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ABSTRACT

The problem of identifying the maximum edge biclique in bipar-
tite graphs has attracted considerable attention in bipartite graph
analysis, with numerous real-world applications such as fraud de-
tection, community detection, and online recommendation systems.
However, real-world graphs may contain noise or incomplete infor-
mation, leading to overly restrictive conditions when employing
the biclique model. To mitigate this, we focus on a new relaxed
subgraph model, called the k-defective biclique, which allows for
up to k missing edges compared to the biclique model. We investi-
gate the problem of finding the maximum edge k-defective biclique
in a bipartite graph, and prove that the problem is NP-hard. To
tackle this computation challenge, we propose a novel algorithm
based on a new branch-and-bound framework, which achieves a
worst-case time complexity of O(may}), where ay < 2. We further
enhance this framework by incorporating a novel pivoting tech-
nique, reducing the worst-case time complexity to O(mf}), where
Pk < ai. To improve the efficiency, we develop a series of optimiza-
tion techniques, including graph reduction methods, novel upper
bounds, and a heuristic approach. Extensive experiments on 11
large real-world datasets validate the efficiency and effectiveness of
the proposed approaches. The results indicate that our algorithms
consistently outperform state-of-the-art algorithms, offering up to
1000x speedups across various parameter settings.
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1 INTRODUCTION

Bipartite graph is a commonly encountered graph structure con-
sisting of two disjoint vertex sets and an edge set, where each edge
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connects vertices from the two different sets. In recent decades,
bipartite graphs have been utilized as a fundamental tool for model-
ing various binary relationships, such as user-product interactions
in e-commerce [31], authorship connections between authors and
publications [30], and associations between genes and phenotypes
in bioinformatics [16, 41]. Mining cohesive subgraphs from bipar-
tite graphs has proven to be critically important across diverse
domains [14, 49]. For instance, identifying cohesive subgraphs in
reviewer-product graphs facilitates the identification of fraudulent
reviews or camouflage attacks [23].

The biclique, which connects all vertices on both sides, serves as
a fundamental cohesive subgraph model [32, 37, 50] due to its wide
applications [4, 6, 28, 29]. Extensive methods for maximum biclique
search have been developed in recent years [4, 14, 17, 21, 34, 36].
However, real-world graphs often contain noisy or incomplete in-
formation [33], making the biclique model overly restrictive for
capturing cohesive subgraphs on such bipartite graphs. More re-
laxed biclique models offer a promising alternative to address this
challenge. The k-biplex model, which allows each vertex to have at
most k non-neighbors, has recently attracted significant attention
[14, 54, 55]. However, due to its excessive structural relaxation, a
slight increase in k can lead to: (1) a sharp rise in quantity, reduc-
ing the mining efficiency; and (2) a significant decrease in density,
undermining its capability to represent cohesive communities.

Inspired by the widely studied k-defective clique in traditional
graphs [12, 13, 53], we introduce a novel cohesive subgraph model
for bipartite graphs, named k-defective biclique. Specifically, a k-
defective biclique is a subgraph of a bipartite graph containing at
most k missing edges. Fig. a illustrates an example graph showcas-
ing two k-defective bicliques, where the 1-defective biclique has
one missing edge (us, v;1), and the 3-defective biclique has three
missing edges (uy,v3), (u3,01) and (us, v3).

The k-defective biclique offers greater flexibility over biclique,
as its density can be controlled by adjusting k to suit specific re-
quirements. When k = 0, the k-defective biclique degenerates to
the biclique, thereby illustrating its generalization capability. In
comparison to the k-biplex, k-defective biclique offers a more fine-
grained relaxation of the biclique due to its stricter retention of
edges. As illustrated in Fig. ¢, the k-defective biclique exhibits much
closer quantity and density to the biclique compared to k-biplex,
especially for larger k. Here, we refer to a k-defective biclique as
"maximal" if it cannot be contained within any other k-defective
biclique (or k-biplex), and as "maximum" when it is the maximal
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Figure 1: Illustrations of k-defective biclique: examples and comparisons

k-defective biclique (or k-biplex) with the largest number of edges.
In this paper, we focus mainly on the problem of identifying a max-
imum k-defective biclique. We prove that the maximum k-defective
biclique search problem is NP-hard, indicating that no polynomial-
time algorithms exist for solving this problem unless NP=P.
Notably, many studies have addressed the maximum k-defective
clique search problem on traditional graphs [8, 9, 12, 13, 19, 27],
which mainly focus on designing branch-and-bound algorithms to
identify the maximum k-defective clique. A straightforward idea
to applying these algorithms to the maximum k-defective biclique
search is to fully connect the vertices on each side of the bipartite
graph and then use these algorithms to find a maximum k-defective
clique. However, such an approach may lead to suboptimal results.
For instance, in Fig. b, the maximum 1-defective biclique has 5
edges whereas the output of maximum 1-defective clique algorithms
yields only 4 edges. In addition, several studies have proposed
algorithms for the maximum biclique search problem [21, 36, 46,
50]. However, due to the presence of missing edges, identifying a
maximum k-defective biclique through maximum biclique search
is non-trivial, and adapting these algorithms to the maximum k-
defective biclique search problem remains a challenging task.
Contributions. To address these issues, we comprehensively study
the maximum k-defective biclique search problem, and make the
following contributions:
A new cohesive subgraph model. We propose k-defective biclique, a

new cohesive subgraph model in bipartite graph that allows up
to k missing edges, and mathematically prove that the maximum
k-defective biclique search problem is NP-hard.

Two Novel Search Algorithms. We propose two novel maximum k-

defective biclique search algorithms with nontrivial worst-case
time complexity guarantees. The first algorithm utilizes a branch-
and-bound technique combined with a newly-developed binary
branching strategy, which has a time complexity of O(ma;), where
n and m represent the number of vertices and edges of the bipartite
graph respectively, and a is a positive real number strictly less than
2 (e.g., fork =1,2,3, a =1.911,1.979, and 1.995, respectively). The
second algorithm employs an innovative pivoting-based branching
strategy that effectively integrates with our binary branching strat-
egy, which achieves a lower time complexity of O(mf}), where fi
is a positive real number strictly less than ax. (e.g., when k = 1,2, 3,
Pr = 1.717,1.856, and 1.931, respectively).
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Nontrivial optimization techniques. We develop a series of nontriv-

ial optimization techniques to improve the efficiency of our pro-
posed algorithms, including graph reduction techniques, novel
upper-bounding techniques, a heuristic approach, and paralleliza-
tion techniques. Specifically, We propose graph reduction tech-
niques to reduce the size of input graph. We devise tight vertex and
edge upper bounds to reduce unnecessary branching and compute
them in linear time. Additionally, we propose a heuristic approach
to obtain an initial large solution. We also parallelize our algorithms
to further enhance their practical efficiency.

Comprehensive experimental studies. We conduct extensive exper-
iments to evaluate the efficiency, effectiveness, and scalability of
our algorithms on 11 large real-world graphs. The experimental
results show that our algorithms consistently outperform the state-
of-the-art baselines across all parameter settings. In particular, our
algorithm achieves improvements of up to three orders of magni-
tude on most datasets. For instance, on the LKML (9M vertices, 10M
edges) dataset with k = 3, our algorithm takes 10 seconds while the
best baseline takes about 2.5 hours. Additionally, we perform case
studies on two real-world tasks to show the high effectiveness of
our solutions in real-world applications.

2 PRELIMINARIES

Let G = (U, V, E) be an undirected bipartite graph, where U and V
are two disjoint sets of vertices, and E C U X V is the set of edges.
Denote by n = |U| + |V| and m = |E| the total number of vertices
and edges in G, respectively. Denote by S = (Us, Vs) a vertex subset
of G, where Us C U and Vs C V. Let v € S indicate thatv € Ug U Vs.
Let G(S) = (Us, Vs, Es) be the subgraph of G induced by S, where
Es = {(u,v) |u € Us Av € Vs A (u,0) € E}. For u € U, denote by
N(@w) ={veV|(wv)€E}and Nw) = {v e V| (u,0) ¢ E} the
set of neighbors and non-neighbors of u in G, respectively. Similar
definitions apply for the vertices in V. Let d(u) = |N(u)| and E(u) =
[N (u)| be the degree and non-degree of u in G, respectively. For
a vertex subset (or a subgraph) S of G, let Ns(u) = N(u) N (Us U
Vs) and Ns(u) = {v € S\ N(u) | u and v are on opposite sides} be
the set of u’s neighbors and non-neighbors in S. respectively. Let
ds(u) = |Ns(u)| and ds(u) = |[Ns(u)| be the degree and non-degree
of u in S, respectively. For a bipartite graph G = (U, V, E), we refer
to (u,0) € U x V as a non-edge of G if (u,0) ¢ E. We denote Eg



the set of non-edges in G(S), i.e., Es = Us X Vs \ Es. The formal
definition of k-defective biclique is given below.

Definition 2.1 (k-defective biclique). Given a bipartite graph G =
(U, V,E), a k-defective biclique D = (Up, Vp, Ep) of G is a subgraph
of G that has at most k non-edges, i.e., [Up X Vp \ Ep| < k.

The k-defective biclique corresponds to the biclique if k = 0,
which indicates that k-defective biclique represents a more general
structure. If a k-defective biclique of G contains the most number
of edges among all k-defective bicliques in G, we refer to it as a
maximum k-defective biclique in G. To facilitate the illustration,
we denote the maximum k-defective biclique as k-MDB.

In this paper, we focus on the problem of searching for a k-
MDB in a bipartite graph. However, we observe that k-MDBs in
many real-world graphs may exhibit a skewed structure, similar
to that of maximum bicliques, where one side has a large number
of vertices while the other side may contain only a few (or even
one) vertices. Such k-MDBs often hold limited practical values in
network analysis. To address this issue, we define a size threshold
0, representing the minimum number of vertices required on both
sides of the k-MDB. Furthermore, we impose the condition 6 > k
to ensure that the k-MDB is connected, as demonstrated in the
following lemma.

LEMMA 2.2. Given a bipartite graph G and a k-defective biclique
D = (Up,Vp, Ep) of G, if [Up| > k and |Vp| > k, we establish that
D is a connected subgraph in G.

ProOOF. Assume that a k-defective biclique D is not connected
when |Up| > k and |Vp| > k. In this case, D can be decomposed
into two nonempty subgraphs D; = (Up,,Vp,,Ep,) and D,
(Up,, Vp,, Ep,), with the results of Ep, U Ep, = Ep.The number of
non-edges between D; and D, is given by |Up, |- |[Vp, |+ |Up, ||V, |,
which reaches at least |Up| or [Vp| and is thus larger than k. This
contradicts the assumption that D is a k-defective biclique. There-
fore, the proof is complete. O

Based on Lemma 2.2, we formally define the problem addressed
in this paper as follows.

Problem statement (MDB search problem). Given a bipartite
graph G = (U, V, E) and two integers k and 6 with 6 > k, the MDB
search problem aims to find a connected k-MDB D = (Up, Vp, Ep)
of G satistying |Up| = 6 and |Vp| > 6.

THEOREM 2.3. The MDB search problem is NP-hard.

ProOF. We establish the NP-hardness of the MDB search prob-
lem through a polynomial-time reduction from the classical NP-
complete maximum clique search problem. Due to space limitation,
we present the complete version of this proof and all the omitted
proofs of this paper in [1]. O

2.1 Related Work

Maximum k-defective clique search. This problem is closely
related to our work and has been extensively studied [8, 9, 12, 13,
19, 22, 27, 35, 45, 47]. Early exact algorithms adopted the Russian
Doll search scheme together with preprocessing and verification
techniques [22, 47]. Subsequent studies mainly developed branch-
and-bound algorithms by introducing coloring-based upper bounds
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[12], vertex and edge reduction rules [19], and improved branching
and ordering strategies [8, 9], progressively tightening both theo-
retical time complexities and practical performance. Most recently,
Dai et al. [13] proposed a pivot-based branch-and-bound algorithm
equipped with carefully designed pivoting technique and several
optimization techniques, achieving the state-of-the-art theoretical
and empirical performance. Nevertheless, these algorithms maxi-
mize the number of vertices in a k-defective clique, whereas the
MDB problem maximizes the number of edges, preventing their
direct application to MDB search.

Maximum biclique search. Maximum biclique search has also
been widely investigated [5, 10, 15, 17, 21, 36, 38, 40, 43, 46, 56]. Exist-
ing studies consider three main objectives: maximizing the number
of edges, maximizing the number of vertices, and finding a balanced
biclique. Maximum vertex biclique is polynomial-time solvable via
minimum cut [20], whereas maximum balanced biclique has been
addressed using evolutionary search, local search, upper-bound
propagation, and branch-and-bound techniques [10, 51, 56, 58].
For maximum edge biclique, earlier studies established its NP-
hardness and inapproximability [5, 40], and developed probabilistic
and integer-programming approaches [43, 44]. Most recently, Lyu
et al. [36] proposed a branch-and-bound algorithm that combines
progressive bounding with graph reductions, enabling exact search
on billion-scale graphs. However, these methods assume complete
connectivity and therefore cannot directly handle the missing edges
allowed in k-MDB.

Branch-and-bound and pivoting techniques. The branch-and-
bound and pivoting techniques has been widely used for mining
cohesive subgraph models, including k-defective clique [8, 9, 13],
k-biplex [54, 55], and biclique [2, 3, 11]. The state-of-the-art max-
imum k-defective clique search algorithm [13] utilizes a pivoting
technique that selects a pivot fully adjacent to the current solution,
but such a vertex cannot exist in a bipartite graph because vertices
on the same side are always nonadjacent; explicitly adding these
intra-side edges would incur quadratic overhead. The state-of-the-
art maximum k-biplex search algorithm [54] branches on a pivot
with more than k non-neighbors and generates at most k + 1 sub-
branches, whereas a k-defective biclique may contain no such pivot,
causing substantially more branches when this strategy is adapted.
The state-of-the-art maximal biclique enumeration algorithm [2]
selects a pivot from only one side according to common-neighbor
counts and a heuristic topological order, which may overlook a
better pivot on the opposite side. Although these methods can be
adapted to MDB search, their pivoting strategies do not exploit its
bipartite defective structure and remain inefficient in practice.

3 OUR PROPOSED ALGORITHMS

In this section, we propose two novel algorithms to solve the k-
MDB search problem. Specifically, we first propose a new branch-
and-bound algorithm that utilizes a newly-designed binary branch-
ing strategy, achieving the worst-case time complexity of O(may),
where o < 2 (e.g. k = 1,2, and 3, we have a; = 1.911,1.979,
and 1.995, respectively). To further improve the efficiency, we pro-
pose a novel pivoting-based algorithm that incorporates a well-
designed pivoting-based branching strategy with our proposed
binary branching strategy. We prove that the time complexity of
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Figure 2: An example of the new binary branching strategy,
where k = 2 and current instance is S = ({u4}, {v2}) (green ver-
tices) and C = ({uy, up, us, us }, {v1,v3,04}) (uncolored vertices).

the improved algorithm is bounded by O(mgy), where S < ax
(e.g., when k = 1,2,3, fr = 1.717,1.856, and 1.931, respectively).
To the best of our knowledge, the algorithms we proposed in this
section are the first two k-MDB search algorithms that surpass the
trivial time complexity of O*(2").

3.1 A New Branch-and-bound Algorithm

We firstly introduce a branch-and-bound algorithm for the k-MDB
problem. It employs a straightforward branch-and-bound approach
by selecting a vertex v from the graph and dividing the k-MDB
search problem into two subproblems: one seeks a k-MDB that in-
cludes v, while the other seeks a k-MDB that excludes v. Specifically,
given a bipartite graph G = (U, V,E), let S = (Us, Vs) denote a par-
tial set, where G(S) is a k-defective biclique of G. Let C = (Ug, V¢)
denote a candidate set, where for any vertex u € C, G(S U {u})
forms a larger k-defective biclique of G. Let (S, C) denote an in-
stance of the k-MDB problem, where the goal is to find a k-MDB
in G(S U C) containing S. In particular, by setting S = (0, 0) and
C = (U, V), the initial instance ((0, 0), (U, V)) represents the global
search for a k-MDB of G. When C becomes empty, the instance
(5%, (0, 0)) yields a possible solution G(S*).

Given an instance (S, C), our branch-and-bound algorithm se-
lects a vertex u € C and generates two new sub-instances: (S U
{u}, C\{u}) and (S, C\{u}). To clarify, we refer to such a vertex u as
a branching vertex. The algorithm then recursively processes each
sub-instance in the same manner until C becomes empty, where S
yields a possible solution. Finally, the k-MDB of G is obtained as the
yielded solution with most edges. The simplest approach to obtain
a branching vertex is to randomly select one from C. However, this
strategy may attempt to add all the vertices in C to S, leading to
many unnecessary computations. To improve the efficiency, we
propose a new binary branching strategy.

The key question to improve the efficiency is how to choose a
branching vertex so that the size of C can be reduced as early as
possible. Intuitively, suppose there are already k non-edges in S.
According to the definition of k-defective biclique, any vertex in
C that has at least one non-neighbor in S can be directly pruned.
Furthermore, if v € C has no non-neighbor in S, then adding v to
S causes all of v’s non-neighbors in C to be pruned. Consequently,
we prioritize selecting a branching vertex that can introduce more
non-edges to S, so that the number of non-neighbors in S reaches k
as early as possible. Based on these observations, we give our new
binary branching strategy as follows.
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Algorithm 1: The branch-and-bound algorithm

Input: Bipartite graph G = (U, V, E), integers k and 6
Output: A k-MDB of G

1 D* « an empty graph;

2 BranchB((0,0), (U,V));

3 return D*;

4 Procedure BranchB(S = (Us, Vs), C = (Uc, Ve )):

5 if C = 0 then

6 if |[EG(s)| > |Ep+| and |Ug| > 0 and |Vg| > 0 then
7 L D* « G(S);

8 return;

9 u— argmaxuecgs(u);

if dg(u) =0 then u — argmaxvecgc(v) :
(§’,C") « Update(S, C, u);
| BranchB(S’ U {u}, C");BranchB(S, C \ {u});
Function Update(S, C, u): B B
¢ —{veC\{u} | dsypuy(v) <k-d(S)}
) {oe C | dgymue (0) = 0);
| return (Su C6,C’ \C('));

New binary branching strategy. Given an instance (S, C), let
u = argmax,,.~ds(u). The sub-instances are generated as follows:

e Ifds(u) > 0, select u as the branching vertex and generate
two sub-instances: (S U {u},C \ {u}), (S,C\ {u}).

e Otherwise, select v € C with the maximum d(v) as the
branching vertex, and generate two sub-instances: (S U

{o},C\ {o}), (5, C\ {v}).

Example 3.1. Fig. 2 illustrates an example of our new binary
branching strategy for finding a 2-MDB. The input graph is de-
picted in Fig. 2(a). Let the current instance be S = ({us}, {v2}) and
C = ({uy, uz, u3, us}, {v1, v3,04}). Fig. 2(b) illustrates the search tree
guided by our strategy. At the first level, us and v; each have one
non-neighbor in S; lexicographic order selects us. Adding it intro-
duces one missing edge to S and makes v; infeasible because v;
then has two non-neighbors in S U {us}. At the second level, v, is
the only candidate with a non-neighbor in S U {us}. Adding v4 to
S introduces another non-edge to S, reaching the limit of k = 2.
Therefore, u; and u; are pruned as they still have non-neighbors
in S. The remaining vertices in C are fully adjacent to S, and u; is
selected by maximum de (o). Finally, adding u; to S prunes v; from
C, which efficiently terminates this branch.

Implementation details. Algorithm 1 outlines the pseudocode
of our proposed branch-and-bound algorithm. It takes a bipartite
graph G and two integers k and 0 as input parameters, and returns
a k-MDB D* of G. It first initializes D* as an empty graph, and then
starts to search k-MDB by invoking the procedure BranchB where
all vertices in G serve as the candidate set (line 2). Specifically,
BranchB holds an instance (S, C) as its parameter, where S denotes
the partial set and C denotes the candidate set. Within BranchB,
the algorithm first determines whether a larger k-defective biclique
has been found (lines 5-8). After that, it selects a branching vertex
u from C using the new binary branching strategy (lines 9-10) and
generates two sub-instance (S’ U {u},C’) and (S,C \ {u}) (lines
11-12). Here, S’ and C’ are the new partial set and new candidate
set derived by invoking Update (line 11), ensuring the candidate
set keeps all valid branching vertex (lines 14-15). We next analyze
the time complexity of Algorithm 1.



THEOREM 3.2. Given a bipartite graph G = (U, V,E) and an inte-
gerk, the time complexity Algorithm 1is given by O(may}), where oy
is the largest real root of equation x***> — 2x%** 4 x3 —x2 4 1 =0,
Specifically, when k = 1,2 and 3, we have o = 1.911,1.979 and 1.995,
respectively.

Proor. LetT(n,l) denote the maximum number of leaf instances
generated by BranchB (i.e., instances with an empty candidate set
C), where n = |C| represents the number of candidate vertices and
I = k—|E(S)| represents the remaining number of non-edges can be
added to S. As | < k, we have that T(n, 1) < T(n, k). Since each re-
cursive call of BranchB takes O(m) time, the total time complexity
of BranchB is O(m - T(n, k)).

We next analyze T (n, k) based on the binary branching strategy.
There are two cases in each branch of BranchB:

(1) Case 1: max,ec 35(0) > 1. We select u = arg maxvecas(v).
Adding u to S introduces at least one non-edge to S, so the
corresponding recurrence is T(n, k) < T(n—1,k) + T(n -
L,k-1) < Zle T(n—i,k—i+1)+T(n—k,0). Asanyov € C
satisfying ds(0) > 1 can be pruned when [ = 0, the term
T(n —k,0) is eliminated. Therefore, the recurrence for this
case is given by

k
T(n,k)SZT(n—i,k—i+l). 1)
i=1

Case 2: max,cc Eg(v) =0. We select u = arg maxvecac(v),
and the corresponding recurrence is T(n, k) < T(n—1,k) +
T(n—1,k). Note that Ec(u) > 0 (otherwise, S U C already
forms a valid k-MDB), which ensures that the sub-branch
adding u to S triggers Case 1. Consequently, the recurrence
for this case is given by T(n, k) < T(n—1,k)+T(n—2,k) +
T(n-2k-1) < X% T(n-ik- 3] +T(n- 2k0).
Considering that when [ = 0, adding any o € C with d¢ ()
to S prunes at least one vertex of C, so we have T(n—2k, 0) <
T(n-2k-1,0)+T(n—2k—-2,0) < T(n—2k-1,0)+T(n-
2k —3,0) + T(n — 2k — 4,0). Therefore, the recurrence for
this case is given by

2k+1
T(nk) < ) T(n—i k=[5 ])+T(n-2k~3,0)+T(n-2k-4,0). (2)
i=1
The overall worst-case complexity is governed by recurrence
(2). By utilizing the algebraic technique from [18], T(n, k) can be
expressed in the form of O(a}), where the value of ay is the largest
real root of the equation x" = x" 1 4x" "2 4. . .4 x""2k=1 xn-2k=3
x"~2k=4 which simplifies to x?+5 — 2x2%+4 4 x3 — x2 4 1 = 0. This
completes the proof. O

LEmMA 3.3. Given a bipartite graph G = (U, V,E), the time com-
plexity of Algorithm 1 for finding a 0-MDB of G is O(m % 1.618").

Proor. When k = 0, the vertex v € C with maximum gc(U) is
selected as the branching vertex. Moving v from C to S results in
the deletion of v’s non-neighbors in C, leading to the recurrence
T(n) <T(n-1)+ T(n - 2), which yields T(n) = 1.618". O
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3.2 A Novel Pivoting-based Algorithm

We observe that Algorithm 1 may still generate many unnecessary
sub-instances. Consider an instance (S, C) with a branching ver-
tex v € C such that ds(v) = 0. If v and all its non-neighbors are
excluded, the remaining vertices cannot form a k-MDB, since any
resulting k-defective biclique can be enlarged by adding v. Thus,
Algorithm 1 may explore many non-maximum solutions. To avoid
such redundant searches, we develop a pivoting-based algorithm
and formalize this observation in the following lemma.

LEMMA 3.4. Given an instance (S, C) and any vertexv € C with
ds(v) = 0, the k-MDB of instance (S, C) must contain eitherv or a
vertex in N¢ ().

Based on Lemma 3.4, we develop a pivoting strategy that provides

a new way to generate sub-instances. The details are presented as
follows.
Pivoting strategy. Consider an instance (S, C) and a vertex u €
C with Eg(u) = 0. Let u be the pivot vertex. Assume Ne(u) =
{01,0. ...,0,}, where r = d¢(u). The pivoting strategy treats each
vertex in {u} U N¢(u) as a branching vertex and generates exactly
r + 1 sub-instances. The first sub-instance is given by (S U {u}, C \
{u}), and for i > 2, the i-th sub-instance is given by (SU {v;_1},C\
{u, 01,02,..., Uifl}).

With this strategy, S is expanded only with the vertex u and
vertices in N¢(u), avoiding redundant sub-instances that would
lead to non-maximum k-defective biclique. Next, we consider the
selection of the pivot vertex. Let Cy C C be the set of vertices fully
connected to S, i.e.,, Cp = {v € C | 35(1)) = 0}. According to the
pivoting strategy, any vertex from C, can serve as a pivot vertex.
To minimize the number of sub-instances, the vertex u € C, with
the fewest non-neighbors in C is chosen as the pivot vertex.

In the case where Cy is empty, every vertex in C has at least
one non-neighbor in S, making the pivoting strategy inapplicable.
Fortunately, as discussed in Sec. 3.1, continuously branching k
times by adding vertices from C to S will result in S containing at
least k non-edges. Moreover, C becomes an empty set after this
process, which significantly reduces unnecessary computations.
Motivated by this observation, we integrate the pivoting strategy
with the binary branching strategy to develop a novel pivoting-
based branching strategy as outlined below.

Novel pivoting-based branching strategy. Given an instance
(5,C), let Cy = {v € C | 35(0) = 0}. The new sub-instances of
(S, C) are generated in the following way:

o IfCyisempty or |C\Co| > k— |Es, letu = arg maxvecas(v)
be the branching vertex and generate two sub-instances:
(SU{u},C\ {u}) and (S,C\ {u}).

e Otherwise, let u = arg min, ¢, dc(v), and then:

- Ifde(u) > k - |Es| > 0, generate two sub-instances
with u as the branching vertex: (SU {u},C \ {u}) and
.o\l _

— Otherwise, assume N¢c(u) = {v1,0s,...,0,}, where
r =dc(u), and generate dc(u) + 1 sub-instances with
u as the pivot vertex, where the first sub-instance is
given by (SU {u},C\ {u}), and for i > 2, the i-th sub-
instance is given by (SU{v;_1}, C\ {w, 01,02, ...,0;_1}).
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(a) the input graph

(b) the branching tree

Figure 3: An example of the pivoting-based branching strat-
egy, where k 2 and current instance is set as S
({uz}, {v1,v2}) (green vertices) and C = ({uy, us, ug, us}, {vs, v4})
(orange and uncolored vertices).

Example 3.5. Fig. 3 shows an example of the our pivoting-based
branching strategy for the 2-MDB search. The example graph is
given by Fig. 3(a), with the current instance setas S = ({uz}, {01, v2})
(green vertices) and C = ({uy, us, us, us}, {vs, v4}) (orange and uncol-
ored vertices). According to the pivoting-based branching strategy,
Co = ({u1}, {v3}), and u; is selected as the pivot vertex since it has
the fewest non-neighbors in C among vertices in Cy. Then, only
u; and all non-neighbors of u; in C are used to generate new sub-
instances (orange vertices), while other vertices of C are not con-
sidered (uncolored vertices). This results in only two sub-instances
generated by our pivot-based branching strategy. The branching
tree for this example is illustrated in Fig. 3(b), where the black
arrows represent the generated branches while the red arrows indi-
cate the unnecessary branches.

Implementation details. Algorithm 2 presents the pseudocode
of our pivot-based algorithm. It initializes the partial solution as
empty, sets all vertices as candidates, and invokes BranchP (lines
1-3). At each recursive call, BranchP updates the global solution
D* when C = 0 and G(S) is a better feasible solution (lines 5-7). It
then computes Cy = {v € C | 35(0) = 0} and applies one of three
branching rules. If Cy = 0 or |C \ Cy| > k — |Es|, it performs binary
branching on a vertex maximizing 35(0) (lines 10-13). Otherwise, it
selects u € Cyp minimizing Ec(u) When d¢ (u) > k—|Es], it still per-
forms binary branching on u (lines 15-18); otherwise, the algorithm
performs pivoting-based branching strategy by branching on u and
its non-neighbors in C, which generates ac(u) + 1 sub-instances
(lines 20-22). Whenever a vertex is added to S, Update presented in
Algorithm 1 is invoked to update the corresponding sub-instance.

THEOREM 3.6. Given a bipartite graph G = (U, V,E) and an inte-
ger k, the time complexity of Algorithm 2 is given by O(mf}), where
Pr is the largest real root of equation x**> = 2x2k+4 4 xk+3 _ox 42 = 0.
Specifically, when k = 1,2 and 3, we have fi = 1.717,1.856 and 1.931,
respectively.

Proor. LetT(n,l) denote the maximum number of leaf instances
generated by BranchP, where n = |C| and [ = k — |Es| (i.e. the re-
maining number of non-edges allowed in S). Since [ < k, we have
T(n,l) < T(n, k). Finding the vertex with the most (or least) non-
neighbors takes O(m) time per recursive call, so BranchP takes
O(m - T(n, k)) time in total. We analyze T(n, k) based on the three
cases of the pivoting-based branching strategy:
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Algorithm 2: The pivoting-based algorithm

Input: Bipartite graph G = (U, V, E), integers k and 6
Output: A k-MDB of G
D* « an empty graph;
BranchP((0,0), (U, V));
return D*;
Procedure BranchP(S = (Us, Vs), C = (U, Vo )):
if C = 0 then
if |[EG(s)| > |Ep+| and |Ug| > 0 and |Vg| > 0 then
| D" —a(S)
L return;

9 Co — {veClds(v) =0}
if Co =0 or |C\ Cy| > k — |Eg| then
u— argmaxvecgs(v);
(8’,C’") « Update(S, C, u);
| BranchP(S" U {u}, C");BranchP(S, C \ {u});
else
u— argminvécogc(v);
if de(u) > k — |Eg| > 0 then
(8’,C’) « Update(S, C, u);
L BranchP (S’ U {u}, C");BranchP(S, C \ {u});
else
forv € {u} UNc(u) do
(8’,C") « Update(S, C, v);
L BranchP(S’ U {0}, C’); C « C\ {v};

(1) Case 1: C; = 0 or |C \ Cy| > I. BranchP continuously
applies the binary branching strategy. After moving at most
k vertices from C to S, k — |E(S)| reaches 0. At this point,
at least one vertex is pruned from C due to having non-
neighbors in S. Thus, the recurrence is bounded by:

k+1

T(n, k) SZT(n—i,k—i+1). 3)
i=1

(2) Case 2:1 = 0. The problem degenerates to maximum bi-
clique search using the pivoting strategy. Let r = de(u). The
strategy generates r + 1 sub-instances, yielding T(n, 0) <
T(n—-r—1,0)+ Y7 T(n—r—i,0).Ifr = 1, the recurrence
simplifies to T(n,0) < 2T(n—2,0). If r > 2, following exist-
ing algebraic technique [18], solving this recurrence equiv-
alents to solving x™ = x"""1 + 3}1_ x" 77!, which yields a
maximum real root of y, = 1.395 < V2 (for r > 2). There-
fore, the recurrence for this case can always be bounded
by:

T(n,0) <2T(n-2,0). (4)

Case 3: Cy # 0 and 0 < |C\ Cy| < I. Let the vertex u =
argmin, - dc(v). If dc(u) < 1,BranchP uses u as the pivot

®)

vertex, generating at most Ec () + 1 < I + 1 sub-instances,
yielding T(n, k) < X4 T(n— i, k). Otherwise, if dc(u) > I,
BranchP uses u for binary branching. Adding u to S triggers
Case 1 in the next level since |C \ Co| > | — |ESU{u} |. The
alternative branches eventually reduce to I = 0 (Case 2).
Substituting T (n — 2k — 2,0) < 2T (n — 2k — 4,0) from Case
2, the worst-case recurrence is bounded by:

k+1
T(nk) < Z T(n—-1ik) +2T(n— 2k - 4,0).

i=1

®)



The overall worst-case complexity is governed by Case 3. By
utilizing the algebraic technique from [18], let T(n, k) = O(B}),
where f is the largest real root of the equation x” = Y X1 x7~7 4
2x"~2k=4 Thijg simplifies to x2k+5 _ oy 2k+d | yk+3 _ 9y 4 2 = 0, which
completes the proof. O

LEmMA 3.7. Given a bipartite graph G = (U, V,E), the time com-
plexity of Algorithm 2 for finding a 0-MDB of G is O(m - 1.414").

Proor. When setting k = 0, Algorithm 2 will always execute the
pivoting-based branching strategy (lines 20-22), corresponding to a
recurrence of T(n) < 2T (n — 2) according to the proof of Theorem
3.6. Therefore, we have T(n) = 1.414". O

4 OPTIMIZATION TECHNIQUES

In this section, we propose various optimization techniques, includ-
ing graph reduction techniques to eliminate redundant vertices,
upper-bounding techniques to prune unnecessary instances, and
a heuristic approach for identifying an initial large k-defective bi-
clique. These techniques can be easily integrated into our proposed
algorithms in Sec. 3, and can significantly enhance their efficiency.

4.1 Graph Reduction Techniques

Common-neighbor-based reduction. For two vertices u and
v on the same side, let cn(u,v) (or cns(u,v)) denote the number
of common neighbors of 4 and v in G (or in S). In a k-MDB D =
(Up, Vp, Ep) of G, every edge (u,v) € Ep satisfies that (1) dp (u) >
0 — k, and (2) for all w € Np(v), cnp(u, w) > 6 — k. By combining
the two conditions, we can traverse all edges (u,v) € E before
k-MDB search. If v has fewer than 6 — k neighbors w such that
cn(u, w) > 6 — k, the edge (u,v) can be pruned in G. Additionally,
if the degree of u (or v) drops below 6 — k due to the deletion of
(u,v), the algorithm will also prune u (or v) from G.
One-non-neighbor reduction. For an instance (S, C) and a vertex
u, let C,, denote the subset of C where all vertices are on the same
side as u. If a branching vertex has only one non-neighbor in SU C,
removing it from C can lead to the pruning of additional vertices.
The following lemma explains this idea in detail.

THEOREM 4.1. Given an instance (S, C) and a vertexu € C with
dsuc(u) =1, removing u from C allows pruning every v € C, with
ds(0) > 1. Moreover, ifgc(u) =1 and w is the unique non-neighbor
of u, then N (w) can also be pruned.

ProoF. Assume D is a k-MDB derived from (S, C) excluding u.
For any v € C, such thatv € D and ds(v) > 1, D\ {0} U {u} is also
a k-MDB. When Ec(u) =1 and w is the unique non-neighbor of u,
if w ¢ D, then D U {u} forms a larger k-MDB. Otherwise, for any
v € Ne(w) such that v € D, D \ {0} U {u} is also a k-MDB. O

Ordering-based reduction. We first extend Lemma 2.2 to con-
strain the vertex distance in k-MDB, as shown in the following
lemma.

LEmMMA 4.2. Given a k-MDB D = (Up, Vp, Ep), if [Up| > k and
|[Vp| > k, the distance between any two vertices of D is at most 3.

Let ug,uy, ..., ujy| be an order of U. Let N*(u) = {w € N(v) |
v € N(u)} denote the 2-hop neighbors of u, and let N2(u;) =
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N2 (u)) N {ujyq, tiga, . . ., u)y| }. By Lemma 4.2, the k-MDB containing
u; but no earlier vertex can be found from the instance S; = ({u;}, 0)
and C; = (N2(w), queNJf(ui) N(u;)). The global k-MDB is the
largest solution among these |U| instances. In practice, we process
U in descending degree order to find a strong incumbent early,
and apply the common-neighbor reduction within each (S;, C;) to
remove additional vertices and edges.

Progressive bounding reduction. Setting a small initial thresh-
old 0 (e.g. k + 1) weakens the effectiveness of our optimization
techniques. Inspired from the maximum biclique problem [36], we
provide a series of tighter size thresholds for the k-MDB search
problem. Specifically, let 67, and 6}, denote the size thresholds in
t-th round. The objective of t-th round is to identify a k-MDB
D; = (Up,, Vp,,Ep,) satisfying |Up,| > 6}, and |Vp,| > 6. Let
D* = max{Dy,D,...,D;_1} be the currently largest k-defective
biclique. The progressive bounding reduction generates 6, and 6;,
in the following way:

6, = max{6, |_9£;1/2J }, 6! =max{6, ||Ep |/951J}. (6)
Specially, 92, = max,cy d(u) + k, and the iteration terminates
when 6;, = 6. In many real-world graphs, 8], and 6;, are often
significantly larger than 6, which helps facilitate more effective
graph reduction, such as a smaller reduced graph by performing
the common-neighbor-based reduction.
Discussion. Although progressive bounding is adapted from other
problems [48, 54, 57], our common-neighbor-based and one-non-
neighbor reductions are technically distinct from prior approaches.
Existing core-based reductions [54, 57] often provide limited prun-
ing, while explicitly storing pairwise common-neighbor coexistence
requires O(n?) space. Our common-neighbor rule combines degree
and local coexistence conditions without this quadratic storage. The
one-non-neighbor rule also differs from its variant for maximum
defective clique search [13], where a vertex with exactly one non-
neighbor can be safely inserted. This insertion is unsafe for k-MDB
search because the objective depends on the two side sizes. For
example, consider a 1-MDB instance (S, C) with |Us| = 2, |Vs| =3,
Uc = {u}, and V¢ = {0}, where G(S) has one non-edge and u and
v are non-neighbors. Adding v produces only 7 edges, whereas
adding u produces 8. Our rule therefore deletes only replaceable
candidates on the same side, as guaranteed by Theorem 4.1.

4.2 Novel Upper-Bounding Techniques

In this subsection, we propose a novel upper-bounding technique
that provides effective upper bounds for both vertices and edges.
Formally, given an instance (S,C), assume uy, u, - -, ujy.| and
01,0, ++ ,U|y,| are the vertices of Uc and Ve in ascending order
of 35(-), respectively. Let E;(Uc) = Z§:1 Es(ut) and Els(Vc) =
Zi:l 35(0,), i.e., the total number of non-neighbors in S among
the first i vertices of Uc and Vc. Based on this, the vertex upper
bound is presented in the following lemma.

LEMMA 4.3 (VERTEX UPPER BOUNDS). For any k-MDB D derived
from (S,C), we have |Up| < |Us| + i and [Vp| < |Vs| + j, where
i and j are the largest values satisfying ElS(Uc) < k - |Es| and
Eg(Vc) < k — |Es|, respectively.



Algorithm 3: UpperBound((S, C), k)

Input: Instance (S = (Us, Vs),C = (Uc, V) ) and integer k

Output: two vertex upper bounds and an edge upper bound

k" — k- |Esl;

Let uy, ug, - - - S YU and 01,09, -, Yyl be the vertices of Uc and Vo in

[

ascending order of dg (-);
EUHO;EVHO;CU — O;cy «— 05
fori —1...|Uc|st.dy +ds(u;) <k’ do
dy —dy +ds (u;);
cy«—cy+l;

o a R w

e — (|Us| +cu) - [Vs| = |Es| - du:
i—cy;
forje—1... |VCLs,t,EZ +Es(vj) <k’ do
while dyy +dy +ds(vj) > k' do
dy «dy —ds(ui);
i—i—-1;

N

©

EV (_EV +35(Uj);
cy —cy+1;
e — max{e, (|Us| +1) - (|Vs| +J) - |Es| —dy —dv }:

-
Y

return |Ug| + cy, |Vs| + ey, e

Proor. For the side of U, it is obvious that i is the maximum
number of vertices that can be added from Uc to Us such that
(Us U {u1, u, ...,u;}, Vs) remains a valid k-defective biclique. For
any k-MDB derived from (S, C) consisting of (Us U Ucr, Vs U Vi),
(Us U U, Vs) is still a k-defective biclique. Therefore, we have that
|Ucr| < i. The proof on the other side is similar. )

Based on Lemma 4.3, an edge upper bound can be calculated as
(|Us| +1) % (|Vs| + j) — |Es| — ds(Uc) — ds (Vc). However, this upper
bound does not account for the coexistence of vertices in Uc and
Vc. To solve the issue, we present a tighter edge upper bound in
the following lemma.

LEmMMA 4.4 (EDGE UPPER BOUND). For any k-MDB D derived from
(S,C). we have that |Ep| < masoe <o (|Us| +1)x (|Vs| +) ~ Es| -
g;(Uc) - Eg(Vc), where j is the largest value satisfying Eg(Uc) +
ds(Ve) < k — [Es|.

Proor. Consider constructing (S, C’) from (S, C) by fully con-
necting U and Vi, ie., Ec = 0. The order of vertices in C’ by
ds(-) remains unchanged. A k-MDB derived from (S, C’) consists
of S, a prefix of {u1,uy, ..., ujy.|}, and a prefix of {vy,v,..., 01y}
otherwise, for any vertex not in a prefix, a preceding vertex can
always be found to replace it. Moreover, the k-MDB derived from
(S, C’) has at least as many edges as any k-MDB derived from (S, C).
Consequently, Lemma 4.4 provide a correct edge upper bound. O

Implementation details. Algorithm 3 presents a pseudocode of
our upper-bounding techniques. It first computes the remaining
number of missing edges k’ and sorts Uc and V¢ by ds(-) using
bucket sort (lines 1-2). Then, it calculates the vertex upper bound in
U by finding the longest prefix of U that can be added to Us (lines
4-6), where cy records the prefix length. After that, the algorithm
derives the upper bound cy for vertices in V using the same way,
and simultaneously calculates the edge upper bound e by removing
vertices from the end of the prefix of Ur while computing the
longest prefix of V¢ (lines 9-15). We present the time complexity
of the algorithm in the following lemma.
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LEmMMA 4.5. The time complexity of Algorithm 3 is O(n).

4.3 A Heuristic Approach

We propose a heuristic approach to efficiently calculate a large
k-defective biclique. We observe that in many real-world graphs,
one side of the k-MDB with size threshold 6 contains exactly 0
vertices, while the other side contains much more than 6 vertices.
Motivated by this, our heuristic approach aims to find a large k-
defective biclique with one side has 0 vertices. Specifically, given
a graph G = (U, V,E) and an integer k, we initially set two vertex
subset U’ =@ and V' =V.letu € U \ U’ be the vertex with largest
dys (u). If G(U"U{u}, V') has more than k non-edges, we iteratively
delete vertices v € V’ with largest EU’u{u} (0) until G(U" U {u},V’)
has no more than k non-edges, and then we add u to U’. We repeat
this process until |[U’| = 0, and yield a large k-MDB G(U’, V') if
|[V’| = 0. Otherwise, we yield an empty answer. It is easy to verify
that this approach can be finished in O(6n + m), which is linear as
0 is always a small value.

4.4 Parallelization

To further enhance the scalability of our algorithms for handling
larger-scale graphs, we implement parallelization strategy based on
our proposed algorithms and optimization techniques. The paral-
lelization of our branch-and-bound and pivoting-based algorithms
is based on the search tree of the algorithm (as shown in Fig. 2(b)
and Fig. 3(b)). Specifically, for a given branching strategy, once
an instance (S, C) corresponding to a branch is determined, the
sub-branches generated by this branch are uniquely defined and
mutually independent. Therefore, we parallelize the processing of
sub-branches at lower levels of the search tree. Additionally, the
parallelization process is controlled by a global counter that tracks
the total number of parallel tasks, and when the counter reaches
the number of limited threads, the sub-branches generated by each
branch are processed sequentially. Additionally, we also perform
parallelization on the ordering-based reduction through the tra-
versal of ordered vertices, and on the common-neighbor-based
reduction through the traversal of all edges.

4.5 Optimized Algorithms

We apply all the proposed optimizations to our branch-and-bound
algorithm and pivoting-based algorithm, which are denoted by
MDBB and MDBP, respectively. An implementation of MDBP is pre-
sented in Algorithm 4. Specifically, it first obtains an initial solution
using the heuristic approach (line 1) and then performs progressive
bounding (lines 2-4), generating 6y and Oy via Eq. (6). In each
round, it applies the parallel common-neighbor reduction to G (line
5) and the parallel ordering reduction (lines 6-10). Vertices in U
are processed in descending degree order to construct instances
(S,C), whose candidate sets are further reduced by Reduce using
the common-neighbor rule (lines 9 and 13-14). The algorithm then
invokes BranchP*, which augments BranchP in Algorithm 2 with
graph reductions and the upper bounds in Algorithm 3. The largest
solution returned by all invocations is output as D* (line 11). MDBB
is implemented analogously by replacing BranchP* with BranchB
from Algorithm 1, equipped with the same optimizations.



Algorithm 4: MDBP

Input: A bipartite graph G = (U, V, E), integers k, 6
Output: A k-MDB of G
D* « Heuristic(G, k, 0);
Oy «— maxycy d(u) +k;
while 07 > 0 do
Oy — max{6, L|Ep«|/0y |}: 0y « max{0, |0y /2]}:
G' = (U, V,E') « parallel common-neighbor-based reduction on G;
Uy |} « the descending degree order of U’;
parallel fori € 1...|U’| do
S ({1),0):C — (U N NF (ui), V' 0 U
C « Reduce(C, u;, 0y, Oy );
BranchP* (S, C); // BranchP equipped with graph reduction
techniques, upper-bounding techniques and parallelization

® N e AW N e

vEN%(ui) N(@)):

return D*;

Function Reduce(C = (Ue, Vo), u, Oy, Oy ):
Uer {v e Uc | engr (u,0) > Oy 7k};
Ver « {ve Ve ldgr (0) 2 0y — ks

| return (Ucr, Ver)

5 EXPERIMENTS
5.1 Experimental Setup

Datasets. We collect 11 real-world bipartite graphs from diverse
categories (http://konect.cc/networks, accessed January 2, 2026),
which are widely used as benchmark datasets in other bipartite
subgraph model problems [14, 36, 54]. The statistics of these graphs
are shown in Table 1, where A and d represent the maximum degree
and average degree of vertices on each side, respectively.
Algorithms. We implement two proposed algorithms MDBB and
MDBP, corresponding to Algorithm 1 and Algorithm 2, with all opti-
mization techniques in Sec. 4. We adapt 4 baseline algorithms from
other problems: MDBC from the state-of-the-art maximum vertex
defective biclique algorithm [52] with the maximum-vertex-based
reductions removed, MDC from the maximum defective clique enu-
meration algorithm [13] by treating all vertices on the same side
adjacent, MBP and MaxBC from the maximum biplex search algo-
rithm [54] and maximal biclique enumeration algorithm [2] by
reconstructing their branch-and-bound and pivoting techniques to
suit our MDB problem. For fairness, these algorithms incorporate
the optimization techniques outlined in Sec. 4.1 and 4.3. All algo-
rithms are implemented in C++ and executed on a Linux machine
with a 2.2GHz CPU and 128GB RAM.

5.2 Performance Studies

Exp-1: Efficiency comparison among different algorithms.
We evaluate the efficiency of our algorithms, MDBP and MDBB, against
four baselines: MDBC, MDC, MBP, and MaxBC, as shown in Table 2. Here,
|E*| denotes the number of edges in k-MDB, and “-” indicates a
timeout exceeding 3 hours. As observed, MDBP is up to two orders
of magnitude faster than MDBC and solves nearly all instances with
k > 3, for which the baselines frequently time out. For example, on
LKML with k = 3 and 6 = 7, MDBP completes in only 9.53s, yielding
a ~ 1000x speedup over the fastest baseline MaxBC, which takes
9, 223s. The two proposed algorithms MDBP and MDBB are comparable
when k < 2 and 6 > 5, but MDBP becomes substantially faster when
k > 3 or 6 < 4. For instance, on Twitter with k = 4,0 = 5, MDBB
takes 3, 550s while MDBP finished in only 21s, achieving a speedup
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Table 1: Datasets used in experiments

Dataset |U| V| |E| A d
LKML 42,045 337,509 599,858 (31,719, 6,627) (14, 1)
Team 901,130 34,461 1,366,466 (17, 2,671) (1, 39)
Mummun 175,214 530,418 1,890,661 (968, 19805) (10, 3)
Citeu 153,277 731,769 2,338,554 (189,292, 1,264) (15, 3)
IMDB 303,617 896,302 3,782,463 (1,334, 1,590) (12,4)
Enwiki 18,038 2,190,091 4,129,231 (324,254, 1,127) (228, 1)
Amazon 2,146,057 1,230,915 5,743,258 (12,180, 3,096) (2,4)
Twitter 244,537 9,129,669 10,214,177 (640, 18,874) (41, 1)
Aol 4,811,647 1,632,788 10,741,953 (100,629, 84,530) (2, 6)
Google 5,998,790 4,443,631 20,592,962 (423, 95,165) (3.4
LiveJournal 3,201,203 7,489,073 112,307,385 (300, 1,053,676) (35, 14)
-©- MDBP MDBB MBP ’Q’ MDBC MDC MaxBC MBC
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Figure 4: Runtime with varying 6 and k

of over 160x. These results show the superiority of our pivoting-
based branching strategy in Sec. 3.2. Moreover, MDBB consistently
outperforms all baselines, validating the effectiveness of our binary
branching strategy in Sec. 3.1.

Exp-2: Runtime with varying ¢ and k. We evaluate MDBB and
MDBP, along with 4 baseline algorithms, with varying 6 and k on two
representative datasets, IMDB and Google. The results are shown in
Fig. 4, where “INF” denotes a timeout over 3 hours. As observed,
both MDBP and MDBB outperform baseline algorithms, with MDBP
achieving up to a 500X speedup. For example, in Fig. 4(c), MDBP
complete in 20s at 0 = 7, while the baselines time out. When 6 > 8
or k < 2, MDBP and MDBB have similar runtimes, demonstrating the
efficacy of our optimization techniques in reducing graph size. As
k increases or 6 decreases, the runtime of MDBP grows more slowly
than those of the other algorithms, indicating lower sensitivity to
parameter changes and better scalability. We further set k = 0 to
evaluate MDBB and MDBP for maximum biclique search and compare
them with the state-of-the-art algorithm MBC [36], as shown in
Figs. 4(e) and 4(f). Both algorithms outperform MaxBC because they
have better time complexities than its O*(2") complexity and use
stronger heuristic and graph reduction techniques.

Exp-3: Efficacy of the heuristic approach. To evaluate the effec-
tiveness of our proposed heuristic approach, we compare MDBB and
MDBP with their versions without the heuristic approach, referred
to as MDBB-H and MDBP-H, respectively. The results are shown in
Fig. 5. As observed, MDBB and MDBP always outperform MDBB-H and
MDBP-H, respectively. This is because the large solution provided
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Table 2: Results of runtime among different algorithms on 10 real-world graphs (in seconds)

Dataset [k [@] [E'] [ MDBP MDBB MDBC MDC MBP MaxBC[ k[ O [ [E'[ [ MDBP MDBB MDBC MDC MBP MaxBC [k [ O [ [E'] [ MDBP MDBB MDBC MDC MBP MaxBC
L2 st 13 17 - - 42 229 [, 3] 460 44 - - - - - S| 4] 140 [ 267 - - - - -
LKML 5 84 1.61 215 32 28 319 557 6 70 7.60 30 4647 - 3024 364 7| 60 9.53 37 - - - 9,223
4|7 66 103 1216 - - - - 5|8 67 107 1224 - - - - 6|9 0 248 1,732 - - - -
8 60 9.36 46 - - - - 9 0 13 52 - - - - 0] 0 12 46 - - - -
NEE 19 39 - - 48 240 |3 265 45 - - - - 1783 | 14| 149 [ 154 - - - - -
Team 5 99 714 719 17 66 13 8.67 6 64 9.53 14 1578 500 - 69 7 0 10 15 2473 - 1578 429
N 591 - - - - - 5|6 79 | 2,684 - - - - - 6|8 0 927 - - - - -
8 0 9.92 15 1516 - - 3,568 9 0 10 16 1830 - - - 0] 0 7.65 11 2059 - - -
1| 2] 10315 | 18 19 - - 36 286 [, | 3] 8803 23 1831 - - 8519 1309 [ 4 14185 | 40 - - - - -
Mummun 5| 2469 13 14 331 - 17 22 6 | 1,768 21 37 - - 46 38 7| 1,145 | 33 916 - - 4,685 1,077
4| 5] 248t 45 - - - - - s| 6] 1783 69 - - - - - 6| 7| 1163 | 161 - - - - -
8| 878 38 5539 - - - 8,031 9 | 886 41 6737 - - - - 10 | 804 53 - - - - -
1] 2] 245 | 1a1 1wy - - 179% 3962 [, [3 [ 12427 [ 148 188 - - 1841 - S| 4]0 | 137 4333 - - - 9,183
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8| 436 15 67 - - 2632 123 9 | 436 19 171 - - - 8,211 10 | 426 23 403 - - - -
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Figure 5: Runtime without using the heuristic approach

by our heuristic approach enhances the effectiveness of our upper-
bounding techniques. Additionally, we observe that MDBP-H still
performs better than MDBB when 6 < 6 or k > 3, highlighting the
efficiency of our pivoting techniques.

Exp-4: Efficacy of graph reduction techniques. We evaluate
the graph reduction techniques by implementing 4 ablation vari-
ants of MDBP and MDBB, obtained by successively removing the
one-non-neighbor reduction, common-neighbor-based reduction,
progressive bounding reduction and ordering-based reduction. The
results are presented in Fig. 6, which label the original algorithm

Figure 6: Runtime without graph reduction techniques

as “Original”, and the 4 ablation versions as “-1”, “-1C”, “-1CP”,
“-1CPO”. As observed, all graph reduction techniques contribute
to efficiency improvements. The one-non-neighbor and common-
neighbor reductions provide stable gains across different 6 and k,
whereas progressive bounding and ordering become more effective
as 0 decreases or k increases. For k = 1 or § = 10, removing pro-
gressive bounding can even improve performance, indicating that
its overhead may exceed its pruning benefit on easier instances.

Exp-5: Efficacy of upper-bounding techniques. We evaluate
the upper-bounding techniques by comparing MDBB and MDBP with
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Table 3: Runtime on synthetic graphs (in seconds)

Distribution| A d k=10=2 k=30=4 k=50=6
P [E"] VD8P MDBB|[E"] MDBP  MDBB |[E*| MDBP _ MDBB
0.2] (97, 82) (19, 19)[ 197 0.10 0.18| 181  0.29 096 |175 8.03 11.82
Power-law 0.3] (77, 99) [(29, 29)[ 269 0.11 0.33|277 0.56 9.52 292 16.02 133.29
0.4{(95, 100)((36, 36) 349 0.27 0.51| 357 1.76 26.01 (375 33.84 432.58
0.5[(100, 99)|(45, 45)| 482 0.92 1.94| 494 5.83 105.49 | 506 189.92 2,030.16
0.2 (29,29) [(17,17)] 27 0.26 0.47| 29 31.74 7584 | 32 59.74 153.87
Normal 0.3| (43, 43) [(29,29)| 44 1.24 3.04| 45 179.49 397.23 | 49 312.55 1,225.26
0.4| (48,51)((39,39)| 56 3.78 10.73| 67 489.87 1,015.43| 65 1,300.01 -
0.5] (62, 61) (49, 49)| 65 15.03 43.81| 65 2,095.58 - - -
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Figure 7: Runtime without upper-bounding techniques

their variants without Algorithm 3, denoted by MDBB-U and MDBP-U,
respectively. The results are shown in Fig. 7. As observed, the
upper bounds significantly improve the efficiency of both MDBB
and MDBP, especially as k increases or 6 decreases, indicating the
strong effectiveness and efficiency of our proposed upper-bounding
techniques. Additionally, the improvement of MDBP by performing
upper-bounding techniques is more substantial compared to MDBB,
because the pivoting-based branching strategy introduces more
non-edges to the partial set S earlier, resulting in tighter vertex and
edge upper bounds derived from the upper-bounding techniques,
which helps prune more unnecessary instances.

Exp-6: Performance on synthetic graphs. To discover the re-
lationship between algorithm efficiency and graph properties, we
evaluate MDBB and MDBP on 8 synthetic graphs with 100 vertices per
side, using either power-law or normal degree distribution, with
|E]

density p = O
in Table 3. As observed, both algorithms are consistently efficient
on power-law graphs, while their performance on normal graphs
is more affected by p and k. This is because (1) power-law graphs

varies from 0.2 to 0.5. The results are presented

exhibit a larger gap between A and d, which benefits our branching
strategies and graph reduction techniques, and (2) higher number
of k-MDB edges in power-law graphs benefits our upper bound
techniques. This explains why our approaches are highly efficient
on large-scale real-world graphs with significantly gaps between A
and d or lots of edges in k-MDB, as shown in Table 1 and 2.

Exp-7: Scalability testing. To evaluate the scalability of algo-
rithms, we test the runtime of MDBB, MDBP, MDBC, MDC, MBP, MaxBC
on Google using random sampling of vertices or edges. Results
on the other datasets are consistent. We prepare 8 proportionally
sampled subgraphs of Google by sampling 20%, 40%, 60% and 80%
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Table 4: Runtime of parallelized algorithms (in seconds)

Dataset ke MDBP with threads MDBB with threads
1 10 20 30 1 10 20 30
122163 425 56 54 3,052 870 223 224
Google 31416250 1,324 722 795 - - 10,649 10,413
5|6 - - 8,947 9,062 - - - -
1]2 119 89 47 44 - - 9,314 9,335
LiveJournal | 3 | 4 | 3,996 997 850 845 - - - -
5016 - - 10,016 9943 | - - - -
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Figure 9: Memory usage of various algorithms

vertices or edges from the original graph. The results are shown
in Fig. 8. As observed, MDBP shows the slowest runtime growth as
the graph size increases, while MDBC and MDC exhibit the steepest
rise. This result indicates that MDBP achieves the best scalability
among all the tested algorithms. Furthermore, regardless of graph
size, both MDBP and MDBB significantly outperform other algorithms,
indicating the advancement of our approach.

Exp-8: Efficiency of parallelized algorithms. We evaluate par-
allel MDBB and MDBP on two challenging large-scale graphs Google
and LiveJournal, with varying the number of threads as 1, 10, 20 and
30, which also serves as the threshold of global counter. The results
are shown in Table 4. As observed, the runtime of MDBP and MDBB
consistently decreases as the number of threads increases to 20,
achieving speedups of up to 40X on Google (k =1, = 2) and 10x
on LiveJournal (k = 5, 0 = 6). The improvement becomes marginal
beyond 20 threads, making 20 threads a practical choice. Notably,
parallelization solves the challenging k = 5,0 = 6 instances for
which the sequential algorithms time out after three hours.
Exp-9: Memory usage. We evaluate the maximum physical mem-
ory usage (in MB) of the algorithms MDBB, MDBP, MDBC, MBP, MDC and
MaxBC on five representative graphs, with the parameters k = 2
and 0 = 3. Similar trends hold for other datasets and parameters.
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Figure 10: Performance on fraud detection task

The results are shown in Fig. 9. As observed, all algorithms except
MDC and MaxBC consume less than twice the original graph’s mem-
ory. This is mainly because MDC adds massive intra-side edges, and
MaxBC maintains an extra DAG structure during pivoting. These
results indicate that our proposed algorithms are space efficient.

5.3 Case Study

Case-1: Fraud Detection. We simulate a camouflage attack fol-
lowing [24] on the Appliance dataset (https://amazon-reviews-2023.
github.io/, accessed January 2, 2026), which contains 602,777 re-
views by 515,650 users on 30,459 products. We inject 500 fake users
and 500 fake products, connect them with 10,000 fake reviews, and
add 10,000 camouflage reviews from fake users to real products.
We adapt MDBP as in [54] to extract the top 2,000 k-MDBs and
flag all contained users and products as fake. We compare with
maximum biclique [36], maximum k-biplex [54], (, §)-core [7],
the densest-subgraph method EnsemFDet [42], and the GNN-based
HUGE-GAD [39]; we also improve the performance of EnsemFDet
with Spade and Dupin parallel frameworks [25, 26]. The thresh-
olds Oy and 8y constrain user and product side sizes for k-MDB,
maximum biclique and maximum k-biplex. We evaluated F1-scores
(%) with varying @y, the core threshold «, the sampled
block count n of EnsemFDet, and the shared-product threshold =
of HUGE-GAD from 1 to 7, while fixing 0y = f = 4. As shown in
Fig. 10(a), 2-MDB performs best when 6y > 5. Increasing k from 1 to
2 improves k-MDB but weakens k-biplex, showing that k-MDB pro-
vides a more suitable relaxation. When 6y < 3, biclique, EnsemFDet,
and HUGE-GAD perform better because k-MDB and k-biplex produce
overly sparse structures. However, biclique loses recall for 8y > 5
due to its strict definition, while the k-MDB and k-biplex maintain

high F1-scores. We further assess runtime and subgraph quality us-
_dwd(v) )
2m ’

ing the widely adopted modularity (ﬁ Zueus,vevs (Auy
which measures internal connectivity relative to a random graph.
As shown in Fig. 10(b), 2-MDB obtains the highest modularity and
F1-score, indicating that its cohesive structure better matches the
fraud block. Although 1-biplex attains a similar F1-score, it is sig-
nificantly slower than 2-MDB. To determine the optimal value of
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Figure 11: Recommendation results on MovieLens

k, we evaluate k-MDB with varying k from 1 to 6. As shown in
Fig.10(c), setting k = 4 gives the highest F1-score of 0.97 but takes
about 30 minutes, making it appropriate for offline analysis. Setting
k = 2 reduces F1-score only to 0.95 while finishing in about 15s,
providing a practical choice for real-time detection.

Case—2: Online Recommendation. We evaluate k-MDB in an
online recommendation task using the MovieLens dataset (https:
//grouplens.org/datasets/movielens/32m/, accessed March 19, 2026),
which contains 32 million ratings applied to 87,585 movies by
200,948 users. We retain movies released since 2016 and repre-
sent 5.0 ratings as edges. We leverage the non-edges within the
2-MDB and maximum 2-biplex to formulate recommendations, as
illustrated in Fig. 11. Specifically, the 2-MDB identifies a cohesive
user community centered around “Action/Adventure/Sci-Fi” gen-
res, and recommends a genre-matched movie, “Thor: Ragnarok”,
to User 4 (blue dashed line). In contrast, the maximum 2-biplex
recommends two unrelated movies “Dunkirk” and “Sully” to User 4
(red dashed line). This is mainly because the 2-biplex’s degree-based
relaxation may form sparse user groups linked only by mainstream
films (e.g., The Avengers), introducing unrelated recommendations.
In contrast, 2-MDB’s global-density constraint identifies cohesive
communities and unobserved, genre-consistent movies.

6 CONCLUSION

In this paper, we investigate the problem of maximum k-defective
biclique search on bipartite graphs. We propose two novel algo-
rithms to tackle the problem. The first algorithm employs a new
binary branching strategy that reduces the time complexity to below
O*(2"), while the second algorithm utilizes a novel pivoting-based
branching strategy, achieving a notably lower time complexity. Ad-
ditionally, we propose a series of nontrivial optimization techniques
to further improve the efficiency of our algorithms. Extensive ex-
periments conducted on real-world graphs demonstrate the notable
efficiency of our algorithms and optimization techniques, and two
case studies validate the effectiveness of maximum k-defective bi-
clique model in real-world applications.
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