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ABSTRACT

The Shapley value provides a principled foundation for data val-
uation, but exact computation is #P-hard due to the exponential
coalition space. Existing accelerations remain global and ignore a
structural property of modern predictors: for a given test instance,
only a small subset of training points influences the prediction.
We formalize this model-induced locality through support sets
defined by the model’s computational pathway (e.g., neighbors
in KNN, leaves in trees, receptive fields in GNNs), showing that
Shapley computation can be projected onto these supports without
loss when locality is exact. This reframes Shapley evaluation as
a structured data processing problem over overlapping support-
induced subset families rather than exhaustive coalition enumer-
ation. We prove that the intrinsic complexity of Local Shapley is
governed by the number of distinct influential subsets, establishing
an information-theoretic lower bound on retraining operations.
Guided by this result, we propose LSMR (Local Shapley via Model
Reuse), an optimal subset-centric algorithm that trains each influen-
tial subset exactly once via support mapping and pivot scheduling.
For larger supports, we develop LSMR-A, a reuse-aware Monte
Carlo estimator that remains unbiased with exponential concen-
tration, with runtime determined by the number of distinct sam-
pled subsets rather than total draws. Experiments across multiple
model families demonstrate substantial retraining reductions and
speedups while preserving high valuation fidelity.
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1 INTRODUCTION

Data has become a central resource for scientific discovery and
commercial innovation [22, 29, 56]. As data commoditization ac-
celerates, an increasing number of data marketplaces (e.g., Xignite,
Snowflake, and Databricks) have emerged to facilitate the exchange
and trading of datasets for model development across domains
such as medicine, finance, and transportation [8, 15, 33, 36, 49].
Unlike traditional goods, however, the value of data is inherently
context-dependent: a dataset is valuable only insofar as it improves
downstream model performance. This creates a fundamental data
management problem known as data valuation: how to rigorously
quantify, attribute, and compute the contribution of individual data
items to model performance in an efficient and fair manner when
multiple parties jointly participate in model training [33, 49].

The Shapley value [53] provides a principled solution by assign-
ing each data point its marginal contribution over all coalitions
of the training data. It offers fairness guarantees and has become
a standard foundation for data valuation [17][34]. Yet exact Shap-
ley computation is #P-hard [13] because it requires evaluating an
exponential number of subsets. Existing accelerations, including
Monte Carlo sampling and truncated coalition evaluation [5, 17],
influence- and gradient-based surrogates [1, 28], and per-trajectory
gradient attribution [61], improve scalability but still rely on the
global coalition space or a fixed training trajectory, implicitly treat-
ing every training point as potentially relevant to every test point
and overlooking the structural sparsity of individual predictions.

This assumption is overly pessimistic. Modern predictors exhibit
strong structural sparsity: for a fixed test instance, only a limited
portion of the training data participates in the computational path-
way that determines the prediction [28, 35, 47, 52, 66]. For exam-
ple, KNN predictions depend on nearby neighbors; decision trees
depend on leaf-level partitions; kernel and margin-based models
depend on active supports; graph neural networks depend on re-
ceptive fields [11, 18, 37, 40]. For a given test point, a large portion
of training points are effectively irrelevant for that prediction. From
a data management perspective, this reveals a structural opportu-
nity: Shapley computation should exploit model-induced locality
to avoid evaluating coalitions that cannot affect the outcome.

We formalize this structural sparsity as model-induced local-
ity. For each test point, we define a support set consisting of the
training instances that influence its prediction through the model’s
computational graph. When this locality is exact, projecting the
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coalition space onto the support region preserves the Shapley value.
When locality is approximate, the deviation from global Shapley
can be bounded by the aggregate influence of points outside the
support. This reframes Shapley computation as a structured data
processing problem: instead of enumerating 2!?! coalitions, we
restrict attention to subsets of a much smaller support set.

However, locality alone is not sufficient. Even after restricting
to supports, naive computation remains exponential in the support
size and suffers from extensive redundancy. The key insight of
this paper is that the intrinsic complexity of Shapley valuation is
governed not by the total number of coalitions, but by the number
of distinct subsets that influence at least one valuation. We prove that
any correct algorithm must evaluate each such subset at least once,
establishing an information-theoretic lower bound on retraining
complexity. This perspective shifts the problem from exponential
coalition enumeration to optimal subset reuse.

Guided by this principle, we propose LSMR (for Local Shapley
via Model Reuse), a subset-centric exact algorithm. LSMR builds a
bipartite support-mapping graph that links subsets to the training
and test points whose utilities depend on them, and applies a pivot-
based scheduling rule so that each distinct subset is trained exactly
once. The resulting utility is propagated to all dependent valuations.
LSMR removes both intra-support and inter-support redundancy
and attains the intrinsic lower bound on retraining cost.

For larger support sets where exact enumeration remains expen-
sive, we introduce LEMR-A, a reuse-aware Monte Carlo estimator.
Instead of treating each sampled coalition independently, LSMR-A
shares every sampled subset across all compatible support sets. The
estimator remains unbiased and enjoys exponential concentration,
meaning that the probability of estimation error decreases expo-
nentially fast with the number of samples. Importantly, its runtime
depends on the number of distinct sampled subsets rather than the
total number of draws. This decouples sampling complexity from re-
training complexity and reduces variance through amortized reuse.
Under distribution shift, when the test distribution differs from the
training distribution and many training points become irrelevant
to a given test instance, the variance advantage becomes structural:
irrelevant points are never sampled, so unnecessary randomness is
eliminated at its source rather than merely reduced statistically.

We evaluate our framework across four representative model
families, including weighted KNN, RBF Kernel SVM, decision trees,
and graph neural networks, and diverse datasets. Experiments val-
idate the theoretical claims: support-induced locality preserves
valuation fidelity; LSMR-A achieves faster convergence and dramat-
ically reduces retraining, matching the intrinsic subset complexity.

In summary, this paper makes four main contributions. We in-
troduce model-induced locality as a structural abstraction for data
valuation, formalizing support sets and deriving bounds on the
gap between global and local Shapley values. We characterize the
intrinsic subset complexity induced by these supports and establish
an information-theoretic lower bound on the number of retraining
operations required by any correct algorithm. Guided by this prin-
ciple, we propose LSMR, an optimal subset-centric algorithm that
trains each influential subset exactly once using support mapping
and pivot scheduling. Finally, we develop LEMR-A, a reuse-aware
Monte Carlo estimator that decouples sampling from retraining,
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remains unbiased with exponential concentration, and achieves
lower variance through structural reuse.

2 RELATED WORK

Data Valuation and Scalable Shapley Approximations. Data val-
uation [20, 25] quantifies the contribution of individual training
examples to model performance, supporting applications such as
data attribution [7], federated learning [9], model debugging [26],
and dataset compression [69]. Early leave-one-out methods [28]
measure the effect of removing one example at a time but can-
not capture interactions among data points. Shapley-value-based
methods [17, 54] address this limitation by aggregating marginal
contributions over all coalitions, providing a cooperative-game-
theoretic foundation for data valuation [53]. Since exact Shapley
computation is #P-hard [13], prior work has developed scalable
approximations [39, 46]. Monte Carlo estimators [5, 17, 41, 59] sam-
ple random permutations, reinforcement-learning methods [67]
learn sampling policies, and structural shortcuts exploit convex-
ity [24], submodularity [64], or influence-function reuse of gradi-
ents and Hessians [1, 50]. Recent methods also reduce or avoid
retraining through amortization or trajectory-based approxima-
tion. Fast-DataShapley [57] and Learnable Data Shapley [31] train
reusable neural predictors that map samples directly to Shapley
values, while In-Run Data Shapley [61] accumulates gradient-based
attribution along a single SGD trajectory using Taylor approxi-
mations. Despite these advances, existing methods either operate
over the full global coalition space or bypass it through amortized
approximations. They do not explicitly exploit model-induced spar-
sity in the prediction pathway of individual test points, nor do
they characterize the intrinsic subset complexity induced by struc-
tural locality or establish lower bounds on the number of distinct
retraining operations required for Shapley computation.

Locality-Aware Shapley Computation. To address the inefficiency
of global coalition enumeration, several recent works explore locality-
aware Shapley evaluation. For unweighted KNN classifiers, Jia et
al. [23] observe that prediction at a test point depends primarily
on its nearest neighbors and show that ignoring distant points pre-
serves relative importance rankings, enabling efficient approximate
local Shapley computation. Wang et al. [60] extend this idea to
hard-label KNN via dynamic programming, and Zhang et al. [68]
propose a near-linear-time weighted KNN-Shapley algorithm using
a duplication method. While these methods highlight the practical
benefits of restricting computation to local neighborhoods, their
notion of locality is geometric and specific to KNN models. They
do not generalize beyond distance-based neighborhoods, nor do
they formalize locality as a structural property of the computa-
tional pathway of a model. In contrast, we introduce model-induced
support sets, which abstract locality directly from the architecture
and prediction mechanism of the model. This formulation applies
broadly to margin-based models, decision trees, kernel methods,
and graph neural networks. We further characterize the intrinsic
family of distinct subsets induced by these supports and prove
that any correct algorithm must evaluate each such subset at least
once. By exploiting model-induced locality and subset reuse, our
methods enable efficient Shapley valuation while preserving strong
theoretical guarantees.



3 LOCAL SHAPLEY

We first review the standard Shapley value for data valuation, then
introduce a localized variant that restricts computation to training
points relevant to a given test prediction. Finally, we discuss how
this locality notion extends across different model families. A com-
plete notation reference is provided in Supplemental Material A.1.

3.1 Shapley Value for Data Valuation

Let D denote a training dataset, where each data point z = (x,,y,)
consists of a feature vector x, and a class label y,. Data valua-
tion [17] seeks to quantify how much each training point con-
tributes to predictive performance on a testing set 7. Formally, we
aim to construct a valuation function ¢ : © — R that assigns an
importance score to every z € D.

Utility induced by retraining. For each test point t € 7, we
define a utility function v, : 22 — R, where v,(S) measures the
performance of a model trained on a subset S C D when evaluated
at t. Throughout the paper, we adopt the standard retraining-based

formulation as follows
0:(S) = g/0(5)), 1)

where 6(S) denotes the model parameters obtained by training on S,
and g, () is a scalar evaluation functional at test point t. Examples
of scalar evaluation functions include prediction confidence [23],
signed margin [28], and loss reduction [17]. We assume that model
hyperparameters and training procedures are fixed across coali-
tions, so that variation in v,(S) arises solely from the choice of
training subset S [17, 23, 63]. In the computational model consid-
ered throughout this work, the dominant cost of evaluating v;(S)
is the training step required to obtain 6(S).

Global Shapley value. The Shapley value assigns to each train-
ing point its average marginal contribution over all possible coali-
tions [6, 53]. For a fixed test point ¢ and training point z € D, the
Shapley value is

2

ScO\{z}

0 (SU{z}) — 0 ()

(%)

1
¢z(vr) = D]
Equivalently, ¢,(v;) is the expected marginal gain of z under a
uniformly random permutation of D, and it satisfies the classical
axioms of efficiency, symmetry, null player, and additivity [53].
When multiple test points are considered, we aggregate per-test-
point values additively:

@

¢z = ) pe(or).

teT

®)

This summation corresponds to evaluating total contribution over
7. By linearity of the Shapley value [38], analysis can be conducted
independently for each test point and combined afterward. Accord-
ingly, we focus on a single fixed ¢ in the sequel.

Computational barrier and structural redundancy. Computing
¢ (0;) requires evaluating marginal contributions over all 22!
subsets of D. Since each evaluation involves retraining the model on
S to obtain 6(S), exact computation is computationally prohibitive.
In fact, computing the Shapley value of a single player in a general
cooperative game is #P-hard [13].

Crucially, the classical formulation treats every training point as
potentially influential for every test point across all coalitions. That
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is, the global coalition space 22 implicitly assumes that influence
may propagate arbitrarily through retraining. However, modern
learning architectures often exhibit strong structural sparsity: for a
fixed test point ¢, only a small portion of the training data mean-
ingfully participates in the computational pathway that determines
0;(S). This observation suggests that the global coalition space
contains substantial structural redundancy. The next subsection
formalizes this idea by introducing a localized utility that restricts
attention to the subset of training points relevant to ¢, leading to
the notion of Local Shapley value.

3.2 Local Shapley Value

Modern learning systems often exhibit strong structural locality [28,
35, 47, 52, 66]: for a fixed test point ¢, only a limited portion of
the training data participates in the computational pathway that
determines v, (S). This observation suggests that the global coalition
space 22 contains substantial redundancy when evaluating the
contribution of training data to t.

Support sets as structural locality. To formalize this idea, we in-
troduce a support set N(t) C D, defined as the subset of training
points that can meaningfully influence the prediction or utility at ¢.
The support set may be determined by architectural structure (e.g.,
receptive fields in GNNs, leaf membership in trees), margin sparsity
(e.g., support vectors), kernel bandwidth, or other model-specific
mechanisms. We treat N (t) as fixed with respect to a reference
model trained once on the full dataset, so that locality reflects struc-
tural dependency rather than coalition-dependent drift. Its size
can be controlled via model hyperparameters (e.g., K in KNN [12],
threshold in kernel methods [48], hop radius in GNN [27]), thereby
trading fidelity for efficiency.

We define the projected (local) utility as follows.

o (S) =0 (SN N(2)), VS C D. @)

Since U;V(S) depends only on S N N (¢), coalitions that agree on
their intersection with N(¢) are indistinguishable under the pro-
jected utility. Consequently, the cooperative game induced by oY
is effectively defined on the 2!V(®)! subsets of the support set, and
players outside N (t) do not enlarge the intrinsic coalition space
(formalized in Lemma 1).

Definition 1 (Local Shapley Value). For a training point z € D,
the local Shapley value with respect to test point t is defined as the
classical Shapley value computed under the projected utility zth:
o (SU{z}) - o(5)

Z [DI-1
ScD\{z} ( S| )

From Eq. (4), if z ¢ N(t), then 0¥ (S U {z}) = oV (S) for all S, so
z acts as a null player and $'°°(v,) = 0. For z € N (1), the valuation
depends only on coalitions formed within the support set.

loc
z

1
(v¢) = @

©)

When does locality approximate the global game? Local projection
modifies the cooperative game by removing non-support players.
To quantify the resulting approximation error, we impose a sta-
bility condition controlling how non-local points affect marginal
contributions.

Assumption 1 (Additive Non-local Stability). Given a test point t,
foranyz € N(t), there exist nonnegative constants {£; . () }ue D\N (1)



such that forany S € N(t) \ {z} and anyU C D \ N(t),

Az0:(SUU) = Aoy ()| < Dtz (w),
uelU

where A,u; (S) := v, (SU {z}) — v,(S). O

This assumption formalizes a structural locality principle: non-
support points influence the marginal effect of z only weakly, and
their aggregate impact scales at most additively [62]. This condition
serves as the data-valuation counterpart to the classical algorith-
mic stability principle [3, 21]. For stable learning algorithms—such
as regularized ERM, kernel methods, or SGD on smooth objec-
tives—including a single data point perturbs the trained parame-
ters by an amount that decays monotonically with the coalition
size |S|. This parameter stability directly guarantees that adding
non-support instances cannot cause volatile swings in a player’s
marginal contribution, thereby ensuring the variations are strictly
bounded.

Proposition 1 (Approximation of Global Shapley). Under Assump-
tion 1, for any z € N (1),

1

lp=(0) =20 < 5 > ezw),

ueDN(1)

where ¢, (v;) denotes the global Shapley value computed under the
original utility v;. ]

Using the permutation interpretation of the Shapley value, a
non support point influences the marginal contribution of z only
when it appears before z in a uniformly random permutation, which
happens with probability one half. Invoking Assumption 1 together
with the bound established in the proposition above, the deviation
between the global and local valuations is bounded by one half of the
total non local interaction mass. The approximation error therefore
depends only on the aggregate strength of interactions outside
the support, rather than on the size of the full training set. Hence,
whenever such effects decay with distance, kernel bandwidth, or
graph hop radius, a moderately sized support set is sufficient to
maintain valuation fidelity.

Example of regularized ERM. Consider #,-regularized empirical
risk minimization Fs(w) = |—§| Dies filw) + %||w||2, where each
f; is convex and L-smooth. Then Fs is A-strongly convex, and
classical uniform stability analysis [3] yields ||wsu(uy — wsll2

O(ﬁ) If the evaluation functional g;(w) is ¥-Lipschitz in w,

then |0, (S U {u}) = 0,(S)| = o(

T3] ) Moreover, the interaction
term |A,0; (S U {u}) — A0, (S)| = o(ﬁ
tors), which satisfies Assumption 1, where ¢ . (u) decays rapidly as
shown in Proposition 1. Consequently, the total non-local influence
2ugN(t) b,z (1) remains small when interactions are weak.

) (up to alignment fac-

Axiomatic properties. An important question is whether restrict-
ing the game to the support set preserves the fundamental fairness
guarantees of the Shapley framework.

Proposition 2 (Properties of Local Shapley). The local Shapley
value satisfies: (i) Symmetry: identically contributing data points
receive equal value; (ii) Null Player: a data point with zero marginal
contribution in all coalitions receives zero value; and (iii) Additivity:
the valuation is linear in v;.
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Since ¢l°°(v,) is the classical Shapley value applied to the pro-
jected utility v{v , it satisfies symmetry, null-player, and additivity.
Efficiency holds with respect to the projected utility U;V ; relative
to the original utility v;, any deviation from global efficiency cor-
responds precisely to the total utility mass discarded by exclud-
ing points outside N (¢). When locality is exact (e.g., Threshold
KNN [63]), we have U;V = v, and efficiency holds with respect to
the original utility as well.

Discussion and limitations. The applicability of model-induced
locality depends on the underlying architecture rather than be-
ing a guaranteed property of all learning systems. Highly non-
convex or densely coupled architectures can exhibit global parame-
ter dependencies where parameter shifts do not decay gracefully
with coalition size, potentially widening the approximation gap
in Proposition 1. Crucially, this limitation is manageable because
the boundaries of the support set N(¢) are inherently flexible. As
detailed in Section 3.3, practitioners can systematically scale N (t)
to capture long-range dependencies. Enlarging N (t) captures miss-
ing global interactions and tightens the theoretical approximation
bound, offering a controllable trade-off between global fidelity and
computational tractability.

3.3 Locality Induced by Model Architecture

Section 3.2 introduced the notion of support set N (t) and showed
that, whenever the prediction at t depends only on this subset
(exactly or approximately), the effective cooperative game collapses
from 2!2! to 2V We now demonstrate that such support sets
arise naturally in common model families as a consequence of their
computational structure. In some cases locality is exact and Local
Shapley coincides with the global Shapley value; in others locality
is approximate but satisfies Assumption 1, yielding bounded error.

Remark 1 (Sources of Locality). In many widely used predictors,
the prediction at t primarily depends on a structurally determined
subset N (t) € D:

(1) KNN models [12, 14]: The prediction is computed solely from
the K nearest neighbors of t, so N (t) is naturally defined as
this K-point neighborhood. Locality is determined by Euclidean
distance and is exact under the threshold setting [63].

Support vector machines [10, 11]: The prediction admits a
sparse dual form involving only support vectors, i.e, N(t) = {z €
D : a, # 0}. Locality is representational: although parameters
are trained globally, only support vectors influence predictions.
Kernel methods with compact support [44, 48]: For kernels
with finite bandwidth, only training points satisfying ||x; —x:|| <
h contribute, yielding N (t) = {z € D : ||x; — x;|| < h}. Locality
is governed by bandwidth.

Decision trees [4, 51]: The prediction at t is determined by the
leaf reached along its decision path. The relevant training points
are those passing through the same parent node, and we define
N(t) ={z € D : z reaches the same parent node as t}. Local-
ity arises from rule-based partitioning of the input space.
Graph neural networks [18, 19, 27]: In an L-layer message-
passing GNN, only nodes within the L-hop receptive field of t
directly influence its embedding, so N (t) is the L-hop neighbor-
hood of t. Locality is structural and induced by graph topology.

@)

3)

4)

)



(6) Deep neural networks [2, 47]: The learned encoder maps inputs
into a representation space where semantically similar examples
cluster together (e.g., via neural collapse). Consequently, N (t) is
defined as the K-nearest training points to t within this embed-
ding space [65].

Across these families, locality emerges through distinct mech-
anisms: geometric proximity (KNN), dual sparsity (SVM), finite
bandwidth (compact kernels), rule-based partitioning (trees), graph
message passing (GNNs), and representational clustering (deep net-
works). In each case, N(t) is determined by the pathway—explicit
in the architecture or implicit in the learned representation—that
produces the prediction at ¢, and typically satisfies [N (¢)| < |D]|.
When this dependency is strictly finite, Local Shapley recovers
the global Shapley value exactly; when the influence decays but
is nonzero, the approximation gap is governed by the aggregate
non-local interaction mass characterized in Proposition 1.

4 AN EXACT ALGORITHM FOR LOCAL
SHAPLEY

Building on the Local Shapley formulation in Section 3.2, we now
turn to exact computation of local Shapley values. Although Defi-
nition 1 replaces the original utility with the projected utility vtN ,
its combinatorial form still ranges over all 2/2! coalitions. We first
prove that the projected utility induces an equivalent cooperative
game whose effective player set is the support set N (t), thereby
collapsing the intrinsic coalition space from 2!?! to 2IV()1,

This reduction alone, however, does not eliminate computational
redundancy. A naive local evaluation still enumerates all subsets
of N(t) separately for each training and test point. As shown in
Figure 1, two redundancies and inefficiencies remain: intra-support
redundancy, where training points within the same support set
require repeated evaluation of identical subsets, and inter-support
redundancy, where overlapping support sets across test points trig-
ger duplicate subset retraining. In this section, we eliminate these
redundancies in a structured manner: first by reorganizing the Shap-
ley computation around subsets rather than players, and then by
introducing a global reuse mechanism that guarantees each distinct
subset is trained once while preserving exactness.

4.1 Reducing the Game to the Support Set

We begin by formalizing the intrinsic dimensional reduction in-
duced by the projected utility. Although Definition 1 is written
over subsets of the full dataset D, the projected utility satisfies
U;V (8) =0:(S N N (1)), implying that coalitions that agree on their
intersection with N (t) are indistinguishable. Consequently, the
Shapley computation for test point ¢ depends only on subsets of
the support set NV (2).

Lemma 1 (Equivalence Under Projected Utility). The local Shapley
value in Definition 1, can be equivalently expressed as

0 (SU{z}) — v (S)

N(2)|-1
G

1
IN(2)]

loc
z

(o) =
SCN(t)\{z}

Lemma 1 shows that the Local Shapley value for ¢ can be com-
puted by treating N (t) as the effective player set. Thus, the coalition
space collapses from 2/2! to 2IN()1 For subsets of size k, there are
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Figure 1: (a) Intra-support redundancy: the blue area denotes
the support set N'(t). For training points z; and z;, many train-
ing subsets are shared in their Shapley value computations.
(b) Inter-support redundancy: test points t; and ¢; have over-
lapping supports (darker blue). Within this overlap, subsets
are shared across their Shapley computations. The yellow
dotted subset illustrates one such shared training subset.

Algorithm 1 Baseline Algorithm

Require: Training set D, test set 7~
Ensure: Local Shapley value ¢, for eachz € O
1: foreachz € D do
2: initialize ¢, < 0
: for each test point # € 7 do
Retrieve support set N(¢)
for each training point z € N(¢) do
for each subset S € N(t) \ {z} do
Train model 8(S) and evaluate v;(S);
Train model 8(S U {z}) and evaluate v, (S U {z});

by — b+ 0t (SY{z}) —v¢ (S)

3
4
5
6:
7
8
9 IN(t)I-(lN(‘;)“_l) .

10: return {¢, :z € D}

(lN ,Et)l) coalitions. As each marginal contribution requires evaluat-
ing 0(S) and v(S U {z}), enumeration over the reduced space yields
the training cost as 2 ZL/Z;[” k(w]it)l) = [N(t)| - 2N DI, Aggregat-
ing over all test points, the total number of evaluations becomes
Sier IN@®)]-2VOI which is much smaller than the |77]-|D]-2!?!
cost of global Shapley when [N (#)| < |D|. This serves as the natu-
ral local baseline and is summarized in Algorithm 1.

4.2 Subset-Centric Reformulation: Eliminating
Intra-Support Redundancy

The baseline method (Algorithm 1) evaluates marginal contribu-
tions independently for each training point within the support
set N(t). Thus, identical training subsets are repeatedly retrained
when computing the marginal gains of different players within the
same support set. To eliminate this intra-support redundancy, we
break away from traditional player-centric loops and reorganize
the valuation framework entirely around subsets. The key intuition
is that a single utility evaluation v;(S) contains complete combi-
natorial information that can be distributed to all players in N (t)
simultaneously, bypassing the need for separate marginal queries.



Algorithm 2 LSMR

1:

Input: Bipartite support-mapping structure G = (D, 7, N, R), or-
dered test set I14-

2: Output: Local Shapley values ¢, for each z € D

3: Initialize ¢, « O forallz € D

4: for all test point ¢ € 7 in order I do

5: Retrieve support set N (¢) from G

6: for all subsets S € N(¢) do

7 if S = 0 then

8: RS — T

9: else

10: Rs — Nzes R(z)

11: t* « first test point in Rs under IIq

12: if t =t then

13: Train model 6(S) and evaluate v; (S) for all #’ € Rg

14: forall ¢’ € Rs do

15: forallz € N(¢') do

16: if z € S then

17: ¢z += LSAZ,
ING |- (N

18: else

e = , - (f/3<t')\-1
NG (V)

20: return {¢, :z € D}

Lemma 2 (Subset-Centric Reformulation). For any test point t and
training point z € N (t), the local Shapley value admits the following
equivalent expression:

(=)' 0r(S)

IN(2)]-1
( |S|-1(zeS) )

loc
z

2,

SCN(t)

1
)= N

Instead of computing differences (v(S U {z}) — v(S)), Lemma 2
reformulates Local Shapley as a structured, weighted sum directly
over the power set of the support region. The role of each subset S is
completely determined by whether the training point z is contained
within it. There are two cases: (i) Positive Contributions (z € S):
Subsets containing z correspond to valid coalitions after including
the player, receiving a positive sign; and (ii) Negative Contribu-
tions (z ¢ S): Subsets lacking z correspond to base coalitions prior
to its addition, receiving a negative sign.

Crucially, evaluating v; (S) once allows us to update the values of
all players in N () concurrently using these closed-form weights.
This algorithmic shift yields an immediate computational dividend:
instead of demanding |N (¢)| - 2/~ utility evaluations per test
point via player-centric loops, we evaluate only 2N ()1 distinct local
subsets. Intra-support redundancy is thus completely eradicated,
dropping the computational overhead by an exact factor of [N (¢)].

At this point, the computation is localized to N (t) and reorga-
nized in a subset-centric manner, eliminating redundancy within
each support set. Nevertheless, subsets that appear in overlapping
supports of different test points are still evaluated independently.
The next subsection addresses this remaining inefficiency by intro-
ducing a global reuse mechanism that ensures each distinct subset
is trained only once across all test points.
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4.3 Global Subset Reuse Across Test Points

While subset-centric processing clears redundancies within an in-
dividual local game, nearby test points sampled from a shared data
distribution still often exhibit heavily overlapping neighborhoods
(supports). This overlap triggers duplicate evaluations of identical
subsets across independent test iterations, inflating runtime because
each unique evaluation requires an expensive model retraining step
(0(5))-

To eliminate this remaining redundancy, we introduce Local
Shapley via Model Reuse (LSMR), which ensures that every
distinct subset S is trained exactly once across the entire compu-
tation and reused wherever it is valid. The key principle is global
subset canonicalization: each subset has a unique designated eval-
uator, and all other occurrences reuse its result. LSMR achieves
this through three components: a bipartite support-mapping graph,
reverse support-set indexing, and pivot-based scheduling.

4.3.1 Global Support Structure. We represent training—test de-
pendencies using a bipartite structure G = (D, 7, N, R), where
N (t) C D is the support of test point £, and

R(z)={teT:ze Nt)} )

is the reverse map listing the test points whose supports contain
training point z. The mappings N and R are relational inverses, and
together they characterize all potential reuse opportunities across
test points.

4.3.2  Reverse Support-Set Indexing. For any subset S C D, only
test points whose supports contain S can reuse its evaluation. These
test points are exactly

Rs = [ ) R(),

z€eS

Ro=7. @
Rs contains all test points for which S € N(¢). Computing Rg
requires intersecting adjacency lists, whose cost is negligible com-
pared to model retraining as supports are typically small and sparse.

4.3.3 Pivot-Based Scheduling. To eliminate redundant trainings,
LSMR assigns each subset S a canonical evaluator. Intuitively, the
first test point (under a fixed ordering) whose support contains S
“owns” the training of S; all later test points reuse the result. Fix a
global ordering ITg over test points and define the pivot

t*(S) = arg min Iy (2'). (8)
t'eRg

Subset S is trained only when processing its pivot ¢*(S). For any

other t’ € Rg, the subset has already been evaluated at its pivot

and the result is reused. This rule ensures that each distinct subset

is trained exactly once, eliminating all inter-support redundancy.

4.3.4 Complete LSMR Procedure. Combining subset-centric refor-
mulation with global reuse yields a unified pipeline. For each test
point £, LSMR enumerates all subsets S C N (#). When encounter-
ing S, the algorithm computes Rs and checks whether ¢ is the pivot
t*(S). If so, it trains 6(S), evaluates vy (S) for all t’ € R and redis-
tributes the utility values to all z € N (t') using the closed-form
weights from Lemma 2; otherwise, the subset has already been
processed and no retraining occurs.

By construction, LSMR removes both intra-support redundancy
(via subset-centric reformulation) and inter-support redundancy



(via global pivot reuse), ensuring that each distinct subset S is
trained exactly once while preserving exact Local Shapley values.

4.4 Optimality and Complexity Analysis

We now quantify the computational savings of global subset reuse.
Since the dominant cost is model retraining, we measure complexity
by counting the number of distinct subsets S for which 6(S) must
be trained. Let

s=Jtsc Ny ©)

teT

denote the family of all distinct subsets that appear across support
sets. The size |S| thus reflects the intrinsic retraining complexity
of the Local Shapley problem under a given support mapping.

Theorem 1 (Optimal Reuse). Let Rs be the set of test points whose
support sets contain S. Any algorithm computing {v;(S) }rerg must
evaluate v(S) at least once for every S € S.

Theorem 1 shows that any correct algorithm must evaluate each
subset in S at least once. Thus |S| is an information-theoretic lower
bound on the number of model trainings. By construction, LSMR
attains this bound exactly, performing one training per distinct
subset and no more. By definition, we have

Z 2|N(l)\’ 2|D\

teT
The first term corresponds to independently enumerating all subsets
within each support set, while the second reflects the trivial upper
bound over the entire dataset. In contrast, LSMR performs exactly
|S| trainings, which can be substantially smaller when supports
overlap. We therefore conclude across four levels of evaluation:

[S| < min{ (10)

Global Shapley: |7 - |D| - 212! trainings.
Local baseline: 3,4 [N (¢)] - 2V trainings.
Subset-centric: Y52V trainings.

LSMR: |S| trainings.

The final quantity depends only on the number of distinct subsets
induced by all supports, not on the number of test points or the
number of players per support.

In practical regimes where test points are drawn from a fixed
distribution, supports induced by nearby test points tend to overlap
significantly. As |77| grows, many new test points introduce no new

subsets, and the growth of |S| is sublinear relative to Y,c 52V,

Consequently, the amortized number of model trainings per test
point decreases with scale, making LSMR particularly effective in
large evaluation settings.

Corollary 1 (Amortized Reuse). Assume the support mapping N (-)
has a finite range, i.e., only finitely many distinct support sets can
appear across test points. Let St = ;e {S € N(t) } denote the

family of distinct subsets induced by the first T test points. Then |St|

is bounded as T grows, and consequently iTT‘ —0asT - 0. O

Therefore, the amortized number of model trainings per test
point under LSMR vanishes as T grows.

3336

5 MONTE CARLO APPROXIMATION FOR
LOCAL SHAPLEY

While LSMR achieves the intrinsic retraining lower bound and
serves as the optimality reference for our analysis, its 2/V()! enu-
meration is impractical when supports are large. To tackle the
scenarios with large supports, we therefore propose LEMR-A, the
reuse-aware Monte Carlo estimator developed in this section. For
stochastic approximation, classical Monte Carlo methods [43] es-
timate Shapley values by sampling permutations and averaging
marginal contributions to avoid exhaustive enumeration. However,
standard MC is player-centric, retraining each sampled coalition
independently and repeatedly, failing to exploit the structural reuse
opportunities identified in Section 4.3. This insight motivates a
reuse-aware Monte Carlo strategy.

5.1 From Exact Reuse to Reuse-Aware Sampling

We therefore develop LSMR-A, a stochastic estimator that inte-
grates the subset-centric formulation and pivot-based canonicaliza-
tion of LSMR into the Monte Carlo setting. The resulting algorithm
preserves unbiasedness and concentration guarantees while en-
suring that each distinct subset is trained at most once across all
samples and test points.

5.1.1 Subset-Centric Monte Carlo Estimation. Standard permutation-
based MC estimates the Shapley value of a player z by averaging
marginal gains v; (S U {z}) — v,(S) over sampled subsets S. This for-
mulation ties each sample to a specific player, making cross-player
reuse impossible. In contrast, Lemma 2 expresses the Local Shapley
value as a weighted expectation over subsets S C N (t). This obser-
vation enables a conceptual shift from a marginal-gain estimator
to a subset-centric weighted utility estimator. Instead of associating
each sample with a single player, LSMR-A samples subsets S and
updates the Shapley values of all players in N (t) simultaneously
using the closed-form weights derived in Lemma 2.

Under this formulation, a single model training on S becomes a
shared computational resource for the entire support set, eliminat-
ing intra-support redundancy in the stochastic setting.

5.1.2  Pivoted Sampling for Cross-Test Reuse. To extend reuse across
test points, we integrate the pivot mechanism introduced in Sec-
tion 4.3. For each test point £, LSMR-A draws M random permu-
tations of N (t) and extracts the prefix-before-t subset S in the
standard Shapley sampling manner.

For a sampled subset S, only test points whose supports contain
S can reuse its evaluation. These are precisely the elements of Rg.
To keep the estimator unbiased, we assign each subset a canonical
evaluator via the pivot rule as follows.

t*(S) = arg min Iy (2'). (11)
t'eRg

The sampling procedure follows two cases: (i) Pivot hit: If the
current test point ¢ equals ¢*(S), the subset is accepted. The model
0(S) is trained once and reused to evaluate v,/ (S) for all ¢’ € Rs.
These utilities are distributed to all z € N (¢’) using the weighted
subset-centric update rule; and (ii) Pivot miss: If t # ¢*(S), the
sample is discarded. Since S is assigned exclusively to its pivot
t*(S), discarding avoids duplicate retraining without altering the
sampling distribution.



Algorithm 3 LSMR-A

1: Input: Bipartite support-mapping structure G = (D, 7, N, R), or-
dered test set II7-, number of Monte Carlo samples M

2: Output: Local Shapley values ¢, for each z € D
3: Initialize ¢, « O forallz € D
4: for all test point ¢ € 7 in order I do
5: Retrieve support set N (¢) from G
6: form =1to M do
7 Sample a random permutation s of N (¢) U {t}
8: S {m,...,mi_1} wherei=n"1(t)
9: Compute Rs and pivot ¢* as in Algorithm 2, lines 7-11
10: if t = ¢* then
11: Train model 6(S) and evaluate v,/ (S) forall ¢’ € Rs
12: forallt’ € Rg,z € N(t') do
13: ifzeS th??N(t’” +1) - o (S)
oy
14: P, += ST~ M
15: else ,
" 5 NG+ D) 00 (5)

(N = IS]) - M
17: return {¢, : z € D}

This pivoted sampling scheme maximizes the reuse of trained
models while preserving the unbiasedness of the estimator. The
complete procedure is summarized in Algorithm 3.

5.2 Statistical Guarantees

We first analyze the statistical validity and convergence properties
of LSMR-A. The resulting guarantees mirror classical Monte Carlo
analysis, while incorporating the effect of pivot-based reuse. We
begin by establishing unbiasedness in expectation.

Theorem 2 (Unbiasedness of LSMR-A). In each Monte Carlo round,
LSMR-A draws a uniform permutation of N (t) U {t} and takes the
prefix-before-t subset S. The pivot associated with S is the first test
point in the fixed ordering Iy, denoted t*(S). The model is trained on
S only when processing t = t*(S), and the resulting utilities vy (S) are
reused for all t’ such that S C N (t'). Under this reuse mechanism, a
MC estimator satisfies
2,

E[a(Z)] ) ;T SCN(t)

which coincides exactly with the closed-form Local Shapley value.
Thus, LSMR-A is an unbiased estimator. O

(=15 0,(5)

IN(2)]-1 ’
(\SI—I(zES))

I(z € N(1))
IN@)I

The estimator remains unbiased because each subset S is drawn
from the same permutation-induced distribution as in classical MC,
and the pivot rule merely canonicalizes which test point evaluates
it. The weighted subset-centric update from Lemma 2 preserves the
exact expectation of the Local Shapley value.

We then prove exponential concentration of the estimator around
the true Local Shapley value. The guarantee follows from inde-
pendent permutation sampling together with standard bounded-
difference inequalities.

Theorem 3 (Concentration of LSMR-A). Assume |v;(S)| < B for
all t and all subsets S. Let ¢(z) be the estimator obtained from M
samples. Then for any € > 0,

Me?
B2 |-

Pr(|$(z) - ¢IZ°C| > e) < ZE:Xp(—2
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The concentration bound immediately yields a sample complex-
ity guarantee.

Corollary 2 (Sample Complexity of LSMR-A). To ensure
Pr(|$(z) - IZ°C| > e) <4,

it suffices to take

2

5

Moreover, due to subset reuse across test points, the effective num-
ber of required model trainings satisfies Mg = lﬁ, where the
expectation is taken over sampled subsets S. O

B?
M > 2z log

Importantly, the number of samples M required for (€, §)-accuracy
matches classical MC. The distinction between LSMR-A and stan-
dard MC lies not in statistical efficiency, but in retraining efficiency.

5.3 Computational Implications of Reuse

While M determines statistical accuracy, runtime is governed by
the number of distinct subsets encountered during sampling, since
each such subset is trained at most once.

Theorem 4 (Expected Number of Distinct Sampled Subsets). Fix
a test point t with support set N (t). Let M rounds sample random
permutations of N'(t) U {t}, and let U; be the collection of distinct

prefix-before-t subsets. Then, E |U;| = O(min{Z‘N(t”, \/]\_/I}) O

The sublinear growth in Theorem 4 reflects a saturation effect.
Although many permutations are sampled, a large portion lead to
overlapped subsets, so retraining increases far more slowly than the
total sampling effort. Consequently, the effective number of model
trainings is governed by the number of distinct subsets rather than
by M|7"|. When supports overlap substantially, reuse dramatically
reduces retraining cost while preserving statistical guarantees.

5.4 Variance Reduction and Distribution Shift

Beyond correctness and runtime, reuse also improves estimator
stability. Because utilities are shared across overlapping support
regions, randomness that would otherwise be repeatedly injected
in classical MC is amortized.

Theorem 5 (Variance Reduction). Let <2>MC (z) be the classical Monte
Carlo estimator and ¢"SMRA(z) be the LSMR-A estimator. Then

Var[&&ISMR'A(z)] < Var[@/[c(z)] — E[Var(o:(S) | S)]

IN

Var [(Z&MC (z)] .

The variance reduction stems from removing conditional vari-
ance caused by redundant marginal evaluations. For the same sam-
pling budget M, LSMR-A attains lower variance than classical MC.

This advantage becomes more pronounced under distribution
shift. When the test distribution diverges from the training distribu-
tion, many training points lie outside the support set N (¢) and have
no influence on v, (+). Classical MC nonetheless samples coalitions
containing such irrelevant points, introducing unnecessary condi-
tional variance. In contrast, LSMR-A restricts sampling to subsets
of N(t) and therefore structurally removes this source of variance.



Corollary 3 (Distribution Shift). For a test point t with support
set N(t) and irrelevant points Dy, = D \ N(t), the variance of the
Monte Carlo estimator decomposes as

Var[@‘c(z)] :Var[;sm(z) IS c N(t)]
+ Var(o:(SU {z}) — v:(S) |S N Dirr # D) -

Since LSMR-A samples only subsets of N (t), the second term is always
zero for pFSMRA(2), O

In summary, LSMR-A provides unbiased estimation with expo-
nential convergence, retraining complexity determined by distinct
subsets rather than the total number of samples, and strictly reduced
variance under overlapping supports and distribution shift.

6 EMPIRICAL EVALUATION

We conduct a comprehensive empirical evaluation of the Local
Shapley framework across diverse model families. Our experiments
are designed not only to assess predictive fidelity, but also to validate
the structural and computational claims established in Sections 3-5,
including intrinsic subset complexity, optimal reuse and retraining
efficiency. We aim to answer five central research questions:

¢ RQ1 (Approximation Fidelity): How accurately does Local
Shapley approximate the global Shapley value across different
model families, and under what conditions does structural
locality preserve valuation quality?
RQ2 (Downstream Data Selection Utility): Do valuations
derived from Local Shapley remain effective for downstream
tasks such as data selection, compared with global and alterna-
tive Shapley estimators?
RQ3 (Optimal Reuse for Efficiency): How much does LSMR-
A reduce model trainings and runtime compared to baselines,
and how closely does its behavior match the intrinsic subset
complexity in Theorem 17
RQ4 (Sensitivity to Support Set Size): How do Local Shapley
fidelity and runtime change as the support size varies, and
do the observed fidelity—runtime trade-offs agree with the
theoretical analysis in Sections 4 and 5?
RQ5 (Model-Induced Locality): Does the support set need
to align with the evaluated model? We construct support sets
using one architecture (e.g., GNN), and evaluate utility under
another (e.g., KNN), as discussed in Remark 1.

6.1 Experimental Setup

6.1.1 Locality Across Model Families and Datasets. To examine
the generality of model-induced support sets, we instantiate local-
ity across four representative model classes, each paired with a
structurally aligned dataset: i) Weighted K-Nearest Neighbors
(WKNN) [14] on MNIST [30], with N (¢) defined as the 2K near-
est neighbors in feature space; ii) Decision Tree (DT) [4] on
Iris [16], with N (t) consisting of training instances that share
the same parent node as the leaf reached by t; iii) RBF Kernel
SVM (RBF-SVM) [11] on Breast Cancer [55], with N () = {z €
D : K(xz,x;) > 0.5}; iv) Graph Neural Network (GNN) [27]
on Cora [42], with N(t) defined as the two-hop neighbors of t
under a two-layer GCN. These models span geometric proximity,
kernel-induced decay, rule-based partitioning, and graph topology.
For each model, the support set is constructed directly from its
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computational pathway, enabling measurement of support size and
the associated retraining complexity.

6.1.2  Baselines. We compare LSMR-A against four representative
Shapley estimation strategies spanning global evaluation, local-
ity restriction, truncation, and complementary reformulation: i)
Global-MC [24], which performs standard Monte Carlo estima-
tion; ii) Local-MC, which restricts Monte Carlo sampling to the
support set N (t) without reuse; iii) TMC-S [17], which applies trun-
cated Monte Carlo with early stopping once predictions stabilize;
iv) Comple-S [58], which estimates Shapley values via complemen-
tary contribution reformulation. These baselines do not incorporate
model-induced locality or reuse-based retraining reduction.

6.1.3  Evaluation Metrics and Implementation Details. We evaluate
two foundational aspects of Shapley value computation: i) Fidelity
(correlation with global Shapley values and downstream task per-
formance), ii) Retraining Cost (total running time and number of
model trainings). Following [17], all Monte Carlo methods use the
same stopping rule: every 100 samples, we test whether

n

2

i=1

l kb’(m) _ ¢§m7100)|

n

<7, (12)

4™ |+ e
where ¢i(m) denotes the estimate for training point i after m samples
and € = 107'2. 7 = 0.05 controls convergence and serves as the
stopping threshold for all models. Experiments were run on an Intel
Xeon E5-2640 v4 CPU with 32 GB RAM. For GNN workloads, we
used a single machine with 64 CPU cores and 8 NVIDIA H20 GPUs,
running 64 jobs in parallel. Experimental details are provided in
Supplemental Material B.

6.2 RQ1: Approximation Fidelity

We first evaluate whether Local Shapley faithfully approximates the
global Shapley value across model families. For each model-dataset
pair, we compute global Shapley values using Global-MC and Local
Shapley values using LSMR-A both run to convergence (Eq. (12)).
Agreement is quantified using Pearson’s r for linear consistency
and Spearman’s p for rank-order consistency. Across all four mod-
els, Local Shapley exhibits strong positive correlation with Global
Shapley, with Pearson r ranging from 0.516 to 0.839, indicating
substantial agreement between local and global valuation.

The strongest alignment occurs for WKNN (Figure 2(a)), where
predictions are fully determined by the K nearest neighbors and
locality is highly concentrated. The strong correlation confirms
that the support set captures the dominant influence pathway, con-
sistent with the tight error bound in Proposition 1 when non-local
interaction mass is negligible. For Decision Tree (Figure 2(b)) and
RBF-SVM (Figure 2(c)), correlations remain consistently positive,
reflecting that rule-based partitioning and kernel-induced decay
capture the primary influence pathways. The slight reduction in
correlation relative to WKNN aligns with approximate locality, as
influence outside the support is nonzero but controlled.

For GNN (Figure 2(d)), correlation is weaker but still clearly
positive. This is expected: GNNs exhibit approximate locality, as
nodes outside the L-hop receptive field may still affect learned pa-
rameters through shared gradients during training. Additionally,
deep learning training introduces stochasticity via random initial-
ization, mini-batch sampling, and non-convex optimization, which
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Figure 2: Scatter plots of Local Shapley (x-axis) versus Global Shapley (y-axis). Green lines indicate linear regression fits.
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Figure 3: Test accuracy versus the percentage of training data added in descending Shapley order.

inflates variance in both the global reference and the local esti-
mates. This empirical trend is consistent with the approximation
bound in Proposition 1: when non-local interaction mass is small
but nonzero, correlation degrades gradually rather than collapsing.
We additionally compare against In-Run Data Shapley [61] on GNN,
the only applicable setting due to its reliance on gradient-based
training (Supplemental Material B.3). While [61] completes valua-
tion in a single training run, it yields lower approximation fidelity
and data-selection accuracy. Conversely, LSMR-A preserves exact
Shapley semantics while maintaining bounded error.

6.3 RQ2: Downstream Data Selection Utility

High correlation with global Shapley does not automatically imply
downstream effectiveness. Since data valuation is commonly used
for training set pruning and prioritization [17, 24], we evaluate
whether Local Shapley preserves selection utility. Specifically, we
rank training points in descending order of their Shapley scores.
Starting from an empty training set, we incrementally add top-
ranked samples and retrain the model at each step. Test accuracy is
plotted against the fraction of training data incorporated. A stronger
valuation method should achieve high accuracy with fewer samples,
producing a steeper and dominating selection curve. Across all four
model pairs, LSMR-A consistently matches or exceeds the data
selection performance of global estimators.

For WKNN (Figure 3(a)), where locality is strong, LSMR-A
achieves the most improvement: approximately 10% of locally se-
lected data attains accuracy comparable to 20% selected by Global-
MC. This behavior is consistent with RQ1, where correlation is
strongest under exact locality. For Decision Tree (Figure 3(b)),
LSMR-A achieves the highest accuracy across most operating points,
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indicating that leaf-induced support sets preserve the ranking of
influential samples even in small datasets. For RBF-SVM (Fig-
ure 3(c)), LSMR-A and Local-MC perform comparably to Comple-S
and outperform Global-MC and TMC-S in the low-data regime
(< 10%). Although RQ1 shows only moderate linear correlation in
this setting, the identification of the top-ranked samples remains
robust—highlighting that data selection depends primarily on accu-
rately identifying high-impact samples rather than perfectly match-
ing global magnitudes. For GNN (Figure 3(d)), LSMR-A yields the
best selection performance. Global-MC performs worst, likely due
to high retraining variance across coalitions in deep learning set-
tings. In contrast, restricting valuation to 2-hop structural supports
stabilizes ranking and better captures dominant influence pathways.

Overall, model-induced locality enables efficient analysis of data
selection utility. The support-restricted approach identifies influ-
ential samples while substantially reducing retraining cost. As
established in Theorem 2 and 3, LSMR-A provides unbiased es-
timation with exponential concentration guarantees under per-
mutation sampling. Moreover, Theorem 5 shows that structured
reuse further reduces estimator variance by amortizing redundant
randomness across overlapping supports. Together, these results
demonstrate that model-induced locality improves computational
efficiency while preserving statistical stability.

6.4 ROQ3: Optimal Reuse for Efficiency

In this section, we assess computational efficiency by measuring
runtime and the number of model trainings required to satisfy the
convergence criterion (Eq. (12)). Shown in Table 1, LSMR-A achieves
the fastest convergence across all model families. The retraining



Table 1: Total running time and number of model trainings.

Model Metric Global TMC-S Comple-S Local-MC LSMR-A
Time 212,408 8,085 9,181 537 88
WKNN #Train  1,126M 65.1M 16.8M 9.0M 0.9M
DT Time 1,446 250 206 243 111
# Train 2.8M 0.5M 0.4M 0.5M 0.2M
Time 101,903 2,790 3,087 16,013 251
RBESVM i Train 817M 4.9M 5.1M 32M 0.4M
GNN Time 200,860 122,264 71,768 45,378 7,241
# Train 28.2M 23.8M 9.1M 12.0M 1.7M

counts show a consistent trend: on WKNN, LSMR-A reduces re-
quired trainings by more than three orders of magnitude compared
to Global-MC, while on other models it delivers over 10x speedups.
The efficiency gains of LSMR-A arise from three mechanisms that
eliminate redundant computation in Shapley evaluation: (i) coali-
tion space reduction by restricting evaluation to NV (t) (Lemma 1);
(ii) subset-centric reformulation to enable reuse within each sup-
port set (Lemma 2); and (iii) pivot scheduling to enable reuse across
support sets (Theorem 1), achieving theoretically optimal reuse.

When supports are tight, as in WKNN where [N (¢)| < |D|,
coalition space reduction alone already yields substantial gains:
Local-MC achieves a significant speedup over Global-MC simply
by restricting computation to the support set. LSMR-A further elim-
inates redundant evaluations during computation, reducing model
trainings from 9.0M to 0.9M. In contrast, for RBF-SVM, applying a
kernel threshold of 0.5 yields support sets that retain roughly 30% of
the training data, reducing the effectiveness of coalition space reduc-
tion through model-induced locality. Compared to Local-MC, which
also restricts computation to the support set, LSMR-A substantially
reduces training cost and converges more rapidly. The performance
gap between the two highlights the importance of reuse: as support
sets grow, limiting the coalition space alone becomes insufficient,
and efficiency is primarily driven by sharing within and across
support sets. Without carefully eliminating redundant subset eval-
uations through structured reuse, Local-MC even underperforms
TMC-S and Comple-S in this setting. Detailed analyses of the effi-
ciency contributions of each mechanism in LSMR-A are provided
in the Supplemental Material B.4. For Decision Tree and GNN, the
speedup over Global-MC is relatively modest. Nevertheless, LSMR-
A still achieves the lowest retraining count, indicating that the
reuse mechanisms remain effective even under these less favorable
structural conditions.

To further examine the scalability of LSMR-A, Figure 4 reports
the runtime and number of model trainings on the MNIST dataset as
the training set size |D| increases, for two model families: WKNN
(ID| = 100 to 10,000, with test set size |77| = 1,000) and Decision
Tree (|D| = 50 to 500, |7°| = 100). Note that the results of certain
baselines are not reported once their runtime becomes prohibitively
expensive, i.e., when they require more than 24 hours to converge.

On WKNN (Figure 4(a)), all global baselines exhibit steep growth
in both runtime and training count over their observable ranges.
Local-MC flattens earlier due to coalition space reduction but still
requires substantial model trainings. In contrast, LSMR-A remains
nearly flat across the entire range. At |D| = 10,000, LSMR-A is more
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Figure 4: Scalability with respect to the training set size |D]|
on MNIST, plotted on logarithmic scales.

Table 2: Sensitivity to the support set size N(t).

Method  |N(t)]| r P Acc@10% Acc@20% Time # Train
Global - — — 60.0 68.9 212k 1,126M
LSMR-A 1 0.443  0.460 68.3 74.7 20.2 0.4M
LSMR-A 3 0.619 0.613 71.7 76.5 55.7 0.8M
LSMR-A 5 0.721  0.717 70.5 76.9 65.1 0.8M
LSMR-A 10 0.839  0.840 70.4 78.6 87.6 0.9M
LSMR-A 20 0.901 0.898 70.5 77.2 89.2 0.9M

than five orders of magnitude faster than Global-MC, converging
in under two minutes where global methods are infeasible to run.
On Decision Tree (Figure 4(b)), LSMR-A stays nearly constant on
both metrics across the entire range, whereas Global-MC increases
by more than two orders of magnitude as |D| grows from 50 to 200.
Local-MC also levels off, but at a scale about one order of magnitude
higher than LSMR-A, further demonstrating that the subset reuse
mechanism consistently yields additional computational savings.
This scaling trend is consistent with Theorems 3 and 4: when
the support size is fixed, the number of distinct subsets is bounded
independently of |D|, so the amortized retraining cost per test
point decreases as the dataset grows, with concentration guaran-
tees preserving estimation stability under reuse. The widening gap
between LSMR-A and global baselines across both model fami-
lies further demonstrates that the framework remains effective in
regimes where global methods are computationally infeasible.

6.5 RQ4: Sensitivity to Support Set Size

Table 2 examines how the support size |N'(t)| mediates the trade-
off between approximation fidelity and retraining time cost. We
use WKNN on MNIST and vary the size of |N(¢#)]. All methods



are evaluated at the common convergence point (Eq. (12)). To as-
sess downstream utility, we introduce Acc@x%, denoting the test
accuracy achieved when training on the top-x% of selected data.

As |N ()| increases, approximation fidelity improves, with Pear-
son correlation rising by approximately 103% from the smallest to
the largest support. Most gains are realized before [N (¢)| = 10, after
which improvements plateau, consistent with Proposition 1: the
primary contributors enter the support early, and further expansion
mainly reduces residual non-local effects with diminishing returns.
Across all settings, LSMR-A remains more than three orders of mag-
nitude faster than Global-MC. Although the coalition space scales
as 2N I the number of model trainings and wall-clock time grow
sublinearly, as both intra-support and inter-support reuse amortize
computation across training and test points respectively.

Even with [N (#)| = 3, LSMR-A outperforms Global-MC in data
selection by concentrating computation on outcome-relevant coali-
tions and producing more stable rankings. As |N'(t)| grows further,
correlation with the global estimator continues to improve, but
selection accuracy remains stable. This is expected: including more
training points in the support set reduces the non-local interac-
tion mass outside N (t), tightening the approximation bound in
Proposition 1 and bringing the local game closer to the global game
in magnitude. Data selection accuracy does not benefit that much
from this continued improvement. This suggests that even a rela-
tively small support set already captures the dominant influence
pathway that determines the prediction at each test point, and thus
suffices to identify the most valuable training instances. Enlarging
the support beyond this point refines numerical agreement with
the global estimator but does not change which training points are
ranked highest, as the additional nodes contribute only marginally
to the prediction and receive correspondingly small Shapley values.

6.6 RQ5: Model-Induced Locality

Table 3 examines whether locality must align with the utility evalua-
tion model. While earlier experiments construct NV (¢) and compute
utility under the same model architecture, we introduce cross-model
settings to isolate the effect of architectural alignment. We build
N (t) using one model’s computational pathway (e.g., K-nearest
neighbors for WKNN or same-leaf membership for Decision Tree)
but evaluate utility under a different model, keeping the conver-
gence criterion and average support size fixed. We also include a
Random baseline that samples |N'(t)| training points uniformly.
For WKNN, model-aligned supports deliver the highest corre-
lation and strongest selection performance. Substituting Decision
Tree pathways leads to a moderate decrease, indicating partial con-
sistency between the two locality definitions, since feature-based
splits can still cluster nearby samples. The reduction is greater with
RBF-SVM supports, where a stringent kernel threshold produces
sparse neighborhoods that misses WKNN’s locality structure. Even
so, both cross-model supports markedly surpass the random base-
line, with Pearson correlations more than five times higher. This
suggests LSMR-A remains robust to architectural mismatch as long
as the support set preserves a partial model prediction pathway.
For GNN, misalignment has a substantially stronger impact. Re-
placing graph-structural supports with WKNN or Decision Tree
neighborhoods nearly eliminates correlation (r and p = 0.1), even
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Table 3: Effect of alignment between model architecture and
support set construction

Model  Support Set r P Acc@10%  Acc@20%
WKNN WKNN 0.839  0.840 70.4 78.6
WKNN DT 0.713  0.722 66.7 74.8
WKNN RBF-SVM 0.596  0.575 68.0 75.3
WKNN Random 0.118  0.120 64.1 68.0
Model  Support Set r P Acc@5%  Acc@10%
GNN GNN 0.516  0.376 78.6 83.9
GNN DT 0.136  0.139 73.8 76.5
GNN WKNN 0.112  0.113 75.1 79.3
GNN Random 0.164 0.188 74.6 79.6

worse than random performance. This stems from a severe struc-
tural mismatch: GNN predictions depend on message passing over
graph topology, while WKNN and Decision Tree supports are de-
fined in feature space. Nodes that are close in feature space may
be far apart in the graph and thus have minimal influence on GNN
predictions, and vice versa. Consequently, the misaligned support
set violats the assumption that N(¢) contains the most relevant
training points for v;. In this case, the approximation bound in
Proposition 1 no longer provides meaningful guarantees, as inter-
actions outside the intended local region dominate the valuation.

These results show that locality is model-dependent. Aligning
support set construction with the evaluation model’s computa-
tional pathway is essential for preserving valuation fidelity, and
the penalty for misalignment grows with structural differences in
their definitions of locality as shown in Remark 1.

7 CONCLUSION

This paper reframes Shapley-based data valuation through the lens
of model-induced locality and intrinsic subset complexity. We show
that, for modern predictors, the true computational bottleneck is not
the exponential global coalition space, but the number of distinct
subsets that can influence at least one valuation. This perspective
leads to an information-theoretic lower bound on retraining com-
plexity and motivates LSMR, an optimal subset-centric algorithm
that evaluates each influential subset exactly once via structured
support mapping and reuse. For larger support sets, LSMR-A ex-
tends this principle to Monte Carlo estimation, decoupling sampling
complexity from retraining complexity while preserving unbiased-
ness, exponential concentration, and lower variance through struc-
tural reuse. These results demonstrate that Shapley computation
can be treated as a structured data management problem—where
exploiting locality and eliminating redundancy yield both theoreti-
cal optimality and practical scalability, opening new opportunities
for efficient and principled data valuation at scale.
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