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ABSTRACT

Counting (p, q)-bicliques in bipartite graphs is crucial for a variety
of applications, from recommendation systems to cohesive sub-
graph analysis. Yet, it remains computationally challenging due to
the combinatorial explosion to exactly count the (p, q)-bicliques. In
many scenarios, e.g., graph kernel methods, however, exact counts
are not strictly required. To design a scalable and high-quality
approximate solution, we novelly resort to (p, q)-broom, a special
spanning tree of the (p, q)-biclique, which can be counted via graph
coloring and efficient dynamic programming. Based on the interme-
diate results of the dynamic programming, we propose an efficient
sampling algorithm to derive the approximate (p, q)-biclique count
from the (p, q)-broom counts. Theoretically, our method offers un-
biased estimates with provable error guarantees. Empirically, our
solution outperforms existing approximation techniques in both ac-
curacy (up to 8X error reduction) and runtime (up to 50X speedup)
on nine real-world bipartite networks, providing a scalable solution
for large-scale (p, q)-biclique counting.
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1 INTRODUCTION

The bipartite graph stands as a cornerstone in graph mining, com-
prising two distinct sets of vertices where edges exclusively link
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vertices from different sets. This concept serves as a powerful tool
for modeling relationships across various real-world domains, in-
cluding recommendation networks [7], collaboration networks [2],
and gene coexpression networks [15]. For example, in recommen-
dation networks, users and items typically constitute two distinct
vertex types. The interactions between vertices form a bipartite
graph, with edges representing users’ historical purchase behaviors.

In the realm of bipartite graph analysis, counting (p, q)-bicliques
has attracted much attention. A (p, q)-biclique is a complete sub-
graph between two distinct vertex sets of size p and q. The (2, 2)-
bicliques, also known as butterflies, have played an important role
in the analysis of bipartite networks [20, 27, 28]. Furthermore, there
are more scenarios in which p, g is not fixed to 2. In general, count-
ing (p, q)-bicliques serves as a fundamental operator in many appli-
cations, including cohesive subgraph analysis [3] and information
aggregation in graph neural networks [32], and densest subgraph
mining [21]. In higher-order bipartite graph analysis, the cluster-
ing coeflicient is the ratio between the counts of (p, g)-bicliques
and (p, q)-wedges, where counting (p, q)-wedges can be reduced
to counting (p, q)-bicliques [34].

Despite its importance, counting (p, q)-bicliques is very chal-
lenging due to its exponential increase with respect to p and g [32].
For example, in one of the graph datasets Twitter, with fewer
than 2 x 10° edges, there are more than 10'3 (5, 4)-bicliques and
more than 10'® (6, 3)-bicliques within. Therefore, enumeration-
based counting methods including BCList++ [32], EPivoter [34]
that produce the exact solution are not scalable. On the other hand,
in many applications of biclique counting, an approximate count
is often sufficient. In graph kernel methods [26], motifs serve
as the basis for defining similarity measures between graphs in
tasks like classification and anomaly detection. Since graph kernels
depend on relative similarities rather than exact counts, approxi-
mate counts can preserve kernel performance while significantly
reducing the computational overhead. This efficiency facilitates
similarity computations in various fields:

e Bioinformatics: Zhang et al. [36] proposed algorithms to enu-
merate maximal bicliques in bipartite graphs derived from func-
tional genomics (genes vs. gene-sets), enabling the identification
of co-regulatory modules. A high number of bicliques in certain
regions often indicates dense regulatory relationships, which can
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be helpful for detecting such modules. However, full enumeration
quickly becomes infeasible as graphs grow larger or the num-
ber of bicliques explodes. This limitation motivates our work on
scalable approximate biclique counting, which aims to estimate
biclique numbers (or those of particular sizes) accurately without
exhaustive enumeration.

e Cybersecurity: In e-commerce fraud detection, bicliques also
serve as key indicators of suspicious activity. For example, Wu
et al. [30] show that in Taobao’s large transaction network, click-
farming attacks can be modeled as large bicliques. Similarly, Ban
[1] introduces the Maximal Half-Isolated Biclique problem to
detect synchronized fraudulent behavior in customer—product
graphs. These studies highlight that high biclique counts—or the
presence of unusually large bicliques—in specific regions of a
bipartite graph can be strong signals of fraud.

e Data Mining: In recommendation systems [27], biclique count-
ing helps uncover dense substructures among users or items,
such as groups of users with shared interests or items commonly
co-purchased. In large-scale environments such as e-commerce or
streaming platforms, allowing a small error margin for counting
can significantly reduce the runtime cost while still preserving
the effectiveness of the downstream tasks.

From this perspective, we can see that developing algorithms that
produce approximate answers to (p, q)-biclique counting is more
practical and more applicable to large-scale data. Ye et al. propose a
sampling-based method called EP/Zz++ for approximate counting
(p, q)-bicliques [34]. However, its precision is not satisfactory as
p, q increases. For example, when querying (5, 9)-bicliques in the
data set Twitter, EP/Zz++ could produce an answer of the error
ratio of more than 200%.! This shows the need to develop a bet-
ter algorithm for approximate (p, q)-biclique counting, aiming to
improve scalability and accuracy.

In this paper, we propose a new sampling-based method that
produces a high-accuracy approximate counting of (p, q)-bicliques.
We first adapt the coloring trick in this problem, inspired by several
counting methods of k-cliques in general graphs [18, 33]. Then, we
design a special type of subgraph that has a strong correlation with
(p, q)-biclique, named (p, q)-brooms. The (p, q)-broom is a special
type of spanning tree in a (p, q)-biclique, which has a fixed struc-
ture that can be taken advantage of when counting the amount.
Using dynamic programming, we can count this motif efficiently
and precisely. It also naturally adapts to the coloring. Finally, we
develop a sampling method that takes advantage of the coloring
and the intermediate result of dynamic programming. Compared
to the h-zigzag pattern proposed by Ep/Zz++, our (p, q)-brooms
have a structure that is closer to (p, g)-cliques, and they usually
have a smaller amount in the graph. As a result, it provides a better
error guarantee when sampling (p, g)-bicliques from them. Our
algorithm is still heuristic since it includes a graph-coloring pro-
cess, and the sampling time analysis contains a ratio that could
be exponential. However, these processes are shown to be very
efficient in practice. We empirically evaluate our algorithm against
state-of-the-art exact and approximate counting algorithms on nine

Let C and € be the exact and approximate counts of the (p, g)-biclique, respectively.

The estimation error ratio is defined as ‘CE(“ .
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real-world datasets. All experimental results demonstrate the ef-
fectiveness of our algorithm. Besides the mathematical analysis,
the high-level idea here is the sparsification. Since (p, g)-bicliques
in real-world datasets contain realistic meanings, finding a sparsi-
fier that is likely to preserve the information within bicliques is a
promising approach to reducing the computational cost in practice.
On the other hand, the mathematical analysis of unbiasedness and
sampling time ensures that we can use this algorithm in practice.
We can set the sampling time to a large number, allowing us to with-
stand the overall cost. Or we can iteratively increase the sampling
time and terminate while the result shows a convergence trend.
Our contributions are summarized as follows:

e We design (p, q)-broom, a special type of spanning tree in a
(p, q)-biclique, which can be efficiently counted via dynamic
programming.

e Based on the dynamic programming result of counting (p, q)-
brooms, we develop an efficient sampling-based algorithm that
computes a high-accuracy counting of (p, q)-bicliques in bipartite
graphs.

e Mathematical analysis shows that our algorithm is unbiased and
obtains a provable error guarantee.

o Extensive experiments show that our algorithm consistently out-
performs state-of-the-art approximate algorithms, with up to 8x
reduction in approximation errors and up to 50X speed-up in
running time.

o Additional experiments further support the effectiveness and
novelty of our algorithm, which includes empirical results such
as an ablation study on the newly designed coloring method and
an experiment on the hyper-parameters.

Outline. The rest of the paper is organized as follows. We review
the related work in Section 2, and introduce notations and defi-
nitions in Section 3. Section 4 presents our sampling-based algo-
rithm. Experimental results are given in Section 5 and Section 6.
We present major experimental results in Section 5 and provide
several detailed analyses. We conclude in Section 7.

2 RELATED WORKS

Biclique Counting. The biclique counting problem focuses on enu-
merating (p, q)-bicliques within bipartite graphs, with particular
emphasis on the (2, 2)-biclique, commonly known as a butterfly—a
fundamental structural pattern with significant real-world applica-
tions. Given the importance of butterfly motifs, researchers have
developed numerous algorithms for their efficient enumeration and
counting [24, 27, 28]. The state-of-the-art method utilizes the vertex
priority and cache optimization [28]. Recent advances have emerged
in multiple directions: parallel computing techniques that optimize
both memory and time efficiency [31], I/O-efficient methods [29]
that minimize disk operations, and approximation strategies that
provide accurate counts while reducing computational overhead.
The field has further expanded to address more complex graph
types, including uncertain graphs with probabilistic edges [38] and
temporal graphs incorporating time-varying relationships [6]. The
(p, @)-biclique counting is a general version of butterfly counting,
which recently gained much attention [32, 34]. The state-of-the-art
methods are introduced and analyzed in the latter (See Section 3.1).



k-clique Counting. The evolution of k-clique counting algorithms
began with Chiba and Nishizeki’s backtracking enumeration method,
which was later enhanced through more efficient ordering-based
optimizations, including degeneracy ordering (Danisch et al. [9])
and color ordering (Li et al. [18]). While these algorithms perform
efficiently for small k, their performance deteriorates with increas-
ing k. Pivoter [13], introduced by Jain and Seshadhri, marked a
significant advancement by employing pivoting techniques from
maximal clique enumeration, enabling combinatorial counting in-
stead of explicit enumeration. However, Pivoter’s performance can
degrade on large, dense graphs. To address scalability challenges,
researchers have developed sampling-based approaches, including
TuranShadow [14] and coloring-based sampling techniques [33].

Other Motif Counting. Beyond k-clique and (p, g)-biclique, nu-
merous works are focusing on counting general motifs, such as
four-cycles and other subgraph patterns [4, 12, 19, 25, 37, 39]. These
methods can be broadly divided into two categories: traditional
counting approaches [4, 19, 25] and learning-based methods [12, 37].
The former is typically based on the sampling and enumeration
techniques used to obtain the approximate and exact count of the
motif, respectively. In contrast, learning-based approaches offer an
alternative approximate solution by leveraging machine learning
techniques. Beyond this primary categorization, subgraph count-
ing can be further classified by scope: global counting determines
subgraph frequencies across the entire graph, while local counting
focuses on specific nodes or edges.

Dynamic Programming in Subgraph Problems In our proposed
algorithm, dynamic programming is used to compute the number of
special types of spanning trees. In many recent works for subgraph
matching algorithms [10, 16], they also use dynamic programming
to search a data graph for embeddings of a path tree obtained from
a query graph. Although we all fix an ordering for these trees
and conduct dynamic programming according, our method focuses
and works differently: We use both the intermediate and final re-
sults to ensure the following sampling process can be effective.
Furthermore, our transition formula and recurrence relations are
significantly different. The key idea of our method is to take advan-
tage of the bipartite structure. We split the tree into several "prefix"
subtrees and identify them by the number of edges and the last
edge that adds in. In this way, we manage to compute the number
of all trees as well as the number of all "prefix" tree.

3 PRELIMINARIES

Throughout the paper, we study the bipartite graphs. A bipartite
graph is an undirected graph G = ((U,V),E), where U and V
are disjoint sets of vertices and each edge (u,v) € E satisfies u €
U,v € V. To denote the corresponding vertex and edge sets of a
certain G, we may use U(G), V(G), and E(G), respectively. For
each vertex u € U(G), we denote its neighbor set as N(u,G) =
{v € V| (u,0) € E}. Similarly, for a vertex v € V(G), its neighbor
setis N(0,G) = {u € U | (u,v) € E}. For any vertex x € UJ V,
its degree d(x) is the size of its neighbor set. Now we define the
(p, q)-biclique.

Definition 3.1 (Biclique). Given a bipartite graph G = ((U, V), E),
a (p, q)-biclique is a subgraph G’ = ((U’,V’),E’) € G where |U’| =
p, |V |=qand E' = {(u,0) |lu e U’',o e V'}.
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Figure 1: An illustrative example of two (3, 2)-bicliques.

Lastly, we define the problem that we mainly study:

PrOBLEM 1 (BicLIQUE COUNTING). Given a bipartite graph G and
two integers p and q, compute the number of (p, q)-bicliques in G.

For example, in Figure 1, there are two (3, 2)-bicliques: (1) U’ =
{1,3,4}, V' ={1,2}; (2) U’ = {3,4,5}, V’ = {2,3}. Their edges are
highlighted with pink lines and blue lines, respectively. Therefore,
the number of (3, 2)-bicliques is 2. It is also known that Problem 1
is NP-Hard [32], which means there is no algorithm that runs in
polynomial time. Throughout this paper, we assume p, g > 2.

4 ALGORITHM

In this section, we propose a new algorithm called Colored Broom-
based Sampling (CBS) that solves Problem 1 approximately.

1. Coloring. Inspired by methods for solving k-clique counting
problems on general graphs [18, 33], we start by assigning a color
to every vertex on the graph (Section 4.1). Our coloring method is
simple, and produces assignments with a small number of colors
empirically. Although graph coloring has already been used in k-
clique problems on general graphs, it is a new attempt to utilize
it on bipartite graphs for biclique problems. On the other hand, if
we directly apply the traditional coloring, it becomes 2-coloring
and cannot ensure the distinct color assignment for every existing
biclique. In general, coloring can be considered as an optimization
aiming to reduce the number of accountable brooms. Intuitively,
each (p, g)-biclique must obtain at least p or g colors due to the defi-
nition. In turn, increase the probability such that the sampled broom
is a biclique. It also allows us to construct a dynamic programming
implemented by following the color indices.

We construct a new coloring condition and prove its effectiveness
in result. Since the graph-coloring problem is NP-Complete, there
should be no theoretically optimal guarantee. In our empirical
study, we have conducted an ablation study (Section 6.1) showing
the effectiveness of the coloring process as well as slightly different
coloring strategies.

2. Broom Pattern Counting. Instead of counting bicliques directly,
our next step is to calculate the number of a special motif called
"broom" that we design (Section 4.2). It is a special type of spanning
trees of (p, g)-bicliques. Our first insight is that a spanning tree
captures a subgraph better than a simple path. Then, since in the
real-world dataset, (p, q)-bicliques contain realistic meanings and
we also hope the sparsified motif can preserve this inner informa-
tion. Therefore, we try to allocate all p + g — 1 edges to each vertex
as evenly as possible. In turn, we have the following mathematical
definition of (p, q)-brooms that indicates this purpose:

Definition 4.1 (Broom). Given a bipartite graph G((U, V), E), two
vertex sets U’ € U and V' € V of size p and g, respectively. A



A ONONMONMONMOND

14

Figure 2: An illustrative example of a (6,3)-broom.

vertex ordering is also given: {ug, us,...,up} and {v1,02,...,04}.
The corresponding (p, g)-broom is the subgraph G’ ((U’,V’),E’) €
G that satisfies

) 1<i<p}

Ul anp-n o) [ 2 <0 < g}
q-1

/ . R
B = o wngon )

In Figure 2, we provide an illustration of a (6, 3)-broom. We can
observe that such a subgraph is, in fact, a tree, which contains
p +q— 1 edges and is connected. As shown in Figure 2, we can
clearly see that each vertex v; in V' connects to the 2 — 3 vertices u;
in U that i and j are close. Note that the defined ordering is only
used to characterize the pattern, providing a better visualization,
and it does not have to align with the original vertex index. Visually
speaking, a (p, g)-broom is the "skeleton" of a (p, g)-biclique. The
general idea here is to design a way to sparsify the dense biclique
while trying best to preserve its identity. This broom pattern is
very different from EP/Zz++ [34]’s h-zigzag patterns, as they only
use a simple path. We then empirically show that such pattern’s
count can lead to a much better approximation of biclique counting.
This distribution design limits the total number of existing brooms,
which makes the error analysis tight. Despite its complicated struc-
tures, we show in Section 4.2 that its amount can be computed
precisely and efficiently using a dynamic programming process
with respect to color assignment.

3. Counting by Sampling Brooms. Lastly, by sampling, we extract
the quantity relationship between the (p,q)-brooms and (p, q)-
bicliques in the graph and eventually compute our approximate
answer (Section 4.3). Shown in Section 5, our algorithm produces
high-accuracy approximate counting with faster runtime in real-
world datasets. We also prove unbiasedness and provide an error
guarantee for our algorithm.

4.1 Coloring

The color assignment should guarantee that for any (p, q)-clique
H, there are no two vertices in U(H) that share the same color.
Similarly, the same is true for any two vertices in V(H). The way
to achieve this is to relax the condition as "limiting same-color-
endpoint-wedges < ¢, which is easy to keep track of.

Our coloring algorithm is shown in Algorithm 1. We run the
coloring process CalcColor for the vertices in U and V separately
(Line 1, 2). Note that here, we consider the neighbor symmetrically.
After preprocessing the input graph G with Algorithm 1, each vertex
x € UJV is colored, and we denote its color as c(x).

S denotes the set of vertices that has not been colored. Whenever
S is not empty (Line 7), we will try coloring some vertices with a
new color, denoted as k. For brevity, we initialize k to be 1 (Line 6),
and whenever we need a new color, we increase x by 1 (Line 16). Cnt
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is a temporary array that is used to guarantee the coloring is legal.
Specifically, when we try coloring with color x, Cnt[u] stores the
number of v that satisfies v € N (u, G) and there exists w € N (v, G)
such that w # u and ¢(w) = k. In each round of coloring, we start
by initializing Cnt to be all zeros (Line 8). We use Spext to store
vertices that have to be colored in the next round, initialized as 0
(Line 9). We enumerate vertices in S in a randomized order (Line 10).
For each enumerated vertex u, we first set its color to be k (Line 11)
and update Cnt correspondingly (Line 12). If there exists a vertex x
such that Cnt[x] > g and c(x) = x (Line 13), then there could exist
a (p, q)-biclique with two vertices with the same color. Therefore,
such coloring is illegal, and we cannot color u with k. In such case,
we first revert the changes in Cnt (Line 14) and add u into Spext
(Line 15). In the end, we have tried every vertex in S at least once
and have deferred some vertices’ coloring to upcoming rounds. We
assign Spexs to S and continue (Line 17).

To see that the runtime of this coloring process is dominated
by the total time of the total number of colors, ie. k, we need to
show that querying, updating, and reverting cnt can be done in
O(|N(u,G)|) each operation. Here we provide one possible imple-
mentation about how to achieve [N (u, G)| for a single update as
follows: The idea is to use the lazy propagation trick. We only main-
tain cnt from vertices that are (will be) colored «, and each round
we maintain a status status[v] = (¢, w) for V during each round
coloring U. Specifically, t = 0 indicates v has no neighbor of color
k; t = 1 means exactly one neighbor w of color k, and t = 2 means
at least two neighbors are colored k. Whenever we color u to k, we
need to check all its neighbor v € N(u, G). Let status[v] = (t, w).
If t > 1,we update Cnt[u].If t = 1, we update Cnt[w]. After it, we
update status[v] accordingly. In all, for each u, we update its neigh-
bor v with O(1) operations. Therefore, the total cost for a single
update is O(|N (u, G)|). In all, the time complexity is O(k|E|). Note
that k is naturally bounded by |U(H)|. In fact, shown in Table 1,
on real-world datasets, k is not large and our coloring algorithm
runs very efficiently in turn. The only question left is how such an
algorithm guarantees a correct color assignment. We prove it in
the following lemma.

LEMMA 4.2. After executing Coloring(G, p, q), forany (p, q)-clique
H in G, there are no two vertices x, y either both in U(H) or in V(H)
that share the same color, i.e. c(x) = c(y).

Proor. Let U(H) = {u1,up,...,up}, V(H) = {v1,02,...,0q}.
Because of symmetry, we only prove the case of U and p. We assume
that there are two vertices u1, u2 € U(H) with the same color, i.e.
c(u1) = c(uz) = k. WLOG, when we color vertices with the k-th
color, we first set ¢(u1) <« k. Then we will have Cnt[uz] > g since
{v1,02,...,0¢} are uz’s neighbors and they all have neighbor u;
such that ¢(u;) = k. So uz cannot be colored in this round. This
contradicts the assumption.

[m}

Randomization is a classical way to produce a solution in graph
coloring. We have conducted an additional experiment in Section 6.1
using three different ordering strategies: ascending order, descend-
ing order, and random order. The results indicate that there are
no significant differences in efficiency or error between the three
strategies. There is also another ablation study on the effectiveness
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Figure 3: An example of edges’ directions in a (6,3)-broom, where
edges with different directions are represented by Up and Down in Dir
and colored in red and blue, respectively.

Algorithm 1: CBS: Coloring

Input: G: a bipartite graph; p, g: two parameters.
Output: G’: a colored bipartite graph.
CalcColor(G,U(G),p,q);
CalcColor(G,V(G),q,p);

3 G « G;

return G’;

-

M)

'S

5 Procedure CalcColor(G,S, p,q)
6 Initialize k « 1;
7 while |S| > 0 do
8 Initialize an array Cnt with zeros;
9 Snext < 0;
/* enumerate vertices in a random order */
foru € Sdo
c(u) « x;
Update Cnt;
if 3x,Cnt[x] > q and c(x) = k then
14 L Revert Cnt’s change;
15

Snext < Snext U {u},
16

K—K+1;

17

S — Snext;

of adapting the coloring process in counting bicliques. As shown in
Section 6.1, with a slight increase in runtime, the coloring process
enhances the accuracy in turn.

4.2 Pattern Counting

After coloring, we enhance the motif we are counting with a condi-
tion of distinct colors. However, it is still hard to count bicliques
directly. Instead, we count the number of (p, g)-brooms. Since we
assign a concrete integer for each color in Algorithm 1 for any (p, q)-
biclique, to avoid overcounting, we assume its vertex ordering of U’
and V’ is following the color from small to large. With this exact or-
dering, by Definition 4.1, there is exactly one (p, g)-broom subgraph
in each (p, q)-biclique. Note that the color of these (p, g)-brooms
is also unique, which is convenient for counting. Algorithm 2 is
able to compute the number of (p, q)-brooms of this type. We then
show how to use this value to approximate the biclique count.

The whole process is a dynamic programming approach, where
its state is represented by the total number of edges accumulated
so far and the last edge being tracked. To well define this dynamic
programming state, we need to specify a few more properties in
this type of (p, q)-broom:

A. Any (p, q)-broom H is connected and contains exactly p +q — 1
edges. That is to say, it is actually a tree.
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B. If we sort all edges (u,v) € E(H) by the increasing order of the
tuple (c(u), c(v)), there is only three types of edges:

(1) The edge with the maximum tuple.
(2) Edges sharing an endpoint in U (H) with the next edge.
(3) Edges sharing an endpoint in V(H) with the next edge.

Here, for sorting, the comparison between two tuples (c(u), c(v))
and (c(u”), c¢(v”)) is first done by verifying if c(u) < c¢(v)). If c(u) =
c(u’), we then check if ¢(v) < ¢(v”). Therefore, the maximum tuple
refers to the last element after sorting in this manner. If For (2)
and (3), we signal them with a "direction" as either Up or Down.
For example, as shown in the (6, 3)-broom in Figure 3, (u1,v1) is
with the smallest partial order. Its direction is Down since it shares
the same endpoint v; with the next edge (ug,v1). Similarly, (u2, v1),
(u3,v2), (us,v2), (us,v3) are also with direction Down, highlighted
with blue arrows. (u3,v1), (us, v2) are with direction Up, highlighted
with reversed red arrows. (ug, v3) has no direction since it is the
edge with the maximum tuple.

After fixing the structure and order of edges by B, we can simply
use the number of edges and the last edge to represent the current
structure of the growing broom. The rest is enumeration and direct
transition. The details are as follows.

To begin with, we sort U(G), V(G) by the increasing order of
colors c(u), c(v) (Line 1), and sort E(G) by the increasing order of
the color tuple (c(u), c(v)) (Line 2).

Let Dp[len] [pre] denote the number of possible ways to build a
growing broom with the current number of edges len and the last
edge pre, which follows the fixed structure and order of edges by
B. The objective is to correctly computed all states for 1 < len <
p+q— 1 (there are p + g — 1 edges in total besides the first one)
and pre € E(G). We use a 2D table to store the results, initialized
to 0 (Line 3). The base case contains the case where each (u,v) acts
as the first edge in the broom: we set Dp[1][(u,v)] to be 1 (Line 4,
4). We iterate this dimension from small to large to accumulate the
growing broom from 1..t-th edges to 1..t + 1-th edges (Line 5).

We use Dir[t] to denote the t-th edge’s direction in the (p, g)-
broom. When Dir[¢] is Up (Line 6), the +1-th edge and the ¢-th edge
share a common point in U. Therefore, for each edge (u, v) (Line 7),
Dp[t + 1][(u,v)] should accumulate the number of ways coming
from any Dp[t][(u, w)] such that w is in N(u, G) and ¢(w) < ¢(v)
(Line 8). Similarly, when Dir[¢] is Down (Line 9), the ¢ + 1-th edge
and the ¢-th edge share a common point in V. In this case, Dp|[t +
1][(u,v)] should accumulate the number of ways coming from any
Dp[t][(w,0)] such that w is in N(v,G) and c¢(w) < c(u) (Line 10,
11). After all computations, we return B as the sum of all Dp[p +
q — 1][-] and the Dp table as the results (Line 12).

By using the prefix sum technique, for each iteration, we can
finish all transition computations in O(|E|). There are O(p + q)
rounds. Therefore, the total time complexity is O((p + ¢)|E|).

4.3 Approximate Counting via Sampling

After CountingIndex(G, p, q), we have accumulated B (p, g)-brooms.

To approximate the quantity relation between our computed (p, ¢)-

brooms and (p, q)-bicliques, we can do the following sampling:

(1) Set two counters cntp,oom and cntpiciigue-

(2) Uniformly sample a (p, g)-broom P from all B ones and increase
cntproom by 1.



Algorithm 2: CBS: CountingIndex

Algorithm 3: CBS: Sampling

Input: G: a colored bipartite graph; p, g: two parameters.
Output: Dp: a 2D array; B: the total number of (p, q)-brooms in G.
Sort U(G), V(G) by the increasing order of c(u), c¢(v);
Sort E(G) by the increasing order of (c(u),c(v));
Initialize Dp with zeros;
for (u,v) € E(G) do Dp[1][(u,0)] <1 ;
fort —1top+q—-2do
if Dir[¢] = Up then
for (u,v) € E(G) do
Dplt+1][(w,0)] «

L ZweN(u,G),c(w)<c(u) Dp[t][(u, w)];

for (u,v) € E(G) do

Dplt+1][(w,0)] «
ZweN(v,G),c(w)<c(u) Dp(t][(w,0)];
12 B— Yuoyee) Drlp+q—1][(w0)];
13 return Dp, B;

-

N

® N A A AW

9 else
10

(3) If the induced subgraph by U(P) and V(P) is a (p, q)-biclique,
increase cntp;cigue by 1.

After applying this sampling process sufficiently many times,
we can roughly approximate the number of (p, q)-bicliques by
Nipiclique/ CMthroom % B. However, such a sampling process is too
inefficient. We now propose Algorithm 3 to accelerate this pro-
cess, utilizing the computed dynamic programming results from
CountingIndex(G,p, q). Recall that Dp[t][(u,v)] represents the
number of ways to build a growing (p, q)-broom til the ¢-th edge,
which is (u, v). To begin with, we start by sampling the last edge of
the (p, q)-broom, denoted as (4454, v145¢) (Line 1). Here, the sam-
pling should follow the weight distribution of {Dp[p +q — 1][]},
indicating how many (p, g)-brooms end with each edge. The fol-
lowing process is similar to reverting the dynamic programming
process. Instead of building the (p, ¢)-broom from the 1-st edge to
the (p + q — 1)-th edge, we do it reversely. We use (ucyr, vcur), U’,
V’ to denote the current growing (p, g)-broom. They are initialized
as (Upgsss Vlast)> {Ulast }» {V1ase | respectively (Line 2, 3). Specifically,
since (414545 V1ase) 1S the (p+q — 1)-th edge, we are now adding the
(p + q — 2)-th edge til the 1-th edge gradually (Line 5).

Assume we are processing the i-th edge now, and we know the
(i+1)-th edge is (tcyr, vcur). We initialize an edge set S to store the
candidate edge for the i-th edge. Based on the direction signaling,
we can know whether it should share the common endpoint in U or
V. If Dir[i] is Up (Line 7), then we should find all w € N (ucyr, G)
such that ¢(w) < ¢(veyr) and U” € N(w,G). We assign S to be
{(ucur, w)} (Line 8). The first condition is for the color order, and
the second condition indicates that adding w can guarantee that the
induced subgraph is biclique. Similarly, if Dir[i] is Down (Line 9),
we find all all w € N(v¢yr, G) such that ¢(w) < c(ucyr) and V' C
N(w, G). Then we assign S to be {(w,vcyr)} (Line 10).

The idea to accelerate the sampling is, by building the (p, ¢)-
broom, we strictly guarantee that it will correspond to a (p, q)-
biclique while keeping track of the probability of sampling out this
(p, q)-broom, which can be computed through the dynamic pro-
gramming table. In the beginning, we initialize ans to be 1 (Line 4).
Then, for the i-th edge, the probability contribution of sampling
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Input: G: a colored bipartite graph; p, g: two parameters;
Dp: a 2D array; B: the total number of (p, g)-brooms
in G.
Output: ans: estimate number of (p, g)-clique in G.
1 Sample the last edge (¢74s¢, V1gs¢) in E(G) following the weight
distribution of brooms;
2 (Ucurs Vcur) < (Uiasts Viast);
3 U« {ulast}s Ve {v1ast };
4 ans «— 1;

«

fori—p+q—-2toldo

6 Initialize set S « 0;

7 if Dir[i] = Up then

8 ‘ S — {(ueur, W) | w € N(tucur, G),c(w) <
c(vcur),U" € N(w,G) };

9 else

|

11

S — {(w,vcur) | w € N(vcur,G),c(w) <
c(ucur), V' S N(w,G) };

Z(u,zz)ES Dpli][(w0)] X

Dpli+1][(ucur,ocur)]’

if ans = 0 then break ;

Sample the next edge (Unext, Unext) in S following the weight
distribution of growing brooms;

(ucur, Z)cur) — (unext: Unext)§

U' U U{upext}, V' V' U {0pext};

ans < ans X

12

13

14

15

16 return ans X B;

it out from S should be the number of the growing broom ends

with (u,0) € S divided by the total number of possible brooms
Yuoyes Dplil[(w0)]
Dpli+1][ (ucur,Ocur)]
value (Line 11). If ans becomes 0, then there is no possible (p, q)-

biclique from the current sampled (p, g)-broom. We return with 0
in this case (Line 12). Now we are ready to sample the i-th edge
from S (Line 13). We do so following the normalized distribution of
possible brooms from this step ({Dp[i][-]}). To continue the pro-
cess, we aSSign (ucur,vcur)a U, V' to (un2xt, Unext), u'u {unext},
V'’ U {vpext}, respectively (Line 14, 15).

In the end, we successfully sample a (p, g)-broom that corre-
sponds to one (p, q)-biclique and compute the probability of sam-
pling it out. We return this probability by multiplying B as the
approximate count of (p, q)-bicliques (Line 16). It is not hard to
see that the time complexity is dominated by the cost of updating
S, which requires enumerating all neighbors. The loop only lasts
O(p + q). Therefore, the time complexity is O((p + q) X A), where
A denotes the maximal degree in G.

at this step, which is . We multiply ans by this

4.4 Overall Algorithm

We provide Algorithm 4 as a black box to call all three subrou-
tines properly and output the estimated answer of the biclique
count. We start by coloring (Line 1) and pattern counting (Line 2).
Then by the input sampling size parameter T, we repeatedly call
sampling(G, p, ¢, Dp, B) and aggregate the return to C. The output
approximate (p, q)-biclique count is the average of all T attempts
(Line 7). Note that as a common trick, we will execute core-reduction
for the original graph [32]: For any query (p, q), we split the graph
and reduce the query pair to (p — 1, ). Now, we give a theoretical
analysis of CBS in the following.



Algorithm 4: CBS: Main

Input: G: a bipartite graph; p, g: two parameters; T:
sampling times.

Output: C: estimate number of (p, g)-clique.
1 G « Coloring(G,p,q);
2 Dp, B « CountingIndex(G,p,q);
3 C— 0;
4 fori — 1toT do
5 L C—C+ Sampling(G, p,q, Dp, B);
6 C— (:‘/T;
7 return C';

4.4.1  Unbiasedness. We now show that the CBS method is unbiased.
Let (ucyr,veur), U’, and V' represent the current growing (p, q)-
broom. For clarity, we introduce the following definitions:

e Fy y+: The total value to be multiplied into ans, defined as the
product of the last i = (p + q) — (|[U’| + |V’]) fractions.

e By y+: The number of (p, q)-brooms H such that U’, V” are the
maximal tuples of U(H) and V(H).

e Cy,y’: The number of (p, g)-bicliques H’ such that U’, V' are
the maximal tuples of U(H’) and V(H’).

After that, we prove the following lemma by mathematical in-
duction.

LEmMA 4.3. For any growing (p, q)-broom U’, V', E [TU',V/] =
Cuv By v

ProoOF. (a) When |U’|+|V’| = p + g, we have By y» = 1. In this
case, fyr vy = Cyr,yr = 1ifU’, V' forms a (p, q)-biclique; otherwise
Furv' = Cyr,y» = 0. Hence, E [¢U’,V’] = Cy v /By v trivially
holds in this case.

(b) Suppose that the lemma holds for all growing (p, q)-brooms
with |U’| +|V’| = k + 1. For any broom with |U’| + |V’| = k, let
pP= Z(woes Dplill(wo)] . We then have

~ Dpli+1][(ucursvcur) ]
_ Dpli][(u,0)]
Blfowl=r 2, 5 ppiwan® Tovwmrve]:
(u,0)€S (u,0)€S

Since Ucyr = U Or Ucyr v always holds, we have that |U’ U
{u}|+|V" U {o}|=|U| +|V]| +1 =k + 1. According to the definition
of Dp and B, We can derive that Dp[i][(u,0)] = Byru(u},v'u{o)
and thus

Cu'u{u}, v’ u{o}
Buru(u),v'uio)

2 Dpli][(u0)]

(u,0)€S
Dpli+ 1] [(ucur, veur)]

Z C ’ ’
(usjes U'U{u},V'U{v}

E [TU,,V,] =

Cuv
- By

By
where the last equation is because Cyy(y),v7u{o) = 0 for all pairs
of (u,0) ¢ S. O

Then we can derive the following theorem:

THEOREM 4.4. Let ans; be the value of ans in the i-th sampling.
Let C = % ZiTzl ans; X B. Then C is an unbiased estimator of the
number of (p, q)-bicliques in G.
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Proor. We first have the following induction by Lemma 4.3:

E [ans; X B]
Dplp+q—-1][(w0)]
=Bx E [Flu} (o}
woohic) ZDplp+ g~ 11[(w0)]
= > Dplp+q-11[w0)] XE [Fu}, (0]
(u,0)€E(G)
= D, Cuupio) = Coo-

(u,0)€E(G)

Then, we can derive that: E [é] = % Zszl E [ans; X B] = Cp g.
Note that Cy ¢ is the number of (p, g)-bicliques in G according to

the definition. Therefore, C is an unbiased estimator of the number

of (p, q)-bicliques in G. O

Based on Theorem 4.4, we have obtained an unbiased estimator
C of the number of (p, g)-bicliques in Algorithm 4.

4.4.2  Error Analysis. we now analyze the estimation error of our
sampling algorithms. Our analysis relies on the classic Hoeffding’s
inequalities, which are shown below.

LEMMA 4.5 (HOEFFDING’S INEQUALITY, [8, 11]). For the random
variables X; € [0,M],1 <i < n, weletX = Z?:1 Xi. Then fore > 0,
we have

Pr(X = (1+e)E[X]) < exp(_zezE [X]z)’
nZz?
2 2
Pr(X < (1 - €)E [X]) < exp(—2% E [X] )
nZz2

Based on Lemma 4.5, we can derive the estimation error of our
algorithms as shown in the following theorem.

THEOREM 4.6. Let C, B be the number of (p, q)-bicliques, (p, q)-
brooms, respectively. Let C = % ZiTzl ans; X B denote the estimated
number of (p, q)-bicliques, where ans; is the return result in the i-th
sampling. Then, C is a (1 + €) approximation of C with probability

2
(1-a) ifT > 355 In(2).

Proor. We can derive ans; X B € [0, B] since the values multi-
plied to ans are all probabilities in [0, 1]. And we have E [CT] =CT
based on Theorem 4.4. Given a positive value €, applying Lemma 4.5
by plugging in n = T, X; = ans; X B, X = ¥, X; = CT, we then
have

Pr(X > (1+€)E[X]) =Pr(CT > (1+¢€)CT) < exp(—%),
2 2
Pr(X < (1—)E[X]) = Pr(CT < (1 - €)CT) < exp(—%).

Further, we have Pr(@ >e)<2 exp(—zezB#).

26*C°T : B? 2
Let 2 exp(—eT) < a, we can derive that T > 2eicE In(%).
o

4.4.3 Time and Space Complexity. The time complexity for each
of the three parts in CBS are already discussed separately. We now
give the following theorem as a summary.



Table 1: Datasets used in experiments.
Graphs (Abbr.) Category |U| v |E| max kK
github (GH) Authorship 56,519 120,867 440,237 508
StackOF (S0) Rating 545,195 96,678 1,301,942 290
Twitter (Wut) Interaction 175,214 530,418 1,890,661 2933
IMDB (IMDB) Affiliation 685568 186,414 2,715,604 158
Actor2 (Actor2) Affiliation 303,617 896,302 3,782,463 189
Amazon (AR) Rating 2,146,057 1,230,915 5743258 155
DBLP (DBLP) Authorship 1,953,085 5,624,219 12,282,059 126
Epinions (ER) Rating 120,492 755760 13,668,320 13200
wikipedia-edits-de (DE) | Authorship 1,025,084 5910432 129,885939 118356

THEOREM 4.7. The time complexity of CBS is O(x|E| + (p +q) |E| +
T-(p+q)-A), where A denotes the maximal degree in G. Specifically,
to reach a (1 + €)-approximation with probability (1 — a), we require
T> zelgzcz ln(%) where C, B denotes the number of (p, q)-bicliques
and (p, q)-brooms.

Proor. The first two terms follow from the analysis in Sec-
tion 4.1 and Section 4.2. The third term follows from the fact that
we need to conduct the sampling process (Algorithm 3) for T times,
and each time costs (p +¢q) - A. The approximation guarantee comes
directly from Theorem 4.6. O

We now provide the memory usage analysis as follows. We have
also conducted an empirical experiment on the memory consump-
tion in Section 6.4.

THEOREM 4.8. The space complexity of CBS is O(|U| + |V |+ (p +
q) - |ED.

Proor. In Algorithm 1, since we need to maintain Cnt and Spext
which is at most |U| + |V|, the memory usage is O(|U| + |V]). In
Algorithm 2, the memory usage is dominated by the size of the DP
table, thus O((p + q) - |E|). Algorithm 3 is for sampling a (p, q)-
biclique, and S| is at most max deg(u), thus the memory usage is
O(max deg(u)). In all, the total space complexity is O(|U| + |V| +
(p+q)- [ED. o

The EP/Zz++ uses the heuristic framework to combine EPivoter
(for exact counting on small portion of graphs) and ZigZag++. In
the analysis of ZigZag++, its time and space complexity is O((p +
DIEI+(p+@)?|V|+T-A-(p+g)?) and O((p+q)|E|). Our memory
usage is similar to each other. If we consider T and « as a constant,
our time complexity has some advantage as we don’t have the
term of (p + q)%. However, it is obvious that both our algorithms’
performance are highly determined by the size of T.

From Theorem 4.6, the sample size T is mainly determined by
(g)zA That is to say, we need a larger sample size T to ensure
high accuracy with a larger (%)2, where B is the number of (p, q)-
brooms, C is the number of (p, g)-bicliques. As shown in Section 6.3,
(%)2 is usually small comparing to the dominating term of EP/Zz++
(i—zz) [34]. Therefore, our algorithm generally does not need a large
T to achieve good accuracy in real-world datasets. It can also be
concluded that CBS guarantees an equivalent error ratio with signif-

icantly fewer sampling times and higher precision with the same
sampling times compared to EP/Zz++.
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5 EVALUATION
5.1 Experimental Setting

Datasets. We use nine real datasets from different domains, which
are available at SNAP [23], Laboratory of Web Algorithmics [22],
and Konect [17]. Table 1 shows the statistics of these graphs.

Methods. We compare our method with the baselines from highly
related works, summarized as follows:

e BCList++ [32]: the biclique listing-based algorithm, which is
based on the Bron-Kerbosch algorithm [5]. The key idea of BCList++
is to iteratively enumerate all (p, g)-bicliques containing each
vertex through a node expansion process. Specifically, it employs
an ordering-based search paradigm, where for each vertex, only
its higher-order neighbors are considered during enumeration.
Additionally, a graph reduction technique is applied to reduce
the search space before biclique counting.

e EPivoter [34]: the state-of-the-art algorithm for exact biclique
counting, which relies on the edge-based pivot technique. In
EPivoter, an edge-based search framework is introduced. Unlike
BCList++, it iteratively selects edges from the candidate set (i.e.,
the edge set used for biclique expansion) to expand the current
biclique. Specifically, during the enumeration process, in each
branch, it first select one edge as the pivot edge, and based on
this edge, vertices can be grouped into four disjoint groups. By
storing the entire enumeration tree along with the four vertex
sets, biclique counting can then be efficiently performed using
combination counting.

® EP/Zz++ [34]: the state-of-the-art algorithm for approximate
counting. It first partitions the graph into two regions: a dense re-
gion (a subgraph containing high-degree vertices) and a sparse re-
gion (a subgraph containing low-degree vertices). For the sparse
region, EP/Zz++ utilizes EPivoter for exact counting, while for
the dense region, it proposes a zigzag path-based sampling algo-
rithm for approximate counting. Specifically, it leverages the fact
that a (p, q)-biclique must contain a fixed number of (min{p, q})-
zigzag paths. Based on this property, the algorithm first counts the
number of h-zigzag paths and then samples T such paths, where
h = min{p, q}. Finally, it estimates the number of h-bicliques
based on their proportion with the sampled paths.

e CBS: our proposed approximation algorithm (Section 4).

Notice that we compare EP/Zz++ instead of EP/Zz [34], since the
former one is a better version of the latter in terms of efficiency and
accuracy. For completeness, we also conduct some initial experi-
ment on EP/ZZ. Specifically, on the two largest datasets, ER and DE,
EP/Zz failed to produce results within 10> seconds for any values of
pandq (3 < p,q <9). Thus, it is not applicable to scalable datasets
in practice. Thus, we focus our evaluation primarily on EP/Zz++ in
our main experiments.

There is also another potential baseline introduced in [35]. The
method takes over 1000 seconds to run on the DBLP dataset, while
our algorithm requires only around 1 second. We have performed a
primary initial evaluation based on the conclusions reported in the
article. They claim to outperform BCList++ and EPivoter by two
orders of magnitude in runtime. However, both baselines fail to
return results on the ER and DE datasets within 10° seconds. Even
based on their own estimation, their method remains significantly
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Figure 4: Average runtime of different biclique counting algorithms
forall 3 < p,q <09.

DE

slower than ours in practice. As a result, we do not include it as a
baseline in our empirical study. We implement all the algorithms in
C++ and run experiments on a machine having an Intel(R) Xeon(R)
Platinum 8358 CPU @ 2.60GHz and 512GB of memory, with Ubuntu
installed.

Parameter Settings. In our experiments, we following the existing
work [34] setting T=10> as default values. We define the estimation

|CEC| , where C denotes the exact count of bicliques, and ¢

represents its approximated value. To ensure the reliability of our
results, we run each approximation algorithm 10 times, with the
reported error representing the average across these executions.
For some datasets, the exact count of bicliques cannot be computed
(e.g., ER and DE), we evaluate the estimation error differently by
using the average approximated biclique count from 10 runs as the
exact count (i.e., C).

error as

5.2 Overall Comparison Results

In this section, we compare CBS with three competitors (introduced
in Section 5.1), w.r.t. overall efficiency, accuracy, and the effect of p
and ¢, and the number of samples to demonstrate the superior of
our algorithm.

1. Efficiency of All Algorithms. Figure 4 depicts the average run-
ning time of all the biclique counting algorithms on nine datasets
for counting all 3 < p,q < 9 bicliques. We make the following
observations and analysis:

(1) Our method CBS is up to two orders of magnitude faster than all
competitors, this is mainly because our algorithm has a better
theoretical guarantee.

On almost all datasets, CBS is at least 10X faster than all methods,
except DBLP dataset. On this dataset, BCList++ achieves the
best performance, as graph reduction significantly reduces |U|
and |V|, allowing it to perform efficiently without extra steps.
Meanwhile, CBS still outperforms EPivoter and EP/Zz++.

On the two largest datasets, ER and DE, the exact algorithms fail
to terminate in 10° seconds, while both approximate algorithms
successfully complete the task. Our method, CBS, demonstrates
at least 3 times faster performance compared to EP/Zz++.

Note that besides Figure 4, we choose to simply compare the

sampling time with EP/Zz++ in Figure 6 and Figure 8, which is for

exposing the significant improvement in the sampling efficiency.

2. Accuracy of All Algorithms. Figure 5 illustrates the average
error rates of CBS and EP/Zz++ across all datasets for biclique sizes
ranging from 3 to 9 (i.e., 3 < p, g < 9). We can see that our algorithm
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Figure 5: Average error of EP/Zz++ and CBS for all 3 < p,q < 9.
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Figure 6: The heat-map of sampling time of EP/Zz++ and CBS with
varying p and q (s).

demonstrates up to a 8X reduction in error compared to EP/Zz++,
thanks to our carefully designed coloring scheme and (p, g)-broom-
based sampling technique. Note that for the first three smaller
datasets, EP/Zz++ exhibits significant errors, with at least 38.9%
inaccuracy, rendering its results unreliable. In contrast, our method,
CBS, maintains a maximum error rate of 16.9% under the same num-
ber of sampling rounds. Our algorithm also consistently obtains an
outstanding accuracy in larger datasets. A minor exception occurs
in ER that our algorithm obtains a slightly worse error ratio in only
one case (p,q) = (4,9). To compensate for this, since our sampling
time is more than 70 times faster compared to EP/Zz++ (Figure 6
(a)(b)), by simply increasing the sampling times, we can decrease
the error ratio while still outperforming the baseline. Initially, we
sampled 10° times. By sampling 5 x 10°, 10® and 7 x 10%, our error
ratio decreases to 1.06%, 1.01%, 0.34%, respectively. These results
all outperform EP/Zz++ in both error ratio and sampling time.

Combining these observations with the performance results
shown in Figure 4, we can conclude that our algorithm demon-
strates an even greater advantage when considering the trade-off
between accuracy and efficiency. This indicates that to achieve the
same error rate, our algorithm would likely exhibit an even more
substantial performance advantage over EP/Zz++.
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Figure 7: The heat-map of estimation errors of EP/Zz++ and CBS
with varying p and q (%).

3. Effect of p and q. Figures 6 and 7 illustrate the sampling time
and error rate, respectively, of CBS and EP/Zz++ across various p
and g values. In each figure, rows represent p values and columns
represent g values. Each cell displays the sampling time (in Figure 6)
or the estimation error (in Figure 7) for counting the corresponding
(p, q)-bicliques. Clearly, our method, CBS, outperforms EP/Zz++ by
up to two orders of magnitude in both sampling time and accuracy.
For instance, with p = 5 and ¢ = 3 on the ER dataset, EP/Zz++ re-
quires 822.6 seconds for sampling, whereas our algorithm completes
this stage in just 5.3 seconds.

In terms of accuracy, on the Wut dataset with p =5and g =7,
EP/Zz++ has an estimation error of 202.49, while our algorithm
achieves a significantly lower error of 1.91. This observation aligns
with our analysis in Section 4. As a minor observation in Figure
6, the sampling time of CBS is more affected by q than by p while
EP/Zz++ does not exhibit this characteristic. This observation in-
deed demonstrates the difference between Ep/Zz++ and our al-
gorithm to some levels. Specifically, EP/Zz++ needs to sample a
zig-zag path with h = min(p, q) to approximate the number of
(p, @)-bicliques, therefore its sampling time increases in a staircase
manner w.r.t min(p, q). On the other hand, our algorithm samples
brooms, which is different from EP/Zz++, this could be why we
exhibit different characteristics. In our case, one of the possible
reasons is that we start "growing" a broom from the left side during
the sampling process.

4. Effect of T. We evaluate the effect of sample numbers on sam-
pling time and error rate. The results on three datasets are shown
in Figures 8 and 9. Based on these results, we observe the following:

(1) For sampling time, our algorithm consistently outperforms
EP/Zz++, particularly when the sample numbers are relatively
low (e.g., from 10! to 10%).

(2) Our algorithm consistently produces more accurate results than
EP/Zz++, regardless of whether the sample size is high or low.
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Figure 9: Average error of EP/Zz++ and CBS with varying T.

(3) Even with very few samples, our algorithm achieves acceptable
solutions. For instance, on the AR dataset, CBS requires only 103
samples to achieve a solution with a 30% error rate, whereas
EP/Zz++ requires over 10 samples.

6 DETAILED ANALYSIS

In this section, to provide a better understanding of our algorithm,
besides the primary evaluation in Section 5, we now extensively
evaluate and analyze CBS from different angles:

e An ablation study on the effect of our coloring technique,
showing that it can significantly improve accuracy without highly
impacting sampling time.

e An ablation study on the coloring technique conducted using
different ordering strategies.

e A study on the time cost of each step in CBS, including the
initialization and sampling time, compared to the baseline EP/Zz++.

o A study on the statistical of the hyper-parameters that deter-
mines the error ratio, which provides evidence that our algorithm
CBS consistently requires fewer samples than EP/Zz++.



T AR Wut

BS CBS ACBS DCBS BS CBS ACBS DCBS
102 | 72,75 81.63 9850 78.99 | 60.60 37.70 87.07 33.91
10° | 4333 2847 3244 3243 | 22.03 2350 2448 21.16
10 | 13.08 1154 11.55 10.62 | 13.51 1264 1341 12.89
10° | 437  3.35 392 340 5.11 459 444 398
10° | 1.35 1.13 1.19 1.06 1.71 1.43 1.67 1.42

Figure 10: Average error of different coloring techniques in AR and
Waut with varying T.

o A study of the memory consumption of our algorithm.

e An additional scalability experiment conducted by randomly
sampling different percentages of vertices in the same graph.

e An additional efficiency experiment with small p, q aligning
with the empirical study in [34].

6.1 Ablation Study on the Coloring Technique

We conduct an ablation study on the effect of our coloring tech-
nique. To begin with, in order to evaluate the effect of our coloring
technique, we design a new variant of CBS by removing the vertex
coloring step, denoted by BS. Then, note that in our proposed col-
oring methods, we decide to traverse the neighbors in a random
order manner. A question is raised that if we follow different order
of neighbors, would the performance be significantly affect? To
answer this question, we design three more variants of CBS by using
two different ordering strategies in coloring: the ascending order
and descending order of degrees, denoting as ACBS and DCBS.

To compare the inaccuracy, we first run these variants on the
two datasets AR and Wut with varying parameters of T, and report
the results in Figure 10. Compared to BS (without the coloring),
CBS generally achieves lower error with the same number of sam-
ples, aligning with our previous analysis. Although the coloring
technique initially slightly increases the sampling time, the gap
diminishes as the number of sampling iterations increases. This
demonstrates that in high-accuracy scenarios, our coloring tech-
nique can significantly enhance accuracy without significantly im-
pacting the sampling time. Compared to ACBS and DCBS, there is no
significant difference in error in the three strategies. This confirms
that our algorithm is robust to the choice of coloring order.

In Figure 11, we run all four algorithms on the dataset ER with
varying values of T to compare their efficiency. We can see that
without the coloring (BS), the total runtime does not decrease much.
On the other hand, the average runtime of CBS, ACBS, and DCBS is
similar. This again confirms the robustness of our coloring method.
Combining with the accuracy result, we can see that the coloring
method is effective, as with a slight increase in runtime, the accuracy
is enhanced. Overall, our ablation study demonstrates that the
coloring process is vital in counting bicliques.

6.2 Time Cost of Different Stages

The two approximation algorithms, CBS and EP/Zz++, both require
an initialization stage to precompute some auxiliary data for sam-
pling. Specifically, in CBS, we need to assign a color number for
each vertex (i.e., coloring) and count the number of (p, q)-brooms
in bipartite graph, while in EP/Zz++, it needs to count the number
of h-zigzag paths bipartite graph, where h = min{p, q}. In Figure 12,
we report the initializing and sampling times for these algorithms
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Figure 12: Average initializing and sampling time of EP/Zz++ and
CBS for all 3 < p,q < 9 (T = 10°).

across all datasets. We observe that on more than half of the datasets,
our algorithm requires less initializing and sampling time, which
indicates that the number of (p, q)-brooms in the bipartite graph
is typically less than h-zigzag paths (using in EP/Zz++). In terms
of sampling time, our algorithm is up to two orders of magnitude
faster than EP/Zz++. While on two datasets, GH and ER, EP/Zz++
is 10 times faster in initializing, CBS achieves 100 times lower sam-
pling time, making the total time (i.e., initializing plus sampling) of
our algorithm still highly efficient.

6.3 Statistical of the Hyper-parameters

Recall that in CBS and EP/Zz++, when ¢ is fixed, their required sam-
ple sizes are proportional to g—z and i—;, respectively. Therefore, the
size of these two values in the graph data determines the efficiency
of the two algorithms. We conduct an experiment to compare these
two values in real-world data. Specifically, as shown in Table 2, we

B? z2 ;

report the values of % and 7 on the Amazon dataset for varying
p and q. Similar trends are observed across other datasets. Based on
Table 2, the value of g—; is consistently smaller than i—; for all pairs
of p and g, up to 100x. Therefore, our algorithm CBS consistently
requires fewer samples than EP/Zz++. This also explains why CBS
achieves the same or even lower estimation error with a smaller
sample size. For instance, CBS requires up to 88X fewer samples
than EP/Zz++ on p = 5 and q = 9, showing its efficiency in reducing
sampling overhead while maintaining accuracy.

6.4 Memory Consumption

The theoretical guarantee of the memory usage is given in Theo-
rem 4.8. We now present the actual memory consumption on each
dataset in Table 3 (in Megabytes). Specifically, we report the av-
erage memory usage on each dataset for 3 < p,q < 9. As we can
observe, the memory usage is similar to all other baselines for most
datasets. However, our memory consumption increases for the two



Table 2: The value of g—i and i—j with varying p, g (Amazon).

Pro| & 4

(3,4) 1.40E+03 1.79E+03
(3,5) 3.97E+03 1.69E+04
(3,9) 4.55E+04 2.85E+05
(45) | 5.41E+04 5.98E+04
(4,8) | 9.27E+04 2.48E+05
(5,3) 3.96E+02 6.17E+03
(5,6) 4.04E+05 1.20E+06
(5,9) 3.77E+04 3.34E+06
(6,4) 5.73E+03 5.80E+04
(6,7) 6.42E+06 5.32E+07
(7.4) | 8.07E+03  1.54E+05
(7.7) | 7.15E+06  2.44E+07
(8,4) 1.36E+04 3.16E+05
(8,8) 4.74E+07 1.04E+09
(9,4) 2.36E+04 5.32E+05
9,9) 2.92E+08 8.01E+10

Table 3: Memory consumption of different counting algorithms (in
MBs).

dataset ‘ BCList++ EPivoter EP/Zz++ CBS
GH 21.3 880.8 21.3 462.1
SO 40.9 901.0 73.7 120.8
Wut 52.2 911.0 69.8 312.8
IMDB 66.5 926.0 106.1 164.2
Actor2 88.3 946.9 103.1 268.5
AR 152.7 1004.5 295.8 461.0
DBLP 319.5 1166.3 444.5 718.2
ER X X 402.7 46600.6
DE X X 1744.8 195153.0

large datasets. This is in line with our analysis, as it is dominated by
(p + @)|E|. Our algorithm requires to store the intermediate result
for retrieving the broom structure. In result, the memory is mainly
for storing the dynamic programming table.

6.5 Scalability Experiment

We consider counting bicliques approximately, mainly because all
exact counting methods are highly inefficient in large graph data.
Therefore, it is essential to verify the scalability of our algorithm
thoroughly. Besides the main experiment in Section 5, we now
conduct an additional graph scalability experiment that evaluates
performance under dynamic modifications, which is done by ran-
domly removing a percentage of edges. Specifically, we construct
several graphs from DE as follows:

(1) Randomly sample 60%, 80%, 100% of the vertices on both sides
and keep the induced graph.

(2) Execute our algorithmon p =6,q=8,T = 10°.

(3) Repeat (1) and (2) 10 times, compute the average runtime for
initialization and sampling.

The three constructed graphs are DE60, DE80, and DE100. Shown
in Table 4, we can observe that as the size of the graph increases,
the sampling time also increases linearly while the error ratio is
within a certain range. This shows that CBS’s scalability, which is
expected to be particularly effective on large datasets.
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Table 4: Scalability experiment.

‘ init time(s) sample time(s) error(%)

DE60% 298.6 40.8 3.76
DE80% 1216.7 95.3 2.49
DE100% 2478.1 1355 3.19

Table 5: Average runtime (s) of EPivoter and CBS for all 3 < p,q < 5.

Dataset ‘ EPivoter CBS
GH 805.4 3.4
SO 95.0 1.4
Wut 2429.4 4.3
IMDB 18.4 1.6
Actor2 534 2.8
AR 180.6 3.7
DBLP 18.5 1.9
ER INF 364.4
DE INF 3782.1

6.6 Efficiency Comparison on Small p, g

One of our major baselines, EPivoter is designed for exact counting
on small p, q (e.g., p, ¢ < 5). However, our major comparison exper-
iment is conducted for all combinations of p,q < 9. To bridge the
gap, we provide an additional experiment using the same parameter
settings as EPivoter, i.e., p,q < 5. Shown in Table 5, for ER and DE,
EPivoter can not terminate in 10° seconds. For other datasets, we
observe that our method maintains its performance advantage even
when p and q are small, highlighting its robustness to parameter
settings. These additional results confirm that our method performs
consistently well regardless of the parameter choices.

7 CONCLUSION

In this paper, we tackle the problem of (p, g)-biclique counting in
large-scale bipartite graphs, crucial for applications such as rec-
ommendation systems and cohesive subgraph analysis. To address
scalability and accuracy issues in existing methods, we propose a
novel sampling-based algorithm that leverages (p, q)-brooms, spe-
cial spanning trees within (p, q)-bicliques. By utilizing the graph
coloring method and dynamic programming, our method efficiently
approximates (p, q)-biclique counts with unbiased estimates and
provable error guarantees. Experimental results on nine real-world
datasets show that our approach outperforms state-of-the-art meth-
ods, achieving up to 8% error reduction and 50X speed-up. Interest-
ing future work includes extending our method to dynamic bipartite
graphs with evolving structures and exploring its application to
counting motifs/cliques in heterogeneous information networks.
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