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ABSTRACT

Matrix multiplication is a core operation in numerous applications,
yet its exact computation becomes prohibitively expensive as data
scales, especially in streaming environments where timeliness is
critical. In many real-world scenarios, data arrives continuously,
making it essential to focus on recent information via sliding win-
dows. While existing approaches offer approximate solutions, they
often suffer from suboptimal space complexities when extended to
the sliding-window setting.

In this work, we introduce SO-COD, a novel algorithm for ap-
proximate matrix multiplication (AMM) in the sliding-window
streaming setting, where only the most recent data is retained
for computation. Inspired by frequency estimation over sliding win-
dows, our method tracks significant contributions, referred to as
“snapshots”, from incoming data and efficiently updates them as the
window advances. Given matrices X € R%*" and Y € R%*" for
computing XY, we analyze two data settings. In the normalized

setting, where each column of the input matrices has a unit Ly norm,
dxtdy ) In

€
the unnormalized setting, where the square of column norms vary
within a bounded range [1, R], we show that the space requirement

isO (@ log R), which matches the theoretical lower bound for

an e-approximation guarantee. Time complexity analysis further
shows that our SO-COD has comparable update time and superior
query time compared to existing methods. Extensive experiments
on synthetic and real-world datasets demonstrate that SO-COD
effectively balances space cost and approximation error, making it a
promising solution for large-scale streaming matrix multiplication.

SO-COD achieves an optimal space complexity of O (
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1 INTRODUCTION

Matrix multiplication is a core operation across machine learn-
ing [42], data analysis [12], and graph mining [41]. However, as data
volumes grow, exact matrix multiplication becomes increasingly
expensive, especially in large-scale scenarios demanding real-time
or near-real-time processing. To address these challenges, approx-
imate matrix multiplication (AMM) has emerged as an attractive
alternative, offering substantial reductions in computational and
storage overhead while preserving high accuracy.

In real-world applications, data often arrives in a streaming fash-
ion [6, 10, 16], as exemplified by social media analytics [39] (where
posts or tweets are continuously generated), and user behavior anal-
ysis [20] (where search queries or web content are continuously up-
dated). This continuous flow of data has spurred interest in extend-
ing the approximate matrix multiplication algorithms to streaming
models 35, 45], and a plethora of works [8, 9, 13, 29, 35, 37] have
been proposed, gaining prominence due to their robust approxima-
tion guarantees and strong empirical performance. However, a key
limitation of traditional streaming methods is that they treat all
incoming data uniformly, without prioritizing more recent informa-
tion. In many real-world applications, the most valuable insights
stem from the most recent data, necessitating a focus on a slid-
ing window of the most current columns rather than retaining
the entire historical dataset. For instance, in social media analysis,
matrix X could represent a stream of recent tweets, while matrix
Y could represent user interests. The multiplication XY captures
the relevance of each tweet to user preferences. Similarly, in user
behavior analysis, matrix X might represent recent search queries,
and matrix Y could represent the relevance of advertisements or
content. By using a sliding window, the approach prioritizes re-
cent data, ensuring that the most current user activities influence
the recommendations. Thus, matrix multiplication over a sliding
window in a streaming setting is a natural choice, as it aligns with
the data evolving nature and emphasizes the timeliness of insights,
which is crucial for real-world applications.

To address this challenge, a line of research has focused on devel-
oping more efficient sketches that use less space while maintaining
the same approximation guarantees. For example, by integrating
techniques for sliding-window sampling with sampling-based ma-
trix multiplication (see [4, 13, 14]), we can discard outdated samples
and draw new ones from the most recent rows or columns of the in-
put matrix. However, the space cost of the sampling-based method

remains relatively high, scaling with O (eiz logN ) where N is the

number of rows and columns involved in the multiplication, and € is
the relative error guarantee for approximate matrix multiplication
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Table 1: Space and time complexity of approximate matrix multiplication algorithms in the sliding-window setting.

Space Complexity

Query Time Complexity

Update Time Complexity

Algorithm Normalized model | Unnormalized model | Normalized model | Unnormalized model | Normalized model | Unnormalized model
Sampling [14] | O0(%H10gN) | 0 (@ log NR 0 (dxeiy 0 (@ o (@ 0 (ﬂ
DI-COD [44] | 0(%¥uiog2 1y | 0 Wlogzg) o(d Ay 1og (L )) o("’ % Rlog(R )) o(”’ Ay Jog(L )) o(d Ay 1og(R ))
EH-COD [44] | O(%5 1ogen) | O (M logeNR) 0 (de—ﬂ log(eN)) 0 (”’ oy log(eNR)) 0 (% log(eN)) 0 (d"+ y log(eNR))

d+d d+d d+d d+d, d+d dy+dy
SO-COD (ours) | O(%t) 0 (%% 10gR) o(%)  |o(®™ +loglogr) | O(TF+ L) | of(%E% + L) l0gR)

(refer to Def. 1). Yao et al. [44] present two algorithms, EH-COD
and DI-COD, which reduce the dependence on N. However, they
still incur a space cost that involves either a quadratic dependence

on l or an extra factor of log? ( ) Thus, although progress has

been made, the space complexity of existing sketching methods
remains suboptimal, indicating room for further improvement.

Motivated by these limitations, we introduce SO-COD (Space
Optimal Co-Occuring Directions), a novel algorithm specifically
designed for approximate matrix multiplication in the sliding win-
dow setting. By maintaining a compact yet representative summary
of the most recent data, SO-COD not only achieves optimal space
complexity—matching the best-known theoretical bounds from the
streaming literature—but also effectively meets the demands of
time-sensitive applications.

At a high level, our approach draws inspiration from the clas-
sic sliding window frequency estimation problem [2, 25], where
one estimates the frequency of individual elements over the most
recent N items by recording snapshot events when an element’s
count reaches a threshold and expiring outdated snapshots as the
window slides. In our work, we extend this snapshot concept to
the significantly more challenging task of approximate matrix mul-
tiplication (AMM) for the matrices X € RY*M and Y € R9yXn,
Rather than tracking individual elements, we register the key direc-
tions that contribute substantially to the product XY as snapshots,
and we expire these snapshots once they fall outside the sliding
window. This extension is non-trivial since matrix multiplication
involves complex interactions that far exceed the simplicity of fre-
quency estimation. It is crucial to emphasize that, although Yin et
al. [46] also utilize a A-snapshot framework, their work is confined
to approximating covariance matrices (i.e., AAT), which represents
only a special case of the AMM problem. In contrast, our method
is designed to address the full generality of AMM, overcoming
challenges that their approach cannot.

We consider two settings. First, when every column of X and Y
is normalized (i.e., each column has an Ly norm of 1), our method

normalized case, where the squared Ly norm of each column lies
within [1,R], and demonstrate that the space cost increases to

O(d +d

by matching known space lower bounds for an e-approximation
guarantee (see Def. 1). Table 1 summarizes the space complexity of
SO-COD compared to existing solutions.

Then we further analyze the amortized time complexity for each
algorithm, as presented in Table 1. We observe that the update time
complexity of our solution is comparable to that of the baseline
methods. In particular, while our update time includes an additive

Y log R) In both cases, we prove that these bounds are tight
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factor of 6—13 it does not involve any multiplicative logarithmic terms

such as log(eNR) or log (g) In terms of query time complexity,
however, our solution outperforms the competitors. Specifically,
compared to EH-COD and DI-COD, our query time is lower by a
factor of O(1/€?) and O(R - log(R/€)), respectively.

We evaluate the performance of SO-COD with extensive ex-
periments on both synthetic and real-world datasets, showing its
accuracy and space efficiency in comparison to existing methods.
The results confirm that SO-COD effectively balances the space cost
and approximation errors. Moreover, in terms of time efficiency,
our SO-COD offers comparable update time and significantly faster
query time, while still maintaining optimal space usage. These re-
sults make our SO-COD a practical choice for large-scale streaming
matrix multiplication over sliding windows.

2 PRELIMINARIES

2.1 Notations and Basic Concepts

In this paper, we use bold uppercase letters to denote matrices (e.g.,
A), bold lowercase letters to denote vectors (e.g., x), and lowercase
letters to denote scalars (e.g., w).

Given a real matrix A € R™ ™ jts condensed singular value
decomposition (SVD) is given by A = UXVT, where U € R™"
and V € R™ " are matrices with orthonormal columns, and ¥ =
diag(o1, 02, ...,0r) is a diagonal matrix containing the singular
values of A arranged in non-increasing order, i.e., 01 > 03 > -+ >
or > 0, with r denoting the rank of A. We define several matrix
norms as follows: the Frobenius norm of A is given by ||A||f =

\/Zl’] L \/Z a , the spectral norm is ||Al|z = o1, and the

nuclear norm is ||All« = ¥}_; 0;. For a matrix A, we denote its i-th
column by a;; hence, if A € R and B € R™¥!, then their product
can be expressed as: ABT = Zl -1 ale Finally, I, denotes the nxn

identity matrix and 0"*™ denotes the n X m zero matrix.

2.2 Problem Definition

The Approximate Matrix Multiplication (AMM) problem has been
extensively studied in the literature [13, 15, 35, 45]. Given two
matrices X € R%**" and Y € R%*X" the AMM problem aims to
obtain two smaller matrices A € R%*! and B € RdyXl, with [ <
n, so that ||XYT - ABTH2 is sufficiently small. Next, we formally
define the problem of AMM over a Sliding Window.

DEFINITION 1 (AMM OVER A SLIDING WINDOW). Let {(x¢,y;)}r>1
be a sequence of data items (a data stream), where for each time t we
have x; € R% and y, € R4 For a fixed window size N and for any




Algorithm 1: Co-occurring Directions (COD)

Input: X € R4xXn Y € R4yX" sketch size |
Output: A € R%*! and B € R%*!
1 Initialize A « 09! and B « 09y*!

2 fori=1,...,ndo

3 Insert x; into an empty column of A
4 Insert y; into an empty column of B
5 if A or B is full then

6 (Qy: Rx) < QR(A)

, (Q,: Ry) — QR(B)

8 [U.%.V] « SVD(R,R])

9 8 — 01/2(%)

10 by — max(X - 461;,0)

1 Update A < Q, U Vi

12 B Update B <—QyV\/§

13 return A, B

timeT > N, define the sliding window matrices

xT] c RdxxN’

Xw = [*7-N+1  XT-N+2
Yw = [yr_nNe1 Yr-ne2 yr| e RAN,

A streaming algorithm (or matrix sketch) k is said to yield an e-

approximation for AMM over the sliding window if; at every time

T > N, it outputs matrices Ay € Rx*m gnd By € Rdyxm (with

m < N, typically m < N) satisfying

[XwYy, — AwBy, ||, < elIXwllF IYwlE.

That said, the product AWBTW produced by the sketch x approximates
the true product XWYTW with a spectral norm error that is at most
an e-fraction of the product of the Frobenius norms of Xy and Yy, .

An important application of AMM over sliding windows is Canon-
ical Correlation Analysis (CCA) [27]. CCA is a fundamental statis-
tical technique for uncovering linear relationships between two
data matrices and has been widely applied in areas such as speech
processing [3], natural language processing [38], weather predic-
tion [7], and stock analysis [31]. In the sliding-window setting,
CCA computation requires efficient and accurate tracking of the
cross-covariance term XWY‘,T/ over time [45] to enable real-time
analysis under memory constraints. Recomputing this term exactly
is prohibitively expensive, whereas our sketch provides an approxi-
mation with theoretical guarantees. Thus, the solution proposed in
this paper is well-suited for sliding window-based CCA.

In [40], it is shown that one may assume without loss of general-
ity that the squared norms of the columns of X and Y are normalized
to lie in the intervals [1, Ry] and [1, Ry], respectively, which is a
mild assumption. We denote R = max(Ry, Ry).

Next, we present two key techniques that underpin our solu-
tion: the Co-occurring Directions (COD) algorithm [35] and the
A-snapshot method [25]. While each technique was originally de-
veloped for a different problem, we show later that their careful
and nontrivial integration yields a solution with optimal space to
gain e-approximation guarantee.
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2.3 Co-Occurring Directions

Co-occurring Directions (COD) [35] is a deterministic streaming
algorithm for approximate matrix multiplication. Given matrices
X € R&*" and Y € R%*" whose columns arrive sequentially,
COD maintains sketch matrices A € R%*! and B € R9v*! (with
I < n)so that XY ~ ABT. Algorithm 1 shows the pseudo-code
of COD algorithm. In essence, each incoming column pair (x;,y;)
is inserted into an available slot in the corresponding sketch (Lines
3-4). When a sketch becomes full, a compression step is performed
(Lines 5-12): the sketches are first orthogonalized via QR decom-
position (Lines 6-7); then, an SVD is applied to the product of the
resulting factors (Line 8); finally, the singular values are shrunk by
a threshold § (typically chosen as the £/2-th singular value) to up-
date the sketches (Lines 9-12). This process effectively discards less
significant directions while preserving the dominant correlations,
thereby controlling the approximation error.

THEOREM 1 ([35]). The output of Co-occurring Directions (Algo-
rithm 1) provides correlation sketch matrices (A € Ré* B ¢ RdyXl)
for (X e Rx*1y e R4yXM) yyhere ] < min(dy, dy), satisfying:

2l XIIFNYIIF
-
Algorithm 1 runs in O(n(dx + dy)!) time using O((dx + dy)l) space.

XYT - ABT||, <
2

2.4 A-Snapshot Method

We explain the key idea of the A-snapshot method [24, 25] by be-
ginning with a bit stream f = {b1, by, b3, ...} where b; € {0, 1},
and the goal is to approximate the number of 1-bits in a sliding
window. The A-snapshot method achieves this by “sampling” every
A-th 1-bit. That is, if we index the 1-bits in order of occurrence,
the A-th, 24-th, 31-th, etc., are stored. The stream is conceptually
divided into blocks of A consecutive positions (called A-blocks),
and a block is deemed significant if it intersects the current sliding
window and contains at least one sampled 1-bit. The algorithm
maintains a A-counter that tracks: (i) a queue Q holding the indices
of significant A-blocks; (ii) a counter ¢ recording the number of
1-bits seen since the last sample; and (iii) auxiliary variables for the
current block index and the offset within that block. When a new
bit arrives, the offset is incremented and any block that no longer
falls within the sliding window is removed from Q. If the offset
reaches A, the block index is incremented. Upon encountering a
1-bit, ¢ is incremented; when ¢ reaches A, that 1-bit is sampled (i.e., £
is reset to 0) and the current block index is registered and appended
to Q. The estimated count of 1-bits in the current window W}, is
given by v(S) = |Q|A+¢. If the true count is m, then it is guaranteed
that: m < 0(S) < m + 2, so that the error is bounded by 21. As
the window slides, blocks falling entirely out of range are removed
from Q, ensuring that the estimate v(S) = |Q|A + £ remains valid
with an error of at most 2A. It is easy to verify that the number of
A-blocks is no larger than % By setting A = %, the A-snapshot
method can achieve error of at most €N using O(é) space.

An example of how the A-snapshot method works to count the
number of 1-bits in a sliding window is provided as follows.

ExampLE 1. Consider a bit stream {1,0,1,1,0,1,1,1,0, 1,0} with
11 elements and let A = 3. The 1-bits occur at positions 1, 3, 4, 6, 7, 8,



Algorithm 2: SO-COD: Initialize(dy, d y 6 0)

Algorithm 3: SO-COD: Update(x;, y;)

Input: dy,dy: dimensions of the input spaces for X and Y;
€: the approximation ratio; 6: the register threshold
for snapshot;

1 |« min{[1/€], dx, dy}

2 A — OdXXl, B« OdyXl.
3 S < an empty queue.

1 Al odxl B odyx],

5 §' « an empty queue.

and 10; hence, the 3rd and 6th 1-bits (positions 4 and 8) are sampled.
We partition the stream into A-blocks of length 3:

Block 1: [1,3], Block 2: [4, 6], Block 3: [7,9], Block 4: [10, 12].

Note that Block 4 is still incomplete. At time T = 11, assume a sliding
window of size N = 5: Wi1 = (7, 11]. Within Wiy, the 1-bits occur
at positions 7, 8, and 10. Block 2 lies entirely outside W11 and is
dropped, and although Block 4 overlaps W11, it contains no sampled
bit. Thus, only Block 3 (spanning 7-9 and containing the sampled 1-bit
at position 8) remains registered in the queue Q. Moreover, the 1-bit at
position 10, arriving after the last sampled bit, yields a leftover count
¢ = 1. The A-snapshot estimate is hencev(S) = |Q|-A+f = 1-3+1 = 4.
Since the true count of 1-bits in W11 is 3, the error is4 — 3 = 1.

To support frequency estimation over sliding window, a naive ap-
proach is to apply the A-snapshot method to every distinct element
in the stream. For any given element e, the stream can be repre-
sented as a bit stream, where each new bit is set to 1 if the stream
element equals e and 0 otherwise. However, maintaining a separate
A-snapshot structure for each element would lead to unbounded
space usage. Lee et al. [25] show that by maintaining only O(1/¢)
such A-snapshot structures and combine with the well known fre-
quency estimation algorithm MG-sketch [33], an e-approximation
for the frequency of each element can be achieved while using just
O(1/€) space. Although there are O(1/¢) A-snapshot structures,
they collectively track a stream containing at most N ones, ensur-
ing that the overall space cost remains bounded. For each element e,
let f(e) be its true frequency and f(e) be the estimated frequency
derived using the A-snapshot method, then f(e) — J}(e) < eN.

3 OUR SOLUTION

In this section, we introduce our method, SO-COD (Space Optimal
Co-Occurring Directions). As we mentioned earlier, our algorithm is
inspired by the A-snapshot method for e-approximation frequency
estimation over sliding windows [25]. The key idea is simple yet
powerful: as new data arrives, we continuously monitor the domi-
nant (i.e., most significant) co-occurring direction. When the prod-
uct of the norms of the corresponding vectors exceeds a preset
threshold 6, we “register” a snapshot capturing that direction and
remove it from the sketch. The manner in which SO-COD registers
snapshots bears a strong resemblance to the block generation logic
of the A-snapshot. In the A-snapshot method, a A-block is generated
when the number of 1-bits reaches the threshold A. By analogy, we
register a snapshot whenever a dominant co-occurring direction
is detected—that is, when the product of the norms of two vectors
exceeds 6. The snapshot vectors in our algorithm play the same
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Input: x;: the column vector of X arriving at timestamp i;
y;: the column vector of Y arriving at timestamp i
1 if i (mod N) =1 then
2 | (AB) — (A, B).
3 (A’,B') P (odxXl,OdyXl).
4 S « S’ and §’ « an empty queue.
5 while S[0].t+ N < ido
6 | S.POPLEFT()
7 A,B — COD(A, B, x;.y;).
s while [|a1l2 - b1 l2 > 6 do
9 Append a snapshot to S: record
(v=a1, u=hy, s=S[-1].t, t = ). A
Remove the first row from both A and B.
as, 132 becomes the new ay, Bl

// Remove expired snapshots

2 Repeat Lines 7-11 for the auxiliary sketch

=

core role as the A-block in the A-snapshot method: both capture
salient information from the stream, preserving only substantial
updates while retaining accuracy and space efficiency.

In this section, we focus on the normalized sliding window case,
where every incoming vector is unit-norm (||x;|| = ||y;|| = 1). In this
case, we have ||AW||% = ||BW||% = N (with N being the window
length). In Section 4, we extend the method to handle the general
case (R > 1), referred to as the unnormalized sliding window.

3.1 Algorithm Description

Sketch Structure. To handle the sliding window efficiently, our

proposed SO-COD maintains two separate COD sketches:

o A primary sketch (A, B) along with its snapshot queue S, which
summarizes data within the current sliding window.

o An auxiliary sketch (A", B') with its snapshot queue S’, which
accumulates the most recent updates.

Each element in the queue S (or S’) contains four components:

(u,v), two snapshot vectors representing corresponding significant

directions; t, the timestamp when this snapshot is registered; and s,

the timestamp of the last registered snapshot.

Algorithm 2 provides the pseudo-code for initializing the two
sketches. First, it calculates the capacity of the COD sketches [ =
min{[1/€], dx,dy} at Line 1. For normalized model, given the ap-
proximation ratio € and the window size N, we set the register
threshold 6 = eN. When it comes to the unnormalized model, the
setting of 0 is different, where more details are introduced in Sec-
tion 4. After that, it sets both the primary and auxiliary sketches to
zero matrices and initializes the queue as empty (Lines 2-5).

Update Algorithm. When a new pair (x;,y;) arrives, we update
both sketches using the COD routine. The update procedure, de-
tailed in Algorithm 3, involves three main steps:

(1) Window refresh (Lines 1-4): Every N timestamps, the auxiliary
sketch and its snapshots replaces that of the primary sketch to
mitigate the influence of outdated data outside the sliding window
that has accumulated in the sketch. Without this swap, the COD
sketch would incorporate all data from the beginning of the stream



and thus be affected by the entire history, rather than by at most
twice the window size. See the theoretical analysis for details.

(2) Snapshot expiration (Lines 5-6): It removes any snapshots from
both the primary queue S and the auxiliary queue S’ that have
fallen outside the window. Actually, the auxiliary sketch never sees
more than N pairs. Whenever it accumulates N pairs of vectors,
it replaces the primary sketch, after which a new, empty auxiliary
sketch is initialized. Consequently, the auxiliary sketch never pro-
duces snapshots outside the window, and expiration needs to be
handled only on the primary sketch.

(3) Registering dominant directions (Lines 7-11): After updating a
sketch, we check if the product of the norms of its first (i.e., most
significant) column vectors exceeds 6. When ||a;]|2 - ||l;1||2 > 0,
a snapshot capturing these vectors (and the current timestamp
information) is appended to the appropriate queue, and the cor-
responding column is removed from the sketch. This is the core
mechanism of our method: only when a co-occurring direction is
sufficiently significant do we register it.

(4) Updating the auxiliary sketch (Line 12): After updating the pair
(xi,y;) to the primary sketch, we repeat Lines 7-11 on the auxiliary
sketch. This ensures that, when the swap between S and S” occurs,
the auxiliary sketch has processed exactly N vector pairs.

Complexity Analysis. Next, we analyze the running cost for SO-
COD. For each incoming pair (x;,y;), we need to feed them to
the COD algorithm (Line 7 of Alg. 3). It needs to always perform
Lines 6-8 in Alg. 1 every time to obtain the singular values of
RXR£. Performing QR decomposition on A and B takes O(dyl?)
and O(dylz) time, respectively. And then computing RXRin and
performing SVD on matrix RXR{( cost O(1%) time. Thereby, the
computational bottleneck of the algorithm is the QR decomposition
performed within each COD update on the dy X[ and d, X matrices.
Hence, each update runs in O((dx + dy)lz) time.

For space cost, by setting the sketch size | = min( [é] dy, dy),

the memory cost of the two COD sketches is bounded by O(dx;edy).

Additionally, setting the register threshold 6 = €N results in the
number of snapshots being O(é). In total, the space cost for the

whole DS-COD sketch is O( dx:dy ). For the choice of [ and 0, we

will include more discussions in our later theoretical analysis.

3.2 Fast Update Algorithm

A major computational bottleneck in the basic SO-COD update
(see Alg. 3) is the repeated full matrix decomposition, which costs
O((dx +dy)lz) per update. In fact, the original COD method defers a
full decomposition until the sketch accumulates [ columns, resulting
in an amortized cost of O((dx + dy)I) per column. However, in our
sliding window scenario, we must process every column to ensure
that no significant direction is missed.

We observe that the COD analysis only requires the maintained
matrices Qyx and Qy to be orthonormal; the specific upper trian-
gular structure of Ry and Ry is not essential. Motivated by this
observation, we aim to incrementally maintain the decomposition
by ensuring that Qy and Qy remain orthonormal without recom-
puting a full decomposition from scratch each time. This leads to
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Algorithm 4: IncDec: Incremental Decomposition
Input: Q € R R e RIX! and x € RY
Output: Ql c RdX(l+l)’ R ¢ R(l+1)><(l+l)
1
1x —x- Zi=1<qi’x> q;-
// It is easy to verify that vector x’/||x’|| is a unit

vector orthogonal to every column vector of Q

T
2 0 ((@rx) @), (@)
50— [0 ¥/I¥l].
' R v
R

5 return Q’, R’.

our algorithm FastUpdate (Alg. 5). It successfully avoids unnec-
essary full decompositions, by updating the existing orthonormal
basis incrementally, in a manner akin to the Gram-Schmidt process.

To design this strategy, we additionally maintain four matrices:
Ox, Rx and Qy, Ry, which capture the decomposition of the
primary sketches Aand B, respectively.

Incremental Decomposition. When a new vector x (or y) ar-
rives, we update the current decomposition using the procedure,
described in Alg. 4. Briefly, we compute the residual: x’ = x —
Z£=1 (g;, x) q;, where {qi}éz1 are the columns of the current basis
O (see Alg. 4, Line 1). Normalizing x” produces a new unit vector
orthogonal to the existing basis, and the inner products {(g;, x) form
a vector v that updates the upper triangular matrix R (Lines 2-3
of Alg. 4). This incremental update requires only O(dl) time per
update, which is dramatically lower than a full decomposition.

FastUpdate Algorithm. With the incremental decomposition pro-
cedure in place, we now present the complete details of our FastUp-
date Algorithm in Alg. 5. The first two steps, window refresh and
snapshot expiration, are identical to those in Alg. 3. For the update
step, we first invoke Alg. 4 to incrementally update and obtain the
decompositions Qy, Rx, Oy, Ry (Lines 9-10 in Alg. 5).

Once these updated decompositions are available, we compute
the product R XR)T, and perform a singular value decomposition
(SVD) on it (which takes O(I?) time, as shown in Line 11). The SVD
yields singular values {o;} and the associated singular vectors. We
then check whether any singular value o; meets or exceeds the
snapshot threshold 6. For each o; > 6, a snapshot is generated
immediately by computing: @; = Qy u;y/o; and b; = Qy vi/a7,
where u; and v; are the singular vectors corresponding to o;, and
it holds that ||a@;||2 ||l;i |l2 = ;. This snapshot computation requires
O((dyx + dy)!) time. Note that our snapshot registration process
differs from that in Alg. 1. Here, we must update A B R x, and Ry
so that the invariant A = Q «Rx and B = Qy Ry remains preserved
after the update. Although this update strategy is different, we will
show that it still produces the correct result. Finally, as detailed
in Lines 15-19 of Alg. 5, the snapshot vectors are removed from
A, B, Rx, and Ry using our incremental decomposition results;
the correctness is supported by Lemma 1. Finally, we use the same
update strategy for the auxiliary sketch (Alg. 5 Line 20).

By replacing full decompositions with an efficient incremental
update strategy, our FastUpdate algorithm achieves an amortized



Algorithm 5: SO-COD:FastUpdate(x;, y;)

Algorithm 6: SO-COD:Query()

Input: x;: the column vector of X arriving at timestamp i;
y;: the column vector of Y arriving at timestamp i

1 while S[0].t + N < ido

2 | S.POPLEFT()

(A, B) — ([Axi], [By])

4 if columns of A > [ then

s | (A B) < COD(A,B)

s | (Qx:Rx) < OR(A)

7 | (Qy,Ry) — QR(B)

8 else

9 (Ox. Rx) < IncDec(Qx, Rx, x;)

| (Qy,Ry) < IncDec(Qy, Ry, y;)

(U,%.V) « SVD(RxR])

fori=1,---,ldo

if o; > 0 then

S append snapshot (v = Qxu;+/o;, u = Qyvi+/o;,
s=S[-1].t,t =)

A — A- QXuiuiTRX

B/ — B - QYviviTRY

RS( — Ry — uiuiTRX

w

10

11
12
13
14

15
16
17
18 Ry, < Ry - vivlTRy

(A,B,Rx,Ry) — (A", B, R}, R},

19

20 Repeat the above process to the auxiliary sketch

update cost of O((dx +dy)l + 13) per column. This novel improve-
ment retains key properties required for COD while substantially
reducing computational overhead, making our approach particu-
larly well-suited for high-dimensional streaming data.

LEMMA 1. ifA = OxRx, B = OyRy, U,z Vz = SYD(RXRlT,),di
Qxui\oi.bi = Qyvioi, A’ = A-Qxujul Rx, B’ = B-Qyv;vl Ry,
R, =Ry - uiul.TRX and Ry, = Ry — uiuiTRy, then (Qx, R}, is an
orthogonle decom{oosiAtion of A, (Qy, R’Y) is the orthO{gonal decoAm;Aw—
sition of B’ and (A’, B) is the same as removing (dj, b;) from (A, B),

s . n ~T
that is, A B'T = AB" — a;b;" .

Query algorithm. The query procedure for SO-COD operate
through a direct aggregation of the COD sketch matrices and snap-
shots from the primary sketch. Specifically, the current sketches
(A, B) are horizontally concatenated with matrices (C, D) stacked
by the non-expiring snapshots, constructing an augmented repre-
sentation that preserves historical data integrity within the window
while incorporating current COD sketches.

Complexity Analysis. To compute QXul-ul.TRX, we should first
compute Qxu; in O(dyl) time, ul.TRX in O(1%) time and then multi-
ply Oxu; by ul.TRX in O(dxl) time to obtain QXuiuiTRx. Similarly,
we can compute QYuivl.TRy in O(dyl) time. For uiuiTRX, we can
first calculate ul.TRX in O(1?) time and then multiply u; by ul.TRX
to attain uiuiTRX in O(I%) time. We can also compute viviTRy in
O(1?) time. As a result, extracting a snapshot from (A, B) takes
O((dx +dy)I) time. However, it is noteworthy that after executing
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Output: Ay and By
1 Ay = [A C], where C is stacked s;.u for all s; € S
2 By = [B, D], where D is stacked s;.o for all s; € S
3 return Ay, By

Lines 17 and 18, Rx and Ry are not necessarily upper triangular
matrices. What can be guaranteed is that (Qx, R},) and (Qy, R},)
are the orthogonal column decomposition of A and B respectively.
However, as we mentioned earlier, a closer examination of the COD
algorithm’s proof in [35] reveals that the upper triangular struc-
ture of Rx and Ry is nonessential to the algorithm’s validity. The
algorithm’s correctness hinges solely on Qy and Qy being column
orthogonal. Notably, our proposed Algorithm 4 is designed to han-
dle decompositions with non-triangular Ry and Ry. It remains
valid for the pairs (Qx, R}) and (Qy, R}) as long as Qy and Qy
are column orthogonal. Consequently, decompositions (Qx, R,)
and (Qy, RY,) remain valid for the COD algorithm and Algorithm
4, regardless of the upper triangular structure of Rx and Ry.
Suppose that there exist m singular values surpassing the thresh-
old 6 in Line 13 from the beginning to current timestamp t, aligned
as o1 = 02 = 03 = -+ > oy = 0, extracting these m snap-
shots takes O(m(dx + dy)l) time in total. Since md < Y72, 0; <

HAlJBlT,tH* <3h ||x,le||* < t, we have m < t/0. As a result,

t(dy+dy)!

it takes O( ) over t timestamps, and the amortized time

per column is O(M) With 6 = eN = N/I, this amortized
time is O((dy + dy)lz/N). Assuming N = Q(I), this amortization
for a single update remains O((dx + dy)l + 13), which is a rational
assumption. Thus, compared to Alg. 3 costing O((dx + dy)I?) for
each update, Alg. 5 only takes amortized O((dx + dy)! + 13) time
for each update, which is faster.

Finally, we present the following theorem about the space and
time complexity of our SO-COD, as well as its error guarantee.

THEOREM 2. Let {(x1,Y;)}t>1 be a stream of data with ||x;|| =
lly,ll =1 for allt, and let Xy and Yy, denote the sliding window
matrices as defined in Definition 1. Given a window size N and relative

error €, the SO-COD algorithm outputs matrices Ay € R%*0(2)
and By € RIXO(E) sych that, if the register threshold is set to
0=eNandl = min([%], dy, dy), then

[xwyi, - AwB |, < seN = selXwlie Y.

dyx+dy
€

Furthermore, the SO-COD sketch uses O(
each update in O((dyx +dy)l + I3) time with Alg. 5.

) space and supports

4 GENERAL UNNORMALIZED MODEL

In this section, we extend SO-COD to handle unnormalized data,
where the squared norms of the input vectors satisfy ||x;||2, ||y; ||§ €
[1, R], where R represents the maximum value of squared norms.
Following the approach in [25] for mutable sliding window sizes,
we construct a multi-layer extension of SO-COD, which we denote
by ML-SO-COD (Multi-Layer SO-COD). In this framework, the



Algorithm 7: ML-SO-COD:Initialize(dy, d y &N, R)

Algorithm 8: ML-SO-COD:Update(x;, y;)

Input: dy, dy: The dimension of X and Y respectively; N:
the length of sliding window; R: upper bound of
squared norms; €: the approximation ratio

1 L « [log, R];

2 M < an empty list

3 fori=0,---,L—1do

4 L M.append(SO—COD.Initialize(dx,dy, €, 2ieN))

data stream is processed through L = [log, R] layers. Each layer i
(fori=0,1,...,L — 1) maintains an independent SO-COD sketch
with a distinct register threshold 8; defined by 6; = 2{eN. That is,
in layer i, a snapshot is registered when ||a;||2 ||I;i||2 > 2{eN. By
assigning 0 values to scale exponentially across levels, we create a
dynamic coverage mechanism that spans a wide range of Frobenius
norm magnitudes. This exponential scaling ensures that when the
Frobenius norm of matrices within sliding windows fluctuates,
there will always be at least one level that can still maintain precise
approximate matrix multiplication. For each level, we aim to avoid
excessive snapshot storage, and we explicitly restrict the number of
snapshots stored per level to no more than g. We show that even
under this space limit, ML-SO-COD still retains the e-approximation
guarantee. More details are provided in the theoretical analysis [1].
By constraining the number of snapshots per layer to O(1/¢), the
overall space complexity of ML-SO-COD is O((dx +dy)/€ - log R).

Multi-Layer Sketch Structure. Alg. 7 shows the initialization of
an ML-SO-COD sketch, thereby defining the multi-layer structure.
In Line 1, we compute the number of layers L = [log, R]. For
each layeri € {0,1,...,L — 1}, an independent SO-COD sketch is
initialized with the register threshold 6; = 2eN and added to the
list M. Consequently, in layer i, the SO-COD sketch will generate
a snapshot when ||a@;]|2 bill2 > 2'eN. To minimize redundancy
and retain only the most significant information, we restrict the
number of snapshots per layer to O(1/€). As a result, the total space
required by ML-SO-COD is O((dx +dy)/€ - logR).

Update Algorithm. As shown in Alg. 8, each incoming column
pair (x;,y;) is processed across all layers. To ensure that the num-
ber of snapshots in each layer remains within the bound of O(1/¢),
g. It first checks if the number
of snapshots exceeds g (and prunes expired snapshots promptly,
as indicated in Lines 2-3). Then, for each layer j, if the prod-
uct of [|x;||, and ||yi||2 exceed the threshold 2/eN, we generate
a snapshot (u = x;,v = y;) directly, preserving all information

we explicitly set this bound to

of (x;,y;) without introducing approximation error for xiyl.T to
reduce additional calculation (Lines 4-5). Otherwise, the update
procedure applies the column pair (x;,y;) to update the corre-
sponding SO-COD sketch M[j] (Line 7) via the SO-COD.FastUpdate
procedure. Due to the direct update mechanism, we can better
restrict the times of extracting snapshots from sketch. Specifi-
cally, suppose that in layer j, there exist m singular values sur-
passing the threshold 0 in Alg.5 (Line 13) from the beginning to
current timestamp ¢, aligned as o1 > 09 > 03 > -+ > o = 0,
extracting these m snapshots takes O(m(dx + dy)l) time in to-
tal. Since mf@ < Zg:l HxiyiTH* IQESIP ||yi||2 < 0) < tf, where
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Input: x;: the column vector of X arriving at timestamp i;
y;: the column vector of Y arriving at timestamp i
1 forj=0,---,L—1do
2z | while len(M[j].5) > £ or M[j].S[0].t < i—N do
3 | M[j].S.POPLEFT()
4 if ||x;ll5 ||yi||2 > 2/eN then
5 M{j].S append snapshot (u = x;, v = y;,
s=M[j].S[-1].t,t =)
else
L M{j].FastUpdate(x;,y;)

s | Repeat the above process to the auxiliary sketch

Il ||yi||2 < 0) equals 1 if ||x;]|, ||yi||2 < 0 and otherwise 0.
Hence, we have m < t, which implies amortized time for extracting
the snapshots per layer is O((dx + dy)l). As the update is exe-
cuted in each of the L layers, the overall time cost per update is
O(((dx +dy)l + I*) log R). ML-SO-COD also maintains a window
refresh for each level, but with a different trigger. A swap is exe-
cuted at level j when the sum of products of input vector norms
> lxillo ||yl-||2 processed in auxiliary sketch, exceeds 2/ N. For the
sake of simplicity, this mechanism is not detailed in Alg. 8.

Query Algorithm. Alg. 9 describes the procedure for forming the
sketch corresponding to the sliding window [t — N + 1, ¢]. Because
of the per-layer constraint on the number of snapshots, a given
layer might not contain enough snapshots to cover the entire win-
dow and thereby produce a valid sketch. To address this, we select
the lowest layer for which the snapshots fully cover the window
while minimizing the approximation error. More precisely, a layer
is deemed valid if the last expired snapshot before its earliest non-
expired snapshot occurs at time s satisfying s < t — N. A naive
approach would scan all O(log R) layers, resulting in a time com-
plexity of O(log R); however, since the snapshot density decreases
monotonically with increasing layer index (due to the larger reg-
ister thresholds), a binary search can be employed to reduce the
query time complexity to O(loglogR).

Complexity Analysis. The following theorem demonstrates the
error guarantee, space and time complexity for ML-SO-COD.

THEOREM 3. Let {(x¢,y,;)}t>1 be a stream of data so that for all t
it holds that || x|, |ly,lI3 € [1,R]. Let Xw = [x;—N+1.. .., %] and
Yw = [Y;_N415- - -»Y;] denote the sliding window matrices as de-
fined in Def. 1. Given window size N and relative error parameter €, the
ML-SO-COD algorithm outputs matrices Ay, € R%*0(2) andByy €

Rdyxo(é) such that if the sketch size is set to | = min([ﬂ, dy, dy),

then “XWY% - AWB-'—WH2 < 4e||Xwllg IYwl|p. Furthermore, the

dx:dy log R) space and supports each

ML-SO-COD sketch uses O
update in O(((dx +dy)l+ 1) log R) time.
Space Optimality. We derive a lower bound on the space complex-

ity of any deterministic algorithm that solves the AMM problem
over a sliding window. As we will see, the space complexity of our



Algorithm 9: ML-SO-COD:Query()

Output: Ay and By
1 Find i = min; 1 < M[j].S[0].s <t-N
Ay = [M[i].A, C], where C is stacked s;j.u, V'sj € M[i].S
By = [M[i].B, D], where D is stacked s;.0, V s; € M[i].S
4 return Ay, By

)

@

ML-SO-COD (see Theorem 3) exactly matches this lower bound,
thereby confirming its optimality with respect to space efficiency.

Prior work [18] established a lower bound for matrix sketching,
and [28] extended this result to AMM, as stated as follows.

LEMMA 2 (LOoWER BoUND FOR AMM [28]). Consider any AMM
algorithm with input matrices X € R%*" qnd Y € R%*" and
outputs A € RYxXM gnd B € RAXM that satisfy | XYT — ABT||, <
1 . ;
m XN ENYIF). Assuming a constant number of bits per word, any
such algorithm requires at least Q((dx + dy)m) bits of space.

We also have the following lemma.

LemMma 3 ([28]). Foranyd > 0,dx < dy, there exists a set of matrix
pairsZ; = {(X1,Y1),..., (Xar, Yar)}, where M = 22 (H(dy=D) 10g(1/8))
and each X; € R%&X! gnd Vi e RYyx! satisfies XiTXi = I; and
f/iTl?i = I;. Besides, for anyi # j, ||X,Yl~T - X]Y]TH > V28.

Combining Lemmas 2 and 3, we obtain the following lower bound
for the AMM problem over a sliding window.

THEOREM 4 (LOWER BOUND FOR AMM OVER SLIDING WINDOW).
Given Xyy € READXN vy, ¢ RUEFHDXN gng 1 < ||x|l2, Iyl <
R+1 forallx € Xy and y € Yy, a deterministic algorithm that re-
turns (Aw, By ) such that XWng - AWB€V )2 < SIXwlellYwllp

dxtdy
€

wheree =1/l and N > % log §, must use Q( log R) space.

5 RELATED WORK

Streaming AMM. In the literature, a plethora of research works
have been studying the AMM problem in the streaming setting,
which can be primarily categorized into two types: randomized
algorithms, such as sampling [13], random projections [9, 29, 37],
and hashing [8], and deterministic algorithms, including FD-AMM
[45] and Co-occurring Directions (COD) [28, 35]. By sampling an
appropriate number [/ of columns from X and Y, Drineas et al. [13]
show that an approximate matrix product with a Frobenius norm
error guarantee can be achieved. Sarlos [37] demonstrates that a
similar guarantee can also be obtained using a random projection
technique, provided that the projection matrix satisfies the require-
ments of a Johnson-Lindenstrauss (JL) transform. On the other
hand, the deterministic methods typically utilize SVD to construct
approximate matrix sketches, often resulting in lower approxima-
tion errors. FD-AMM [45] employs the Frequent Directions (FD)
algorithm in a deterministic manner, producing two sketching ma-
trices with approximation guarantees. The COD algorithm [35] is
designed to retain only the dominant singular values of the correla-
tion matrix, preserving the most important correlations.

Sliding Window Model. When recent data matters most, the
sliding-window model is standard for streaming queries—sum [11],

462

Table 2: Tested Datasets.

Dataset. Abbr. dyx dy n N

Uniform Random | UR 2000 | 1000 10000 | 4000
Random Noisy RN 2000 | 1000 10000 4000
Multimodal Data | MD 2048 3000 123287 | 10000
HPMax HP 16384 | 16384 32768 10000
TWeibo ™w 1657 1657 | 2320895 | 50000

distinct elements [21], frequency counts and top-k [22, 30, 36], and
quantiles [2]. Datar et al. [11] introduced Exponential Histograms
(EH): a logarithmic set of timestamped buckets with exponentially
increasing sizes that estimate the number of 1s in the last N posi-

tions using O(% log?N ) space; they also extended EH to sums of

bounded positive integers (< R) with O(% log N (log N +log R))
space. Arasu et al. [2] generalized sliding-window frequency es-
timation to multi-category streams via block/layer “aging”, and
adapted Misra—Gries as a black box to achieve additive-€ accuracy in

114521 I . )
O(g log g) space. Subsequent work simplified and tightened space:
Lee et al. [25] used a snapshot mechanism for frequent items in
O(é) space, and Ben-Basat et al. extended Space-Saving [32] to the

sliding-window model with the same O(%) bound. For distributed
settings, Papapetrou et al. [36] designed an efficient distributed
sliding-window framework.

Badeau et al. [5] compute the SVD over a sliding window by
retaining all rows of the matrix, instead of leveraging sketching
algorithms. Wei et al. [40] studied the problem of approximate
matrix covariance in sliding windows, which was later improved in
terms of space efficiency by [46]. Zhang et al. [47] extended this line
of work to distributed sliding-window settings. To our knowledge,
the only prior work on approximate matrix multiplication (AMM)
in the sliding-window model is by Yao et al. [44], who combine
COD with the dyadic-interval (DI) [2] and exponential-histogram
(EH) [11] frameworks to obtain DI-COD and EH-COD. While DI
and EH frameworks can be extended to sliding-window algorithms
(e.g. using Misra-Gries algorithm [33] for frequency estimation),
they introduce a multiplicative space overhead [25]. Therefore, DI-
COD and EH-COD inherit this overhead, resulting in suboptimal
space complexity. In [44], Yao et al. also include a sampling-based
baseline that combines priority sampling with a general sliding-

window framework [4]; this method requires O(e—lz log R) space. In

this paper, we embed the A-snapshot method into COD in a non-
trivial way, yielding an algorithm for AMM over sliding windows
with optimal space complexity, improving over all prior results.

6 EXPERIMENTS

In this section, we evaluate our proposed algorithms against three
different baseline algorithms on both synthetic and real-world
datasets. We have made the source code publicly available [1].

6.1 Baseline Algorithms

Sampling method. For the AMM problem, the algorithm samples a
small proportion of the matrices. Specifically, each pair of columns

(xi,y;) is assigned to a priority p = ul/(Hxi”2||yi||z), where u is



uniformly sampled from the interval (0, 1) [14]. This priority-based
sampling strategy ensures that columns with larger norms are
more likely to be selected, thereby preserving the most significant
contributions to the matrix product. To achieve an e-approximation
guarantee, it requires 0(6%) independent samples selected based
on the highest priorities with replacement [13, 14]. To extend the
priority sampling on the sliding window, we use the technique

dx:zdy log N) for the

from [4], leading to a space complexity of O(
dyx+dy
62
DI-COD. DI-COD applied the Dyadic Interval approach [2] to Co-
Occurring Directions, maintaining a hierarchical structure with
L =log é parallel levels, each of which contains a dynamic number
of blocks. For i-th level, the window is segmented into at most
2L=#*1 plock, and each block maintains a COD sketch. The space

cost for DI-COD is O (M log2 é)

normalized model and O(

log NR) for unnormalized model.

EH-COD. Exponential Histogram Co-occurring Directions (EH-
COD) combines the Exponential Histograms technique [11] and
incorporates the COD algorithm for efficiently approximating ma-
trix multiplication within the sliding window model. The space cost

for EH-COD is O (d"+dy log eNR).

€2

6.2 Experiments Setup

Datasets. Experiments are conducted on both synthetic and real-
world datasets widely used in matrix multiplication [17, 23, 35, 44,
45]. All datasets are unnormalized. The details are listed below:

e Uniform Random [44, 45]. We generate two random matrices:
one of size 2000 X 10000 and another of size 1000 x 10000. The
entries of both matrices are drawn uniformly at random from
the interval [0, 1). The window size for this dataset is N = 4000.

¢ Random Noisy [17, 35]. We generate the input matrix X7 =
SDU + F/{ € RAXdx Here, the term SDU represents an m-
dimensional signal, while F/{ is a Gaussian noise matrix, with
scalar parameter { controlling the noise-to-signal ratio. Specifi-
cally, S € R™ ™ js a random matrix where each entry is drawn
from a standard normal distribution. D € R™*™ is a diagonal ma-
trix with entries D;; = 1-(i—1)/m,and U € R™%4x 5 a random
rotation which represents the row space of the signal and satis-
fies that UTU = I;,. F is again a Gaussian matrix with each entry
generated i.i.d. from a normal distribution N (0, 1). Matrix Y is
generated in the same manner as X. We set n = 10000,dy = 2000,
dy = 1000, m = 400, { = 100, and the window size N = 4000.

e Multimodal Data [35]. We study the empirical performance of
the algorithms in approximating correlation between images and
captions. Following [35], we consider Microsoft COCO dataset
[26]. For visual features we use the residual CNN Resnet101
[19] to generate a feature vector of dimension dy = 2048 for
each picture. For text we use the Hierarchical Kernel Sentence
Embedding [34], resulting in a feature vector of dimensions dy, =
3000. We construct the matrices X and Y with sizes 2048 X 123287
and 3000 X 123287, respectively, where each column represents
a feature vector. The window size is set to N = 10000.

e HPMaX [23]: We also include the dataset HPMaX, which is
used to test the performance of heterogenous parallel algorithms
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for matrix multiplication. In this dataset, both of X and Y have
size of 16384 X 32768. The window size N is 10000.

e TWeibo [43, 48]: TWeibo is a large directed attributed graph
dataset comprising 2.3 million vertices and 1657 attributes. Using
the PANE [43] algorithm, we generated two approximate node-
attribute affinity matrices, namely the forward affinity matrix F
and the backward affinity matrix B respectively. Both matrices
are of size 1657 X 2320895. The window size is set to N = 50000.

Evaluation Metrics. Recall that our SO-COD achieves the optimal

space complexity while providing an e-approximation guarantee.

Therefore, we design the experiments to explicitly demonstrate

the trade-off between space consumption and empirical accuracy

across different datasets. Specifically, we tune the parameters of
each algorithm and report both the maximum sketch size and the
empirical relative correlation error.

e Maximum sketch size. This metric is measured by the maxi-
mum number of column vectors maintained by a matrix sketch-
ing algorithm. The maximum sketch size metric represents the
peak space cost of a matrix sketching algorithm.

o Relative correlation error. This metric is used to assess the
approximation quality of the output matrices. It is defined as

HXWY{V - AWB{V‘ L/ IXwllp ¥ llp, where Xy and Xy de-

notes the exact matrices covered by the current window, and
Ay and By denotes sketch matrices for XWY&,.

For the selection of queries, we uniformly choose quantile points at
fractions of i/50 from each dataset. We then report the maximum
sketch size throughout the process, as well as the maximum and
average errors of these selected queries.

6.3 Experimental Results

Sketching Quality. We first adjust the error parameter € for each
algorithm to analyze the trade-off between space efficiency and em-
pirical accuracy. Generally, when the error parameter e decreases,
the maximum sketch size increases. As shown in Figures 1-2, we re-
port the maximum sketch size, as well as the maximum and average
relative correlation errors. Both the x-axis and y-axis are displayed
on a logarithmic scale to encompass the wide range of values.
First, we observe that the curve representing our solution SO-
COD consistently resides in the lower-left corner compared to
other baselines, in terms of both maximum and average errors.
This implies that for a given space cost (i.e., maximum sketch size),
our SO-COD consistently produces matrices with much lower cor-
relation errors. Therefore, our solution demonstrates a superior
space-error trade-off, aligning with its optimal space complexity
as discussed in Section 4. Second, on certain datasets (e.g., Mul-
timodal Data and HPMax), the second-best algorithm, EH-COD,
produces results comparable to our solution when the maximum
sketch size is small (i.e., the error parameter € is large). However,
the gap between the two curves widens as the maximum sketch size
increases (i.e., the error parameter ¢ decreases). This is also aligned
with the theoretical result that the suboptimal space complexity

O( % log eNR) of EH-COD is outperformed by our optimal com-
plexity O( dx:dy log R). Finally, we observe that the EH-COD base-

line performs better than the DI-COD baseline in almost all cases,
which aligns with the observations in [44].
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Figure 4: Memory Footprint vs. Average Error.

Then, we examine the impact of the error parameter on the space
cost of each algorithm. We vary the parameter € and report the
maximum value of sketch size. The results are shown in Figure 3.
The curve of our solution SO-COD consistently remains the lowest.
This indicates that, for a given error parameter, SO-COD requires
the least space, thereby confirming the conclusion of space optimal-
ity. One may note that as log;,(1/¢) increases, the space growth
of the EH-COD algorithm gradually slows down. This occurs be-
cause, as € decreases, the storage capacity of EH-COD increases,
and the entire sketch becomes sufficient to store the entire window
without significant COD compression operations. Consequently,
the maximum sketch size approaches the window size.

Memory Footprint. As the algorithms require auxiliary memory
(e.g., for performing SVD), we measure and report the total memory
usage of each algorithm to assess their practical space efficiency.
As shown in Figure 4, we illustrate the trade-off between average
error and memory footprint. The curve for our solution, SO-COD,
consistently lies in the bottom-left region of the plot compared to
other algorithms, indicating both lower error and smaller memory
usage. Moreover, the trend is consistent with the pattern observed
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in Figure 2. These results confirm that SO-COD delivers superior
performance not only in theory but also in practice.

Average Update and Query Time. We then report the average
update time and query time to evaluate the efficiency of SO-COD
compared to its competitors, with the error parameter fixed at
€ = 0.1. For measuring query time, we make queries at the selected
quantile points (i.e., % % N) and report the average query time. The
experimental results are presented in Figure 5.

As shown in Figure 5(a), in terms of update time, our SO-COD is
comparable to both the Sampling method and DI-COD, while the
EH-COD method achieves the fastest update speed among all four
algorithms. However, this efficiency in updates comes at the cost of
significantly slower query performance. Specifically, the query time
of EH-COD is at least two orders of magnitude higher than that of
the other algorithms. On the Multimodal Data and HPMax datasets,
EH-COD requires approximately 1.5%10* and 5.3x 10% milliseconds,
respectively, for query execution. This trade-off arises because EH-
COD involves a time-consuming COD merging operation for query,
leading to higher query time complexity while others achieve better
query time complexity without merging. In contrast, our SO-COD
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Figure 5: Average update time and query time with € = 0.1.
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Figure 6: Maximum sketch size with window size varying

achieves the fastest query performance, delivering at least a 5x
speedup compared to the second-fastest algorithm.

The experimental results on time efficiency align well with the
theoretical time complexity analysis (see Table 1 for more details).
Regarding amortized update time, SO-COD is comparable to the
baseline methods. Specifically, our SO-COD introduces an additive
term of é in the update time, whereas EH-COD and DI-COD in-
cur multiplicative logarithmic factors of log(e NR) and log (R/e¢),
respectively. In terms of query time complexity, SO-COD demon-
strates clear advantages over both EH-COD and DI-COD. Compared
to EH-COD (resp. DI-COD), our method reduces the query time by
a factor of O (1/62) (resp. O (R - log (R/¢))).

Varying Window Size. To examine the impact of the window size
setting on each algorithm, we vary the window size and then report
the maximum sketch size of each algorithm. The error parameter is
fixed at € = 0.1 for each algorithm. For the Uniform Random dataset,
we vary the window size from {500, 1000, 2000, 4000}; for the HP-
Max dataset, we vary the window size from {1000, 2000, 5000, 10000}
The results are presented in Figure 6. From the figures, it is observed
that our algorithm requires the smallest sketch size. We also no-
ticed that all the algorithms, except for EH-COD, demonstrate high
robustness to the setting of window size. The reason for the un-
satisfactory performance of EH-COD is that, there exists a hidden
large constant within its space complexity. Consequently, its empir-
ical sketch size is close to the window size, i.e., almost storing the
whole window. Therefore, when the window size varies, its sketch-
ing performance is significantly affected. Interestingly, although
the sampling method theoretically involves the multiplicative term
log(N), the result shows a low sensitivity to the window size and a
slightly increasing trend as the window size increases. This suggests
that the theoretical space complexity may be overly conservative,
indicating potential for further optimization.

Impact of FastUpdate Optimization. We evaluated the perfor-
mance of our FastUpdate algorithm (see Algorithm 5) against the
naive update approach (see Algorithm 3) to demonstrate the ef-
fectiveness of our proposed optimization. Both update strategies
were tested across all datasets, and the average update times are
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reported in Figure 7(a). Our results show that FastUpdate signif-
icantly outperforms the naive version, achieving speedups of up
to 13X. This performance gain stems from the fact that the naive
algorithm performs a full QR decomposition for each newly arriv-
ing column, whereas FastUpdate employs an incremental update
strategy, avoiding the costly full matrix decompositions.

Impact of Value R. We further investigate the impact of the pa-
rameter R on the sketch size. Recall that R denotes the upper bound
on the squared norms of all column vectors. To evaluate this, we
rescale the norms of the column vectors such that R varies from
1 to 256, and we report the maximum sketch size, as shown in
Figure 7(b). As we can observed, the sketch size of our algorithm
increases only slightly with larger values of R. For example, on the
HPMax dataset, the sketch size ranges from 100 to 980 as R increases
from 1 to 256. This demonstrates a low sensitivity to R, aligning
with the theoretical space complexity’s log(R) multiplicative factor.

Parameters Sensitivity for Update and Query Performance.
Next, we analyze the impact of parameters on the update and query
performance of SO-COD. We use the synthetic Uniform Random
dataset, as it allows us to conveniently vary the matrix size and R
for clearer analysis. For analysis of dy, we fix d y = 1000 (the default
size), e = 0.1, R = 1, and vary dy from 1000 to 9000; for analysis ofdy,
we fix dy = 2000 (the default size), e = 0.1, R = 1, and vary dy from
1000 to 9000; for the analysis of €, we fix dx = 2000,d, = 1000, R = 1,



and vary € from 0.5 to 0.05; for the analysis of R, we set dx = 2000,
dy = 1000, € = 0.1, and vary R from 1 to 256.

As shown in Figures 8(a) and (b), both the query time and update
time exhibit consistent growth with the increase of dy and dy,
confirming their linear dependence on dy and dy.

When varying €, both update and query complexities include
dyx+dy

the term . Hence, as € decreases, the running time increases
roughly inversely with e. This explains the monotonic growth
observed in Figure 8(c), where smaller € values result in higher costs
for both update and query operations. The curves show consistent
upward trends, matching the theoretical 1/e dependence.

When varying R, the dependence differs between query and
update performance. For queries, the cost first increases with R
when R < 8. Once R > 8, the query cost becomes stable, consistent
with the theoretical log log R dependence. The initial increase (when
R < 8) arises because the number of snapshots is less than 6/¢ (see
Algorithm 8), so a larger R increases the number of snapshots,
thereby degrading query performance. When R is sufficiently large,
the number of snapshots reaches the upper bound 6/¢, at which
point the performance stabilizes. For updates, since the update
complexity of SO-COD depends on log R, the cost exhibits more
noticeable growth as R increases. This explains the steeper slope of
the update curve compared to the query curve when varying R.

7 CONCLUSION

In this paper, we propose SO-COD, a novel algorithm for approxi-
mate matrix multiplication over sliding windows. SO-COD achieves
the optimal space complexity in both the normalized and unnor-
malized settings. Experiments on synthetic and real-world datasets
demonstrate its space efficiency and superior estimation accuracy.
Future work will focus on reducing the time complexity to achieve
linear dependence on the number of non-zero entries.
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A PROOFS

We provide the proof of Theorem 2. All omitted proofs are deferred
to our technical report [1].

Proof of Theorem 2. We denote the matrices of snapshot vectors
generated between timestamps a and b as C,, ;, and D ;. Specifi-
cally, C, j if formed by stacking s;.u for all s;j.t € [a,b] and D is
formed by stacking s;.v for all s;.t € [a, b]. Similarly, let X, and
Y45 represent the matrices stacked by all x; and y;, respectively,
where i € [a,b]. We denote P as the moment right before the pri-
mary sketch begins to receive updates. By the refresh mechanism,
we have P = (k — 1)N, where k = max(1, [ (T — 1)/N]). Define
(AT, BT) as the primary COD sketch at moment T. Next, we have

[ty - awsi],
T - T
= ”XT—N+1,TYT—N+1,T - ArBr - CT—N+1,TDT—N+1,T”2

T T ARl T
= ||XP,TYP)T - XP,T—NYP)T_N — ArBr - CP,TDP,T
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T T T -1
+Cpr-NDpr_yll2 < ”XP,TYP,T -CprDpr— ATBT” +
T T
”XPsT—NYP,T—N - CP,T—NDP,T—N”2

s T
= H[XP,T, ~Cprl[Ypr, Dpr]T - ATBTH +

T T y 2 T, 4 & T
”XP,T—NYP,T_N - Cpr-NDpr_ N —Ar-NBr-N +A7_NBr_Nn ”2

s WT . T
< H[XP,T, ~Cp1lYpr. Dpr]T - ATBT” + HAT—NBT—N ”z +

. T
H[XP,T—N, ~Cpr-N1[YpT-N.Dp1-N1" = Ar_NBr_N H (1

where (A7_n, Br_n) and (AT, Br) can be considered as the COD
sketches of matrices ([ Xpr-nN,—Cp1-N], [YPT-N, DpT-N]) and
([Xp1,—Cprl, [YPT,DpT]), respectively. Extracting a snapshot
with vectors (v, u) from (A, B) can be seen as a COD sketch update
with pair of columns (—o, u). It is also known that:

leralls Pl < |Xpr¥ho|, < IXerlle Yol =T-P.
Similarly, we also have

Icpr-nlpIDpr-N]p <T-N-P.

The two previous terms are products involving the Frobenius
norm. We associate these terms with P, which represents the times-
tamp when the primary sketch is ready to incorporate new vectors.
Due to the refresh mechanism, we bound this by O(N), for T — P
is no more than 2N and T — N — P is no more than N.

By the approximation error guarantee of COD [35], we have:

H [Xp1.~Cpr][Ypr.Dpr]" - ATIA#HZ
< e||[Xp.r, ~Cr.1l||p [|[Yp.1, ~Dp.1]||f = 26(T - P) (2)

. T
” [Xp71-N,~CpT-N1[YPT-N.DpT-N1T - AT—NBT—N”2

< e|[[Xpr-N.=Cpr-N]||¢ [[YP,r-N. —~Dp1-N]||5
=2¢(T - N - P) 3)

N . T
”AT—NBT—N ‘ 4)
Combining Inequalities 1-4, the approximation error is bounded by

s AT
‘2 < H[XP,T, ~Cprl[Yp1,Dpr]T - ATBTH

< eN.
2

Xy, - awBl,

. T
+ H[XP,T—N, ~Cpr-N1[YpT-N.Dp1-N1" = Ar_NBr_N H
+ HAT_NBT_NTHZ < 26(T = P) +2¢(T — N — P) + 2N
< €(4T — 4P) < 8eN.

Next, we prove the number of snapshots is bounded by O( %) Sup-
pose that at time T the queue has k snapshots of vector pairs
(u1,v1), (ug,02),- -, (ug, v), and the corresponding singular val-
ues are 01,09, -+ , 0. Then we know

k
keN < )" lluilly lloill, =
i=1

< IleN +N =2N.

*

k
S oo+ ot
i=1

Hence, we have keN < 2N, which implies k < % Thus, the space
cost of SO-COD for normalized model is dominated by COD sketch
and snapshot storage, yielding a total space cost of O((dx +dy)/e).
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