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ABSTRACT measures the largest shortest-path distance from v to any other

In graph theory, the eccentricity of a vertex quantifies its cen-
trality by measuring the maximum distance to any other vertex
in the graph. This metric underpins important graph properties
such as the diameter (maximum eccentricity) of the graph, which is
defined by the minimum and maximum centrality values across all
vertices. Due to the substantial time overhead caused by full-graph
BFS traversals, researchers have focused on incorporating bound-
ing techniques to accelerate algorithm execution. However, the
state-of-the-art approach is unable to identify useless vertices and
fails to terminate during the search since its bound update relies on
complete traversals. In this paper, we propose a novel framework
that uses vertex dominance to identify redundant vertices and in-
troduces a new rule to ensure correct termination after skipping
a vertex. In addition, we adopt a merging strategy to reduce the
number of traversals. Our method achieves up to two orders of
magnitude speedup in runtime compared to the state-of-the-art
approach. while efficiently handling graph data at the 100-million
scale.
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1 INTRODUCTION

Graphs G(V, E) are mathematical structures employed to model
interconnected systems, where vertices (V) represent entities and
edges (E) denote relationships among them. Researchers frequently
focus on deriving metrics that effectively capture the structural
properties of graphs. A key metric in this context is the eccen-
tricity of a vertex v, defined as ecc(v) = maxyey dist(v, u), which
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vertex u in the graph. This metric reflects both local centrality
and global structural properties, and it captures two fundamental
characteristics of the graph: diameter and radius. The radius (mini-
mum eccentricity) and diameter (maximum eccentricity) quantify
a graph’s compactness and scale. Furthermore, the eccentricity dis-
tribution—the collection of eccentricities of all vertices—serves as a
pivotal metric for characterizing networks [26, 40].

The concept of eccentricity is fundamental in real-world net-
works such as social, biological, internet, and collaboration graphs,
supporting tasks like identifying peripheral vertices to estimate the
worst-case response time and analyzing eccentricity distributions to
evaluate synthetic models against real networks [4, 15, 27, 28, 32, 39].
Unlike average distance, the maximum shortest-path distance cap-
tures the tail behavior of networks by directly quantifying the
worst-case latency, travel time, or propagation delay. Its practical
value is illustrated through two primary application domains.
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Figure 1: The real-world example of graph G*

(1) Facility placement problem. In network infrastructure opti-
mization, the placement of critical facilities such as hospitals, deliv-
ery centers, fire stations, or mirror servers is of central importance
[3, 9, 18]. For example, suppose we aim to determine the optimal
location for a new hospital. As a simplified version of the optimal
location query (OLQ) problem [22], this task reduces to selecting
the site that minimizes the worst-case emergency response time
— i.e., the maximum shortest-path travel time from the hospital to
any point in the network. As shown in Figure 1, the graph models
a road network, where vertices represent candidate building sites,
and edges with their weights represent roads and their associated
travel time. Consider two candidate sites v; and v2. To determine
which offers better emergency access, we compute their eccentric-
ities—the maximum shortest-path distances to all other vertices.
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Among these vertices, v3 is the farthest from both sites, yielding
eccentricities of 16 for v; and 18 for v;. Since vy has a smaller ec-
centricity, indicating a shorter worst-case response time, it is the
more suitable location for building a new hospital.

(2) Matrix reordering for sparse computation. Eccentricity is
widely adopted in practical graph analysis workflows, and many
graph analysis libraries (e.g., NetworkX [29], JGraphT [1]) directly
support computing eccentricity via built-in APIs. Beyond serving
as a structural descriptor, eccentricity also plays a central role
in downstream system optimizations. In particular, it is common
to model a graph as a sparse matrix to solve graph-related prob-
lems using linear algebra techniques. Yet, the performance of many
sparse operations critically depends on how closely the non-zero
entries cluster around the main diagonal. The classical Reverse
Cuthill-McKee (RCM) algorithm addresses this by renumbering
vertices to reduce matrix bandwidth and improve structural com-
pactness. Furthermore, eccentricity can guide vertex selection in
RCM-based reorderings [10, 13], which serves as a core primitive in
sparse solvers, graph systems, and database engines, highlighting
its importance for real-world system optimization.

The previous strategies for computing eccentricity mainly fall
into two categories: the BFS framework and the reference vertex
framework.

The BFS framework derives from an intuitive principle: by
performing BFS traversals from all vertices in the graph and cal-
culating the maximum shortest-path distance for each vertex, the
graph’s eccentricity values can be systematically computed. Many
related works have focused on this topic [21, 37, 38]. The core idea
of this method is to initialize upper and lower bounds for each
vertex and iteratively update the bounds of the remaining vertices
to compute the vertex eccentricity. In each step, the algorithm
selects a vertex for traversal based on specific rules and updates
the bounds of other vertices using the triangle inequality. By dy-
namically applying pruning strategies and prioritizing vertices, the
algorithm effectively eliminates redundant traversals and reduces
computational overhead.

The reference vertex framework is proposed by Li [20, 21],
focusing on calculating eccentricity values for all vertices. This
method begins by selecting a set of high-degree vertices as reference
vertices to initialize upper and lower bounds for all vertices. During
traversal, it prioritizes vertices that are farthest from the reference
vertices and iteratively optimizes vertex bounds using a new update
formula. Notably, their study [21] introduces the PLL index to
pre-store shortest-path distances between vertices, significantly
boosting algorithmic efficiency. In their later study [20], they modify
the update strategies to circumvent the high storage overhead of the
PLL index and extend the methodology to approximate eccentricity
calculations with theoretical guarantees.

Motivation. Existing approaches encounter a major bottleneck
during the traversal phase, where a large number of redundant ver-
tices fail to contribute meaningful information to the computation
of vertex eccentricity. Due to the inadequate analysis of the vertex
relationships, they cannot identify redundant vertices and must
perform a full traversal to ensure correct algorithm termination.

Our idea. In order to address the problem of redundant vertex
traversals, we propose a novel framework to reduce unnecessary
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computations and accelerate eccentricity computation. First, we pro-
pose a vertex dominance strategy to identify relationships among
vertices and introduce a novel rule to determine termination with-
out requiring the traversal of the skipped vertex. Moreover, we
design a vertex merging strategy that replaces expensive single-
vertex traversals with more efficient chain-based traversals.
Contribution. The main contributions of this paper are summa-
rized as follows:

(1) We analyze the shortcomings of existing works and inves-
tigate their underlying causes. To address the challenge of
low computational efficiency, we propose a novel frame-
work called TRIM that skips redundant vertices while en-
suring the correctness of the eccentricity computation.

We analyze vertex relationships and design the largest prun-
ing distance strategy and the core-tree strategy to iden-
tify redundant vertices. Moreover, we leverage information
from traversed vertices and replace single-vertex traversals
with a vertex merging strategy, both of which significantly

@

improve execution efficiency.

We extensively validate the effectiveness of our proposed
method and conduct comprehensive comparisons with state-
of-the-art algorithms across 20 diverse datasets. Experimen-
tal results demonstrate that our algorithm achieves up to
2-3 orders of magnitude speedup in query performance on
large-scale networks.

®)

Section 2 defines the problem and introduces relevant definitions
and concepts. Section 3 reviews existing studies on eccentricity and
discusses their limitations. Section 4 presents our proposed TRIM
framework in detail. Section 5 provides a comprehensive evalu-
ation of the proposed algorithm through extensive experiments.
Finally, Section 6 concludes the paper with a summary of our main
contributions.

2 PRELIMINARY

In this section, we formally define the eccentricity computation
problem and introduce the concepts used throughout the paper.
Let G(V, E) be an unweighted, undirected graph with a set of n =
|V| vertices and a set of m = |E| edges. An edge e(u, v) € E connects
two vertices u,v € V. For any vertex v € V, its degree deg(v) is the
number of one-hop neighbors of v, i.e., deg(v) = [{ule(u,v) € E}|.
A path p(s, t) from vertex s to vertex ¢ in the graph is a sequence of
e1(s,01), e2(01,02), ..., €j_1(0j_2,0;_1), €;(vj_1, t) € E. Thelength of
the path |p(s, t)| = [ is the number of edges on the path. The distance
dist (s, t) denotes the shortest path length between s and t. The
distances from a vertex to all other vertices can be computed using
Breadth-First Search (BFS), which has a complexity of O(m + n).

DEFINITION 1. Given a vertexv in a graphG(V, E), the eccentricity
of v is ecc(v) = maxyey dist(v, u). The farthest vertex of v is f, =
arg maxy ey dist(v, u). If multiple vertices have the same maximum
distance from v, f, can represent any of these vertices. The eccentricity
distribution of G, denoted as ED(G), is ED(G) = {ecc(v)|v € V}.

ExAMPLE 1. Figure 2 shows an example graph with 14 vertices and
18 edges. The degree of vg is 5, and the shortest distance between v3
and vy is 4. The number above each vertex denotes its eccentricity.



Figure 2: An example of a graph G

Problem Definition. Given a connected graph G(V, E), the ex-
act eccentricity computation problem aims to compute the eccentric-
ity ecc(v) for every vertex v € V, where ecc(v) = maxy ey dist (v, u)
and dist (v, u) is the shortest-path distance between v and u.

In this paper, we use tree decomposition to identify redundant
vertices during the computation of exact eccentricity. We first give
the definition of the tree decomposition technology, which will be
used in the following section.

DErFINITION 2. (TREE DECOMPOSITION [11]). Given a graph
G = (V,E), a tree decomposition T is constructed by iteratively re-
moving the verticesv € V from the current graph and creating tree
nodes {X1, Xo, ..., Xt }, where each tree node X; is a subset of V, and
the decomposition satisfies the following properties:

(1) Vertex Coverage: Uxcy ()X =V;

(2) Edge Coverage: Y (u,v) € E,3X, € T such that bothu € X,
andv € Xy;

(3) Running Intersection: For any w € V, the subgraph of T
induced by tree vertices containing w is connected.

Minimum-Degree Elimination Tree Decomposition[5]. We
perform a series of edge addition and vertex deletion operations on
the graph to construct a tree decomposition, where G; denotes the
graph structure at the i — th iteration. During each iteration, we
select the vertex u with the minimum degree, remove it from G;, and
update the connectivity between its neighbors: for each pair v,0” €
N (u), we update the edge weight as min(w(v, v”), w(v, u)+w(u,v))
if an edge (v,0”) € E exists; otherwise, we insert a new edge (v,0”)
with weight w(v, u) + w(u,v’), ensuring shortest-path consistency
among all neighbors of u. This elimination loop continues until all
vertices are removed. After the decomposition is complete, for each
tree node Xy, let v be the vertex in {X,, \ u} with the smallest value.
Then, set the parent of X;, to be X, in the tree decomposition.
Next, we introduce the cutset property of tree decomposition,
which helps us to identify all cut sets within the graph structure.

LeEmMMA 1. (Cut Set Property [34]). Given two nodes X; and Xj that
are adjacent on the tree decomposition. A cut set is a set of vertices in
a graph, and if these vertices are removed, the graph is split into two
separate components. Let C; denote the union of the trees connected to
Xi, and let C; be the union of the tree nodes connected to X;. X; N X
is a separator for all s and t pairs with s € C; \ (X; N Xj) and
[ S Cj \ (X ﬂXj).

However, constructing a full tree decomposition for large-scale
networks is computationally expensive. To this end, we introduce
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Table 1: Summary of Notations

Notation Description

G(V,E) A graph with |V| vertices and |E| edges

dist(s,t) Shortest distance between vertices s and ¢

ecc(v) The exact eccentricity of vertex v

fo The farthest vertex to v

ecc(v), ecc(v) | The upper and lower bounds of ecc(v)

L? Reference queue of vertex z, sorted by descend-
ing shortest-path distance

Tc Core-tree decomposition of graph G

Xo The set containing vertex v and its neighboring
vertices in the tree decomposition

Iy, The index vertex of a tree node X;

LP The maximum pruning distance used to identify
redundant vertices

Cy The chain containing v

vy, U The left and right endpoints of the chain

Core

Figure 3: Core-tree structure of graph G with d =3

core-tree decomposition [23], which performs decomposition on
boundary vertices and significantly reduces the time overhead.

DEerFINITION 3. (CORE-TREE DECOMPOSITION)[23]. Given an
MDE-based core-tree decomposition T with tree nodes {X1, Xa, ..., X¢ }
and tree width d. Each tree node X; is associated with a unique index
vertex, denoted as Ix,. The core-tree decomposition divides the graph
into a core B and a forest F.

The elimination process is similar to tree decomposition but
differs as the core-tree decomposition partitions the graph into two
components based on the bound d, rather than maintaining the
graph as a connected structure. It terminates when a tree node X,
satisfies | Xy| > d + 1. Each node X, in the forest maintains a root
node X, defined as its highest ancestor that is not in the core. The
root node X, contains an index vertex r,, which is a member of
the node itself. Based on this structure, we define the neighborhood
set for each tree node X, as N, = {X;, \ rp}.

ExAMPLE 2. Figure 3 shows the core-tree decomposition of the
graph in Figure 2 with tree width d = 3. Each tree node X, € F
has fewer than 4 vertices. Vertices 3 and 7-12 form a forest, while
vertices 0, 1, 2, 4, 5, and 6 constitute the core. Each tree node X; has
a neighborhood N, and an index vertex Ix,. For example, Ny (v3) =
Ny (v12) = Ny (v13) = {04, 06} and the index vertex Ix, is vertex 3.



Similar to tree decomposition, the core-tree also has the cut-set
property. Specifically, the neighborhood set N serves as the cut set
that separates the vertices in a tree T € ¥ from the vertices in the
set (V'\ (T U N;)). The following theorem formalizes this property.

CoROLLARY 1. (Cut Set of Core-Tree). Given a graph G(V, E) and
atree T € F in which every tree node X, € T shares a common root
node X,. The neighborhood Ny of r forms the cut-set between any
vertexu € T and any vertexv € (V \ (T U N;)). In other words, the
shortest path from a vertexs € T to any vertext € (V \ T) must
contain at least one vertex in the cut-set.

Proor. Lets € Tandt € (V \ (T UN;,)). We define Xf,, as the
parent of the ancestor node X, in the tree containing s. Consider
the edge from X to its parent X¢(,). If t ¢ N, then according to
Lemma 1, N, = (X, N Xf(r)) forms a cut-set between s and ¢.

O

In this paper, we assume that G is a connected graph; however,
this approach can be extended to a disconnected graph. Further-
more, our method applies only to undirected graphs, as it relies on
the triangle-inequality property described in the IFECC [20]. This
property do not generally hold in directed graphs, so the approach
cannot be directly extended to directed graph networks. For the
sake of clarity, the commonly used symbols are listed in Table 1.

3 PROBLEM ANALYSIS

This section abstracts the BFS-based framework from recent studies
and introduces the state-of-the-art approach for the eccentricity
distribution problem.

3.1 BFS-Framework with Bound Update

The eccentricity of a vertex can be computed using BFS. This
approach has a total time complexity of O(n(n + m)), since it per-
forms a BFS from each vertex, making it inefficient for large-scale
graphs. To improve efficiency, many existing methods leverage
upper and lower bounds of vertex eccentricity. Specifically, each
vertex v € V is assigned a lower bound ecc(v) and an upper bound
ecc(v) on its eccentricity. When a BFS is performed from a source
vertex u, the exact eccentricity of u is determined, and the bounds
of other vertices can be updated using Lemma 2. This helps reduce
the number of BFS operations needed throughout the calculation.

LEmMA 2. (Triangle Inequality Bound Update [38]). Given a ver-
tex u, once a BFS from vertex u is complete, we can use the following
inequalities to update the bounds of other verticesv € V.

ecc(v) < dist(u,v) +ecc(u)

ecc(v) > max {dist(u,v), ecc(u) — dist(u,v)}

®
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Upon executing a BFS from a vertex u # o, the upper bound
ecc(v) can be further updated to dist(u,v) + ecc(u), while the
lower bound ecc(v) is updated to max{dist(u, v), ecc(u)—dist(u, v)}.
When the lower and upper bounds of v are equal, ecc(v) is deter-
mined without performing a BFS from v.

BFS-framework. Previous works based on the BFS framework [2, 8,
12, 14, 35-38] generally follow a sequence of key steps summarized
as follows:

647

(1) For each vertex v in the graph, initialize the eccentricity
upper bound ecc(v) = +oo0 and the lower bound ecc(v) = 0;

(2) Select a source vertex set S C V. The selection of S can be
performed based on a certain criterion.

(3) Select a vertex s € S, perform a BFS traversal rooted at s,
and update the eccentricity bounds of all reachable vertices
using Lemma 2.

(4) If the upper and lower bounds of every vertex v € V are
equal, the algorithm terminates; if not, go to Step 3.

3.2 Reference-Framework with Bound Update

To reduce the number of vertex traversals and update operations,
Li et al. [20, 21] proposed a traversal strategy guided by reference
vertices.

The state-of-the-art method IFECC [20] builds upon PLLECC [21].
They share a core idea: constructing a Farthest-First Vertex Order
(FFO) queue using selected landmarks to guide vertex traversal, and
iteratively updating bounds for all vertices. However, IFECC iden-
tifies that a significant portion of the distance information stored
in PLLECC’s PLL index remains unused during query execution,
resulting in considerable space overhead for large-scale graphs. To
address this, IFECC adopts a traversal-based strategy during com-
putation, avoiding full index construction and improving efficiency.
In the following, we introduce this core idea in more detail.

RS > 2 1 1 1 1 1
L0 o)) 1) () (25) (00) (22) (20) (00) () €0 o)
Figure 4: Farthest-First Vertex Order

Farthest-First vertex Order (FFO). IFECC adopts a reference
queue called the Farthest-First Vertex Order (FFO), introduced in
PLLECC [21], which prioritizes vertex traversal by sorting vertices
in decreasing order of their distances from a reference vertex.

(1) Select a subset of vertices with the highest degree as refer-
ence vertices and add them to the set Z.

(2) For each reference vertex z € Z, perform a BFS traver-
sal starting from z, and construct a queue L?, ordered by

o s T2 — 4 4 4
decreasing distance to z: L* = (VF, VS, ..., V] )

ExAMPLE 3. Given the reference vertex vy from the Figure 2, the
vertex order based on its shortest distances to vy is used to construct
the queue L, = {vg, vg, el vfl }, as shown in Figure 4, where vertices
are sorted in descending order of their shortest distances to vy. The
number above each vertex represents its shortest distance from vy.

LeEmMA 3. (Update Bound [21]). Given a reference vertex z, con-
sider the case when r is the farthest unvisited vertex in the FFO of z.
The bounds of other verticesv € {V \ z} can be updated as follows:

®)
©)

According to the proof of IFECC, we select one reference vertex
and then compute the exact eccentricities of all vertices as follows:

ecc(v) = max {@(0), dist (v, r)}

ecc(v) = min {W(U), max {@(v), dist(v,z) + dist(z, r)}}

(1) Select one reference vertex z with the highest degree and
perform BFS from z.



(2) Construct the queue L7, ordered in decreasing shortest
distance from z as: L* = <VIZ, VZZ, e V,f> Compute the ec-
centricity ecc(z) of z.

Use the equations in Lemma 2 to update the upper and
lower bounds of each vertex v € {V '\ {z}}.

Select a vertex r and perform a BFS following the order
of L%, Use the distance results to compute dist(v,r) and
dist(v, z) + dist(z, r) according to Lemma 3, which are used
to update the lower and upper bounds of other vertices.
If all vertices v € V have ecc(v) = ecc(v), terminate the
algorithm; otherwise, goto step 4.

®)

36 36 36 26 25 25 25 24 24 24 4 24

(20)(oe) 01303 () (v b

565 36 56 56 25 45 35 25 24 34 24 44 44

) (9@ 09 @) (@) (@) () () @) () o )

44 56 56 25 45 35 25 24 34

25

N

@~

U

S

V.

<

) [ Yoo o5) (o) o) o) () o)
36/ 46155 56 35 45 35 45 34 34 44
v | ) () o) 019 (v2) (o) (26) (o) (o) (03) o)
3 4,6 55 35 45 35 45 34 34
e (1) (02) () (06) (v5) (o) ()
4,5 33 44 34 44 33 33
V2 vg \vg \'1)3\\1)5 vl\ '1)4
45 3.4
» &
45 33
Vs vg 6
4,5
Vs vg
44
U1 vg

Figure 5: The illustration of IFECC

EXAMPLE 4. Figure 5 illustrates the process on the graph from Fig-
ure 2, where the yellow vertices are used to perform the standard IFECC
algorithm, and the green vertices are reserved for subsequent expla-
nation. IFECC first selects vy as the initial reference vertex and uses
Lemma 2 to initialize the bounds of other vertices. After the BFS from
vg, the lower bound of vy is updated to max{ecc(v10), dist(vg, v19)} =
4, and the upper bound is updated to min{ecc(v19), max{ecc(v10),
dist(v10,v0) + dist(vo,v9) }} = 4. This process continues until vertex
v, where all vertices satisfy ecc(v) = ecc(v). The total number of
traversals is 8.

Limitation. The IFECC framework suffers from two limitations:
(1) it lacks a redundancy identification strategy to prune redundant
vertices; (2) each vertex must perform a complete traversal to en-
sure the correct termination of the algorithm. In other words, the
framework lacks a strategy to identify redundant vertices. Here,
redundant vertices refer to those whose traversals can be substi-
tuted by the traversals of other vertices. Nevertheless, skipping any
redundant vertex is not permitted, since the termination condition
ecc(v) = ecc(v) for all vertices v € V relies on complete bound
updates, which depend on complete traversal.

ExAMPLE 5. Figure 5 illustrates the limitations of IFECC. We focus
on the changes of vertex vg. The green vertices indicate the situation
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when IFECC skips the traversal of vg, showing its lower and upper
bounds. If we skip the traversal of vertex vs, its bounds will not be
updated. Therefore, two additional red vertices vs,v1 € L* have been
traversed, which increases the total number of traversals from 8 to 9.

Our solution. To address the above limitation, our core idea is to
use a vertex dominance strategy to identify redundant vertices and
perform traversals and update operations on the useful vertices.
Additionally, for each traversal, we apply a rule that ensures correct-
ness and allows for efficient checking of whether all vertices have
been correctly computed, even if some vertices are skipped. Further-
more, we design a vertex merging strategy that uses two Dijkstra
traversals to avoid traversing the majority of the vertices. Together,
these methods effectively eliminate redundant computations. The
implementation details are presented in the later sections.

3.3 APSP Problem

The all-pairs shortest paths (APSP) problem is a classical task in
graph theory, which aims to compute the shortest path distance
between every pair of vertices in a graph. The most fundamental
solution is the Floyd-Warshall algorithm, which runs in O(n®) time
and requires O(n?) space. To improve efficiency, Wei Peng [33]
proposed a fast APSP algorithm for complex networks. The key
idea is to prioritize high-degree vertices as hubs, compute their
shortest paths first, and use these results as upper bounds when
processing other sources, thereby achieving an empirical complex-
ity of O(n?#). Pereira Junior [16] proposed the FB-APSP algorithm,
which employs a bidirectional scanning strategy to improve effi-
ciency. FB-APSP uses both outgoing and incoming edges to reduce
redundant edge exploration.

After the all-pairs shortest paths (APSP) computation is com-
pleted, the eccentricity of any vertex can be obtained by performing
an O(n) scan over the distance matrix. Therefore, the eccentric-
ity problem is essentially a subproblem of APSP. However, APSP
computes far more distance information than eccentricity requires.
Moreover, it requires O(n?) storage, which becomes infeasible for
large-scale graphs with millions of vertices. As a result, we exclude
APSP-based methods from our experimental evaluation.

3.4 Other Centrality Variants

Recent studies have proposed several extended centrality metrics.
Steiner-k-eccentricity measures the maximum size of a minimal
Steiner tree spanning k terminals, including a given vertex [24].
Resistance eccentricity captures the maximum effective resistance
distance between vertices [25]. Other centrality metrics include
closeness centrality [31], which reflects a vertex’s average distance
to all others, and betweenness centrality [30] measures how often
a vertex lies on shortest paths.

4 A NOVEL FRAMEWORK FOR ED PROBLEM

In this section, we introduce a novel algorithm called Traversal
with Redundant Vertex Identification and Vertex Merging Strat-
egy (TRIM). This framework builds on the bound update strategy
of IFECC and extends it with our pruning and early termination
techniques. As implied by the name, the key idea is to accelerate
computation by eliminating traversals through pruning strategies.



4.1 Framework

To ensure the algorithm can terminate correctly while skipping
redundant vertices, we propose a novel termination rule. To this end,
we analyze how bound updates impact the computation results.
Upper Bound Analysis. Lemma 3 indicates that (1) the upper
bound ecc(v) = dist(v,z) + dist(z,r) decreases as dist(z,r) de-
creases, since dist(v, z) is fixed; and (2) the lower bound converges
to its exact value no later than the upper bound. The following
lemma formalizes the second observation.

LEMMA 4. For each vertexv € V, the lower bound converges to its
exact value no later than the upper bound according to Lemma 3.

Proor. We prove this lemma by contradiction. Assume that the
lower bound converges to its exact value after the upper bound.
Then, for a vertex v € V, there exist two vertices r,r’ € L? such
that vertex r satisfies dist(v,r) < ecc(v) and dist (v, z) +dist(z,r) <
ecc(v), while vertex r’ satisfies dist(v,r’) = ecc(v), dist(z,r) >
dist(z,r"),and r’ is traversed after r. We have dist (v, z)+dist(z,r) >
dist (v, z)+dist(z,r") > dist(v,r’) = ecc(v).In this case, dist (v, z)+
dist(z,r) = ecc(v) must hold. However, if this equality holds, r
must be the farthest vertex from v, implying dist(v,r) = ecc(v),
contradicting our assumption dist(v,r) < ecc(v). This proves the
a

lemma.

Based on the above analysis, we conclude that if a vertex v € V
fails to update the lower bound of any other vertex, there exists
another vertex v’ € V that can substitute v to update the lower
bound correctly. Since the correct update occurs at o’ rather than v
and, by Lemma 4, the traversal of v can be skipped, and v is regarded
as redundant. We now formally define the redundant vertex.

DEFINITION 4 (REDUNDANT VERTEX). A vertexov € L? is redun-
dant if the inequality ecc(u) > dist (v, u) holds for every vertexu € V
during the update operation performed by vertex v. In this case, pro-
cessing v cannot increase any lower bound ecc(-).

However, skipping a redundant vertex will leave its upper bound
outdated, potentially preventing the algorithm from terminating
even when all lower bounds are accurate. To address this, we pro-
pose a rule to determine the termination condition of the algorithm.

LEMMA 5. During the execution of bounds update, verticesv € V
are processed sequentially according to the fixed FFO queue. Suppose
the currently selected vertex v satisfies:

v = arg max {W(u) - ecc(u)} .
ueV -

Let ecc(v) denote the current lower bound of v € V. When processing
next vertex r € L*, if max{dist (v, z) + dist(z,r) — ecc(v)} = 0, then
all bounds have converged, and the algorithm can terminate.

Proor. Let v be the vertex with the largest bound gap after
an update operation from vertex r’ € L*. When the next vertex
r € L* is selected and processed from the FFO queue, the value
dist(v, z) +dist(z, ) gives the updated upper bound of v. The condi-
tion max{dist(v, z) +dist(z,r) — ecc(v)} = 0 implies that v’s bounds
have converged. Since all vertices undergo the same decrement in
their upper bounds and v has the largest gap, all bounds have con-
verged, and the algorithm can terminate with a correct result. O
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Algorithm 1: TRIM FRAMEWORK (G)
Input: Graph G(V, E)
Output: Eccentricity distribution ED(G)
1 L7, visy, vise, H, ecc, ecc, Tg (BS, F) « Initialization (G); //Alg.2
2 M « VertexMerging(G); //Alg.4
3 foreach vertexv € L* do
4 A « ComputeDominance(G, ¥, vis;, ecc, v); //Alg.3
5 if LPDJudge(G, A, M, vise, H, v, ecc, ecc) = true then
L return ecc;

N

7 return ecc;

Algorithm 2: Initialization (G)
Input: Graph G(V, E)
Output: L?, vis;, vise, H, ecc, ecc, T (B, F)

[

Reference vertex z « the vertex with the highest degree;
2 vise (v) « false for each vertex v € V;

vis; (T) « false for each tree T € F;

Compute core-tree decomposition [23] T (B€, F);
Compute ecc(z) and the FFO L? = (%, 0%, ...
foreach vertex v € L* do

L ecc(v) « max{ecc(v), dist(v, z), ecc(z) — dist(v,z) };

H(v) « ecc(v) — ecc(v) for each vertex v € V;

W

«a

,07) of z;

IS

ecc(v) « min{dist(v, z) + ecc(z) };

o

©

return L?, vis;, vise, H, ecc, ecc, Tg;

If we adopt IFECC and skip multiple redundant vertices, the up-
per bounds for all vertices may remain outdated. With Lemma 5, we
can precisely determine the termination condition during traversal.
Lower Bound Analysis. For any vertex v € V, Lemma 3 indicates
that the lower bound ecc(v) is determined by the maximum short-
est distance from visited vertices to v. Therefore, a BES traversal
with update operations should be valid if the current vertex can
successfully update the lower bounds of other vertices.

Based on the bound analysis, we present a framework outlin-
ing its key components. We compute the exact eccentricities of
all vertices using a boundary-based strategy and prune redundant
vertices (as defined in Definition 4) to accelerate computation. To
enable pruning, we first compute the core-tree decomposition (Al-
gorithm 2), which captures structural relationships among vertices
and is used in Algorithm 3 to determine their vertex relationships.
We further apply a novel strategy (Algorithm 4) to reduce the num-
ber of vertex traversals. Finally, the termination condition is defined
by Lemma 5 based on the analysis of Lemma 4.

Algorithm. Algorithm 1 begins by constructing the search
queue L7, initializing the related data structures (vis;, vise, H, ecc,
and ecc), and building the core-tree structure (Line 1). Next, a ver-
tex merging mechanism is applied to merge traversals of multiple
vertices (Line 2), followed by an update operation from each vertex
v € L? (Line 3). Then, we compute the dominance relationship to
identify redundant vertices (Line 4), and we apply a novel update
rule to determine the termination condition (Lines 5-6). Finally, the
algorithm returns the eccentricity array, which contains the exact
eccentricity of each vertex in the graph (Line 7).



4.2 Initialization

Since our main contribution lies in traversal pruning strategies,
we adopt a similar initialization strategy used in IFECC, selecting
the highest-degree vertex as the reference and constructing an FFO
queue. In contrast, we construct a core-tree structure to identify
redundant vertices. The details are presented in Algorithm 2.

Algorithm. Algorithm 2 first selects a vertex with the highest
degree as the reference vertex, sets all entries in vis,,vis; to false, and
constructs a core-tree structure [23] (Lines 1-4). Then, we perform
BFS from z, compute ecc(z), and construct the FFO of z according to
the shortest distance to z for all vertices v € V (Line 5). Furthermore,
we update the bounds for all vertices in L? using Lemma 2 and
initialize the array H (Lines 6-9). Finally, we return all the arrays
as well as the tree structure T (Line 10).

4.3 Vertex Dominance Strategy

After constructing the search queue L?, we obtain a traversal
order of the vertices. Then, we can perform BFS and use Lemma 3
to update the bounds of each vertex v € L? to get their exact eccen-
tricity. However, strictly following the queue L? leads to redundant
computations. The inherent reason lies in the dominance relation-
ships among the vertices v € L*. We now introduce this relationship
and give a rule on how to use it to identify the redundant vertices.

DEFINITION 5. (Vertex Dominance Strategy). Given a graph G
and a vertex set S of size t, if there exist vertices r,r’ & S such that:

(dist(r,v1) = dist(r',v1)) A ... A ... A (dist(r,v:) > dist(r’,01))
Then we say that r dominatesr’ in S, denoted asr > r’.
Vertex Domination Pruning Rule: Given a graph G(V, E), if
there exist vertices u,v € L? such that u > v holds in S, then after
using u to update the bounds of vertices in {V '\ S}, v is regarded as

a redundant vertex and can be safely pruned according to Lemma 4
and Definition 4, since v cannot update any vertex lower bound.

V2 Vg @
11
v &
vg V10 - @
Vo
Vs
W e e @
(a) A Graph G (b) A simplified graph G’ and

three vertices us, v12, V13

Figure 6: The example of vertex dominance.

EXAMPLE 6. Figure 6 (a) shows the original graph G, and Figure 6
(b) shows the simplified graph G’, where G’ = {G \ {v3,v12,013}}.
Strictly following the IFECC approach requires visiting v12,v13 and
v3 sequentially, which requires 3 full BFS traversals. However, since
3 forms the cut set between v12,v13 and other verticesv € G’, each
vertexv € G’ has the same shortest distance to vy and v13, which is
strictly greater than its distance to vs. Thereforevia > {v3,v13} in the
set G’. With minimal cost, we update the bounds of {vs, v12,v13} from
v3 and v13, after whichvs,v13 can be safely pruned. The BFS traversals
can be reduced from 3 to 1 by skipping two redundant vertices.
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We employ two strategies to handle vertex dominance. The first
strategy, performed before traversing r € L?, uses core-tree de-
composition to identify dominance relationships among vertices in
the same tree and prune redundant vertices. The intuition behind
the first strategy is that there exists a cut set composed of the par-
ent vertex and its neighbors, which enables distance comparisons
among the vertices within the same subtree. The second is an adap-
tive dominance judgment strategy applied during traversal, which
dynamically determines whether the current vertex is dominated
by previously visited vertices since they have no impact on lower
bound updates. We introduce these two strategies in detail below.

4.4 Core-Tree and Vertex Dominance Strategy

The details of the core-tree decomposition are illustrated in
Section 2. Given a tree T, the shortest distances from vertex v € T
to vertex u € {V \ T} are comparable according to Corollary 1.
According to Definition 2, given two vertices v,v” that belong to
the same tree T, the set S = {V \ T} is determined. If dist (v, u) >
dist(v’,u) holds for all u € {V \ T}, indicating that v dominates
v’ in the set S = {V \ T}. Since the dominance relation holds in
{V'\ T}, we need to update the bounds of the vertices in the tree T.

LEMMA 6. (Core-Tree-Based Dominance Pruning Strategy). Given
a graph G(V,E) and a tree T. If two verticesu,v € T satisfyu > v in
the set {V \ T}, then v can be pruned after computing its distances
to all vertices in the tree T via a Dijkstra starting from v, which only
involves vertices in the cut set N, and the tree. The resulting distances
are used to update the lower bounds of the vertices in T.

Proor. Let T C ¥ be a subtree of the core-tree. Corollary 1
implies that the neighbors N, of the root vertex r of the root node
X, form a cut set C that separates any vertex s € T from any
vertex t € (V \ (T U N;)). Consequently, the shortest path from s
to ¢t must pass through a vertex in Nj, and it satisfies dist(s, t) =
min, ¢, {dist(s, r) + dist(r, ) }. For two vertices u,v € T where u >
v, the shortest path segment dist(r, t) is the same, and it holds that
dist(u,r) > dist(v,r). Therefore, dist(u,t) > dist(v,t), implying
that u can substitute v as farthest vertex for vertex t € {V\T}. O

If the current vertex satisfies u > v in tree T, then v cannot
provide effective lower bound updates to vertices x € {V \ T}.
Therefore, after updating the lower bounds of all vertices in T, v
can be safely pruned according to Lemma 6.

Algorithm. Algorithm 3 outlines the Vertex Dominance Compu-
tation. If tree T has been visited before vertex v, it is not recomputed
(Lines 1-3). Initially, all entries of the array A are set to true (Line
4). Each vertex x € {Ix, | X; € T} computes its shortest distances
to the cut set N, (Line 5). For any v;,0; € {Ix, | X; € T}, if the
shortest-path distance from v; to every vertex in N, is greater than
or equal to that from v;, we set A(v;) as false, indicating that
v; > vj, and thus the bounds updated from v; are computed using
a small-range Dijkstra (Lines 6-9). The final active array A serves
as the dominance indicator for vertices in tree T (Line 10).

THEOREM 2. The time complexity of Algorithm 3 is O(d - n’? +
n’ logn’), which is bounded by O(d - n? + nlogn) sincen’ < n.

PrOOF. Let d be the tree width, n’ the number of vertices, and
k the average cost of computing the distance from a vertex to the



Algorithm 3: ComputeDominance (G, F, vis;, ecc, v)

Input: Graph G, a forest ¥, an array vis;, an array ecc, and a
vertex v

Output: Domination array A
1 T « the tree contains vertex v;
2 if vis;(T) = true then return A;
3 visy (T) « true;
4 A(v) « true for each index vertex v of X, € T;
5 Compute the shortest distances from vertex x € {Ix, | X; € T} to

the set N,;
6 forv;,vj € {Ix; | X; € T} do
if Yu € Ny, s.t.dist(v;,u) > dist(vj,u)V

(dist(v;,u) = dist(vj,u) A (i < j))then

Update the lower bounds ecc for x € {Ix; | X; € T};

L A(vj) « false;

N

o

©

return A;

Figure 7: The illustration of LPD

cut set N,. Computing distances for all n’ vertices costs O(n’k),
which is negligible compared to O(dn’?) since k < dn’. Sorting
distance lists costs O(n’ logn’), and pairwise dominance compar-
isons in k dimensions cost O(dn’?). Thus, the total time complexity
of Algorithm 3 is O(dn’? + n’ logn’). ]

ExampLE 7. Figure 3 illustrates that vertices v1z and v3 belong to
the same tree rooted at v3 (from the graph in Figure 2). The neigh-
borhood of vs forms the cut set N = {v4,v¢}. Since v12 has a greater
shortest path distance to N, than vs, we conclude that viz > v3, sov3
can be safely pruned during traversal.

4.5 Largest Pruning Distance

We observe that each visited vertex r’ € L stores its shortest-
path distances to all other vertices. When selecting the current
vertex r € L7, its distances to other vertices remain unknown, mak-
ing it impossible to form the comparison set S in Definition 5. To
address this, we propose an adaptive dominance judgment strat-
egy that dynamically determines dominance relationships during
traversal without requiring an explicit definition of S.

We solve the vertex dominance relationship based on an intuitive
idea: evaluate the effectiveness of the current vertex rg € L using
distance information from visited vertices r € L* during its traver-
sal. Suppose a BFS is performed from a vertex r € L?. If we cannot
update the lower bound of a vertex v, then there exists another ver-
tex r’ satisfying dist(r’,v) > dist(r,v). Without loss of generality,
assume that two vertices r and r’, where dist(u,r’) > dist(u,r).

ExaMPLE 8. Figure 7 shows the lower bound update for a vertex
u € V. Let the red circle be centered at r with radius rd = dist(u,r’) —
dist(u, r). To update ecc(u) from ry € L?, we check if dist(r,ry) <
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Figure 8: The example of LPD

rd. By the triangle inequality among vertices {u,r,ro}, this gives:
dist(u,rg) < dist(r,ro) + dist(u,r) < dist(u,r’). It implies that
dist(u, ro) is not greater than the lower bound ecc(v). Therefore, the
vertex ro cannot update the lower bound of the vertex u.

Based on the above observation, we provide a formal definition
to determine the pruning distance.

DEFINITION 6 (LARGEST PRUNING DISTANCE). Given a vertexr €
L7, the largest pruning distance (denoted as LPD) is defined as:

LPD(r) = min{ecc(v) — dist(r,v) |v € V}

where ecc(v) denotes the lower bound of vertexv, and dist(r,v) denotes
the shortest path distance between vertex r and vertex v.

A zero value of LPD implies that some vertices regard the current
vertex r € L? as the farthest vertex, while a non-zero LPD indicates
that all such vertices select a visited vertex r’ € L? instead.

LEMMA 7. We can safely prune the current vertex x € L* during
BFS upon encountering a vertexr € L* that has completed a global
BFS and calculated its LPD, satisfying the following condition:

LPD(r) > dist(x,r).

ProOF. We prove this by contradiction. Let r be the encountered
vertex during BFS from x. We assume that vertex x cannot be pruned
by r under the condition LPD(r) > dist(x, r). It implies that x can
update at least one lower bound for a vertex v € V. According to
Definition 6, for every vertex v € V, there exists a vertex r’ such
that: dist(v,r’) — dist(r,v) > LPD(r). By assumption, LPD(r) >
dist(x,r), which leads to the inequality dist(v,r") > dist(x,r) +
dist(r,v) > dist(v, x). This implies that for every vertex v € V there
exists a vertex r’ whose shortest distance to v is greater than or
equal to the distance from x to v. Therefore, vertex x cannot update
any lower bound, which contradicts our initial assumption. O

ExAMPLE 9. Figure 8 demonstrates the pruning rule from Lemma 7
and the update operation from Lemma 3. After vy performs BFS, we get
LPD(v2) = 2. When the next vertex v3 performs BFS and reaches vz,
since dist(vg, v3) = LPD(v3), traversal from vs can be pruned. After
pruning vy, the termination condition dist(v, z)+dist(z, r)—ecc(v) = 0
is met, so the algorithm terminates, taking each vertex’s lower bound
as its exact eccentricity. In total, 7 BFS traversals are performed.



Algorithm 4: VertexMerging (G)

Algorithm 5: LPDJudge (G, A, M, vise, H, v, ecc, ecc)

Input: Graph G = (V, E)

Output: Vertex Merging structure
1 visited(v) « false for every vertex v;
2 Set M « 0;

3 foreach v € V do
4 if deg(v) # 2 and visited(v) = false then

5 visited(v) « true;

6 if Vu € N(v) : deg(u) > 2 then

7 Construct the chain C, including vertex v;
8 L Me— MUCy;

9 foreach x € N, do

10 Construct the chain Cy from x;

11 M — MUCy;

V w € Cy, visited(w) « true;

13 return M;

4.6 Vertex Merging Strategy

The original traversal strategy relies on a single-vertex BFS, with
each iteration updating bounds solely from the perspective of one
reference vertex. This raises the question: Can one traversal cover
multiple vertices? We observe that vertices in real-world graphs
often reside in chain-like structures. Motivated by this, we propose
a vertex merging strategy to eliminate redundant traversals by
treating such structures as unified units for update.

DEFINITION 7. (Chain Structure). Given a vertex v with degree 2.
The chain with the length len containing v : Chaing, = {v1,02, ..., Ujen }
satisfies the following conditions:

o The degree of the left and right endpoints of the chain must
be either 1 or greater than 2.
o The degree of all other vertices in the chain equals 2.

Algorithm.The process of merging vertices is shown in Algo-
rithm 4. We initialize the array visited and M (Lines 1-2). For each
unvisited vertex v, if deg(v) # 2, we mark v as a potential endpoint
(Lines 4-5). If all neighbors u € N(v) satisfy deg(u) > 2, then v is
recorded as a single-vertex chain (Lines 6-8); otherwise, we traverse
its neighbors to construct the corresponding chain (Lines 9-12).

THEOREM 3. The time complexity of the Vertex Merging construc-
tion is O(n + m).

Proor. Algorithm 4 constructs the chain structure in (n + m)
time. It iterates over all n vertices in O(n) time (Line 3), and each
edge is scanned once. For each unvisited vertex with degree # 2,
we either insert it as a singleton chain (Lines 6-7), or construct a
chain starting from its neighbors with degree # 2 and add it to M
(Lines 8-11). The total time complexity is therefore O(n+m). O

LEMMA 8. Given a vertex u and a chain with length len, after
completing BFS of left endpoint v; and right endpoint v,, the farthest
dlst(u,vl)+d;st(u,u,)+len. Thefarthest

vertex v can be determined by
distance can be calculated using the following equation:

o Ifu,v are on the same chain, the farthest distance is:

max{dist(u,v;), dist(u,vy)}
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Input: Graph G, array (A, merging structure M, array vis,,
array H, vertex v, arrays ecc and ecc (both updated
by reference)

Output: Termination flag: true if bounds have converged

1 C, « the chain that contains v in M;

2 o7, v < left and right endpoints of Cy;

3 Queue q < 0 ;

4 Sets Sy, Sp, — 0;

5 if A(v) = true then

6 if |Cy| = 1 and vise (v) = false then

7 L q—qU{0,0,0};
8 else
9 foreach u € {v;, v, } where vise (u) = false do

10

L q—qU{uu0};

while g # 0 do
(u, source,d) « g.extractMin();

1
12
13 if u € Ssource then continue ;
Ssource < Ssource U U;
H(u) « H(u) — max(0,d — ecc(u)) ;
ecc(u) « max{ecc(u),d};
LPD(vsource) < min{LPD(0source), ecc(u) — d};
if |Cy| =1 then

L if vise (u) = true and d < LPD(u) then break ;

14
15
16
17
18
19
else

21 if vise(u) = true andu € Su;» Su, then

22 L D « the farthest distance from u to vertex on Cy;
23

if O < LPD(u) then break ;
24 for each neighbor x € N, do
25 L dist{source,x} «— d+1;
26

| if g = 0 then vis (v1), vise (vy) — true;

while H # 0 do

x « argmin(H(x));

H(x) « H(x) — (dist(v,z) — dist(v,z)) // ¢ is the last
reference vertex;

if H(x) < 0 then

L H« H\x;

20

q — qU {x, source, dist{source,x}};

27

28

29

30

31
32

33 else return false;

34 return frue

o Ifu,v are not on the same chain, the farthest distance is:

min{dist(u, vj) + dist(v},v), dist(u,vy) + dist(v,,0)}

ProoF. Let v be the farthest vertex from u on the chain.

If u and v lie on the same chain, then v must be either v; or
oy, since no internal vertex can be further than endpoints.

If u,v are not on the same chain, any path connecting an
external vertex u to the chain must traverse either v; or v, (as
these form the chain’s cut set). By the maximality of dist(u, v), the
distances via both endpoints must satisfy:

(@)

dist(u, vy) + dist(v, v) = dist(u, vy) + dist(oy, v).
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Figure 9: The illustration of TRIM

Since the chain’s length is len = dist(v}, v,), we have:

dist(vy, ) + dist(v,, v) = len. (b)
Substituting dist(v,, v) = len — dist(vj, v) into (a):
dist(vj, v) = (dist(u, v,) + len — dist(u,v7)) / 2. (c)
Substituting (c) into dist(u, v) = dist(u, v;) + dist(vy, v):
dist(u, v) = (dist(u, vy) + dist(u, v;) + len) / 2. (d)

The farthest vertex on the chain is determined by its distance from

vy. To find the farthest vertex from an external vertex u, we compute
dist(u,0, )+dist(u,v;)+len

the critical position at distance
compare adjacent vertices to identify the farthest vertex from u.

from v}, and
O

We design an LPD-based pruning strategy with vertex merging
strategy to reduce redundant traversals. Each vertex v € L is re-
garded as part of a chain, and two independent Dijkstra searches
are initiated from the chain’s endpoints. If a vertex u that has com-
pleted a full traversal is encountered during traversal, we compute
its farthest shortest distance d to the chain using Lemma 8 and com-
pare it with LPD(u) to decide whether the traversal can be pruned.
Algorithm 5 outlines the exploration and termination process.

Algorithm. After initializing (Lines 1-4), if A(v) # true, we
prune vertex v (Line 5); otherwise, we enqueue u with distance
0 for a single-vertex chain. For multi-vertex chains, only unvis-
ited endpoints v; or v, are enqueued, while visited vertices reuse
recorded distances (Lines 6-10). The main loop extracts the vertex
with the smallest distance from the queue and checks whether it
has already been dequeued (Lines 12-14). Then, H(u) is updated
using the lower-bound difference, while ecc(u) and LPD(vsoyrce)
are updated simultaneously (Lines 15-17). For single-vertex chains,
the algorithm checks if the current vertex has performed BFS and
satisfies d < LPD(u). For chains with more than one vertex, if the
current vertex has performed BFS and both endpoints are visited,
we check whether the distance D satisfies D < LPD(u) (Lines
18-23). The neighbors of the current vertex are then enqueued with
updated distances. If g becomes empty, vise (v;) and vise (v,) are set
to true (Lines 24-27). Then, we repeatedly extract the minimum
value from H and update the values in the set H. If all extracted val-
ues are zero, the algorithm can terminate according to Lemma 5 and
return false. Otherwise, the algorithm returns true (Lines 28-34).

THEOREM 4. The time complexity of Algorithm 5 is O (n* + m™).
n* and m* are the number of vertices and edges where Algorithm 5
traverses by, which is bounded by O (n+m) sincen® < nandm* < m.
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Proor. Algorithm 5 performs BFS from the endpoints of the
merging structure and may terminate early if d > LPD(v). It costs
O(n* + m*). On line 29, we have to find the minimum vertex in a
set. In an unweighted graph, the upper and lower bound is bounded
by the eccentricity value. We can use a method like bucket sorting
to store the gap between the upper and lower bounds. We can use
O(1) time to find x. Hence, the total time complexity of Algorithm 5
is O(n* + m"). o

ExAMPLE 10. Figure 9 illustrates the process of the TRIM. The total
number of full BFS traversals is reduced to 6. Specifically, vertex vy
lies in a chain of length 4 and requires only two traversals.

To demonstrate the extensibility, we adapt TRIM to weighted
graphs. We can replace each BFS with Dijkstra. Specifically, Algo-
rithms 1, 3 and 4 remain unchanged from the unweighted case. In Al-
gorithm 2 (line 5), ecc(z) is computed by Dijkstra instead of BFS. In
Algorithm 5 (line 25), update rule is changed to dist{source, x} «—
d + w(u][x], where w[u][x]. With a priority queue, the time com-
plexity of Algorithm 5 becomes (n* + m*) log n.

4.7 Overall Time Complexity

The time complexity of Algorithm 1 is summarized as follows:

THEOREM 5. The overall time complexity of our proposed Algo-
rithm 1is O(d - ’? + (n* + m*) - n* + n+ m). Sincen® < n’ <n,
n* < nand m* < m, the overall time complexity is bounded by
O(d~n2+(n+m)-n) =0(d - n? +nm).

Proor. Recall that d is the tree width, n’ is the number of ver-
tices in the decomposition tree, n* is the number of non-dominated
vertices, and n*, m* are the vertices and edges processed during
traversals. The time complexity includes O(n) for initialization
(Algorithm 2) and O(n + m) for merging structures (Algorithm 4).
For each v € L?, vertex dominance (Algorithm 3) costs O(d - n’? +
n’ logn’), and Line 5 costs O(n* + m*) - n*. The total complexity is
O@n+m+z-(2d-n"?+n'logn’ +2n+m)). O

5 EXPERIMENT

In this section, we first introduce the experimental setup and
provide an overview of the algorithms evaluated. Then, we present
a runtime comparison with the state-of-the-art IFECC algorithm,
followed by an analysis of the tree width d and ablation studies.

Algorithms. We compare the following approaches:

e IFECC: The state-of-the-art algorithm for computing exact
eccentricity with one reference vertex.

e TRIM-LTM: Our full framework with three strategies en-
abled: the Largest Pruning Distance (L), the Core-Tree Prun-
ing (T), and the Vertex Merging (M).

e TRIM-LT, TRIM-LM, TRIM-TM: Variants with two strate-
gies enabled, one removed.

e TRIM-L, TRIM-T, TRIM-M: Variants with only a single strat-
egy enabled.

All algorithms are implemented in C++ and compiled with GNU
GCC 9.4.0 with -O3 optimization. All experiments are conducted on
a machine with two Intel Xeon Platinum 8124M CPUs (@3.00GHz,
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Dataset Description and Comparison of IFECC and TRIM
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18 cores each, 72 threads total) and 512GB main memory, running
Linux (Ubuntu 20.04.6 LTS, Kernel 6.11.0-26-generic, 64-bit).

We employ TRIM-LT for non-road networks and TRIM-LTM for
road networks, with a detailed ablation study in the subsequent
sections. The IFECC column shows the runtime of our compared
method. The Speedup rate column indicates the ratio of IFECC’s
runtime to that of the TRIM-LTM/TRIM-LT column, thereby re-
flecting the performance improvement achieved by our approach.

Datasets. We use 20 publicly available, large-scale networks

of various types, as shown in Table 2, including social, internet,
web, road, infrastructure, citation, and collaboration networks. All
datasets are publicly available from the Stanford Large Network
Dataset Collection![17] , the Laboratory for Web Algorithms 2[6, 7],
and the Koblenz Network Collection 3[19].
Exp 1: Computation time. We compare the proposed approach
with the state-of-the-art IFECC in terms of its time consumption. To
ensure fairness, we adopt the same configuration as IFECC, which
employs one reference vertex as recommended in the study [20]. We
use TRIM-M on non-road networks and TRIM on road networks.

Our approach achieves an average speedup of 18.4x over IFECC,
consistently outperforming the state-of-the-art method across all
datasets. For non-road networks, it achieves up to 85.4x on Italy
and 16.7x on Sinaweibo. For road networks, it achieves up to two
orders of magnitude improvement in runtime over IFECC on the
COL dataset. Our approach completes all datasets in 12 hours, while
IFECC fails to process some datasets within 24 hours. These demon-
strate the high efficiency and strong scalability of our method.
Exp 2: Varying tree width. Figure 10 shows the time consump-
tion on 16 datasets when selecting different tree widths d. We
incorporate the time spent on tree decomposition into the overall
computation. We observe a non-monotonic trend in execution time
as tree width increases from 1 to 10: the runtime first decreases from
1 to 7, and then increases from 7 to 10. This is due to two consid-
erations. On one hand, larger tree width increases decomposition
overhead but enables more effective pruning by assigning more ver-
tices to branches. On the other hand, a larger tree width increases
the computational cost when identifying redundant vertices.

Specifically, the average runtimes for configurations with d =
1,3,5, and 10 are 2.38x, 1.11x, 1.06x, and 1.16x those of d = 7,
respectively. Notably, d = 3 performs better on Twitter(MPI), WIKI,
and ITALY. d = 5 performs better on COL and Sinaweibo, while
d = 10 performs better on W-USA and Hollywood09. So, we select
d = 7 as the default tree decomposition width in our method.

Exp 3: Ablation Study. Figure 11 presents a complete ablation
study covering all seven TRIM variants across all datasets. On road
networks, TRIM-LTM achieves the highest efficiency overall. Re-
moving any single component leads to noticeable efficiency degra-
dation, while adding an additional strategy on top of one or two
existing strategies generally accelerates the algorithm execution.
On non-road networks, TRIM-LT achieves the best performance on
most datasets. In these networks, removing any single strategy from
TRIM-LT generally reduces efficiency on most datasets, whereas
adding the vertex merging component (M) to TRIM-L, TRIM-T,

!http://snap.stanford.edu/data/
Zhttp://law.di.unimi.it
3http://konect.cc/networks/
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or TRIM-LT often incurs additional time overhead. Therefore, the
vertex merging strategy is most suitable for road networks.

17, 75
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1 3 4 5 6 7 8 9 10 1 12 13 14
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Figure 12: Chain Length Comparison of different datasets

To investigate why TRIM-LTM underperforms TRIM-LT on non-
road networks, we analyze the chain lengths of the vertices that
perform a traversal across three datasets: DBLP, FRIE, and NY. As
shown in Figure 12, DBLP and FRIE networks involve fewer than
1,000 vertices and most vertices are located in short chains. In con-
trast, road networks exhibit longer chains and far more vertices
that perform a traversal. For example, NY reaches chain lengths of
14, with many vertices in long chains. These longer chains enhance
the benefits of vertex merging by reducing redundant traversals. In
non-road networks, however, the limited chain lengths and small
search space diminish pruning effectiveness. These observations
are consistent with the average eccentricity and the “Traversals
(IFECC)” column in Table 2, further confirming that the shorter
chain lengths and smaller search space in non-road networks fun-
damentally limit the effectiveness of the vertex merging strategy.

6 CONCLUSION

In this paper, we study the problem of exact eccentricity com-
putation in large-scale networks. We propose a novel TRIM frame-
work that selectively traverses and updates only the effective ver-
tices, significantly reducing the overhead caused by redundant
vertex visits. Compared to the state-of-the-art IFECC algorithm,
our method achieves substantial improvements in computational
efficiency across all datasets. The experimental results demonstrate
that our approach achieves up to two orders of magnitude speedup
on large-scale networks. In addition, it remains effective on road
networks where IFECC encounters limitations, demonstrating its
scalability and practical superiority.
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