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ABSTRACT

Local subgraph counting computes the exact number of occurrences
of a query graph around every vertex in a data graph. By capturing
local higher-order structure, it supports extensive applications in
network analysis and graph learning. The fastest existing method,
SCOPE, accelerates counting through query graph decomposition,
but it is designed for single-threaded CPU execution. As a result,
it struggles on large graphs and cannot take advantage of modern
GPU hardware. A naive GPU adaptation is also ineffective: as the
number of parallel GPU threads grows, the memory footprint of
their intermediate results quickly drains the device memory.

We develop a high-performance GPU solution for local subgraph
counting that preserves SCOPE’s tree-decomposition framework
while explicitly resolving the tension between massive GPU paral-
lelism and limited device memory. Our approach compresses the in-
termediate join-and-aggregate results and proposes an insert-failure
restart mechanism that guarantees correctness under bounded
memory. We further design a key-mapping strategy that enables
lock-free hash tables for higher throughput, eventually integrating
these components into a complete GPU execution framework capa-
ble of handling arbitrarily complex queries. Experiments show that
our GPU-accelerated method achieves up to a 35X speedup over a
multi-threaded SCOPE implementation, reducing the processing
time for a million-scale graph from days to about 20 minutes and
making local subgraph counting practical at large scale.
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1 INTRODUCTION

Graphs model relationships in many domains, e.g., finance, social
networks, and biology [6, 13, 35]. The problem of local subgraph
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counting [25, 43, 56] is to compute the number of occurrences of a
query graph within a data graph around every vertex, and it serves
as a fundamental tool for graph analysis. Formally, a local subgraph
counting query is represented as Q = (g, 0), where q is a connected
query graph and o is a vertex of ¢q. Given a data graph G, a local
subgraph counting algorithm computes, for each vertex v in G, how
many matches of ¢ map the vertex o in g to v.

Local subgraph counting has many applications in network anal-
ysis, such as summarizing network structures [41], graph cluster-
ing [54], and community detection [49]. In recent years, it has also
gained significance in Graph Neural Networks (GNNs) [4, 25, 42],
as incorporating local subgraph counting results into node embed-
dings has been shown to improve GNN performance by capturing
higher-order local structures that manifest in large graphs.

However, local subgraph counting remains challenging because
it requires enumerating subgraph isomorphisms and aggregating
them at the designated vertex o. SCOPE is the state-of-the-art
method [25] to solve this problem. It transforms the input query
pattern into a set of smaller patterns and evaluates each small
pattern by a tree-decomposition-based join-and-aggregation proce-
dure. This design avoids enumerating all matches of the full query
directly which substantially reduces the search space in practice.
However, SCOPE is designed for single-threaded CPU execution,
which limits its scalability and efficiency, especially for large and
complex graphs. Furthermore, for GNN applications, their execu-
tion typically relies on powerful GPUs, but existing local subgraph
counting algorithms have yet to utilize GPU parallelism, resulting
in long computation times.

Exploiting GPU parallelism is therefore a natural direction. GPUs
have accelerated related graph tasks, including subgraph match-
ing [48, 52, 55], subgraph enumeration [16, 20], global subgraph
counting [10, 53] and k-clique counting [2]. However, these meth-
ods cannot be directly applied to solve the local subgraph counting
problem. Subgraph enumeration methods require materializing an
exponential number of instances and incur a higher time complex-
ity than counting methods. Global subgraph counting returns a
graph-level pattern count. Even when these counts are computed
from per-vertex or per-edge participation counts, those participa-
tion counts do not necessarily distinguish the structural role played
by each data vertex in an occurrence. For local subgraph count-
ing, each occurrence of a query Q = (g, 0) must contribute to the
counter of the data vertex matched to o, which requires additional
role-specific aggregation design.

In this paper, we propose a GPU solution for local subgraph
counting that can leverage GPU’s parallel processing capabilities.
However, developing an efficient GPU implementation of SCOPE
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Table 1: Frequently used notations

Symbol Meaning
G = (Vg,Eg) Datagraph
q= (Vg Eq)  Query graph
f An isomorphism matching function
7 A batch of isomorphism matching functions
T A tree decomposition
T A tree node, which also represents a subgraph
V(r) The set of vertices in 7
Vihare (7) Shared vertices between V() and V (parent(7))
Xz A table aggregating matching results

introduces several challenges. SCOPE requires space complexity
that grows linearly with the data graph. While this is acceptable
for CPU single-thread execution, it becomes a severe scalability
bottleneck on the GPU. A GPU contains thousands of threads, and
fully utilizing its computational power requires launching a massive
number of parallel tasks. Since each task demands memory propor-
tional to the data graph size, the aggregate memory requirement
quickly exceeds the limited capacity of GPU global memory.
Main contributions. Motivated by these challenges, (1) we em-
ploy compressed data structures for intermediate results, coupled
with an insert-failure restart mechanism to guarantee correctness.
This approach mitigates the linear dependency between per-task
memory and the data graph size, allowing us to fit within GPU
memory limits while maximizing parallelism. (2) We introduce a
key mapping strategy that compresses variable-length hash-table
keys into fixed 8-byte keys. This enables high-throughput lock-free
GPU hash tables for any query graphs, overcoming the hardware
constraints of atomic instructions. (3) We integrate these optimiza-
tions into a complete GPU solution that supports complex queries
with arbitrary tree decompositions. (4) Experimental results demon-
strate that our optimized GPU solution substantially outperforms
both CPU and GPU baselines, achieving up to a 35X speedup over
a multi-threaded SCOPE implementation. This acceleration trans-
forms local subgraph counting from a multi-day workload into a
minutes-scale operation, enabling its integration into GNN training
and inference pipelines on million-vertex graphs.

2 PRELIMINARIES

2.1 Basic Definitions

To maintain consistency with prior works [25, 39, 56], we study
the local subgraph counting problem on undirected, unlabeled and
connected graphs. We define the data graph as G = (V, Eg), where
Vi is the vertex set and Eg is the edge set, and query graph as
q= (Vq, Eq). A vertex in G is written as v € Vg, and a vertex in q
as u € Vy. We write (v,0") € Eg for an edge in G and (u,u’) € E,
for an edge in q.

Local subgraph counting is built upon the notion of subgraph
isomorphism, defined as follows.

Definition 2.1 (Subgraph Isomorphism). Consider a data graph
G = (Vi,Eg) and a query graph g = (Vy, Eg). A function f : V;, —
Vi is a subgraph isomorphism if f is injective and for every edge
(u,u") € Eg, there exists a corresponding edge (f(u), f(u')) € Eg.

Example 2.1. Consider the graph in Figure 1a as data graph G
and the graph in Figure 1b as query graph g. We show all subgraph
isomorphism functions from ¢ to G in Figure 1c.
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Figure 1: An example of isomorphism match and local sub-
graph counting

We refer to a subgraph isomorphism function as a match and
use ISO(g, G) to denote the set of all matches from g to G.

Problem Statement (Local Subgraph Counting). A local sub-
graph counting query Q is defined as Q = (g, 0), where o is a vertex
in q. For a vertex v in G, the local subgraph count, denoted LSCyo (v),
is the number of matches from ¢ to G in which o is mapped to v:

LSCqo(0) = [{f €150(q,G) | f(0) =v}|.

The local subgraph counting problem is to compute LSCgy, (v) for
all v € Vi, and we denote the resulting vector by LSCy,.

Example 2.2. Consider the graph in Figure 1a as the data graph
G and the graph in Figure 1b as the query Q = (g, uo) for local
subgraph counting. Figure 1c lists the matches from g to G, and the
final result LSC,,, is shown in Figure 1d. In matches f; and f;, uo
is mapped to vy, giving LSCgy, (v0) = [{f1, fo}| = 2. Similarly, in f;
and f3, uo is mapped to v3, yielding LSCyy, (v3) = {£5, fa}] = 2.

Topologically equivalent query vertices yield identical local sub-
graph counts (e.g., up and us in Figure 1b) [43]. These vertices form
orbits, which partition V; into structurally equivalent sets [39]. For
each orbit, it suffices to issue a single query Q = (g, 0), where o
is any representative vertex. Some prior works [25, 56] apply a
constant-time correction to account for duplicated matches arising
from query symmetries, but this post-processing is independent of
the data graph and orthogonal to our GPU acceleration focus, so
we omit it.

Frequently used notations are summarized in Table 1.

2.2 The SCOPE Method

SCOPE [25] is a recent high-performance method for local subgraph
counting. It consists of two stages: the plan stage and the execution
stage. The goal of the plan stage is to transform Q = (gin, 0in) into
a collection of simpler subproblems whose results can be combined
to recover the original count. To this end, SCOPE constructs a set
Q ={(q1,01, T, j11), - - -» (qi> 0> Tie, i) }» where each tuple contains
a simplified query graph g;, a designated vertex o;, a tree decomposi-
tion T; of g;, and an integer weight yi;. These weighted subproblems
are designed so that their results combine exactly to produce the
desired local subgraph counts LSCgy; o, . Given Q and a data graph
G, SCOPE guarantees correctness through

LSCqm,oin (0) = Z(q,o,T,p)EQ H- tLSCq,o,T(U): (1)

where tLSC,, T denotes the intermediate tree decomposition-based
count produced for (g,0,T) on G, without necessarily enforcing
the injectivity constraint required by local subgraph counting. Be-
cause SCOPE’s plan stage depends only on the query workload
and is reused unchanged across data graphs, this paper focuses on
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(a) A Tree De-
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subgraph counting computation

Figure 2: A tree decomposition and its tLSC result

accelerating the data-dependent execution stage, i.e., computing
tLSCy,0,r for a given tree decomposition T and data graph G.

In the execution, tLSCy, 1, the tree decomposition-based local
subgraph count, is computed using the query graph g and its tree
decomposition T. We next introduce the concepts in this procedure.

Definition 2.2 (Tree Decomposition). Given a query graph q =
(V4. Eq), a tree decomposition of q is a tree T in which each node
7 € T corresponds to a subset of vertices V(r) C V,. A valid
tree decomposition satisfies the following conditions: (1) for every
vertex u € Vg, there exists a tree node r € T such that u € V(7); (2)
for every edge (u,u’) € Eg, there exists a tree node 7 € T such that
u,u’ € V(r); and (3) for every vertex u € Vg, the set of tree nodes
{r € T | u € V(r)} forms a connected subtree of T.

Intuitively, a tree decomposition T partitions g into subgraphs
represented by different tree nodes, ensuring that the structure
of q is preserved by the three conditions defined. We define 7ot
as the root of T, which could be any z that contains the queried
vertex 0. We use parent(r) and child(r) to denote the parent and
child nodes of 7, respectively. Furthermore, we define Vipare (7) as
the set of vertices shared between V(7r) and V(parent(7)), i.e.,
Vshare(f) = V(T) N V(parent(r)). We define Vshare(Troot) = {0}

Example 2.3. A tree decomposition of the query graph in Figure 1b
(where 0 = uy) is presented in Figure 2a. Since both 7y and 7; contain
the uy, either could serve as the root; we select 7, for this example.
The resulting parent-child relationships are parent(z;) = 7y and
child(zy) = {r1}. The shared vertices are identified as Vipare (71) =
V(1) NV (19) = {uo, us}, and for the root, Vipare (70) = {uo}-

Given a tuple (g,0,T, 1) € Q, SCOPE defines the tree decom-
position based local subgraph counting, tLSCg, 1, as the result of
following procedures.

The nodes 7 € T are processed in a bottom-up manner. For
each node 7, all matches from 7 to G are enumerated and stored
in a relation R;. The attributes of R, correspond to V(r), and its
tuples represent the matched data vertices. For a leaf node 7, R; is
aggregated into a relation X; on Viyare (7):

@

where 41}, 4 denotes applying an aggregate function h for each
group g, renaming the output of h as A.

For anon-leafnode 7, arelation J; is created by joining R, with all
Xy for ¢’ € child(r), where child(r) = {zx,..., Tw}. The shared
vertex set Vihare () for each child 7’ serves as the join key.

JT(V(T)’ C‘rks .

X (Vshare (1), Cr) = Vshare(r)rcount(*)ﬂcr (Rr),

sCr) =Repa Xy pae e pa X 3)
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Jr is then aggregated into X; on Vipare (7) as:

Xr(Vshare (T), Cr) = Vihare (T)Ysum(CTk X+XCry, ) —=Cr (]r) (4)

the relation X,

Troot

Finally, represents the result of tLSCy,o,7.

Example 2.4. Consider the data graph G in Figure 1a, the query
graph q in Figure 1b (with o = u), and the tree decomposition
T in Figure 2a. As established in Example 2.3, we have 7ot = 70,
Child(TO) = {Tl}, Vshare(rl) = {an U3}, and Vshare(f()) = {uO}- The
computation process for tLSCg , 1, focusing on uy — vy, is illus-
trated in Figure 2b. First, the relation R;, is computed, containing
all matches from 7; to G. Since 7 is a leaf node, we aggregate R,
into the table X, over the shared vertices {ug, u3} according to
Equation 2. Next, we compute R;, (matches from 7, to G) and join
it with X;, using Equation 3 to obtain the intermediate relation
Jz,- Finally, J, is aggregated into X, via Equation 4; the resulting
relation Xy, represents the final counts tLSCg y, 7.

SCOPE proves that the space complexity of the computation
in Equation 2-Equation 4 is determined by the size of X;. In Ex-
ample 2.4, to compute X, we can generate matches in R, in a
streaming manner: for each match, we immediately update the cor-
responding entry in X;,. This allows us to perform the aggregation
in Equation 2 without storing the entire relation R;, in memory.
Therefore, the only memory requirement is for X;,, which holds
the aggregated results. Similarly, for the join in Equation 3 and the
aggregation in Equation 4, we can generate R;, by one match at
a time. After generating a match, we probe the relation X;, and
update the table X;, accordingly. In practice, the relation J;, is not
explicitly materialized; it is computed dynamically during the join
and aggregation. As a result, the memory usage is determined by
the space required to store the X relations at each tree node.

However, the space complexity of X;(Vspare (1), C;) grows expo-
nentially with the number of shared vertices: O(| Vg |!Vshare (D) This
can result in extremely large memory requirements. For example,
for the data graph SY in Table 2, using 8-byte per count, maintaining
|V5|? counts would require 9,015 GB of memory.

To overcome this issue, SCOPE limits the size of X, by partition-
ing Vihare (7) into two disjoint parts:!

prefix
Vshare

() UV

share

Vshare (T) = (T)

k . .
Here, Vshze(r) is constructed to only contain a vertex or an edge.

Intuitively, SCOPE splits the computation into iterations by fixing
the prefix Vs};:rfzx(r) to a specific match in each iteration. Then in
each iteration, it executes the original bottom-up procedure (Equa-
tion 2-Equation 4) by extending from this fixed prefix match. Thus,
aggregations are carried out only on the small key set V;;Ze(r) This
ensures that X; depends on at most a vertex or an edge, reducing
the space complexity to linear (O(|Vs]|) or O(|Eg|)).

ces . s 1. key
Though many partitions are valid, shrinking V, ~

() pushes

. . refix .
more shared vertices into V:}’me (7) and increases the number of

prefix iterations. SCOPE proves that the time complexity for com-
puting a node 7 is exponential to the number of vertices in the
prefix set of every tree node along the 7;00t-to-7 path; hence the

plan stage avoids an empty vkey

hare (7) and prefers an edge key when

fi
Wahare (7), yhe

share

(7),and ykey

share

(r) correspond to Ve (7), VA(7), and VA () in [25].



available. In our implementation, we simply adopt the partition
produced by the plan stage.

Example 2.5. Reconsider Example 2.4. The plan stage selects
Vs%fix(n) = {up} and V:;Ze(rl) = {u3}. An iteration is divided
into 3 sequential steps (Figure 3c). Figure 3a illustrates the CPU
execution of the execution stage. (1) A CPU Subgraph Enumeration
algorithm (CPUSE) [47] is used to enumerate a single prefix match
ﬁ)P = {up — vo}. (2) SCOPE fixes fOP and follow the bottom-up
order: the CPUSE extends fOP to generate matches for 7; one by
one; the Join Aggregation Function (JAF) consumes each match
to increment the corresponding slot in X;, (an |Vg|-sized array),
implementing the leaf aggregation defined in Equation 2. (3) Next,
for the parent 7o, the CPUSE extends f to generate matches one
by one; for each match, the JAF probes X;, to perform the join
(Equation 3) and accumulates (Equation 4) the retrieved counts into
Xz, Finally, we reset X;, and the CPUSE proceeds to enumerate
the next prefix match fF.

2.3 GPU Architecture

Graphics Processing Units (GPUs) have become increasingly popu-
lar for accelerating general-purpose computing tasks [16, 20, 48].
The GPU architecture consists of multiple Streaming Multiproces-
sors (SMs), each containing numerous cores that execute instruc-
tions in parallel. Using NVIDIA’s CUDA framework [36], programs
are implemented as kernel functions that run across parallel threads
organized into blocks. Each block is assigned to an SM, and threads
within a block are grouped into warps of 32 threads (referred to as
lanes) that execute concurrently on the SM’s cores.

The GPU memory hierarchy includes global memory, which
is large but high-latency, accessible by all threads. Performance
improves when threads access contiguous memory in a coalesced
manner. Shared memory is low-latency on-chip memory, shared
within a block, while registers provide the fastest access, storing
variables private to each thread.

3 BASELINE GPU IMPLEMENTATION

A direct GPU adaptation of SCOPE’s execution stage processes
a batch of prefix matches concurrently in each iteration. In this
baseline implementation, a GPU subgraph enumeration algorithm
(GPUSE) [16] is used to generate a batch of prefix matches F7,
which are then extended at each tree node.

To utilize the massive parallelism of a GPU, |FT| must be suffi-
ciently large. However, batching prefixes comes with a significant
memory cost. As discussed in Section 2, when processing a single
prefix match per iteration, the intermediate table X, has size pro-

k .
Vohare (7) is

a single vertex and O(|Eg|) when V:;Ze(f) is a single edge. With

portional to the domain of its key: it is O(|V|) when

batching, we process a batch of prefix matches ¥ per iteration, and
thus must maintain a separate X; for each prefix match. As a result,
the memory footprint becomes O(|FT| - |Vs|) or O(|FF| - |Eg]).
Suppose that we allocate the entire GPU device memory to the
baseline implementation. Half of the device memory is used for
maintaining X, tables while the other half is used for subgraph
enumeration results and auxiliary data structures. We consider the
vertex-key case, where V:;Ze(r) is a vertex as an example. For one
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fixed prefix match, the corresponding X; table has |V;| counters.
Since each count uses 8 bytes, the aggregation memory required
per prefix match is

©)

Let M, be the GPU memory budget, in bytes, for maintaining an
X table. The prefix batch size is bounded by

|7‘—P LMT/marrayJ .

Marray = 8bytes - [V5|.

array _
max

(6)
Example 3.1. Figure 3b illustrates the baseline GPU implementa-
tion corresponding to Example 2.5. (1) GPUSE generates a prefix
batch 7‘—0P (size 2 for illustration). (2) For the leaf node 71, GPUSE ex-
tends 7':)13 to generate matches, which are consumed by the JoiNAGe
kernel (JAK) to update X, . In this illustration, |7—BP | = 2: the two
prefix matches map u, to two different data vertices, and for each
match of ug, u3 can possibly be matched to any of the remaining
|[V| — 1 vertices. Thus, we need to allocate an array with 2 - |Vg|
slots for X, . (3) We similarly process the parent node 7. Finally,
we clear intermediate tables and generate the next batch 7.

To quantify the scalability limit, consider graph SL (Table 2)
on a GPU with 32 GB device memory, in which 16 GB is reserved
for maintaining X, tables. In this baseline, table X, materializes

a dense |V;|-slot counter array per prefix match when V:;Ze(rl)
is a vertex. By Equation 5, with |Vg| ~ 4.8 X 10°, the per-prefix
dense aggregation memory is Marray = 8 bytes - |V| = 36 MB. Since
16 GB is reserved for X, tables, the prefix batch size is capped at
roughly 16 GB/36 MB ~ 455. For an edge key, the same analysis
applies by replacing |V | with |Eg| in Equation 5.

Example 3.1 illustrates the GPU memory—-parallelism bottleneck:
increasing the prefix batch size is necessary to expose GPU paral-
lelism, but dense per-prefix aggregation arrays make the memory
cost grow linearly with |#"|. Modern GPUs contain tens of thou-
sands of hardware threads, and achieving high throughput requires
launching enough parallel work to keep these threads busy and hide
memory latency. This implies that | 77| should be large; otherwise,
most GPU cores remain idle. However, Example 3.1 shows that
even in this minimal two-node setting, the baseline dense-array
design allows at most 455 prefixes per iteration on SL under a 32 GB
memory. This upper bound is already far below GPU-scale paral-
lelism, and it becomes smaller for complex queries where multiple
intermediate tables may coexist. This motivates our compressed
intermediate representation and restart mechanism in Section 4.1.

4 GPU OPTIMIZATION TECHNIQUES FOR
LOCAL SUBGRAPH COUNTING

In this section, we introduce the optimizations that yield the most
significant improvements in our experiments. To better illustrate
these techniques, we first present a streamlined version on a sim-
plified yet representative tree decomposition and then extend it to
the general setting in the next section. Specifically, we consider a
two-node tree decomposition with a root node 7 and a child node
71. We focus on the case where the plan stage selects a non-empty
connected prefix set (Vﬁ:ix (1)) for 71 so that it can be enumerated
directly by GPUSE. This is a minimal setting that exposes the GPU
memory—-parallelism tension targeted by our optimizations.



3) Ry, X
Ug S
CPUSE gp CPUSE fRt2la b ug G,
91 fo'|vo 0 > Vo1 V3 > B > | 2
Crr C o
S L 4 I R Y R
vs| 0 |
(2) R,
CPUSE wyuq us u
[J: Host Memory ’fOP = Ug Vl v3 1; >
E2): CPU core vl v3 174
€ : Next Match 108U
JAF: JoinAgg Function

CPUSE: CPU Subgraph Enum:

(a) An example of the execution stage

W E/FEE (@) ) ff/F

Time

(c) Execution schedule of Figure 3a and Figure 3b
Figure 3: Comparison of SCOPE and GPU-SCOPE

4.1 Compressed Intermediate Results with an
Insert-Failure Restart Mechanism

As discussed in Section 3, the baseline GPU implementation allo-
cates worst-case dense intermediate arrays for every prefix match
in a batch, which severely limits the batch size and leaves the GPU
underutilized. Example 3.1 shows that, for graph SL (Table 2), this
worst-case allocation limits the prefix batch size to roughly 455.
This subsection introduces our first optimization for alleviating
this bottleneck: compressed intermediate storage with restart. The
main idea is to store only the intermediate entries actually gener-
ated, rather than reserving space for all possible entries. As this
compact storage is bounded by a fixed GPU memory budget, a large
prefix batch may generate more entries than memory can accom-
modate. To handle this, our method safely processes the portion
of the batch that fits and then restarts from the first unfinished
prefix. This approach dynamically adapts the effective batch size to
available memory while preserving the SCOPE counting procedure.
The opportunity for compression comes from the sparsity of
the intermediate entries. Revisiting the running example in Exam-
ple 3.1, for a fixed match of uy, valid matches for u3 are topologi-
cally constrained within the 2-hop neighborhood of f(u). Given
SL’s average degree of 17.7, we expect approximately 17.7% = 313
valid candidates for us per prefix. This means the baseline allocates
4.8 X 10 slots to store only ~ 313 values, yielding a utilization
rate of merely 0.006%. Such sparsity is typical in practice, as most
real-world data graphs are sparse [5, 8, 11]. To avoid this waste
and enable larger prefix batches, we store intermediate results in
X: using a compressed hash table and introduce an insert-failure
restart mechanism to handle cases where the table becomes full.
Specifically, in each iteration, we enumerate a large batch of
prefix matches 77 (see Example 4.1 for the estimation of this batch
size) and maintain non-root X, as an open-addressing GPU hash
table. Conceptually, X; is keyed by the match of Vihare (1), and we
discuss how to encode this key efficiently in Section 4.2. Each key
is stored in one of several candidate buckets determined by its hash
value, and collisions are resolved by probing a sequence of buckets.
We bound the maximum number of buckets probed per insertion
by a fixed probe budget. If an insertion cannot find an available
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bucket within this probe budget, we say that the operation returns
insertFailed and treat the table as full for the current iteration.
The capacity of each table is a fixed value determined solely by the
available GPU memory and is orders of magnitude smaller than the
worst-case bound |FF| - |Eg| or |FT| - |Vg|. We make no assump-
tion that this capacity suffices to hold all counts; instead, insertion
proceeds until an insertFailed indicates saturation. This design
provides memory efficiency while retaining enough flexibility to
support large prefix batches in practice.

For the compressed hash-table representation of X;, let K be
the average number of distinct aggregation keys generated by one
prefix, and let a be the effective load factor before insert failure.
Each hash-table bucket stores an 8-byte key and an 8-byte value, so
the bucket size is 16 bytes. The effective memory budget required
per prefix is approximately

Mpash ~ (16 bytes - K)/a. (7)

Under the same X,-table memory budget M, the supported prefix
batch size is approximately

|?—P hash _

max

LMf/mhashJ . (8)

Example 4.1. Revisiting Example 3.1 on the SL dataset, our opti-
mized implementation replaces the dense array X, with an open-
addressing hash table. Empirically, with a probe budget of 64, we
find insertFailed typically occurring at a load factor a ~ 0.4.
Using the estimate K ~ 313 distinct u3 keys per prefix from above,
Equation 7 gives mp,gn ~ 16 bytes X 313/0.4 ~ 12.2KB. This is
orders of magnitude smaller than the required aggregation mem-
ory 36 MB in Example 3.1. With M, = 16 GB, Equation 8 gives a
supported prefix batch size of roughly |16 GB/12.2KB| ~ 1.3 x 10°.
Compared with the baseline upper bound of 455 prefixes (Exam-
ple 3.1), this is a significant improvement.

When an insert-failure happens and insertFailed is raised,
we handle it by recording a cut position (a variable called cut)
and restarting from that cut point. We achieve this by giving each
prefix match in F¥ a unique prefix id. Specifically, we use the
INDEXPREFIXES kernel in Algorithm 1 to augment every prefix match
with an index attribute pid_, denoting the position of the prefix
match in . We name the index by pid, because it identifies a fixed

match of VS};;{ZX(T) GPUSE preserves this index when extending
a prefix match, so every match consumed by JAK also carries the
pid, value. For example, in Figure 4, we index each match of u,
with pidT1 and this index also exists in both R, and R,.

Multiple threads may encounter insertFailed concurrently.
We use atomicMin—an atomic primitive that updates a variable to



pid. uy (4) . 70
0 v, p Gpuse Pidrilottzl
Fo[0,4) = 0 vy v
1 v K . . 0V1 V3|
GPUSE 7 L l 0 v
== 1%
s 5
3 3 3) 3 v vy
4 vy 4
s wfOF @ R pa
1 1
GPUSE pid.ugu uzu Key Count
. JAK
~F 0 vyv V31 = T
[J: Global Memory 0 I "Wovz 2
): GPU SMs 4 v Vsl
JAK: JOINAGG Kernel insertFailed

GPUSE: GPU Subgraph Enum.
Figure 4: An example of execution stage’s GPU implementa-

tion with an insert-failure restart mechanism

the minimum of its current value and the input value—to record the
smallest failing prefix id. Concretely, cut is initialized to UINT32_MAX
and if a thread processing a match f encounters insertFailed,
atomicMin(cut, f(pid,)) is performed. After the kernel returns, we
truncate the prefix batch so that only prefixes with pid, < cut
are treated as completed in the current iteration (i.e., we keep
FP10, cut)). Some GPU threads may continue executing after the
first failure. This does not affect correctness because after trunca-
tion the parent probes X; only using matches extended from the
completed prefixes.

By definition, Vipare (Troot) = {0}, s0 X,

oot AIWays has space com-
plexity O(|Vi|). We therefore implement X, , as a dense array of
size |V | rather than a hash table. This guarantees sufficient capac-
ity at the root node for any batch size, and the insertFailed error

can never occur at the root node.

Example 4.2. Reconsider the query and data graph used in Exam-
ple 3.1. We implement X, as an open-addressing GPU hash table.
The overall workflow with the insert-failure restart mechanism is
shown in Figure 4. (1) We enumerate a batch of prefix matches ¥
and augment it with INDEXPREFIXES(?':)P ,71). (2) We then extend 7—BP
to matches of 7; by GPUSE. In the JAK, we assume the thread, which
handles the match {pid, — 4,up — vg,u; — v, u3 — vo, Uy —
vs3}, encounters an insertFailed error. (3) We record 4 as the cut
and cut GLBP at the index 4, so that only {uy — v}, -, {ug — vs}
are treated as completed prefix matches in this iteration. (4) We
extend the truncated set 7’6}7 [0, 4) from 7y to G and use JAK to do
the join and aggregation. (5) In the next iteration, we clear the table
X;, and resume execution starting from {uy — v4}.

Termination safeguard. Theoretically, if insertFailed occurs
while extending the first unprocessed prefix match in an iteration,
then the iteration makes no progress and may lead to an infinite
loop. For example, in Figure 4, the cut occurs at prefix {ug — v4},
so prefixes {uy — vy} through {uy — vs} are completed in that
iteration. However, in a corner case, if insertFailed occurs while
processing extensions of the first unprocessed prefix {ug — 0o},
then the cut is at cut = 0, yielding zero completed prefixes. The
next iteration restarts from the same prefix (i.e., {uy — vo} in this
example); if the same failure repeats (e.g., extensions of {uy —
v} generate many distinct keys and, due to clustering—i.e., many
keys hash to the same (or nearby) buckets—insertions may fail
to find an available bucket within the fixed probe budget), the
algorithm would keep cutting at the same position indefinitely. To
guarantee termination, we detect this no-progress condition (an
iteration completes zero prefix matches after a cut) and temporarily
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Algorithm 1: Utilities for computing tree decomposition
based local subgraph counting on GPU

1 Kernel INDEXPREFIXES(FY, 7):
2 gtid < global thread id;
3 f — FP[gtid]; > each thread picks a match
4 f(pid,) « gtid; > assign prefix id
5 | 7 [ gtid] « f; > write back the augmented match
6 Function MapKey(f, 7):
7| i VI (2)| = 0 then
8 ‘ return getId(f(VSl;Ze('r))); > root node
9 else

. key
w0 || return f(pid,) || getTd(f (Vyh, ()

switch to the baseline GPU implementation (Section 3) with a single-
prefix batch to process that prefix. Since the baseline uses dense
arrays over the full key domain (|Vi| or |Eg| for vertex/edge keys),
it never returns insertFailed, ensuring that at least one prefix
completes. We then resume the hash-table-based execution for the
remaining prefixes. Empirically, this safeguard is rarely triggered
under a typical GPU memory budget. It occurs only in the hash-
table size stress test under constrained memory budgets, where it
guarantees execution completion while preserving exact counts.

4.2 Key Mapping for Lock-Free GPU Hash
Tables

As discussed in the previous section, X is implemented as an open-
addressing hash table where keys represent matches of the shared
vertex set Vihare (7). However, the size of Vipare (7) depends on the
query graph q and its tree decomposition T. Consequently, the key
length is variable and can easily exceed 8 bytes (e.g., a shared set of
three vertices requires 12 bytes).

Variable-length keys are incompatible with high-throughput
GPU hash tables. State-of-the-art GPU hash tables [3, 7, 19] max-
imize parallelism using lock-free designs that rely on hardware
atomic instructions (e.g., atomicCAS) to claim or update buckets
without explicit mutexes. On commodity GPUs, such atomic prim-
itives are typically available only for fixed-width words (up to 8
bytes).2 Implementing X, with variable-length keys would there-
fore force lock-based schemes (e.g., bucket mutexes), introducing
severe contention and serialization.

To overcome this limitation, we propose a key mapping strategy
that compresses any match of Vipare (7) into a fixed 8-byte integer.

. fi ki
Ricall that SCOPE partitions Vipare (7) = V:;:rex (7) UVSh?;e
i

hare (T) contains exactly one vertex or one edge. Our mapping
relies on two observations. (1) Within a prefix batch F7, each
match of VP

share

within the current prefix batch 77 and we already represent this by
pid,, which can fit within a 4-byte integer. (2) The key part ey (7)

share
is a single vertex or edge, which can be represented by a 4-byte
vertex ID or edge ID.

Leveraging these observations, we encode the hash-table key

of a match f as the concatenation of two 4-byte integers: Key =

(), where

() can be uniquely represented by its position

2Some recent GPUs support wider atomics for certain operations, but the need for a
fixed-widthkey remains: for complex queries, | Vhare (7) | can still exceed the supported
atomic width.



Algorithm 2: Kernel JoINAGG(F, 7, cut)
Input: 7: a batch of matches, 7: a tree node, cut: the variable to record the
smallest failing prefix id (initialized as UINT32_MAX)
> We use X, as a global variable
gtid < global thread id;
if gtid > || then
L return;
o Flgtidl;
if [VE™ ()] > 0 and f(pid,) > cut then

share 3 A
| return; > early exit after any failure

AT R W N =

if 7 is a leaf node then
| ente1;
else
L ent « [l echitd(r) read(X,,MapKey (f,7’));
success «— add (X, MapKey (f, 7), cnt);
if not success then

| atomicMin(cut, f(pid,));

® 3

> insertFailed

f(pid,) |l getId(f(VIL?;e(r))), where || denotes bitwise concatena-
tion. The helper function getId returns a unique 4-byte identifier:
the vertex ID for vertex keys, or the CSR edge-array index for
edge keys. Intuitively, f(pid,) uniquely identifies a fixed prefix
match within the current batch and getId(-) uniquely identifies
every vertex/edge. Therefore, the concatenation uniquely repre-
sents f(Vihare (7)) within the current prefix batch/iteration, while
remaining fixed-width. We implement this key mapping strategy
as the function MapKey in Algorithm 1. The root node has an empty
prefix set, so the key reduces to getId(f(V:;Ze(T))), which can be
viewed as an 8-byte integer whose high 4 bytes are zero.

Example 4.3. Consider Figure 4. The bucket with key vyv3 in X,
is created by the first match shown in R;,, which maps uy — 0y
and u3 — v3. We refer to this match as f;. Since f; is extended from
the first prefix in 77, it carries pid, — 0. Since share(Tl) ={us}
and getId(vs) = 3, applying MapKey gives

MapKey (fo, 71) = fo(pid,,) || getId(fo(us)) = 0| 3.

Thus, the entry with key 03 in X, is stored internally using the
8-byte key 0 || 3.

Feasibility Analysis. This packing strategy requires that the batch
size |FT| and the graph size (|Vs|, |Eg|) fit within 4-byte integers
(< 4.29 x 10°). In the context of in-memory single-GPU processing,
this constraint is not a practical limitation. Storing a graph with
232 edges in a standard CSR format requires at least 16 GB of mem-
ory for the adjacency list alone. The memory demand increases
significantly when accounting for the intermediate hash tables
X: and the memory required to maintain the batch of subgraph
enumeration results. Consequently, memory capacity becomes a
bottleneck long before the 4-byte addressing limit is reached. Fur-
ther, large-scale graph learning benchmarks fall comfortably within
this limit (e.g., the largest graph in [17] contains 1.6 x 10° edges).
Unified Hash Table Interface. Although the underlying stor-
age for X, differs—a dense array for the root node and an open-
addressing hash table for other nodes—we describe them using a
unified interface to simplify the algorithm description:

e boolean « add(Xq, key, value)

o value «— read(X,, key)
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(b) Tree Decomposition T of g

The function add atomically adds value to the entry associated with
key. For dense arrays, this is a direct atomicAdd on the array index
and always succeeds. For hash tables, add performs bounded-probe
insertion/update; it returns false (insertFailed) if no bucket
is found within the probe budget. The function read returns the
current value for key (or zero if absent).

Join and Aggregate Kernel. Algorithm 2 shows the JoINAGG ker-
nel. gtid denotes the global thread id, which is also the match index
in . Each thread processes one match f. Lines 5-6 implement an
early exit. If a failure has already been recorded and f is extended
from a prefix with pid, > cut, the thread returns because this prefix
will be deferred to the next iteration. Lines 7-10 compute the value
cnt to be aggregated. If 7 is a leaf node, cnt = 1. Otherwise, cnt is
computed as the product (Equation 4) of values read from all child
tables X using read and MapKey. Line 11 updates X, via add. For
the root node, this maps to an atomic addition on the dense array
and always succeeds. For other nodes, it attempts a bounded-probe
update in the hash table. If the update fails, the thread atomically
updates cut (Line 13), signaling the host to halt and restart.

5 GENERALIZING THE GPU OPTIMIZATIONS
TO ARBITRARY TREE DECOMPOSITIONS

Section 4 presents our optimizations using a simplified two-node
tree decomposition. This basic workflow is straightforward: the
same prefix batch is extended first to build the child table, and then
extended again at the root for probing. However, this workflow does
not directly generalize to arbitrary tree decompositions. Certain
nodes may lack an existing prefix batch to drive their execution,
while different nodes may require different prefix batches.

We explain how to organize the computation for the general
case. Our high-level idea has two parts. First, we divide the tree
decomposition into smaller execution subtrees and process them
bottom-up; this partitioning allows each subtree to be managed us-
ing a prefix-driven workflow similar to the simplified case. Second,
instead of assuming a single global prefix batch for all nodes, the
required prefix batches are generated locally within each subtree
during execution. Below, we first illustrate why the simplified two-
node setting is insufficient for the general case, and then describe
the subtree-based execution for general tree decompositions.
Example 5.1. Figure 5a shows a query graph q with o = uo and
its tree decomposition T in Figure 5b. We highlight the shared
vertices in each tree node. In this example, the plan stage selects
the following partition of each shared set:

Vi (z) = ;Zem) = {uo}
Vi (m) = {uo} vshmm) = {u}
Vhe(n) = {u4} VEY () = {us}
V() =0, VA () = {us)

This general structure Vlolates two key assumptions from Section 4:



(1) Empty prefix sets: The leaf node 73 has Vslill:rix(‘fg) = 0. The

streamlined routine in Section 4 assumes every non-root node is
driven by extending a non-empty prefix batch. Therefore, 73 cannot
be executed within the same prefix-driven batching loop and must
be handled separately.

(2) Divergent prefix sets: Nodes 71 and 7, have different prefix sets
({uo} vs. {usa}). In Section 4, we target a two-node case where only
one non-root node introduces a prefix batch, so a single prefix-id
attribute is sufficient for key mapping and restart. For general tree
decompositions, different nodes can require batching over different
prefix sets, which means prefix ids become node-specific and the
prefix indexing strategy must be extended accordingly.

To enable efficient GPU execution for complex queries, we lever-
age SCOPE’s subtree partitioning [25]. Given a tree decomposi-
tion T, the plan stage partitions it into a forest of execution sub-

trees 7 = {T?,,...,T", } by treating every non-root node 7 with
Vsifrfix (r) = 0 as the root of a new subtree. This construction guaran-

tees that within each subtree, every non-root node has a non-empty
prefix set, and thus can be processed using prefix-driven batching.
Since the partitioning is performed in the plan stage, we treat 7~ as
a known input in the execution stage. The plan stage also sorts 7~
in a bottom-up order (i.e., bottom-up order on subtree roots in the
original T). This schedule ensures that when we process a subtree,
all dependent lower subtrees have already been fully computed and
their root tables materialized, so higher subtrees can probe them
during joins. For example, in Figure 5b, T is partitioned into Ts?lb
(rooted at 73) and Tslub (rooted at 79). Since T;Lb is executed first, when
we later process 7o in T the join with 73 is handled by probing the
precomputed table X;,. Overall, subtree partitioning isolates empty-
prefix nodes into standalone execution units and thus resolves the
empty-prefix issue in Example 5.1. Note that subtree partitioning
is a logical partition used for scheduling; it does not change the
parent—child relationships in the original tree decomposition T. We
still use child(r) to denote all child nodes of 7 in T and refer to
the child nodes inside a subtree Ty, as child(z) N Tyyp.

After partitioning, we categorize subtrees into two cases: a trivial
subtree containing a single tree node, and a complex subtree con-
taining multiple tree nodes. A trivial subtree can be handled by
invoking GPUSE to enumerate matches and consuming them with
the JAK. The main challenge lies in executing complex subtrees on a
GPU, where the divergent prefix sets problem in Example 5.1(2) can
arise. In the remainder of this section, we present how to execute
a complex subtree on a GPU in Section 5.1 and then present the
complete algorithm of our GPU solution in Section 5.2.

5.1 Executing a Complex Subtree

After subtree partitioning, each execution unit is a subtree Ty
whose internal non-root nodes all have non-empty prefix sets. Exe-
cuting a complex subtree on a GPU presents a challenge: a middle
node must be simultaneously compatible with its parent (so it can be
probed under the parent-fixed prefix) and compatible with its chil-
dren (so it can fix the prefixes required to probe them consistently);
thus, a single prefix id is no longer sufficient.

Top-down Prefix Materialization in Batches. Recall that SCOPE

partitions each shared set as Vipare (7) = V:;:rzx(r) U V:;Ze (), where
Vlfley (7) is exactly one vertex or one edge. Once a match of VI}):EﬁX(r)
share share
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is fixed, X; only needs to aggregate counts indexed by V:;Ze(r).

This is why intermediate tables remain linear-size. It is also why
the execution must ensure that a parent probes a child table under
the same fixed prefix match used to build that table.

We follow SCOPE’s incremental top-down strategy to materialize
the prefix for each node, but implement it in a GPU-batched manner.
Execution begins at the subtree root. For a node 7, we maintain a
batch F of partial matches and extend it vertex-by-vertex using
GPUSE according to the plan-stage order of V (7), where all vertices
in VS};::((T) appear first. Let upeyt be the next query vertex in this
order. GPUSE extends ¥ with u,e and produces a new batch
Fext- This per-node enumeration follows the one-vertex-at-a-time
matching in the style of worst-case optimal join (WCQ]) [34]: each
step matches one new query vertex under constraints of previously
matched neighbors, injectivity and ordering.

For every in-subtree child 7’ € child(z) N Ty, we trigger execu-

tion of 7’ at the first step where Frext fixes all vertices in Vsi:rfzx(f’ ).
Let (u(©, ..., uV(®1=1)) be the plan-stage order of V (7). If we num-
ber enumeration steps by level = 1,2, ..., |V(7)|, then 7’ is triggered
at the smallest level such that \éifrix(r') c {u®, . yllevl-1y
Once triggered, we execute 7’ on a batch (or batch slice) derived
from Frext. After all triggered children have been executed, we
continue extending 7’s batch. After all vertices of V(7) have been
enumerated, we invoke JOINAGG to aggregate into X, by probing
the tables of all child nodes. This batched top-down materialization
differs from the CPU recursion in that each child is invoked on a
batch of partial matches rather than a single partial match, exposing
sufficient parallelism for GPU execution.

Prefix Indexing in a Complex Subtree. To support high through-
put lock-free hash tables, we reuse the fixed-width key mapping
strategy from Section 4.2. In a complex subtree, the key challenge is
that different children 7’ depend on different prefix sets; therefore,
the unique prefix id pid,, for each child must be generated exactly
when that child is triggered.

Our execution assigns pid_, at this trigger point. Specifically,
when 7’ becomes triggerable on a batch Fpext, we invoke INDEXPRE-
FIXES on the batch (or its active slice) to assign the attribute pid .,
to each match. GPUSE preserves this attribute during subsequent
extensions, ensuring that all matches participating in the construc-
tion of X, carry the correct pid,, . Later, when the parent node 7
probes X, in JOINAGG, it applies MapKey to a match f extended
from the same triggering batch and therefore carrying the same
pid,,, ensuring correct build—probe alignment.

!, in Figure 5b. We

Example 5.2. Consider the complex subtree T,
illustrate its GPU execution in Figure 6.

Step (1): enumerate 7, until 7;’s prefix vertices have been
matched, then index the batch. We start from the subtree root
79. Once u is matched, Vs};:rix(ﬁ) = {ug} is fixed and 7; becomes
triggerable. We run INDEXPREFIXES on the current batch to assign
each row a unique pid, . This produces the batch shown in Step (1),
which we pass to 7y as 7:,‘1) .

Step (2): extend 7; until 7,’s prefix is matched, then index

the batch. We execute 7; from %" and extend the batch vertex-by-

vertex using GPUSE. Since Vsigerfix(rz) = {u4}, 72 becomes trigger-
able when the current batch first matches uy. At that point, we run
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Figure 6: An example of processing a complex subtree on GPU.

INDEXPREFIXES to assign pid,, . The resulting batch is shown in Step
(2) and carries both pid, and pid,,. We pass it to 7, as Tf:

Step (3): execute 7; and build X,,. Node 7 is a leaf in Tslub, so
it has no in-subtree children to trigger. We therefore execute 7,
directly from 7‘_,5 . For readability, we hide the inherited columns
uo and pidn, since 7, does not use them. GPUSE generates R,
where each row is a match f that matches V(z2) to data vertices
and carries pid, . JOINAGG aggregates Ry, into X;,. For each f € Ry,
Xy, is keyed by MapKey(f, 72) = f(pid,,) || getId(f(us)).

Step (4): resume 71, probe X,, and build X;, . After X, is mate-
rialized, we resume enumerating 7; to produce R;,. For each match
f € Ry, JOINAGG probes X;, using MapKey(f, 72) and aggregates
into X, using MapKey(f, 71).

Step (5): resume 7y, probe child tables, and produce X;,.
Finally, we resume enumerating 7, to produce R,,. For each f € R,
JoINAGG probes X;, and the precomputed table X, from subtree
TO . The resulting products are aggregated into X, which is the

sub”

output table for this subtree.

5.2 The Complete GPU Solution

This subsection puts all pieces together and presents the complete
GPU execution procedure for an arbitrary tree decomposition T.
Before presenting the algorithm, we define the GPU subgraph enu-
meration(GPUSE) [16] API used in the algorithm.

e iter « GPUSE(F, upext, T, G)

e boolean « iter.hasNext()

® Frext «— iter.next()

We use GPUSE as an iterator that extends a batch of partial matches
F by one query vertex upey at a time under the constraints of 7.
Each call to iter.next() returns a batch Fpex Whose size is bounded
by a device-memory budget; iter.hasNext() returns false only
after all extensions have been produced. When ¥ = 0, iter.next()
enumerates all data vertices as matches of upey;.

The complete algorithm is shown in Algorithm 3. In Lines 1-5,
we allocate one table X, per tree node. If |Vsifrfelx(f)| =0, then
is the root of an execution subtree and X; is implemented as a
dense array. Otherwise, X, is an open-addressing hash table. In
Lines 6-8, we execute each subtree Ty, € 7. The plan stage orders
7 bottom-up so that any cross-subtree probe targets a table that
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Algorithm 3: Tree decomposition based local subgraph
counting on GPU

Input: T: the tree decomposition of (g, 0), G = (Vg, Eg)
Output: tLSCq 0,1

> Vehare (7)), Vskheayre(r), Vsphr:rzix(r), T are precomputed in the
plan stage
1 for7z € T do
2 if |Vsizzx(r)| =0 then
> | X | =|Vg| if Vskhzyre(r) is a vertex otherwise
|X-| = |Eg|
3 X « adense array on GPU; > global variable
4 else
5 | X: < aHash Table on GPU; > global variable
6 for Ty, € 7 do
7 T/ op» Clit « the root node of Tyyp,, UINT32_MAX;

Tsub, G, 0, cut);

L

return X .
> cut is passed by reference

helper(0, 7

oot?

©

> Troot 1S the root node of T

10 Function helper(F, 7, Tyu, G, level, ref cut):
11 level « level + 1;
12 if level > |V ()| then
13 JoINAGG(F, 7, cut);
14 cudaDeviceSynchronize();
15 return
16 Upext < the level-th vertex in V (7) in order;
> Extend ¥ to contain upext constrained by 7
17 iter «— GPUSE(F, tnext, 7, G);
18 start, end, Fpext < 0,0, 0;
19 while iter.hasNext() OR end < |Fnext| do
20 if end < |Fnext| then
21 | start «— end;
22 else
23 Fnext < iter.next();
24 L start « 0;
25 end «— |¢next|§
26 for 7’ € child(7) N Ty do
27 if level is the smallest number for ey to contain VSI;‘::X(T/)
then
28 INDEXPREFIXES(Frext [ start, end), ');
29 cudaDeviceSynchronize();
30 reset all buckets in X,/ to empty;
31 TP Frext[start, end);
32 helper(7%, 7, Toup, G, |Vsir;fzx(r') |, cut);
33 if cut # UINT32_MAX then
34 end « start + cut;
35 L cut < UINT32_MAX
36 helper(Fnext[start, end), 7, Tau,, G, level, cut);
37 if cut # UINT32_MAX then
38 L break;

has already been materialized. For each subtree, we initialize cut
and invoke the host recursive routine helper(-).

In helper, level records how many vertices of V(r) have been
matched in 7. The variable cut is passed by reference so an insert-
failure detected in any descendant can be observed and handled by
its ancestors. In line 11, we first advance level. If level > |V (7)|, then
all vertices in V() have been enumerated and we invoke JOINAGG
to update X;. Otherwise, in line 17, we create a GPUSE iterator
to extend F into Fpext- The range [start, end) is used to support
truncation after a restart. In Figure 4, this range is [0, 6) before the
cut and becomes [0, 4) after the cut. If Fpey is truncated, the next



Table 2: Statistics of the 14 data graphs used in experiments.

Graph Notation Vel |EG| Avg. degree
web-spam WS 4.8x10° 3.7 x 107 15.7
rec-movielens-user-movies-10m RM 7.6 X 10% 5.5 x 10* 14.6
bio-grid-yeast BY 6.0x10° 1.6x 10° 52.2
ca-astroph CA 1.9x 10* 2.0 x 10° 21.1
rec-github RG 1.2%x10° 4.4%10° 7.2
soc-gowalla SG 2.0x10° 9.5 x 10° 9.7
soc-youtube SY 1.1X10° 3.0 x 10° 5.3
web-BerkStan WB 6.9x10° 6.6 x 10° 19.4
as-skitter AS 1.7%x10° 1.1x 107 13.1
web-wiki-ch-internal WW 1.9x10° 9.0 x 10° 9.3
web-hudong WH  2.0x10° 1.4x107 14.6
ca-coauthors-dblp cc 5.4x10° 1.5x 107 56.4
soc-livejournal1 SL 4.8x10° 4.3x107 17.7
soc-orkut-dir SO 3.1x10° 1.2x10% 76.3

loop iteration continues from start < end (line 21). Otherwise it
fetches a new batch from iter.next() (line 23).
Then, in line 26, we traverse all in-subtree children. If level is the

smallest value such that the current partial match Fpey contains

prefix
Vshare

reset X/, and recurse into helper(F7F,7’,- - -) to materialize X,/
In line 33, if the recursion reports an insert-failure by updating cut,
we truncate the slice and reset cut so that the remaining matches
can be retried in subsequent slices. After all children are handled
for the current slice, we continue enumerating 7 by recursively
calling helper in line 36. Line 37—38 serves as an early exit if any
insert-failure happened.

('), then 7" becomes triggerable: we index current slice,
’

6 EXPERIMENTAL RESULTS

Baselines. We evaluate GPU-SCOPE-LF against three groups of
methods: SCOPE-based CPU baselines, GPU-SCOPE ablation vari-
ants, and external GPU-based graph mining/counting baselines
that can be adapted to local subgraph counting. All methods are
executed from scratch without prebuilt indices to ensure a fair
comparison of execution time.

SCOPE: The original single-thread CPU implementation.
SCOPE-MT: A multi-threaded CPU implementation that paral-
lelizes independent prefix ranges and uses per-thread intermedi-
ate tables (20 threads in our runs).

GPU-SCOPE: The baseline implementation that executes Algo-
rithm 3 in Section 5 while maintaining each X, as a worst-case-
sized dense array (Section 3).

GPU-SCOPE-LOCK: GPU-SCOPE with compressed intermedi-
ate results using lock-based hash tables and the insertFailed
restart mechanism (Section 4.1).

GPU-SCOPE-LF: GPU-SCOPE-LOCK with key mapping and a
lock-free hash table (Section 4.2).

VDMC-LSC: VDMC [24] is a GPU-based local counting method
designed for small patterns. We adapt it as VDMC-LSC to produce
local subgraph counting results. It is enumeration-based and
supports patterns up to 4 vertices.

G2Miner-LSC: G2Miner [10] supports global counting for non-
clique subgraphs up to 4 vertices using pattern-specific GPU
kernels. We adapt it to produce local subgraph counts.

Hardware Settings. We run SCOPE and SCOPE-MT on Ubuntu
22.04 with an Intel i9-10900 2.80 GHz 20-thread CPU and 64 GB
memory. All GPU variants run on an Ubuntu 22.04 server with an
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NVIDIA GeForce RTX 5090 GPU with 32 GB device memory and an
AMD-9950X CPU. All C++/CUDA implementations are compiled
with g++ 11.4.0 and CUDA 12.8. The SCOPE-MT algorithm runs
with 20 CPU threads.

GPU Memory Budget. In the main experiments, each GPU-SCOPE
variant allocates a fixed 30GB GPU memory budget, which is split
between (i) the bounded matching-result buffer and (ii) aggregation
storage: dense arrays for GPU-SCOPE or hash tables for GPU-
SCOPE-LOCK/GPU-SCOPE-LF.

Datasets. We use 14 real-world graphs [25] from SNAP and Net-
work Repository [23, 44] (Table 2). We convert each graph to a
simple undirected graph by symmetrizing edges if needed, remov-
ing self-loops and multi-edges, extracting the largest connected
component, and relabeling vertices to {0,. .., |Vs| — 1}.

Queries. We use all 58 5-vertex and all 407 6-vertex queries and,
following SCOPE [25], randomly select 50 (out of 2,423) 7-vertex
queries. Each query Q = (g, 0) is defined by a pattern ¢ and an orbit
representative o in q.

We have validated the correctness of our implementations by
comparing the output counts to those of SCOPE. We report the
average wall-clock execution time for each query group. For SCOPE-
based methods, we exclude the plan stage because it is data-graph
independent and implemented identically across these methods. For
reference, SCOPE’s plan stage takes on average around 0.07s for all
58 5-vertex queries, 7s for all 407 6-vertex queries, and 30s for the
50 7-vertex queries. For GPU methods, we stop timing only after all
final counting results have been materialized in CPU (host) memory.
We do not include disk I/O for writing outputs to persistent storage.

6.1 Performance Comparison

Figure 7 reports total execution times for the three query groups;
full-height bars denote out-of-memory failures or runs exceed-
ing the 20 h timeout. First, SCOPE-MT is excluded on the largest
datasets (SL and SO) because it exceeds the 64 GB host-memory
limit. It suffers from memory exhaustion on these large graphs
because it maintains independent intermediate tables for 20 con-
current threads (requiring 20X the memory footprint of SCOPE).
In addition, the GPU-SCOPE baseline is also omitted on SL and SO
because it exceeds the 20 h timeout. As discussed in Section 3, GPU-
SCOPE allocates worst-case-sized intermediate arrays, consuming
O(|FT| - [Vs]) or O(|FP| - |Eg|) memory per iteration. On large
graphs, the limited 32 GB device memory forces GPU-SCOPE to use
an extremely small prefix batch |F¥|, which severely underutilizes
the GPU and necessitates a massive number of iterations.

This behavior is highlighted in Figure 8, where we report the
average prefix batch size (the number of prefixes processed per itera-
tion) for different pattern sizes. We can observe that GPU-SCOPE’s
average batch size drops sharply as graphs grow. In contrast, GPU-
SCOPE-LOCK and GPU-SCOPE-LF sustain much larger batch sizes
by using compressed hash tables, which helps explain why they
maintain high GPU utilization on large graphs. These measure-
ments are also consistent with our estimates in Example 3.1 and
Example 4.1: on SL, GPU-SCOPE averages below 10% prefix per
iteration, while GPU-SCOPE-LF exceeds 10°.
5-vertex Queries. As shown in Figure 7, on the first 12 datasets
where SCOPE-MT and GPU-SCOPE can finish, GPU-SCOPE-LF
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Figure 9: Runtime comparison of VDMC-LSC, G2Miner-LSC,
and GPU-SCOPE-LF for all 11 4-vertex queries.

achieves an average 19.3X speedup over SCOPE-MT, with a maxi-
mum speedup of 35.0X on SY, and 42.5X speedup over GPU-SCOPE.
We observe that GPU-SCOPE can be competitive on smaller graphs,
but its efficiency severely deteriorates as the graph size grows, con-
sistent with the limitation described in Section 3 and in Figure 8
(i.e., a small feasible |F 7| leads to severe underutilization of GPU).
6-vertex Queries. On the six smaller graphs (WS—-SG) where all
methods complete the full batch, GPU-SCOPE-LF achieves average
speedups of 13X over SCOPE-MT and 2X over GPU-SCOPE.
7-vertex Queries. On the same six graphs, GPU-SCOPE-LF signif-
icantly outperforms all baselines, achieving average speedups of
17X over SCOPE-MT and 3x over GPU-SCOPE.

Overall, our GPU-SCOPE-LF reduces the execution time on
million-scale graphs from hours- or days-level CPU workloads
to minutes-level GPU computation. These gains come directly from
our design choices, including compressed hash tables, failure-driven
restarts, and large-batch prefix processing, which allow the GPU to
be utilized far more fully than in baseline approaches. By tackling
the memory—-parallelism bottleneck, GPU-SCOPE-LF makes local
subgraph counting practical for large-scale graph analysis, enabling
feature extraction and downstream applications.

6.2 Comparison with External GPU Baselines

We compare with external GPU-based graph counting/mining base-
lines. Both VDMC-LSC and G2Miner-LSC rely on optimized GPU
kernels for small-query workloads (up to 4-vertex queries), so they
are not applicable to full 5-, 6-, and 7-vertex queries. Thus, in this
experiment, the workload consists of all 11 4-vertex queries.
Figure 9 shows the comparison on all 11 4-vertex queries over all
14 datasets. On average, GPU-SCOPE-LF achieves a 1996X speedup
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Figure 10: Micro-architectural Analysis of different variants

over VDMC-LSC. Compared with G2Miner-LSC, which uses pattern-
specific optimized kernels for 4-vertex motifs, GPU-SCOPE-LF re-
mains competitive overall and is faster on several large datasets,
while supporting general query patterns beyond 4 vertices.

6.3 Micro-architectural Analysis

To reveal the execution characteristics on GPU, we profile each
variant with NVIDIA Nsight Compute on SG using the 5-vertex
workload, and report three micro-architectural metrics in Figure 10:
(i) Instructions Per Cycle (IPC) [33], (ii) total global write traffic
[32], and (iii) atomic-unit active cycles [14]. We compute IPC as a
duration-weighted average across kernels, and sum global writes
and atomic active cycles across all kernels. Higher IPC indicates
fewer stalls (better latency hiding and utilization), while lower
global write traffic and lower atomic active cycles indicate reduced
DRAM pressure and reduced atomic serialization, respectively.

Compressed Intermediate Results. We first apply the optimiza-
tion in Section 4.1 to GPU-SCOPE. GPU-SCOPE-LOCK processes
much larger prefix batches under the same GPU memory budget,
reducing kernel launch overhead and exposing more parallel work.
As shown in Figure 10, this substantially increases IPC. At the
same time, GPU-SCOPE-LOCK shows higher global write traffic
and atomic active cycles. This is expected because hash-table in-
sertion/update incurs extra random memory updates and synchro-
nization, which are not present in the simple dense-array writes.
Importantly, this additional per-update overhead is outweighed by
the improved IPC, leading to the observed end-to-end speedup.

Lock-Free Hash Table. We evaluate Key Mapping optimization in
Section 4.2. GPU-SCOPE-LOCK uses spinlocks to update hash-table
buckets, causing serialization under contention. GPU-SCOPE-LF
maps keys to fixed 8-byte integers and uses hardware atomic CAS



Table 3: Restart profiling of GPU-SCOPE-LF on representa-
tive 6-vertex workloads. (HT Occ. = Hash-table Occupancy)

Dataset HT Occ. # Restarts Total Time (s) Restart Time (s)

CA 1.82% 8 52.48 0.81
BY 6.30% 52 81.94 2.64
RG 13.67% 149 119.88 4.74
SG 43.24% 1605 667.84 15.96
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Figure 12: Single-pattern runtime comparison on SG.

for lock-free updates. In Figure 10, GPU-SCOPE-LF further im-
proves IPC and reduces global write traffic and atomic active cycles,
confirming that key mapping reduces synchronization overhead.

6.4 Profiling and Detailed Runtime Analysis

Restart statistics and hash-table occupancy. Table 3 reports
the hash-table occupancy and the restart statistics of GPU-SCOPE-
LF on representative 6-vertex workloads. While higher hash-table
utilization increases restart frequency, the runtime overhead caused
by restarts remains low (i.e., at most 3.96% of the total runtime).
This validates that the restart mechanism enables bounded-memory
execution without degrading the end-to-end performance.
Hash-table size stress. We stress GPU-SCOPE-LF by varying the
hash-table memory budget in Figure 11a. Reducing the hash-table
budget would restrict the effective batch size and lead to more
frequent restarts. Under the typical memory budget used in our
experiments, GPU-SCOPE-LF remains effective.

Single-pattern runtime. To verify that the overall speedup is not
driven by a small subset of query patterns, we compare SCOPE-MT
and GPU-SCOPE-LF on individual query patterns. In Figure 12, each
point represents one query pattern; the x-axis and the y-axis report
the runtime of SCOPE-MT and GPU-SCOPE-LEF, respectively. GPU-
SCOPE-LF is consistently faster across different query patterns.
Runtime breakdown. Figure 11b decomposes total runtime into
subgraph enumeration, join aggregation, and table reset. GPU-
SCOPE-LF accelerates all three, with the largest improvement in
subgraph enumeration. Join aggregation and table reset show smaller
speedups because: (i) hash-table aggregation introduces extra mem-
ory accesses and atomic updates; (ii) SCOPE-MT resets only touch
dense-array entries while GPU-SCOPE-LF conservatively clears all
allocated hash-table buckets.
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7 RELATED WORK

Subgraph Counting. Subgraph counting methods include matrix-,
enumeration-, and decomposition-based approaches [43]. Matrix-
based methods derive counts using algebraic formulations [29-31].
Enumeration-based methods explicitly enumerate matches [37, 51];
VDMC [24] is one such GPU-based local counting method, rely-
ing on optimized GPU kernels for small patterns (up to 4-vertex
queries). Decomposition-based methods, including ESCAPE [40],
DISC [56], and SCOPE [25], decompose queries into smaller pat-
terns; DISC and SCOPE support arbitrary queries. To the best of
our knowledge, there is no prior GPU-accelerated local subgraph
counting method that supports arbitrary query patterns. Global
graph mining/counting systems [9, 10, 28] are related, but adapting
them to local counting is non-trivial because local counting requires
orbit-aware per-vertex aggregation rather than only graph-level or
role-agnostic vertex/edge-centric counts. Approximate methods use
learning-based estimators [21, 46, 50, 57] or sampling [22, 38, 45, 53].
GPU Subgraph Enumeration. GPU subgraph enumeration meth-
ods are mainly BFS-based [15, 16, 27] or DFS-based [12, 20]. BFS-
based methods materialize partial-match batches and extend them
one query vertex at a time, which is aligned with WCOJ-style match-
ing [34]; our GPU execution uses the same style inside each tree-
decomposition node. BFS methods expose parallelism but generate
large intermediate results, while DFS methods avoid materializa-
tion but suffer from workload imbalance, irregular access, and warp
divergence. Recent DFS optimizations [12, 20] are specialized for
specific patterns and do not support arbitrary query graphs.

GPU Hash Tables. GPU hash tables have been studied for high-
throughput key-value workloads. Open-addressing designs (e.g.,
WarpDrive and WarpCore [18, 19]) resolve collisions by probing
alternative buckets. Cuckoo hashing [1, 26] bounds the number
of candidate locations per key, leading to bounded-probe lookups,
but insertions may trigger eviction chains that increase update
overhead. Perfect hashing (e.g., GPH [7]) constructs collision-free
mappings to enable one-probe lookups, but is most suitable for
static or rarely-updated tables. Our solution maintains intermediate
tables with frequent concurrent updates. Therefore, we adopt an
open-addressing hash table [19] as our backend implementation.

8 CONCLUSION

In this paper, we presented a high-performance GPU solution for
local subgraph counting. We identified the fundamental scalability
bottleneck when porting SCOPE to GPU: the tension between mas-
sive thread parallelism and limited device memory. To resolve this,
we introduced compressed data structures coupled with an insert-
failure restart mechanism, allowing our GPU solution to maximize
parallelism without risking memory exhaustion. We further opti-
mized throughput via a key mapping strategy for lock-free hash
tables. Finally, we generalized these techniques to support arbitrary
queries. Extensive experiments on real-world datasets show sub-
stantial speedups over the multi-threaded SCOPE implementation.
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