 𝑂↑
) An edge-induced subgraph of 𝑀

𝑊 (𝐿,ω) A (𝐿,ω)-core
𝑊𝑀

(𝐿,ω) Maximal (𝐿,ω)-core containing edge 𝑄
𝑋 (𝑄) Edge core number (max 𝐿 s.t. 𝑄 → 𝑊 (𝐿,ω) )

2 PRELIMINARIES
2.1 De!nitions
We de!ne key concepts used throughout the paper, with notations
summarized in Table 1. An undirected temporal graph is denoted
as 𝑀 = (𝑁 , 𝑂, 𝑃), where 𝑁 and 𝑂 are the vertex and edge sets, and
𝑃 is the discrete time domain (the set of active time units with
!xed granularity used throughout). Each edge 𝑄 = (𝑅, 𝑆, 𝑇) → 𝑂
represents an interaction between vertices 𝑅, 𝑆 → 𝑁 at time 𝑇 → 𝑃 ,
where 𝑇 is a discrete timestamp measured in the !xed time units.
For instance, (𝑅, 𝑆, day-1) and (𝑅, 𝑆, day-2) indicate meetings on two
separate days. An edge-induced subgraph is denoted 𝑊 = (𝑁 ↑, 𝑂↑

)

with 𝑁 ↑
↓ 𝑁 and 𝑂↑

↓ 𝑂.
The degree of a temporal edge 𝑄 , denoted 𝑈ω (𝑄) [47], is de!ned

under a temporal proximity constraint ω. Two edges are ω-incident
if they share an endpoint and their timestamps di"er by at most
ω. The degree of 𝑄 is the minimum number of ω-incident edges
from its two endpoints (De!nition 2.1). We also de!ne the temporal
(𝐿,ω)-core and the edge core number 𝑋 (𝑄) in De!nitions 2.2 and 2.3.

D!"#$#%#&$ 2.1. Edge Degree 𝑈ω. Given a temporal graph 𝑀 =
(𝑁 , 𝑂, 𝑃), ω → N, the degree of an edge 𝑄 = (𝑅, 𝑆, 𝑇) can be de"ned as

𝑈ω (𝑄) =min
)︄[︄[︄{(𝑅,𝑌 , 𝑇 ↑) → 𝑂 | |𝑇 ↔ 𝑇 ↑ | ↗ ω}

[︄[︄,
[︄[︄{(𝑆,𝑌 , 𝑇 ↑) → 𝑂 | |𝑇 ↔ 𝑇 ↑ | ↗ ω}

[︄[︄]︄ . (1)

The temporal proximity between two edges is used to describe the
temporal closeness of two edges that derive from the same vertex (i.e.,
the common vertex 𝑌 in Equation (1)). It is de"ned by the absolute
di#erence in their timestamps, i.e., |𝑇 ↔ 𝑇 ↑ |. If this temporal proximity
does not exceed the given parameter ω and the two edges share an
endpoint, the two edges are considered ω-incident. It is important to
note that each edge is ω-incident to itself. The ω-incident adjacent
edges of 𝑄 are denoted as 𝑉ω (𝑄).

D!"#$#%#&$ 2.2. Temporal (𝐿,ω)-core. Given a temporal graph
𝑀 = (𝑁 , 𝑂, 𝑃), an edge-induced subgraph 𝑊 = (𝑁 ↑, 𝑂↑

) is a temporal
(𝐿,ω)-core i# for 𝑄 → 𝑂↑ its induced edge degree in 𝑊 is at least 𝐿 :

𝑈𝑁ω (𝑄) ↘ 𝐿 for all 𝑄 → 𝑂↑,

where 𝑈𝑁ω (𝑄) counts the number of edges 𝑄↑ → 𝑂↑ that are ω-incident
to 𝑄 , i.e., 𝑄 and 𝑄↑ share an endpoint and

[︄[︄𝑃 (𝑄) ↔𝑃 (𝑄↑)[︄[︄ ↗ ω. We denote
such a subgraph by 𝑊 (𝐿,ω) .

D!"#$#%#&$ 2.3. Edge Core 𝑋 (𝑄). Given a temporal graph 𝑀 =
(𝑁 , 𝑂, 𝑃) and the temporal proximity constraint ω, the edge core of a
temporal edge 𝑄 → 𝑂, denoted as 𝑋 (𝑄), is the maximum value of 𝐿 for
which 𝑄 is present in the (𝐿,ω)-core of 𝑀 , denoted as 𝑊𝑀

(𝐿,ω) .
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Figure 1: Temporal graph 𝑀 with edge timestamps (ω = 2).
The gray dashed box marks the initial (3, 2)-core.

D!"#$#%#&$ 2.4. H-index Property. Given a temporal graph
𝑀 = (𝑁 , 𝑂, 𝑃) and ω, let 𝑉ω (𝑄,𝑅) be the set of ω-incident adjacent
edges of 𝑄 = (𝑅, 𝑆, 𝑇) involving endpoint 𝑅 (including 𝑄 itself). The
H-index of a multiset of integers is de"ned as the maximum integer 𝑍
such that there are at least 𝑍 elements in the multiset that are greater
than or equal to 𝑍. The H-index for endpoint 𝑅 of edge 𝑄 , denoted
𝑄 .𝑅 .𝑂-𝑃𝑄𝑅𝑀𝑆 , is de"ned as the H-index of the multiset of edge cores
{𝑋 (𝑄↑) | 𝑄↑ → 𝑉ω (𝑄,𝑅)}. The edge core 𝑋 (𝑄) satis"es the property
𝑋 (𝑄) =min(𝑄 .𝑅 .𝑂-𝑃𝑄𝑅𝑀𝑆 , 𝑄 .𝑆 .𝑂-𝑃𝑄𝑅𝑀𝑆 ). This means that from each end-
point (e.g.,𝑅), there are at least 𝑋 (𝑄) ω-incident adjacent edges 𝑄↑ such
that 𝑋 (𝑄↑) ↘ 𝑋 (𝑄).

P’&()!* 2.1. EdgeCoreDecomposition.Given a temporal graph
𝑀 = (𝑁 , 𝑂, 𝑃) and ω, the edge core decomposition problem is to calcu-
late the edge core number of each edge 𝑄 → 𝑂.

In real-world scenarios, temporal graphs evolve as new edges
arrive or when counterfactual analysis requires evaluating the ab-
sence of a speci!c edge. This motivates dynamic algorithms for
maintaining temporal graph decompositions, which aim to update
the core structure incrementally without full recomputation. We
formally de!ne the problem as follows.

P’&()!* 2.2. Edge Core Maintenance. Given a temporal graph
𝑀 = (𝑁 , 𝑂, 𝑃), a temporal proximity constraint ω, and an initial edge
core decomposition, e$ciently update the core numbers of a#ected
temporal edges in response to edge insertions or deletions.

2.2 Edge-based Decomposition Framework
Edge-based decomposition is a commonly used approach for com-
puting temporal edge cores based on a temporal degree function
(De!nition 2.1). A representative algorithm is shown in Algorithm 1,
following the design in [47]. In Line 1, the initial core value 𝑋 (𝑄) of
each edge is set to its ω-degree 𝑈ω (𝑄). Lines 2-4 iteratively remove
the edge with the minimum current degree and update the degrees
of its ω-incident adjacent edges. Speci!cally, the core number 𝑋 (𝑄)
is assigned at the time the edge is removed (Line 2), and its removal
a"ects the degrees of ω-incident adjacent edges (Line 4). The algo-
rithm computes core numbers for all edges with a time complexity
of O

⌊︄
|𝑂 | ·max{log𝑈𝑇𝑈𝑆 , 𝑈ω𝑇𝑈𝑆 }

⌋︄
, where 𝑈𝑇𝑈𝑆 is the maximum de-

gree in 𝑀 and 𝑈ω𝑇𝑈𝑆 is the maximum number of ω-incident edges
at any edge 𝑄 → 𝑂. While e#cient for static graphs, repeated recom-
putation in response to edge insertions or deletions can still incur
signi!cant overhead in dynamic settings.

Example. We use the illustrative temporal graph 𝑀 in Figure 1
to illustrate the challenges of temporal edge-core maintenance
under dynamic updates. The numbers on edges represent time
stamps, and the temporal constraint is set as ω = 2. Edges (𝑆1, 𝑆3, 2)
and (𝑆1, 𝑆3, 3) are existing temporal edges, and edge (𝑆1, 𝑆3, 8) is a
new edge to be inserted at time 8. We !rst compute edge degrees

Algorithm 1: (𝐿,ω)-core Decomposition Algorithm
Input: Temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃)
Output: Edge core 𝑋 (𝑄) ≃𝑄 → 𝑂

1 Initialize 𝑋 (𝑄) = 𝑈ω (𝑄) by De!nition 2.1
2 while 𝑂 ω ⇐ do
3 Peel 𝑄 → 𝑂 with the minimum degree 𝑋 (𝑄)
4 for 𝑄↑ → 𝑉ω (𝑄) do
5 Update 𝑋 (𝑄↑) ⇒𝑎𝑏𝑐 (𝑋 (𝑄), 𝑋 (𝑄↑) ↔ 1)
6 return 𝑋 (𝑄) ≃𝑄 → 𝑂

according to De!nition 2.1. For example, edge (𝑆4, 𝑆5, 3) has three
ω-incident adjacent edges from 𝑆4—(𝑆1, 𝑆4, 1), (𝑆3, 𝑆4, 2), and itself—
and four from 𝑆5—(𝑆4, 𝑆5, 3), (𝑆5, 𝑆6, 2), (𝑆5, 𝑆7, 2), and (𝑆5, 𝑆7, 3)—
giving 𝑈ω ((𝑆4, 𝑆5, 3)) = 3. In contrast, for edge (𝑆1, 𝑆2, 6), only one
ω-incident adjacent edge exists from 𝑆1 (i.e., itself), since (𝑆1, 𝑆3, 2)
and (𝑆1, 𝑆3, 3) are temporally too distant. Although two ω-incident
adjacent edges exist from 𝑆2, the edge degree remains 1.

The decomposition algorithm [47] assigns an edge core number
𝑋 (𝑄) to each edge. For instance, edges within the gray dashed box
have 𝑋 = 3, while 𝑋 (𝑆1, 𝑆2, 6) = 𝑋 (𝑆2, 𝑆3, 7) = 1. After deleting edge
(𝑆4, 𝑆5, 3), only edges in the blue dashed box retain the (3,2)-core
structure, and the core values of (𝑆1, 𝑆4, 1), (𝑆1, 𝑆3, 2), (𝑆1, 𝑆3, 3), and
(𝑆3, 𝑆4, 2) drop from 3 to 2. When edge (𝑆1, 𝑆3, 8) is inserted, edges
within the green dashed box newly form a (2,2)-core.

This example highlights several di#culties: temporal edge de-
grees are sensitive to time and neighborhood structure, edge core
numbers di"er even among nearby edges (e.g., 𝑋 (𝑆1, 𝑆2, 6) = 1 vs.
𝑋 (𝑆1, 𝑆4, 1) = 3), and updates can cause both localized and cascad-
ing changes. As a result, it becomes non-trivial to identify which
edges may have their core numbers a"ected and to incrementally
maintain these values as the graph evolves.

3 THEORETICAL FOUNDATIONS
In this section, we present our theoretical !ndings on the incre-
mental maintenance of edge cores in evolving temporal graphs.
We establish our theoretical foundation by recalling the edge-core
hierarchy induced by peeling, which de!nes the edge core num-
ber 𝑋 and the nested subgraphs 𝑊 (𝐿,ω) . To eliminate computational
redundancy, we employ peeling solely as a de!nitional construct
rather than an operational procedure.

The fundamental challenge in temporal edge-core maintenance
lies in characterizing the set of edges whose core values are af-
fected by graph updates. Our theoretical framework provides a
complete characterization through four principal results: Theo-
rem 3.1 (Bounded Impact): Each edge update induces a core
value change of at most one, establishing a tight bound on the prop-
agation scope. Theorem 3.2 (Deterministic Root Selection):
Under our task decomposition strategy, only the root edge (with
minimal core value) may change, while non-root edges maintain
stability as support elements. De!nition 3.2 + Theorem 3.3 (Can-
didate Characterization): The candidate edge set is precisely
the ω-reachable subgraph, enabling e#cient local enumeration.
Theorem 3.4 (Correctness): Sequential sub-edge processing is
equivalent to batch processing, ensuring algorithmic correctness.

Given the structural complexity of temporal graphs, the insertion
or deletion of an updating edge can simultaneously impact the edge
degrees of multiple ω-incident adjacent edges, creating interference
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Figure 2: Candidate edges of di"erent algorithms.

when constructing the candidate subgraph. We resolve this by task
decomposition (Strategy 3.1): we transform the global update on 𝑄
into a sequence of sub-edge updates (𝑄, 𝑄↑) over 𝑄↑ → 𝑉ω (𝑄) \ {𝑄},
processing one pair at a time while bu"ering the others. Opera-
tionally (Algorithm 2), we keep 𝑄 out of 𝑀 until all sub-edges are
processed and compute supports against the bu"ered sub-edges,
which prevents cross-sub-edge contamination of support values.

S%’+%!,- 3.1. Task decomposition. Given a temporal graph
𝑀 = (𝑁 , 𝑂, 𝑃) with temporal proximity constraint ω and a target
edge 𝑄 = (𝑅, 𝑆, 𝑇) undergoing insertion/deletion: First generate the
sub-edge subset 𝑑 = 𝑉ω (𝑄) \ {𝑄} containing all ω-incident adjacent
edges excluding 𝑄 itself. Each edge 𝑄↑ → 𝑑 is called a sub-edge because
it participates in the localized update process as a constituent element
of the task decomposition strategy. Then iterate through each sub-
edge 𝑄↑ → 𝑑 : when performing edge insertion, establish ω-incident
adjacency relations between 𝑄 and 𝑄↑; conversely, during edge deletion,
remove the existing ω-incident adjacency relations between 𝑄 and 𝑄↑.

Example. We use Figure 2 to illustrate this strategy. In the
temporal graph 𝑀 , each edge is annotated with its time stamp and
edge core, and the temporal constraint is set to ω = 2. A new
edge (𝑆1, 𝑆4, 3) is to be inserted into 𝑀 . Based on De!nition 2.1 and
Strategy 3.1, the sub-edge set 𝑑 = {(𝑆1, 𝑆2, 1), (𝑆1, 𝑆3, 2), (𝑆2, 𝑆4, 1),
(𝑆2, 𝑆4, 2), (𝑆3, 𝑆4, 1), (𝑆3, 𝑆4, 2), (𝑆4, 𝑆5, 1), (𝑆4, 𝑆5, 2), (𝑆4, 𝑆6, 3)}. Our
algorithms process sub-edges sequentially, where each computation
builds upon previously processed results.

L!**+ 3.1. Given a new edge 𝑄 = (𝑅, 𝑆, 𝑇) and a sub-edge set 𝑑 ,
each sub-edge 𝑄↑ → 𝑑 necessarily shares at least one endpoint with 𝑄
(i.e., 𝑄↑ = (𝑅,𝑌 , 𝑇 ↑), 𝑄↑ = (𝑆,𝑌 , 𝑇 ↑), or 𝑄↑ = (𝑅, 𝑆, 𝑇 ↑)). Upon insertion or
deletion of a sub-edge, only the number of ω-incident adjacent edges
connected to the common endpoint(s) increases or decreases by exactly
1. Consequently, only the edge degrees of 𝑄 and 𝑄↑ may change, with
a maximum magnitude of 1.

P’&&". Since 𝑑 = 𝑉ω (𝑄)\𝑄 constitutes a subset of the ω-incident
adjacent edge set 𝑉ω (𝑄), by De!nition 2.1, each 𝑄↑ → 𝑑 must share
at least one common endpoint with 𝑄 . The update of an individual
sub-edge exclusively a"ects the count of ω-incident adjacent edges
at common endpoints, incrementing or decrementing it by exactly
1. Consequently, by Equation (1), the edge degrees of only 𝑄 and 𝑄↑
may undergo change, with a maximum magnitude of 1. ⊋

According to Lemma 3.1, a sub-edge may lead to changes to the
edge degree of that sub-edge 𝑈ω (𝑄↑) and the originally updated edge
𝑈ω (𝑄). The edge cores of 𝑄↑ and 𝑄 may not be equal, which poses a
challenge in identifying candidate edges where cores might change.

D!"#$#%#&$ 3.1. ω-support. For an edge 𝑄 = (𝑅, 𝑆, 𝑇), we de"ne
its ω-support as follows:

𝑑𝑅𝑒 (𝑅) = |{(𝑅,𝑌 , 𝑇 ↑) → 𝑂 | |𝑇 ↔ 𝑇 ↑ | ↗ ω ⇑ 𝑋 ((𝑅,𝑌 , 𝑇 ↑)) ↘ 𝑋 (𝑄)}| (2)

𝑑𝑅𝑒 (𝑆) = |{(𝑆,𝑌 , 𝑇 ↑) → 𝑂 | |𝑇 ↔ 𝑇 ↑ | ↗ ω ⇑ 𝑋 ((𝑆,𝑌 , 𝑇 ↑)) ↘ 𝑋 (𝑄)}| (3)
ω-𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑄) =min(𝑑𝑅𝑒 (𝑅), 𝑑𝑅𝑒 (𝑆)) (4)

where 𝑑𝑅𝑒 (𝑅) and 𝑑𝑅𝑒 (𝑆) represent the support calculated from ver-
tices 𝑅 and 𝑆 , respectively. We say that a ω-incident adjacent edge 𝑄↑

supports 𝑄 if the edge core of 𝑄↑ is at least 𝑋 (𝑄).
In temporal graphs, edge cores quantify local structural cohesion.

Single-edge modi!cations exhibit bounded propagation e"ects, con-
straining structural changes to local neighborhoods rather than
a"ecting distant graph regions. This locality property is funda-
mental to our incremental maintenance approach, as it limits the
computational scope of updates.

T.!&’!* 3.1. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃) and a new
edge 𝑄 = (𝑅, 𝑆, 𝑇), 𝑑 = 𝑉ω (𝑄) \ 𝑄 is the sub-edge set. Each sub-edge 𝑄↑

will change the edge cores of edges in 𝑀 by at most 1.
P’&&". For sub-edge insertion, suppose that the edge core of

an edge 𝑖 → 𝑊 𝑉
𝑇,ω increases from 𝑋 (𝑖) =𝑎 to 𝑋 (𝑖)↑ =𝑎 + 𝑗 where

𝑗 > 1. At least one of 𝑄 or 𝑄↑ must belong to 𝑊 𝑉
𝑇+𝑄,ω; otherwise,

𝑊 𝑉
𝑇+𝑄,ω would form a (𝑎 + 𝑗,ω)-core prior to inserting 𝑄↑, yielding

𝑋 (𝑖) = 𝑋 (𝑖)↑ =𝑎 + 𝑗—a contradiction. By Lemma 3.1, the insertion
of sub-edge 𝑄↑ increases the edge degree of either 𝑄 or 𝑄↑ by at most
1. Consequently, the edge degrees in 𝑊 𝑉

𝑇+𝑄,ω \ {𝑄, 𝑄↑} would be at
most𝑎 + 𝑗 ↔ 1, implying 𝑋 (𝑖) ↗𝑎 + 𝑗 ↔ 1 > 𝑎, which contradicts
our initial assumption.

For sub-edge deletion, assume the edge core of 𝑖 decreases by𝑗 >
1. Upon reinserting the sub-edge, 𝑖 would increase its edge core by
at most 1, rendering full recovery impossible—a contradiction. ⊋

This theorem establishes a crucial property of our task decom-
position strategy: when processing a sub-edge pair (𝑄, 𝑄↑), only the
edge with the smaller core value (the "root") will change. This de-
terministic behavior simpli!es algorithm design, as we only need
to focus on the root edge during each sub-edge update, while the
non-root edge remains stable.

T.!&’!* 3.2. Given a new edge 𝑄 = (𝑅, 𝑆, 𝑇) and a sub-edge 𝑄↑,
only the one with the smaller edge core may have its edge core changed
by 1, which is denoted as root edge. The larger one is called the non-
root edge. The non-root edge must be in 𝑊𝑊𝑋𝑋𝑌

(𝑍 (𝑊𝑋𝑋𝑌 )↑,ω) , where 𝑋 (𝑕𝑔𝑔𝑇)
↑

is the updated edge core of the root edge.

𝑕𝑔𝑔𝑇 =

⌈︄⌉︄⌉︄⌉︄{︄
⌉︄⌉︄⌉︄}︄

𝑄 if 𝑋 (𝑄) < 𝑋 (𝑄↑)

𝑄, 𝑄↑ if 𝑋 (𝑄) = 𝑋 (𝑄↑)

𝑄↑ if 𝑋 (𝑄) > 𝑋 (𝑄↑)

The edge core of root(s) is denoted as 𝑋 (𝑕𝑔𝑔𝑇).
P’&&". According to Strategy 3.1 and De!nition 3.1, 𝑄 and 𝑄↑

are ω-incident, and only the one having a larger edge core could be
a support of another. We prove the scenario 𝑋 (𝑄) > 𝑋 (𝑄↑) where 𝑄↑
is the root edge. Based on Theorem 3.1, the edge core of 𝑄 and 𝑄↑
will be increased by at most 1 after inserting 𝑄↑. If 𝑄 increases its
edge core to 𝑋 (𝑄)↑ = 𝑋 (𝑄) + 1, as 𝑋 (𝑄↑) ↗ 𝑋 (𝑄↑)↑ ↗ 𝑋 (𝑄↑) + 1 < 𝑋 (𝑄)↑,
𝑄↑ cannot be in 𝑊𝑀

(𝑍 (𝑀 )↑,ω) , leading to a contradiction. If 𝑄↑ increases
its edge core to 𝑋 (𝑄↑)↑ = 𝑋 (𝑄↑) + 1, as 𝑄 and 𝑄↑ are ω-incident and
𝑋 (𝑄) ↘ 𝑋 (𝑄↑)↑ > 𝑋 (𝑄↑), 𝑄 must be a support of 𝑄↑. Therefore, only
the root edge(s) may have the edge core changed by at most 1, and
the non-root edge must be in 𝑊𝑊𝑋𝑋𝑌

(𝑍 (𝑊𝑋𝑋𝑌 )↑,ω) . ⊋
L!**+ 3.2. An edge 𝑄 can change its edge core if and only if either

its edge degree 𝑈ω (𝑄) changes or its ω-𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑄) value changes. No
other conditions can a#ect the edge core of 𝑄 .
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P’&&". According to De!nition 2.4, 𝑋 (𝑄) is determined by the
H-index of its endpoints, which depends on the multiset of edge
cores of ω-incident adjacent edges. For su#ciency, if 𝑈ω (𝑄) changes,
the number of ω-incident adjacent edges changes, altering the H-
index. If ω-support(𝑄) changes, the number of supporting edges
changes, also altering the H-index. For necessity, for 𝑋 (𝑄) to change,
the H-index must change, requiring either: (1) the number of ω-
incident adjacent edges to change (a"ecting 𝑈ω (𝑄)), or (2) the core
values of existing ω-incident adjacent edges to change (a"ecting
ω-support(𝑄)). No other factors in$uence the H-index. ⊋

L!**+ 3.3. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), the temporal
proximity constraint ω, a new edge 𝑄 = (𝑅, 𝑆, 𝑇) will be inserted into
or deleted from 𝑀 . 𝑄↑ is a sub-edge generated from 𝑄 . Only edge 𝑖 → 𝑂
whose edge core is equal to 𝑋 (𝑕𝑔𝑔𝑇) may have edge core changed.

P’&&". According to Theorem 3.2, only the root edge(s) can
experience a change in edge core. The non-root edge necessarily
preserves its edge core and must belong to 𝑊𝑊𝑋𝑋𝑌

(𝑍 (𝑊𝑋𝑋𝑌 )↑,ω) , thereby
exerting no in$uence on the support values or edge cores of other
edges. By Lemma 3.2, only the root edge undergoes a change in
𝑈ω (𝑄). For any non-root edge to alter its edge core, the edge cores of
its ω-incident adjacent edges must undergo modi!cation. Through
recursive application, any edge core modi!cation necessitates a
preceding change in the root edge’s core.

For sub-edge insertion, consider the relationship between 𝑋 (𝑖)
and 𝑋 (𝑕𝑔𝑔𝑇): (1) If 𝑋 (𝑖) > 𝑋 (𝑕𝑔𝑔𝑇), the root edge cannot participate
in 𝑊 𝑉

(𝑍 (𝑉 )+1,ω) since 𝑋 (𝑕𝑔𝑔𝑇) + 1 ↗ 𝑋 (𝑖) < 𝑋 (𝑖) + 1—a contradiction.
(2) If 𝑋 (𝑖) < 𝑋 (𝑕𝑔𝑔𝑇), removing sub-edge 𝑄↑ would reduce the root’s
edge core to at most 𝑋 (𝑕𝑔𝑔𝑇) ↘ 𝑋 (𝑖)↑, which remains su#cient
to support edges with core 𝑋 (𝑖)↑—a contradiction. For sub-edge
deletion, analogous reasoning applies. Therefore, only edges with
edge cores equal to 𝑋 (𝑕𝑔𝑔𝑇) may undergo changes. ⊋

Building on the lemmas above, we can !nd candidate edges
whose cores may be changed after inserting or deleting a sub-edge.

D!"#$#%#&$ 3.2. ω-reachable path.Aω-reachable path 𝑒 consist-
ing of a sequence of 𝑘 → N temporal edges 𝑒 = {𝑄1 = (𝑆1, 𝑆2, 𝑇1), 𝑄2 =
(𝑆2, 𝑆3, 𝑇2), ..., 𝑄𝑎 = (𝑆𝑎 , 𝑆𝑎+1, 𝑇𝑎 )} for which |𝑇𝑃+1 ↔ 𝑇𝑃 | ↗ ω, i.e., any pair
of adjacent edges in the path are ω-incident.

T.!&’!* 3.3. Given a new edge 𝑄 = (𝑅, 𝑆, 𝑇) and a sub-edge 𝑄↑, the
root edge(s) is de"ned by Theorem 3.2. After inserting or deleting 𝑄↑,
an edge 𝑖 may have edge core changed if and only if 𝑋 (𝑖) = 𝑋 (𝑕𝑔𝑔𝑇)
and there is a ω-reachable path that consists of edges with edge cores
equal to 𝑋 (𝑕𝑔𝑔𝑇) leading to the root edge(s).

P’&&". According to Lemma 3.2, the edge core of an edge changes,
either the number of its ω-incident adjacent edges has changed or at
least one of its existing ω-incident adjacent edges must have its edge
core value altered. Applying this recursively, we must reach an edge
whose edge core is changed due to gaining or losing a ω-incident
adjacent edge. Furthermore, only the edges with an edge core equal
to 𝑋 (𝑕𝑔𝑔𝑇) may have their edge cores changed (Lemma 3.3). There-
fore, the impact of a sub-edge update on the edge cores of other
edges can only propagate through ω-reachable paths from the root
in which all edge cores are equal to 𝑋 (𝑕𝑔𝑔𝑇). ⊋

T.!&’!* 3.4. Given a temporal graph𝑀 = (𝑁 , 𝑂, 𝑃) with temporal
proximity constraint ω, and a new edge 𝑄 = (𝑅, 𝑆, 𝑇) to be inserted
into or deleted from𝑀 , let 𝑑 = 𝑉ω (𝑄) \ {𝑄} denote the set of sub-edges.
The edge cores of all edges in 𝑂 can be accurately maintained through
sequential processing of each sub-edge in 𝑑 .

P’&&". We prove the case for insertion and deletion follows by
symmetry. Let 𝑑 = 𝑉ω (𝑄) \ {𝑄} = {𝑄↑1, ..., 𝑄

↑
𝑇} be the set of sub-edges.

For 𝑙 ↘ 0, let 𝑀 (𝑃 ) denote the graph state after integrating the ω-
incidence between 𝑄 and the !rst 𝑙 sub-edges {𝑄↑1, ..., 𝑄

↑

𝑃 }, followed
by complete edge-core maintenance. Let 𝑋 (𝑃 ) denote the edge-core
assignment in𝑀 (𝑃 ) . For each sub-edge 𝑄↑𝑃 (where 𝑙 ↘ 1), let 𝑕𝑃 be the
root edge and 𝐿𝑃 = 𝑋 (𝑃↔1)

(𝑕𝑃 ) be its core value. By De!nition 3.2
and Theorem 3.3, the candidate edges whose cores may change
from 𝑋 (𝑃↔1) to 𝑋 (𝑃 ) are precisely those in the subgraph of 𝑀 (𝑃↔1)

consisting of edges with core value 𝐿𝑃 that are ω-reachable to 𝑕𝑃 .
By Theorem 3.1, any a"ected edge changes its core by at most

one. Since each update is monotone (cores only increase during
insertion), the maintenance process on the candidate subgraph
converges to a unique !nal assignment that is independent of the
processing order within the subgraph.

Therefore, processing sub-edge 𝑄↑𝑃 sequentially yields the same
core assignment 𝑋 (𝑃 ) as would be obtained by batch-integrating the
!rst 𝑙 sub-edges simultaneously. By induction on 𝑙 = 1, ...,𝑎, we
obtain 𝑋 (𝑇) = 𝑋 ⇓, which equals the batch-maintained assignment
after integrating all sub-edges in 𝑑 . ⊋

4 TECM FRAMEWORK
Building on the theoretical foundations in Section 3, we propose
the TECM framework for incremental edge-core maintenance in
temporal graphs. The framework systematically translates theo-
retical results into algorithmic components: (1) Candidate iden-
ti!cation implements the ω-reachable subgraph characterization
(De!nition 3.2, Theorem 3.3) to locate potentially a"ected edges;
(2) Root selection applies the deterministic root property (Theo-
rem 3.2) to identify the single edge requiring updates; (3) Update
bounds enforce unit-step constraints (Theorem 3.1) ensuring at
most one core level change per update; and (4) E#ciency opti-
mization utilizes local counter mechanisms (Lemma 3.1) to track
degree changes without full recomputation.

The TECM framework addresses both edge insertions and dele-
tions through a uni!ed architecture. Edge insertions and deletions
exhibit fundamentally di"erent propagation patterns, necessitating
specialized approaches: insertion algorithms employ candidate-
based enumeration with pruning strategies, while deletion uses
direct propagation. The framework routes operations to the appro-
priate kernel through a uni!ed mechanism. For edge insertions,
TECM !rst identi!es the potentially a"ected candidate edges (fol-
lowing the ω-reachable subgraph characterization) and then applies
a localized peel operation to update their edge cores. In contrast,
edge deletion is handled more directly. Starting from the root edge
(applying the deterministic root property), the algorithm computes
the H-index to detect any decrease in edge core value and propa-
gates the update if necessary (constrained by unit-step bounds).

4.1 Base Incremental Algorithm
Based on the theoretical foundation established in Section 3, we
propose a Base Incremental Algorithm (TECM-Ini). To minimize
computational redundancy, we exclusively compute the sub-edges
generated from one endpoint vertex, as elaborated in Lemma 3.1.

L!**+ 4.1. Given a new edge 𝑄 = (𝑅, 𝑆, 𝑇), the sub-edges can be
generated from vertices 𝑅 and 𝑆 , denoted as 𝑑𝑏 and 𝑑𝑐 , respectively.
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Algorithm 2: Base Incremental Algorithm
Input: Temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), temporal proximity

constraint ω, new edge 𝑄 = (𝑅, 𝑆, 𝑇)
Output: Edge core 𝑋 (𝑄) ≃𝑄 → 𝑂

1 Generate sub-edge set 𝑑𝑏 and 𝑑𝑐
2 insertListUset⇒ 𝑑𝑏 , insertListVset⇒ ⇐, 𝑋 (𝑄) ⇒ 1
3 for 𝑄↑ → 𝑑𝑐 do
4 Initialize all edge $ags to false
5 insertListVset.insert(𝑄↑)
6 root⇒ 𝑋 (𝑄) ↗ 𝑋 (𝑄↑) ? 𝑄 : 𝑄↑

7 candidateVec ⇒ {𝑕𝑔𝑔𝑇}, candidateQueue⇒ {𝑕𝑔𝑔𝑇}
8 while candidateQueue is not empty do
9 can_e ⇒ candidateQueue.pop()

10 for ω↔𝑄 → 𝑉ω (𝑚𝑏𝑗_𝑄) do
11 if 𝑋 (ω↔𝑄) = 𝑋 (𝑕𝑔𝑔𝑇)⇑!ω↔𝑄 .𝑛 𝑘𝑏𝑜 then
12 Push ω↔𝑄 into candidateQueue and

candidateVec
13 ω↔𝑄 .𝑛 𝑘𝑏𝑜 ⇒ 𝑇𝑕𝑅𝑄
14 for 𝑚𝑏𝑗_𝑄 → 𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑁𝑄𝑚 do
15 Calculate ω↔𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑚𝑏𝑗_𝑄) by Equations

Equation (2), Equation (3), Equation (4)
16 for 𝑚𝑏𝑗_𝑄 → 𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑁𝑄𝑚 do
17 if 𝑚𝑏𝑗_𝑄 .𝑛 𝑘𝑏𝑜 ⇑ ω↔𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑚𝑏𝑗_𝑄) ↗ 𝑋 (𝑕𝑔𝑔𝑇) then
18 𝑚𝑏𝑗_𝑄 .𝑛 𝑘𝑏𝑜 ⇒ 𝑛 𝑏𝑘𝑓𝑄
19 for ω↔𝑄 → 𝑉ω (𝑚𝑏𝑗_𝑄) do
20 if ω↔𝑄 .𝑛 𝑘𝑏𝑜 then
21 Update the support value of ω↔𝑄
22 for 𝑚𝑏𝑗_𝑄 → 𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑁𝑄𝑚 do
23 if 𝑚𝑏𝑗_𝑄 .𝑛 𝑘𝑏𝑜 then
24 𝑋 (𝑚𝑏𝑗_𝑄) ⇒ 𝑋 (𝑚𝑏𝑗_𝑄) + 1
25 Insert 𝑄 into 𝑀
26 return 𝑋 (𝑄) ≃𝑄 → 𝑂

When processing sub-edges from only one set (either 𝑑𝑏 or 𝑑𝑐), re-
gardless of their quantity, the edge core of 𝑄 will increase to exactly 1.

P’&&". Consider the scenario where we process sub-edges in
𝑑𝑏 !rst. According to Strategy 3.1 and Theorem 3.4, sub-edges in 𝑑𝑐
remain uninserted at this stage. Consequently, vertex 𝑆 has precisely
one ω-incident adjacent edge, namely 𝑄 itself. By De!nition 2.1, this
implies 𝑈ω (𝑄) = 1, and hence 𝑋 (𝑄) = 1. With this minimal edge core
value, 𝑄 cannot support edge core elevation for other edges. ⊋

L!**+ 4.2. If the support value of a candidate 𝑖 is not larger than
𝑋 (𝑖), 𝑋 (𝑖) cannot be increased.

P’&&". According to De!nition 2.2, De!nition 2.3, De!nition 2.4,
and De!nition 3.1, if an edge 𝑖 can participate in a (𝑋 (𝑖)+1,ω)-core,
the support value of 𝑖 must be not less than 𝑋 (𝑖) + 1 > 𝑋 (𝑖). ⊋

The pseudocode detailing the TECM-Ini algorithm is presented
in Algorithm 2. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), a temporal
proximity constraint ω, and a new edge 𝑄 = (𝑅, 𝑆, 𝑇) designated for
insertion into𝑀 , the algorithm proceeds as follows. Initially, Line 2
generates sub-edge sets 𝑑𝑏 and 𝑑𝑐 corresponding to the endpoints
𝑅 and 𝑆 of 𝑄 , respectively, based on Strategy 3.1.

Crucially, the edge 𝑄 is not integrated into𝑀 until the process-
ing of all its sub-edges is complete. Two lists, 𝑙𝑗𝑓𝑄𝑕𝑇𝑝𝑙𝑓𝑇𝑞𝑓𝑄𝑇 and

𝑙𝑗𝑓𝑄𝑕𝑇𝑝𝑙𝑓𝑇𝑁𝑓𝑄𝑇 , are initialized to bu"er the processed sub-edges. Fol-
lowing Lemma 4.1, we designate one set, arbitrarily chosen as 𝑑𝑏 , as
the treatment-free set, bu"er its contents into 𝑙𝑗𝑓𝑄𝑕𝑇𝑝𝑙𝑓𝑇𝑞𝑓𝑄𝑇 , and
initialize 𝑋 (𝑄) = 1 (Line 1). Subsequently, the algorithm sequentially
processes each sub-edge 𝑄↑ within 𝑑𝑐 .

The core processing of a sub-edge encompasses four distinct
phases: Phase 1 (Lines 7-13) iteratively identi!es all candidate
edges using a Breadth-First Search (BFS) approach, guided by The-
orem 3.3. Phase 2 (Lines 13-15) computes the support value for
every identi!ed candidate, consulting the bu"ered sub-edges for ω-
incident neighbors. Phase 3 (Lines 15-21) implements the peeling
process, removing candidates whose support value does not exceed
𝑋 (𝑕𝑔𝑔𝑇). Phase 4 (Lines 21-24) increments the edge core by 1 for
all candidates that survived the peeling phase. After processing all
sub-edges in 𝑑𝑐 , the new edge 𝑄 is inserted into𝑀 (Line 24), and the
edge cores across the graph are updated accordingly.

The algorithm operates in three phases: (1) candidate enumera-
tion via BFS over ω-incident neighbors, (2) support computation
for all candidates, and (3) peeling with support updates. Each ω-
incident adjacency is accessed at most twice (once in enumera-
tion, once in peeling), yielding time complexity O(𝑎𝑑 ), where
𝑎𝑑 =

⟨︄
𝑀→𝑑 𝑈ω (𝑄) denotes the total ω-incident adjacencies within

the candidate set 𝑟 . Space complexity is O(𝑎𝑑 ) for storing candi-
dates and support counters.

4.2 Optimized Candidate Pruning
Although TECM-Ini can maintain edge cores incrementally, the
process may often involve a signi!cant amount of redundant cal-
culations. When the edge core distribution of the graph is quite
concentrated, inserting a sub-edge may result in !nding many
candidates whose edge cores are unlikely to change, leading to
substantial redundant calculations and data access overhead. In this
section, we explore optimized algorithms to maintain edge cores.

L!**+ 4.3. If the support value of a candidate edge 𝑖 is less than
or equal to its edge core, i.e., ω↔𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑖) ↗ 𝑋 (𝑖), then 𝑖 cannot
cause any of its ω-incident adjacent edges to become candidates.

P’&&". According to Lemma 4.2, if ω↔𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑖) ↗ 𝑋 (𝑖), the
edge core 𝑋 (𝑖) will not increase. Consequently, 𝑖 cannot support in-
creasing the core of any ω-incident neighbor ω↔𝑄 where 𝑋 (ω↔𝑄) =
𝑋 (𝑖). Since an edge only becomes a candidate if its core might in-
crease, 𝑖 cannot propagate the candidate status to its neighbors
under this condition. This justi!es pruning the candidate search
path originating from 𝑖 without compromising correctness. ⊋

The overall framework of the Optimized Candidate Pruning
Algorithm (TECM-Ref) is similar to that of Algorithm 2 (TECM-
Ini), with e#ciency improvements through targeted optimizations.
Based on Lemma 4.1, sub-edges with higher frequencies in 𝑑𝑏 and
𝑑𝑐 are prioritized to reduce candidate traversal. Phases 1 and 2
are replaced by Algorithm 3, which employs a key-value map
candidateMap to record, for each candidate 𝑚𝑏𝑗_𝑄 , its ω-incident
adjacent edge ω-𝑄 and their common endpoint. When travers-
ing ω-𝑄 for 𝑚𝑏𝑗_𝑄 , if 𝑋 (ω-𝑄) ↘ 𝑋 (root), the support of the cor-
responding endpoint of 𝑚𝑏𝑗_𝑄 is updated, and (ω-𝑄, 𝑆 ↑) is stored
in candidateMap[𝑚𝑏𝑗_𝑄]. Potential candidates that meet the core
value criteria are temporarily bu"ered in tempCandidateVec, and
the support value of 𝑚𝑏𝑗_𝑄 is computed. According to Lemma 4.3,
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Algorithm 3:Optimized Candidate Subgraph Construction
Input: root
Output: candidateVec, candidateMap

1 Initialize candidateMap:𝑄𝑈𝑜𝑄 ⇔ (𝑄𝑈𝑜𝑄, 𝑆𝑄𝑕𝑇𝑄𝑐)
2 candidateVec ⇒ {𝑕𝑔𝑔𝑇}, candidateQueue⇒ {𝑕𝑔𝑔𝑇}
3 while candidateQueue is not empty do
4 Initialize tempCandidateVec⇒ ⇐

5 can_e⇒ candidateQueue.pop()
6 for ω↔𝑄 → 𝑉ω (𝑚𝑏𝑗_𝑄) do
7 if 𝑋 (ω↔𝑄) ↘ 𝑋 (𝑕𝑔𝑔𝑇) then
8 Accumulate 𝑑𝑅𝑒 (𝑚𝑏𝑗_𝑄 .𝑅) and 𝑑𝑅𝑒 (𝑚𝑏𝑗_𝑄 .𝑆)
9 // 𝑆 ↑ selection: the common endpoint between

can_e and ω↔𝑄
10 Add (ω↔𝑄, 𝑆 ↑) to candidateMap[can_e]
11 if 𝑋 (ω↔𝑄) = 𝑋 (𝑕𝑔𝑔𝑇)⇑!ω↔𝑄 .𝑛 𝑘𝑏𝑜 then
12 Push ω↔𝑄 into tempCandidateVec
13 ω↔𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑚𝑏𝑗_𝑄) = min(𝑑𝑅𝑒 (𝑚𝑏𝑗_𝑄 .𝑅), 𝑑𝑅𝑒 (𝑚𝑏𝑗_𝑄 .𝑆))
14 if ω↔𝑓𝑅𝑒𝑒𝑔𝑕𝑇 (𝑚𝑏𝑗_𝑄) > 𝑋 (𝑕𝑔𝑔𝑇) then
15 for 𝑇𝑎𝑒_𝑚𝑏𝑗_𝑄 → 𝑇𝑄𝑎𝑒𝑟𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑁𝑄𝑚 do
16 Push 𝑇𝑎𝑒_𝑚𝑏𝑗_𝑄 into candidateQueue and

candidateVec
17 𝑇𝑎𝑒_𝑚𝑏𝑗_𝑄 .𝑛 𝑘𝑏𝑜 ⇒ 𝑇𝑕𝑅𝑄
18 return candidateVec, candidateMap

only candidates with support greater than 𝑋 (root) can expand fur-
ther candidates. In the peeling phase, support values of related
candidates are directly updated via candidateMap. Due to space
constraints, we omit the full pseudocode.

The algorithm fuses candidate discovery with support compu-
tation using a key-value map, eliminating redundant traversals
through Lemma 4.3. The theoretical complexities remain O(𝑎𝑑 )

time and O(𝑎𝑑 ) space, but the e"ective candidate set size is sub-
stantially reduced in practice due to early pruning.

4.3 Batch Insertion Algorithm
In this section, we present the batch-oriented sub-edge process-
ing algorithm (TECM-Batch-Ins). The batch insertion algorithm
leverages Lemma 4.5 to provide e#cient pruning during candi-
date enumeration. This lemma establishes an a priori upper bound
𝑋 (𝑄)𝑇𝑈𝑆 on the possible edge core of the new edge 𝑄 , which is di-
rectly utilized in Algorithm 5, Lines 4-5, to prune candidate enumer-
ation. Speci!cally, for any edge whose current edge core exceeds
𝑋 (𝑄)𝑇𝑈𝑆 , we skip candidate set construction since its core cannot
change, making the batch design e#cient and parallel-friendly by
eliminating unnecessary candidate accessing operations.

L!**+ 4.4. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃) with temporal
proximity constraint ω, when a new edge 𝑄 = (𝑅, 𝑆, 𝑇) is inserted into
𝑀 , all edges except 𝑄 will increase their edge cores by at most 1.

P’&&". By Theorem 3.1, each edge’s core can increase by at
most 1 during any sub-edge insertion. For sub-edges with identical
root core 𝑋 (𝑕𝑔𝑔𝑇), only edges with current core 𝑋 (𝑕𝑔𝑔𝑇) are candi-
dates. Once a candidate’s core increases to 𝑋 (𝑕𝑔𝑔𝑇) + 1, it cannot
serve as a candidate for subsequent sub-edges with the same root
core, preventing cumulative increases. For sub-edges with di"erent
root core values, candidate sets are disjoint: when the di"erence

Algorithm 4:Maximum Core Value Calculation
Input: 𝑀 = (𝑁 , 𝑂, 𝑃), 𝑄 = (𝑅, 𝑆, 𝑇)
Output: The maximum of 𝑋 (𝑄)

1 Initialize uNeiCoreVec, vNeiCoreVec⇒ ⇐

2 for (𝑅,𝑌 , 𝑇 ↑) → 𝑂 | |𝑇 ↔ 𝑇 ↑ | ↗ ω do
3 Push 𝑋 ((𝑅,𝑌 , 𝑇 ↑)) + 1 into uNeiCoreVec
4 sort uNeiCoreVec in non-decreasing order
5 Push uNeiCoreVec.back() into uNeiCoreVec
6 𝑋 (𝑄)𝑏𝑇𝑈𝑆 ⇒ 𝑊↔𝑙𝑗𝑈𝑄𝑐 (𝑅𝑉𝑄𝑙𝑟𝑔𝑕𝑄𝑁𝑄𝑚)
7 // 𝑋 (𝑄)𝑐𝑇𝑈𝑆 can be calculated similarly
8 𝑋 (𝑄)𝑐𝑇𝑈𝑆 ⇒ 𝑊↔𝑙𝑗𝑈𝑄𝑐 (𝑆𝑉𝑄𝑙𝑟𝑔𝑕𝑄𝑁𝑄𝑚)
9 𝑋 (𝑄)𝑇𝑈𝑆 ⇒𝑎𝑙𝑗(𝑋 (𝑄)𝑏𝑇𝑈𝑆 , 𝑋 (𝑄)𝑐𝑇𝑈𝑆 )

10 return 𝑋 (𝑄)𝑇𝑈𝑆

exceeds 1, edges a"ected by one sub-edge cannot be candidates for
others due to the unit increase limit; when the di"erence equals 1,
processing sub-edges with larger root cores !rst ensures updated
edges cannot become candidates for sub-edges with smaller root
cores. Therefore, all edges increase their cores by at most 1. ⊋

L!**+ 4.5. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), a temporal
proximity constraint ω, and a new edge 𝑄 = (𝑅, 𝑆, 𝑇) to be inserted
into𝑀 , let 𝑋 (𝑄)𝑇𝑈𝑆 be the maximum possible edge core value for 𝑄 , as
computed by Algorithm 4. The edge cores of existing edges 𝑖 → 𝑂 with
𝑋 (𝑖) ↘ 𝑋 (𝑄)𝑇𝑈𝑆 will remain unchanged after the insertion of 𝑄 .

P’&&". The edge core of an edge is de!ned by the minimum
H-index of its endpoints (De!nition 2.4). Lemma 4.4 establishes
that the insertion of 𝑄 increases the edge core of any other edge by
at most 1. Algorithm 4 calculates 𝑋 (𝑄)𝑇𝑈𝑆 by hypothetically incre-
menting the core of each ω-incident neighbor of 𝑅 and 𝑆 by 1 and
including a virtual maximum core representing 𝑄 itself before its in-
sertion, then computing the H-index. Since the maximum potential
core value of the new edge 𝑄 is 𝑋 (𝑄)𝑇𝑈𝑆 , 𝑄 cannot participate in any
(𝐿,ω)-core where 𝐿 > 𝑋 (𝑄)𝑇𝑈𝑆 . Consequently, 𝑄 cannot provide
the necessary support to elevate the edge core of any other edge
beyond 𝑋 (𝑄)𝑇𝑈𝑆 . Therefore, edges 𝑖 → 𝑂 with 𝑋 (𝑖) ↘ 𝑋 (𝑄)𝑇𝑈𝑆 are
una"ected by the insertion of 𝑄 . ⊋

The algorithm examines all ω-incident neighbors of both end-
points 𝑅 and 𝑆 to determine the upper bound. The time complexity
is O(𝑈ω · log𝑈ω) where 𝑈ω =max(𝑈ω (𝑅),𝑈ω (𝑆)), due to the sorting
operations on the neighbor core vectors. Space complexity is O(𝑈ω)
for storing the neighbor core vectors.

Leveraging the preceding lemmas, we present the batch sub-
edge processing algorithm in Algorithm 5. Line 5 computes 𝑋 (𝑄)max
using Algorithm 4 and assigns it as the edge core of the new edge
𝑄 . Lines 1-5 collect the edge cores of 𝑉ω (𝑄) \ {𝑄}. Line 8 groups all
sub-edges into 𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑁𝑄𝑚𝑑𝑄𝑇 based on their edge cores. For each
distinct edge core, Line 8 identi!es the corresponding candidate set
in parallel. Lines 11-12 apply the peel operation to each candidate
set in non-decreasing order of their 𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄 . If the inserted edge
𝑄 is peeled while processing a candidate set with 𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄 , then
all candidates with edge cores greater than or equal to 𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄
remain unchanged. Once all candidate sets are processed, edge cores
are correctly maintained. Finally, after inserting 𝑄 into𝑀 (Line 13),
its actual edge core is recalculated using De!nition 2.4 (Line 14).
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Algorithm 5: Batch Insertion Algorithm
Input: Temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), temporal proximity

constraint ω, new edge 𝑄 = (𝑅, 𝑆, 𝑇)
Output: Edge core 𝑋 (𝑄) ≃𝑄 → 𝑂

1 Set 𝑋 (𝑄) ⇒ 𝑋 (𝑄)𝑇𝑈𝑆 by Algorithm 4
2 Initialize: candidateVecSet, candidateMapSet
3 for ω↔𝑄 → 𝑉ω (𝑄) do
4 if 𝑋 (ω↔𝑄) < 𝑋 (𝑄)𝑇𝑈𝑆 then
5 rootCoreSet.insert(𝑋 (ω↔𝑄)) in non-decreasing order
6 Push ω↔𝑄 into candidateVecSet[𝑋 (ω↔𝑄)]
7 #pragma omp parallel
8 for 𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄 → 𝑕𝑔𝑔𝑇𝑟𝑔𝑕𝑄𝑑𝑄𝑇 do
9 Invoke Algorithm 3 to !nd candidate sub-graph

10 *** Phase 2: Peel Candidates ***
11 for 𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄 → 𝑕𝑔𝑔𝑇𝑟𝑔𝑕𝑄𝑑𝑄𝑇 do
12 Peel candidateVecSet(root_core) with

candidateMapSet[root_core]
13 Update Edge Cores
14 Insert 𝑄 into 𝑀
15 Update 𝑋 (𝑄) according to De!nition 2.4
16 return 𝑋 (𝑄) ≃𝑄 → 𝑂

T.!&’!* 4.1. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), a temporal
proximity constraint ω, and a new edge 𝑄 = (𝑅, 𝑆, 𝑇) to be inserted
into𝑀 , Algorithm 5 maintains the edge cores for all edges in 𝑂 ↖ {𝑄}.

P’&&". Lemma Lemma 4.5 determines the maximum possible
edge core for the new edge 𝑄 , denoted 𝑋 (𝑄)𝑇𝑈𝑆 . The corresponding
lower bound for the !nal core value of 𝑄 is 𝑋 (𝑄)𝑇𝑃𝑄 = 𝑋 (𝑄)𝑇𝑈𝑆 ↔ 1.

Consider candidate edges in 𝑉ω (𝑄) with edge cores less than
𝑋 (𝑄)𝑇𝑃𝑄 . The edge 𝑄 inherently provides support for these candi-
dates, irrespective of whether its !nal core value settles at 𝑋 (𝑄)𝑇𝑈𝑆

or 𝑋 (𝑄)𝑇𝑃𝑄 . Thus, the algorithm correctly maintains the edge cores
for these candidates.

Now, consider candidates in 𝑉ω (𝑄) with edge cores equal to
𝑋 (𝑄)𝑇𝑃𝑄 . The algorithm processes candidate sets in non-decreasing
order of their root core value (𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄). When processing the set
where 𝑕𝑔𝑔𝑇_𝑚𝑔𝑕𝑄 = 𝑋 (𝑄)𝑇𝑃𝑄 : (1) If edge 𝑄 is peeled, it cannot attain a
core of 𝑋 (𝑄)𝑇𝑃𝑄+1, and neighboring candidates’ edge cores correctly
remain unchanged. (2) If edge 𝑄 is not peeled, it possesses su#cient
support to potentially participate in a (𝑋 (𝑄)𝑇𝑃𝑄+1,ω)-core, correctly
permitting 𝑄 to contribute support. Therefore, the edge cores for
candidates at the 𝑋 (𝑄)𝑇𝑃𝑄 level are correctly maintained in both
cases. Finally, Algorithm 5 determines the !nal edge core of the
newly inserted edge 𝑄 based on the updated cores of its ω-incident
neighbors (Line 14), consistent with De!nition 2.4. ⊋

The algorithm processes candidates in parallel across di"erent
core levels. For each level, the complexity follows TECM-Ref, re-
sulting in the same O(𝑎𝑑 ) time and O(𝑎𝑑 ) space bounds, with ad-
ditional parallelization bene!ts. The upper bound calculation (Algo-
rithm 4) requiresO(𝑈ω ·log𝑈ω) time, where𝑈ω =max(𝑈ω (𝑅),𝑈ω (𝑆))
is the maximum ω-degree of the new edge’s endpoints.

4.4 Batch Deletion Algorithm
In this section, we study the edge-core maintenance algorithm for
edge deletion (TECM-Batch-Del). Unlike insertions, deletions do

Algorithm 6: Batch Deletion Algorithm
Input: Temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), temporal proximity

constraint ω, delete edge 𝑄 = (𝑅, 𝑆, 𝑇)
Output: Edge core 𝑋 (𝑄) ≃𝑄 → 𝑂

1 Delete 𝑄 from 𝑀
2 Initialize candidateQueue⇒ 𝑄
3 Initialize all edge $ags to false
4 Set 𝑊↔𝑙𝑗𝑈𝑄𝑐 (𝑄) ⇒ 0
5 while candidateQueue is not empty do
6 can_e = candidateQueue.pop()
7 if !𝑚𝑏𝑗_𝑄 .𝑛 𝑘𝑏𝑜 ⇑ 𝑊↔𝑙𝑗𝑈𝑄𝑐 (𝑚𝑏𝑗_𝑄) < 𝑋 (𝑚𝑏𝑗_𝑄) then
8 𝑋 (𝑚𝑏𝑗_𝑄) ⇒ 𝑋 (𝑚𝑏𝑗_𝑄) ↔ 1
9 𝑚𝑏𝑗_𝑄 .𝑛 𝑘𝑏𝑜 ⇒ 𝑇𝑕𝑅𝑄

10 for ω↔𝑄 → 𝑉ω (𝑚𝑏𝑗_𝑄) do
11 if 𝑋 (ω↔𝑄) ↗ 𝑋 (𝑚𝑏𝑗_𝑄) then
12 Push ω↔𝑄 into candidateQueue
13 return 𝑋 (𝑄) ≃𝑄 → 𝑂

not a"ect the core of the removed edge itself. The algorithm starts
by checking whether the edge cores of its ω-incident adjacent edges
(i.e., sub-edges) change. If so, the changes are propagated via BFS.

L!**+ 4.6. Given a temporal graph 𝑀 = (𝑁 , 𝑂, 𝑃), the temporal
proximity constraint ω, an edge 𝑄 = (𝑅, 𝑆, 𝑇) will be deleted from 𝑀 .
All edges will reduce their edge cores by at most 1.

P’&&". Assume there is an edge 𝑖 whose edge core 𝑋 (𝑖) = 𝐿 ,
and that its edge core decreases by𝑎 > 1. If we insert 𝑖 back to 𝑀 ,
according to Lemma 4.4, we have 𝑋 (𝑖) ↗ 𝐿 ↔𝑎 + 1. Because𝑎 > 1,
𝐿 ↔𝑎 + 1 < 𝐿 , which is a contradiction. ⊋

Based on Lemma 4.6, we propose the incremental algorithm for
edge deletion. The pseudocode is shown in Algorithm 6. The deleted
𝑄 is selected as the initial 𝑚𝑏𝑗_𝑄 and pushed into 𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑠𝑅𝑄𝑅𝑄
(Lines 6-3). Then, we calculate the edge core of each 𝑚𝑏𝑗_𝑄 →

𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑠𝑅𝑄𝑅𝑄 based on the H-index of the two endpoints of
𝑚𝑏𝑗_𝑄 . If there is a change, add its ω-incident adjacent edges that
have edge cores not larger than 𝑋 (𝑚𝑏𝑗_𝑄) to the 𝑚𝑏𝑗𝑈𝑙𝑈𝑏𝑇𝑄𝑠𝑅𝑄𝑅𝑄
(Lines 5-11). Since the edge core of each edge can decrease by at
most 1 (Lemma 4.6), once the edge core of an edge has changed,
subsequent accesses can skip that edge (Line 7).

The algorithm employs BFS propagation from the deleted edge.
In the worst case, all edges require core updates, resulting in time
complexity O(𝑡ω) and space complexity O(𝑡ω), where 𝑡ω =⟨︄

𝑀→𝑒 𝑈ω (𝑄) represents the total ω-incident adjacencies in the graph.
Each edge is processed at most once due to the $ag mechanism,
ensuring e#cient propagation.

5 EVALUATIONS
5.1 Experimental Setup
Algorithms.We compare our approach with existing algorithms
from two perspectives: performance and practical applicability:
• Static edge core decomposition (SECD) [47] computes edge

cores via global traversal. We measure e#ciency by the average
time to process each updated edge, normalized by the baseline
time for full decomposition, yielding the speedup ratio. This
metric is widely used to assess incremental algorithms [51, 64].
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Table 2: Graph datasets

Graph Vertices Edges Domain

FacebookMsg 1,899 59,795 social network
Enron 86,806 1,133,968 email network
AskUbuntu 134,035 257,305 question answering
Twitter 346,573 2,131,270 retweets
StackOver$ow 2,584,164 47,902,566 interaction network
Reddit 3,007,854 84,272,870 social network

• Incremental batch edge core decomposition (BECD) [16]
updates edge cores by recomputing H-index values of candi-
date edges, following standard core decomposition principles
[46, 52, 64]. BECD aligns with Phase 1 of Algorithm 2. Since inser-
tions are more complex than deletions, requiring comprehensive
candidate enumeration and support recalculation as they can
potentially increase edge cores, while deletions only decrease
edge cores and follow direct propagation patterns, we focus on
insertion comparisons; deletion results are omitted for brevity.

• History 𝐿-core [69, 70] constructs a snapshot by merging edges
with identical endpoints within a time window into a single unla-
beled edge. We provide a case study demonstrating its limitations
in temporal analysis, underscoring the value of our edge core
de!nition and the necessity of e#cient edge core maintenance.
For convenience, we denote the Base Incremental Algorithm

(Section 4.1) as TECM-Ini, the re!ned version Optimized Candi-
date Pruning Algorithm (Section 4.2) as TECM-Ref, batch insertion
algorithm (Section 4.3) as TECM-Batch-Ins, and batch deletion al-
gorithm (Section 4.4) as TECM-Batch-Del. Only TECM-Batch-Del
is designed for edge deletion, while other algorithms focus on in-
sertions. Due to the fundamental complexity asymmetry between
these operations, we present both results but emphasize that they
should not be directly compared. Deletion operations, with their
deterministic propagation patterns, are evaluated to demonstrate
deletion-speci!c optimizations, while insertion results provide com-
prehensive analysis of our algorithmic innovations. Throughout our
experiments, whenever we delete edges, we apply TECM-Batch-
Del, and whenever we insert edges, we apply one of the insertion
algorithms (TECM-Ini, TECM-Ref, or TECM-Batch-Ins).
Datasets. We collect 6 real-world temporal graph datasets from
various domains. These datasets are widely used for evaluating tem-
poral graph analysis algorithms, which are summarized in Table 2.
Parameter choosing. We con!gure two parameters: ω-percentile
and 𝑋 -percentile. The ω-percentile, derived from node-level inter-
event times (IETs) [47], determines ω, where a higher percentile
yields more ω-neighbors per edge and thus higher edge cores. The
𝑋 -percentile controls the core value of update edges: given the
maximum edge core 𝑋max, each new edge is assigned a core value
no smaller than 𝑋max ↙ 𝑋 -percentile.

5.2 Performance Evaluation
Exp-1: Static baseline evaluation. We !rst evaluate the time
cost of static edge core decomposition (SECD) with ω↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄 →

{0.25, 0.5, 0.75}, which is also applied in [47]. The results are shown
in Figure 3. It can be observed that as ω↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄 increases, the
time cost of the baseline algorithm also rises. This is because a
larger ω↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄 results in each edge having more ω-incident
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Figure 3: The time cost of SECD.

adjacent edges (De!nition 2.1), which in turn increases the number
of edges that need to be peeled, thereby leading to greater time
consumption. For Twitter, the time cost at ω↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄 = 0.75 is
19x larger than that of ω↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄 = 0.25. Therefore, repeatedly
calling the baseline algorithm to completely decompose the entire
graphwith each update would be highly time-consuming, especially
for larger ω↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄 , making it impractical for meeting the real-
time update and query needs in actual applications.
Exp-2: Scalability on di"erent (ω, 𝑋 )-percentiles. We evaluate
algorithm speedup over baseline under di"erent (ω, 𝑋 )-percentile
combinations. For each ω-percentile → {0.25, 0.5, 0.75}, we !rst
compute all edge cores using baseline. Then, for each 𝑋 -percentile,
we randomly sample ten edges, apply TECM-Batch-Del to delete
them, and reinsert them using the competing insertion algorithms
(TECM-Ini, TECM-Ref, and TECM-Batch-Ins). We report the aver-
age processing time per edge and corresponding speedup over base-
line in Figure 4. Note that TECM-Batch-Del results represent dele-
tion performance only, while TECM-Ini, TECM-Ref, and TECM-
Batch-Ins results represent insertion performance only. Across all
datasets, the baseline BECD achieves speedup ratios between 504↙
and 8,721↙. TECM-Ini and TECM-Ref reach 879↙–131,450↙ and
1,393↙–131,833↙, respectively. TECM-Batch-Ins and TECM-Batch-
Del attain the highest e#ciency, with speedups of 1,783↙–256,855↙
and 1,526↙–187,612↙. These results con!rm the e"ectiveness of our
approach in maintaining edge cores on dynamic temporal graphs.
Figure 4 employs a logarithmic scale with 100 = 1 as the baseline
reference. Zero-height bars occur when algorithms achieve speedup
ratios ↗ 1 or close to 1, causing them to visually collapse to the
baseline line. For instance, BECD achieves 0.5↙ speedup on Stack-
Over$ow with (0.75, 0.75)-percentiles, appearing as a zero-height
bar. SECD serves as the primary baseline for incremental vs. static
comparison, while BECD provides implementation comparison.

As (ω, 𝑋 )-percentiles rise, larger ω increases temporal degrees
and edge-core values, while larger 𝑋 selects higher-core edges, yield-
ing denser communities with more ω-incident neighbors. This ex-
pands candidate sets and prolongs updates. On Twitter, at (0.25, 0.25)
BECD attains 5.4 ↙ 105 speedup, TECM-Ini and TECM-Ref reach
6.75↙ 105, and TECM-Batch-Ins/Del achieve 1.35↙ 106 and 9↙ 105,
respectively, due to small edge-cores and limited candidates. At
(0.75, 0.75), speedups drop to 0.8–74.7↙, sometimes below 1, with
negligible bars in Figure 4, re$ecting high-core edges that in$ate
candidate sets and costs.
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Figure 4: Algorithm speedup compared to baseline.

Among insertion algorithms, TECM-Batch-Ins is consistently su-
perior under low percentiles, as each new edge 𝑄 = (𝑅, 𝑆, 𝑇) spawns
multiple sub-edges across regions. By grouping sub-edges by core
values and batching their processing (Section 4.3, Strategy 3.1), it
exploits Lemma 4.4 to reduce redundancy and parallelize, markedly
lowering overhead. TECM-Batch-Del accelerates deletions by by-
passing candidate search and applying localized H-index propaga-
tion. In contrast, TECM-Ref, though using pruning, may under-
perform TECM-Ini when candidate sets are already small, since
overhead from subgraph construction and candidate transfer (Algo-
rithm 3) dominates. For example, on Enron at (0.25, 0.75),TECM-Ini
yields 1.05 ↙ 104 speedup versus 7 ↙ 103 for TECM-Ref.

To provide absolute runtime context for the speedup ratios, we
demonstrate the calculation using the Reddit dataset with (ω, 𝑋 )-
percentiles = (0.75, 0.75). From Figure 3 and Figure 4, SECD requires
2,135 seconds, BECD achieves a 1.5↙ speedup, and TECM-Batch-
Ins achieves a 65↙ speedup. The absolute runtimes are calculated as
𝑢method =𝑢SECD/𝑑method, yielding BECD time ∝ 1,423 seconds and
TECM-Batch-Ins time ∝ 33 seconds. This demonstrates that our
algorithms achieve not only signi!cant relative improvements but
also practically meaningful absolute performance gains.

In addition, we assess the memory e#ciency of BECD and TECM-
Batch-Ins across multiple datasets under the (0.5, 0.25)-percentile
con!guration with 10 edge updates, measuring their peak Maxi-
mum Resident Set Size (RSS). The results demonstrate similar mem-
ory footprints between both methods, with only minor di"erences.
This similarity arises from the localized nature of our candidate-
based approach, where each edge update processes only a small
subgraph, and temporary data structures are e#ciently managed
and released after processing.
Exp-3: E"ectiveness of candidate pruning. To assess the impact
of the candidate pruning strategy, we compare the total number

Table 3: Peak memory usage (Maximum RSS, in kB).
Memory usage (kB) Twitter StackOver$ow Reddit
BECD 1,015,704 22,055,776 38,612,796
TECM-Batch-Ins 1,015,656 22,055,620 38,612,700

of candidates in TECM-Ini and TECM-Ref. As TECM-Batch-Ins
employs the same strategy as TECM-Ref, its results are excluded.
TECM-Batch-Del updates edge cores directly, without invoking
candidate search. Figure 5 shows the number of candidates found
by TECM-Ini and TECM-Ref under di"erent (ω, 𝑋 )↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄𝑓 .
Overall, TECM-Ref reduces the number of traversed candidates by
16.8%–65.2% across datasets and con!gurations, leading to better
e#ciency than TECM-Ini in most cases. However, when the prun-
ing strategy is ine"ective—i.e., few candidates exist and none can
be preemptively eliminated—TECM-Ref incurs extra overhead. For
instance, on Enron with (0.25, 0.75)↔𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄𝑓 , both algorithms
traverse 790 candidates, resulting in TECM-Ini achieving higher
speedup than TECM-Ref. Furthermore, as the (ω, 𝑋 )↔percentiles
increase, the number of traversed candidates grows, leading to
a reduced speedup ratio for the proposed incremental algorithm.
In particular, for Twitter with (0.75, 0.75)↔percentiles, TECM-Ini
and TECM-Ref identify 5,533,140 and 4,284,880 candidates, respec-
tively. Each edge update requires traversing, on average, 553,314
and 428,488 edges, while the source graph contains only 2,131,270
edges. This extensive candidate traversal substantially degrades the
e#ciency of the incremental algorithms.

Exp-4: Scalability with di"erent numbers of tasks. In this
set of experiments, we assess the scalability of the proposed al-
gorithm under varying numbers of edge updates. We employ a
mixed workload design that simulates realistic streaming scenarios
where both edge insertions and deletions occur. For each task size
𝑣 in {100, 200, 300, 400, 500}, we !rst apply TECM-Batch-Del to
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Figure 5: The number of candidates on di"erent settings.
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Figure 6: Evaluate the scalability on di"erent number of tasks. (ω, 𝑋 )-percentiles: (0.5, 0.25).

delete 𝑣 edges sampled uniformly without replacement from the
graph, then reinsert the same𝑣 edges using the competing insertion
algorithms (TECM-Ini, TECM-Ref, and TECM-Batch-Ins). This
delete-insert cycle methodology tests algorithms’ ability to handle
both operation types without graph reset between phases, ensuring
the graph state evolves naturally as in real streaming systems. To
ensure reproducibility, we use !xed random seeds for edge sam-
pling. We measure and report runtime separately for deletion and
insertion phases, enabling detailed analysis of each operation type’s
scalability characteristics. We randomly generate tasks under the
con!guration (0.5, 0.25)↔ 𝑒𝑄𝑕𝑚𝑄𝑗𝑇𝑙𝑘𝑄𝑓 . Because we cannot generate
enough new edges from AskUbuntu under this con!guration, we
conduct validation only on the other three datasets.

Our experimental design leverages the composable nature of
our single-edge update kernels, where mixed workloads are han-
dled by applying the appropriate kernel (insertion or deletion) for
each individual edge update while maintaining correctness guaran-
tees. This design ensures that our algorithms can e"ectively handle
various mixed workload patterns, with correctness preserved re-
gardless of processing order. The results presented in Figure 6
show that as the number of tasks increases linearly, the time con-
sumption of each algorithm also grows linearly. It is worth noting
that TECM-Batch-Del results represent deletion performance only,
while TECM-Ini, TECM-Ref, and TECM-Batch-Ins results rep-
resent insertion performance only, as only TECM-Batch-Del is

designed for the edge deletion scenario. This indicates that the pro-
posed algorithms demonstrate good scalability with respect to both
the number of edge updates and the diversity of update operations.

The observed performance characteristics in Figure 6 demon-
strate the output-sensitive nature of our algorithms. For TECM-
Batch-Del on the Reddit dataset, the runtime stabilizes beyond
300 tasks because additional deletions no longer trigger edge-core
changes, as the remaining edges have reached their minimum pos-
sible core values within the temporal window constraints. This
behavior re$ects the e#ciency advantage of our candidate-based
approach, where computational resources are allocated only to
edges requiring actual core value updates, consistent with our the-
oretical analysis that algorithms scale with the a"ected candidate
set size rather than the total number of operations.

Exp-5: Case study.We conduct a case study on the Twitter dataset
with second-level temporal resolution, where each edge denotes a
retweet labeled as either 𝑛 𝑏𝑚𝑇↔𝑚𝑍𝑄𝑚𝐿𝑙𝑗𝑜 or𝑎𝑙𝑓𝑙𝑗𝑛 𝑔𝑕𝑎𝑏𝑇𝑙𝑔𝑗 (also
called 𝑚𝑘𝑏𝑙𝑎). Misinformation accounts for 81.9% of all edges, re-
$ecting its dominance and virality. We visualize the edge-core dis-
tributions using kernel density estimation (KDE), where the x-axis
represents discrete edge-core levels (integer values) and the y-axis
shows probability density (normalized to unit area per curve), not
raw counts. The smooth curves result from KDE smoothing, pro-
viding more interpretable visualization of the distribution patterns.
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Figure 7: History 𝐿-core distribution of 𝑚𝑘𝑏𝑙𝑎 and
𝑛 𝑏𝑚𝑇↔𝑚𝑍𝑄𝑚𝐿𝑙𝑗𝑜 edges in Twitter.
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Figure 8: Edge core distribution of 𝑚𝑘𝑏𝑙𝑎 and 𝑛 𝑏𝑚𝑇↔𝑚𝑍𝑄𝑚𝐿𝑙𝑗𝑜
edges in Twitter.

We compare temporal edge-core decomposition with the his-
tory 𝐿-core baseline [69, 70]. In the history 𝐿-core setting, each
edge is assigned the minimum core of its endpoints, yielding nearly
overlapping distributions of 𝑚𝑘𝑏𝑙𝑎 and 𝑛 𝑏𝑚𝑇↔𝑚𝑍𝑄𝑚𝐿𝑙𝑗𝑜 edges across
core levels (Figure 7) and thus limited discriminative power. In
contrast, temporal edge cores produce a clear separation: high-core
regions are dominated by 𝑚𝑘𝑏𝑙𝑎 edges, while 𝑛 𝑏𝑚𝑇↔𝑚𝑍𝑄𝑚𝐿𝑙𝑗𝑜 edges
are largely absent from inner cores (Figure 8). This indicates that
misinformation tends to propagate within dense, echo-chamber-
like structures, whereas fact-checking information remains more
peripheral and cross-community, consistent with established theo-
ries on information correction dynamics.

To quantify discriminationmore precisely, we compute the Jensen–
Shannon divergence (JSD, base 2) between the label-wise core dis-
tributions restricted to edges with 𝐿 ↘ 𝑤 for a range of thresholds
𝑤 . Figure 9 shows JSD as a function of 𝑤 , using solid curves for
temporal edge cores at di"erent ω-percentiles and dashed curves
for the history 𝐿-core. Horizontal dotted lines at 0.1/0.3/0.5 de-
note weak, moderate, and strong separation. Temporal edge cores
yield substantially larger JSD values in high-core regions, most
notably at ω = 0.75, where JSD exceeds 0.5 and approaches 1 at the
largest cores, while the history 𝐿-core remains near zero in the tail.
This pattern shows that temporal edge-core decomposition o"ers
stronger discriminative power.

These results demonstrate the value of edge-centric analysis.
Edge core decomposition enables precise discrimination of content
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Figure 9: JSD analysis comparing temporal edge-core and
history 𝐿-core discrimination e"ectiveness.

structures and !ltering of unreliable information by modeling edge
resilience. It con!rms prior observations about misinformation
clustering and provides a scalable method for distinguishing propa-
gation patterns, supporting downstream detection and intervention
tasks. Our proposed algorithm enables e#cient updates, supporting
real-time structural analysis in dynamic temporal graphs.

6 RELATEDWORK
Community detection is fundamental in network science and can
be seen as a coarse-grained form of subgraph matching [26, 32, 36–
38, 61] with broad applications [5, 17, 41]. Communities repre-
sent functional modules in protein-protein interaction [48] and
metabolic networks [23], user groups in social networks [1], topic-
focused websites [6], and large-scale e-commerce user alignment
[74]. Classical cohesiveness metrics include 𝐿-core [4, 53, 72], 𝐿-
truss [10, 27], 𝐿-clique [59], and 𝐿-ECC [19]. For temporal graphs,
Wu et al. [66] introduced (𝐿,𝑍)-core decomposition, with subse-
quent incremental algorithms [11, 27, 40, 51, 58, 73] for dynamic
maintenance.

Temporal graphs capture time-varying interactions essential for
real-world applications [7, 34, 65]. Community detection on tempo-
ral graphs is crucial for understanding dynamic systems [39, 49, 63].
Galimberti et al. [18] proposed (𝐿, 𝑥 )-span-cores with time intervals,
while Hung et al. [30] introduced (𝑝,𝑣)-lasting cores persisting
for 𝑝 time steps. Oettershagen et al. [47] proposed the (𝐿,ω)-core
paradigm for hierarchical decomposition, explicitly accounting for
temporal edge correlations. However, maintaining (𝐿,ω)-core com-
munities in dynamic temporal graphs remains unaddressed.

On the system side, parallel and GPU-accelerated methods have
been proposed for dynamic graph analytics, traversal, and subgraph
enumeration [13, 24, 25, 43, 54–56, 68], but they mainly target static
or time-agnostic settings and do not model temporal edge-core con-
straints. We address this gap by focusing on incremental mainte-
nance of (𝐿,ω)-core decomposition, proposing e#cient algorithms
for dynamic updates in temporal networks.

7 CONCLUSION
This paper presents TECM, a framework for e#cient incremental
maintenance of temporal edge-cores in streaming graphs. Built on
theoretical insights that localize update impacts via root edges and
ω-reachable paths, TECM integrates task decomposition, ω-aware
traversal, and localized support analysis. Candidate pruning and
batch processing strategies further enhance e#ciency. Experiments
demonstrate orders-of-magnitude speedups over static baselines,
o"ering a scalable solution for real-time temporal graph analysis.
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