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ABSTRACT

Result diversification is crucial for generating informative, non-
redundant data summaries and query outputs. Although its various
formulations have been extensively studied across an array of data-
driven disciplines, existing methods fail to address the privacy
concerns that arise when the underlying data is sensitive. In this
work, we initiate the study of result diversification under differential
privacy, focusing on the max-sum diversification (MSD) problem,
a widely adopted model with the objective of maximizing a linear
combination of a submodular function, quantifying relevance, and
the sum of pairwise distances between selected items, quantifying
diversity. We propose differentially private algorithms for MSD
under both cardinality and matroid constraints, achieving nearly
optimal utility guarantees. At the same time, we design more ef-
ficient algorithms that maintain strong guarantees. Notably, the
proposed algorithms are faster than existing non-private methods,
making them appealing even in non-private settings. Experimen-
tal evaluations on real-world datasets demonstrate that the pro-
posed approach achieves utility comparable to that of non-private
baselines even under strong privacy guarantees, and significantly
improves execution times for cardinality constraints.
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1 INTRODUCTION

Result diversification is the problem of selecting a subset of items
that is both relevant and diverse, subject to feasibility constraints. It
underlies numerous data summarization and selection tasks, where
capturing data variety, avoiding redundancy, and providing infor-
mative outputs are crucial. Consequently, its various formulations
have been extensively studied across multiple domains, including
databases, machine learning, and operations research. Among these
formulations, the max-sum diversification (MSD) problem is one of
the most well-studied and widely adopted diversity models in the
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database literature. It has been applied to a range of tasks, includ-
ing query result diversification [3, 8, 19, 28, 54], graph summariza-
tion [31, 52], rule mining [7, 33], spatial keyword search [61], as well
as recommender systems [10, 17, 47] and feature selection [29, 57].

In this problem, we are given a set of items, referred to as the
ground set, together with pairwise distances and a monotone sub-
modular set function f that quantifies the relevance of each subset.
The objective is to select a subset S that maximizes a linear combi-
nation of f(S) and the sum of pairwise distances among the items
in S, subject to given feasibility constraints [8]. Prior work has pri-
marily focused on cardinality constraints, which limit the size of the
selected subset, and more generally on matroid constraints (defined
in Section 3), which capture a broad range of practical feasibility
criteria. A notable special case of this model is that of diverse Top-k
queries [30], where each item v is associated with a score q(v),
the relevance of a subset S is given by f(S) = 3, cs q(v), and the
constraint is cardinality |S| < k. By allowing arbitrary monotone
submodular relevance functions and matroid constraints, MSD sup-
ports a substantially more expressive class of data summarization
tasks, as illustrated in Example 1.1.

Yet, many compelling applications of result diversification, and
of MSD in particular, involve sensitive individual data, such as
purchase histories, locations, and search patterns. Improper han-
dling of such data can pose significant privacy risks [55, 60], and
therefore the maximization procedure must provide formal privacy
guarantees for the individuals contributing to the dataset.

Example 1.1. An online retailer wishes to select a set S of k popu-
lar products from a dataset filtered by category = “Health Care”,
for purposes such as catalog design, promotion, or trend analysis.
Selecting the Top-k most purchased items may primarily reflect
the preferences of a narrow group of highly active users. To in-
stead maximize user reach, the retailer can maximize the coverage
function f(S) = % |Upes U(v)|, where U(v) denotes the set of
users who purchased item v and m is the total number of users.
This objective is monotone submodular and often used for summa-
rization [18]. However, optimizing coverage alone may still yield
a redundant set of items: Figure 1a shows results on the Amazon
Reviews dataset [36], where three of the six selected items (indi-
cated by shaded rows) are essential oils. Selecting overly similar
products may neglect users’ varied interests and reduce long-term
satisfaction [11].

To encourage diversity, each product is associated with a set of
subcategories, and pairwise distances are defined using the Jaccard
distance [38] between these sets. The retailer can then maximize
a linear combination of f(S) and the sum of pairwise distances
among items in S, producing a relevant and diverse set of products.
Additional constraints can be incorporated naturally. For example,
limiting the number of selected products within each price category
induces a matroid constraint.
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Product Subcategory Product Subcategory

Muscle Cream Treatments Muscle Cream Treatments

Cassia Oil Essential Oils Cassia Oil Essential Oils

Oil Diffuser  Diffusers Oil Diffuser ~ Diffusers

Heating Pad ~ Hot & Cold Therapies Heating Pad  Hot & Cold Therapies
Garlic Oil Essential Oils Shoe Insoles  Foot Health
Rosemary Oil Essential Oils Ear Otoscope Ear Care

Coverage: 0.15 Diversity: 0.20 Coverage: 0.145 Diversity: 0.31

(a) Relevance-only selection. (b) Selection balancing relevance
Three of six items are from and diversity. Shaded items are
the “Essential Oils” subcategory newly added.

(shaded).

Figure 1: Representative products from the Amazon Health
Care category. Product and subcategory names are simplified
for readability.

Critically, the selection procedure must also preserve users’ pri-
vacy. Since the objective is derived from individual transaction
logs, an exact solution could inadvertently reveal sensitive infor-
mation. For instance, the inclusion of a niche product could signal
the presence of a user with a rare medical condition. Preventing
such leakage necessitates a mechanism that provides formal privacy
guarantees. Using the algorithms proposed in this work, the retailer
can generate a relevant, diverse, and privacy-preserving summary,
as illustrated in Figure 1b, where the shaded rows indicate two
products added by the private and diversity-aware algorithm.

Differential Privacy [21, 23] is a rigorous notion that has become
the gold standard for analyzing sensitive data under strong privacy
guarantees, and has been adopted by multiple companies [2, 22]
and governmental organizations [20, 25, 53]. Intuitively, the out-
put distribution of a differentially private (DP) algorithm changes
only minimally when a single individual’s data is modified, thereby
ensuring that individual-level information is not disclosed (see Sec-
tion 3 for the formal definition). Privacy is typically achieved by
injecting noise into the computation process, which may result
in some degradation in utility. In our setting, achieving stronger
privacy often means computing a set of items with a slightly lower
quality score. Although DP submodular maximization has received
considerable attention in recent years [15, 32, 42, 48], the design
of DP algorithms for the more general MSD problem has yet to
be addressed. Existing techniques for DP submodular maximiza-
tion do not directly apply to MSD, as its objective function is not
submodular.

In this work, we study the MSD problem under differential pri-
vacy. We propose DP algorithms that provide near-optimal utility
guarantees under both cardinality and general matroid constraints.
Our proposed algorithms also improve time complexity compared
to existing non-private methods, making them valuable even in
non-private settings. Experimental evaluation on two real-world
applications, Amazon product and Uber pickup location summa-
rization, shows that our approach achieves utility comparable to
non-private baselines while significantly reducing the number of
objective evaluations. We now state our contributions, with a sum-
mary of the main results in Table 1. To provide context, Section 2
reviews relevant lower bounds from prior work.
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1.1 Our Results

In the DP setting, the MSD objective function depends on a sensitive
dataset D and is a linear combination of a submodular relevance
term and a diversity term. It is called decomposable if it can be
expressed as a sum of functions, each depending on a single record
of D. The formal definitions are provided in Section 4.

We begin with a direct DP adaptation of the greedy algorithm of
Borodin et al. [8], which serves as a natural baseline. Building on
this, our main contribution is a faster DP algorithm whose analysis
goes well beyond the original work, simultaneously addressing
subsampling, privacy, and the absence of submodularity.

Greedy algorithm for cardinality constraints. Cardinality con-
straints, which capture the fundamental Top-k query class, are
among the most commonly studied constraint types. Borodin et al.
[8] proposed a non-oblivious' greedy algorithm for cardinality-
constrained MSD, achieving a tight 1/2-approximation. We extend
their analysis to account for the error introduced by replacing
greedy selections with privatized ones. For decomposable objec-
tives, we show that the technique of Gupta et al. [32] provides
improved privacy guarantees. The precise results, corresponding
to row (i) of Table 1, are discussed in Section 5.

However, this algorithm makes ©(nk) value oracle calls?, where
k is the cardinality bound and 7 is the ground set size. For large k
(e.g., k = Q(n)), this complexity reaches Q(n?) oracle calls. Such
scaling becomes a significant bottleneck in high-concurrency envi-
ronments or interactive systems where each execution of the algo-
rithm corresponds to a single user query and many such queries
must be processed simultaneously. Even in well-resourced systems,
the cumulative computational overhead of ®(nk) evaluations per
instance limits total system throughput and increases latency, un-
derscoring the need for more efficient algorithms that better suit
high-volume workloads.

Faster Greedy Algorithm via Subset Sampling. Algorithms for
submodular maximization are often accelerated by “sample greedy”
methods, where the next element is chosen from a smaller random
subset rather than the entire ground set, improving efficiency at
the cost of a slightly weaker approximation guarantee [9, 41, 42].
While these analyses rely on submodularity, which does not hold
in our setting, we nonetheless propose an efficient “sample greedy”
algorithm for the DP MSD problem with cardinality constraints. To
our knowledge, this is the fastest known algorithm for MSD, making
it valuable even in non-private settings.

We present two instantiations of the algorithm, each illustrating
a distinct trade-off between complexity and utility. Furthermore,
we extend the technique of Gupta et al. [32] to incorporate the
subsampling step and prove stronger guarantees for decomposable
objectives. Following established literature in both private [42] and
non-private [9, 41] submodular maximization, our utility guaran-
tees are provided in expectation, as the randomness inherent in the
subsampling process typically precludes the strong concentration
required for meaningful high probability bounds. The precise re-
sults, corresponding to rows (ii) and (iii) of Table 1, are detailed in
Section 6.

! An optimization algorithm is non-oblivious if it selects the next element with respect
to an auxiliary function rather than the true objective.
2Number of evaluations of the objective function; see Section 3.



Table 1: Expected utility guarantees of (¢, §)-DP algorithms and their query complexity. Here A is the sensitivity (equivalent to
the decomposability parameter for decomposable objectives), n is the ground set size, k is the maximal feasible solution size,
and y controls the utility-complexity trade-off. For general A-sensitive functions with cardinality constraints, additive errors
incur an additional /k/log(1/6) factor. Setting ¢ = oo yields non-private algorithms with the same multiplicative approximation
ratios. The 1/2-approximation ratio is tight under standard complexity-theoretic assumptions (see Section 2).

Constraint Approx. Additive Error Oracle Calls Algorithm
(A-decomposable)
k-Cardinality 1/2 O(Ake log5~'logn) O(nk) DP-Greedy (Algorithm 1) (i)
1/2-y O(Ake'log5~'logn) O(nlogklogy™) DP-NOSG (Algorithm 2) (ii)

1-2/e-y—-1/k

O(Ake 'log 5~ 'logn)

O(nlogy™) DP-0SG (Algorithm 2) (iii)

AMVklogklogs~1
ey

Matroid (rank k) (@]

1/2 -y

(klogn +logy™)

O(y~'nklogk) DP-SLS (Algorithm 3) (iv)

Local Search for Matroid Constraints. Some data summariza-
tion tasks require more general constraints than simple cardinality,
and matroids are among the most studied such constraints. Since
the greedy paradigm does not provide any constant-factor approxi-
mation for the MSD problem under matroid constraints, Borodin
et al. [8] showed that a natural single-swap local search algorithm
achieves a (1/2 — y)-approximation. However, checking for local
optimality or ensuring the selection of improving swaps is infea-
sible under differential privacy. To address this, we propose a DP
local search algorithm for MSD under matroid constraints that
performs a predefined number of local search steps and selects
swaps privately. The analysis bounds the loss incurred by allowing
non-improving swaps, yielding near-optimal guarantees. We fur-
ther improve efficiency by sampling a subset of candidate swaps in
each iteration, reducing to O(y ™'k log k) oracle calls, a substantial
improvement over the O(n? + y~'nk? log k) by Borodin et al. [8].
To our knowledge, this algorithm achieves the best known complexity
for MSD under matroid constraints.

Importantly, even without privacy, the algorithm achieves (in
expectation) the same approximation ratio as Borodin et al. [8]
with improved complexity. The precise statements of our results,
corresponding to row (iv) of Table 1, are given in Section 7.

2 RELATED WORK

We provide a brief survey of relevant literature, starting with non-
private settings, followed by lower bounds, and finally covering
additional privacy-related contributions.

Non-Private Result Diversification. The MSD problem gener-
alizes the max-sum dispersion problem (also called remote-clique),
which aims to maximize 3, ,csd(1 0) and has attracted sus-
tained attention for over three decades [26, 34, 35, 49]. Gollapudi and
Sharma [30] first studied MSD for modular relevance and cardinality
constraints, obtaining a 1/2-approximation by reduction to max-
sum dispersion, which was later extended to matroid constraints
by Abbassi et al. [1]. Borodin et al. [8] substantially generalized
this framework to submodular relevance and matroid constraints,
providing a greedy algorithm for cardinality constraints and a lo-
cal search algorithm for general matroid constraints with 1/2 and
(1/2 — y) approximations, respectively. For Euclidean distances
with modular relevance, Indyk et al. [37] introduced composable
coresets for streaming and distributed settings. Ceccarello et al.
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[13] later generalized these constructions to metrics with bounded
doubling dimension, and Ceccarello et al. [12] extended the frame-
work to matroid constraints. A fully dynamic variant for doubling
metrics was studied by Pellizzoni et al. [46]. Agarwal et al. [4]
proposed near-linear-time algorithms using efficient indexes for
Euclidean distances. Additionally, Cevallos et al. [14] studied MSD
under negative-type distances, a setting that is incomparable to
general metric distances. Despite the extensive literature, none of
these works provides formal privacy guarantees.

DP Submodular Maximization. While MSD has not been studied
in the context of differential privacy, a closely related line of work
focuses on DP submodular maximization. The work of Gupta et al.
[32] was the first to address the problem, focusing on decompos-
able objective functions under cardinality constraints. Mitrovic et al.
[42] considered the more general case of submodular objectives
with bounded sensitivity, proposing algorithms for both monotone
and non-monotone functions under matroid and p-extendable sys-
tems constraints. Chaturvedi et al. [15] revisited decomposable
objectives, extending the results of Gupta et al. [32] from cardinal-
ity to matroid constraints and from monotone to non-monotone
functions. Rafiey and Yoshida [48] studied private submodular and
k-submodular maximization under matroid constraints. Other no-
table advances include Salazar and Cummings [51], who studied the
problem in the online setting under cardinality constraints; Sadeghi
and Fazel [50], who considered bounded-curvature objectives; Zadi-
cario and Milo [58], who addressed knapsack constraints for both
monotone and non-monotone objectives; and Chaturvedi et al. [16],
who proposed a streaming algorithm for cardinality constraints.
Yet, all of these approaches apply only to submodular objectives
and do not directly extend to MSD.

Hardness and Lower Bounds. Cardinality-constrained max-sum
dispersion is known to be NP-hard even with metric distances [34];
hence, the more general MSD problem is also NP-hard. Moreover,
Borodin et al. [8] showed that achieving an approximation factor
better than 1/2 is hard under the planted-clique hardness assump-
tion [5]. As summarized in Table 1, the guarantees in rows (i), (ii),
and (iv) match or nearly match this tight approximation factor. In
contrast, row (iii) achieves improved complexity while providing a
slightly weaker approximation guarantee.



Additionally, the DP MSD problem in Section 4 generalizes
DP monotone submodular maximization, and hence known lower
bounds for that problem extend to our setting. In particular, Gupta
et al. [32] proved that any e-DP algorithm for maximizing a sub-
modular function under a cardinality constraint k over a ground
set of size n must incur expected additive error Q(Ake™!log(n/k)).
Chaturvedi et al. [16] extended this to the (¢, §)-DP setting, show-
ing that any such algorithm achieving multiplicative factor ¢ must
incur additive error Q(Ake clog(e/5)), assuming n > 5~k (ef —
1) and ¢ > 46/(e® — 1). In both cases, the hard instances are 1-
decomposable, implying that our results in rows (i)—(iii) of Table 1
match the corresponding lower bounds up to logarithmic factors.
These results recover the best-known additive error bounds for sub-
modular maximization, and note that even in this restricted setting
the tightness of logarithmic factors remains open [32]. For general
bounded-sensitivity functions (row (iv), and rows (i)—(iii) with an
additional v/k/log(1/0) factor), our guarantees incur an additional
Vk-factor compared to the known lower bounds, which are not
known to be tight in this more general setting, A similar O(Vk) gap
also appears in the state-of-the-art results for bounded-sensitivity
submodular maximization under cardinality constraints [42].

3 PRELIMINARIES

In this section, we present the basic definitions and notation, in-
troduce submodular set functions and matroids, and review key
concepts from differential privacy relevant to this work.

Notation and Set Functions. Let V denote a finite ground set of
size n. For a set function f : 2" — R, the marginal contribution of
an elementu € VtoasetS C Vis f(u|S) = f(SU {u}) — f(S).
A functiond : V XV — Ry is a pseudometric if it is symmetric,
satisfies the triangle inequality, and d(u, u) = 0 for allu € V. Extend
d tosets via d(S) = Xy 01cs d(w,0) and d(S,T) = Yyes per d(4,0)
for disjoint sets S,T C V.Foru € V, writed(u | S) =d(SU {u}) -
d(S) = ZUES d(us U).

Submodular Functions and Matroids. A set function f : 2V — R
is monotone if f(S) < f(T) for all S C T, non-negative if f(S) > 0
for all S C V, and submodular [45] if f(u | S) > f(u | T) for
allS € Tandu € V \ T. A matroid [56] is a pair (V, ), where
I C 2V satisfies (i)if A C Band B € I then A € T, and (ii)
for A,B € I with |A| < |B|, there exists u € B\ A such that
AU{u} € I.Subsetsin I are called independent sets, and inclusion-
wise maximal independent sets are called bases. All bases have the
same cardinality, known as the rank of the matroid. See Appendix A
in [59] for additional background and examples of matroids.

Complexity Model. We adopt the oracle complexity model, the
standard abstraction in set function optimization, as it captures
algorithmic complexity independently of application-specific de-
tails such as the cost of evaluating the objective function. Thus,
we assume access to f, d, and J via oracles: a value oracle returns
f(S) or d(S) for a given S, and an independence oracle determines
whether S € 7. Complexity is measured by the number of ora-
cle calls. While each marginal gain d(u | S) may require up to k
pairwise evaluations d(u,v), we treat d as a set function and count
each evaluation of d(S) as a single oracle call for consistency with
the submodular objective. Although the number of oracle calls is
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generally a reliable proxy for runtime, discrepancies may arise in
practice, as evaluating the oracle on larger sets can be slower in
some applications.

Differential Privacy. A dataset D is a finite multiset of records
from a domain X. The number of records in D is denoted by m = | D).
We let D denote the space of all possible datasets over this domain.
Two datasets D and D’ are called neighboring (denoted D~D’) if
they differ in one record. Intuitively, differential privacy ensures
that the distribution of outputs of a randomized algorithm does not
significantly change when the data of a single individual is changed.

Definition 3.1 (Differential Privacy [21, 23]). A randomized algo-
rithm A is (¢, §)-differentially private (DP) if for any neighboring
datasets D~D’ and any set of possible outputs S C Range(A),

Pr[A(D) € S] < e -Pr[A(D’) € S] + 6.
If § = 0, we say that A is e-DP.

In our privacy analysis, we use the following standard compo-
sition results, which capture how privacy loss accumulates when
multiple DP algorithms are applied sequentially. A more general
statement appears in [23].

THEOREM 3.2 (COMPOSITION [23, 24]). Let Ay, ..., Ay be e-DP
algorithms. Their k-fold adaptive composition A, which outputs
yi = Ai(D,yy,...,yi—1) fori =1,...,k, satisfies:

(i) ke-DP (Basic),

(ii) (v/2klog(1/6)e + ke(e® — 1), 6)-DP for any § > 0 (Advanced).
In particular, to achieve (&, )-DP for € € (0, 1), it suffices that each

. sati e
A; satisfies N5
DP algorithms are typically calibrated to the sensitivity of the

underlying function with respect to single-record modifications of
the dataset, defined formally as follows.

Definition 3.3 (Sensitivity [23]). The sensitivity of a function
gp : R — R that depends on a dataset D is defined as A; =
SUp,.c SUpp._p |9p(r) — gp (r)|. In particular, the sensitivity of a
set function gp : 2V — R is supgcy supppr [gp(S) = qpr (S)I.

The exponential mechanism [40] is a primitive for privately se-
lecting an approximately highest-scoring element from a candidate
set according to a quality function that depends on the sensitive
dataset.

Definition 3.4 (The Exponential Mechanism [40]). Given D € D,
a finite set of candidates R, a quality function gp : R — R, and
a privacy parameter ¢, the exponential mechanism EM(D, g, R, ¢)

eqp(r) )
o, )

outputs r € R with probability proportional to exp ( oA

We assume that the sensitivity bound A, is provided alongside
q and do not consider it as a separate input.

THEOREM 3.5 ([6, 40]). The exponential mechanism is e-DP. More-
over,
2074 log |R]
E[EM(D, ¢, R, ¢)] = maxqp(r) - —————.
reR £
The utility guarantee in expectation, which we use in this work,
is due to [6]. The privacy guarantee is due to [40], as is the high-

probability utility guarantee, which we omit here.



4 PROBLEM FORMULATION

The DP max-sum diversification (MSD) problem studied in this work
extends the setting of Borodin et al. [8] to incorporate differential
privacy requirements, and is formalized below.

Definition 4.1 (DP max-sum diversification). An instance of DP
MSD is a tuple (D, V, I, fp, dp) where:
- D is a sensitive dataset.
- Vs a (public) dataset of items, called the ground set.
— I ¢ 2V is a collection of feasible subsets.
- fp:2¥ — R* is a monotone submodular function that depends
on the sensitive dataset D.
- dp : VXV — Ris a pseudometric (possibly depending on D).
and we write dp(S) = X (y,01cs dp (4, 0).
The goal is to find S € I that approximately maximizes
$p(S) = fp(S) + A-dp(S)
while satisfying differential privacy with respect to D.

The parameter A > 0 controls the trade-off between relevance
and diversity. The subscript D is omitted when it is clear from
context.

Remark 4.2. The relevance function f is submodular and the diver-
sity term d(S), being a sum of pairwise distances, is supermodular.
Hence, the objective ¢ is not necessarily submodular.

Example 4.3. In the setting of Example 1.1, the sensitive dataset D
consists of purchase records where each entry specifies the products
purchased by a user. The ground set V contains Amazon products
along with attributes such as product name, price, and category. The
relevance function is defined as fp(S) = $|Uues ‘LID(U)l, where
Up (v) is the set of users in D who purchased item v. Let C(v) denote
the set of categories of item v € V, and the diversity is quantified
by the Jaccard distance d(v,0") =1 — Ic(oncw)|

[C(0)UC()] between category
sets of products v and v’.

Decomposable Objective Functions. A set function ¢p is called
A-decomposable [32, 42] if it can be written as ¢p(S) = X ep P (S),
where each ¢, : 2V — [0,A] depends only on the individual
record x. A A-decomposable function has sensitivity A. Prior work
has studied DP maximization of decomposable submodular func-
tions [15, 16, 32], as they allow stronger privacy guarantees com-
pared to the general case. Our algorithms for cardinality constraints
similarly leverage this structure to provide privacy guarantees that
nearly match known lower bounds for decomposable objectives.

Example 4.4. In the setting of Example 1.1, associate each user x € D
with a monotone, submodular utility f;(S) = min{|S N P(x)|, 1},
where P (x) is the set of products purchased by user x. This function
indicates whether user x is covered by S and depends solely on the
data of that individual. For A € [0, 1], define the per-user objective

1-2 2
(S) = S
$u(8) = S LFlS) ¥ s
where m = |D|. The normalization ensures that ¢, (S) € [0,1/m].
The total objective is the average of these individual contributions:

1-4 21
$9) = 2,96 = =7 D KO+ ey

d(S)

d(s).
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Thus, ¢ is 1/m-decomposable. We now derive the sensitivity bound
for . If D = (D'\{x"})U{x}, thenforany S C V,|dp(S) — ¢p/ (S)| =
[¢x(S) — ¢ (S)| < 1/m, and thus ¢ has sensitivity bounded by 1/m.

5 GREEDY ALGORITHM FOR CARDINALITY
CONSTRAINTS

We start by presenting DP-Greedy, a DP adaptation of the greedy
algorithm from [8], replacing each selection step with the exponen-
tial mechanism. Although it achieves high utility, as also shown
empirically in Section 8, its complexity scales linearly in k, which
can become prohibitive when k is large. Addressing this limitation
constitutes a primary contribution of this work and is the focus of
the subsequent section. DP-Greedy, stated as Algorithm 1, is non-
oblivious: it selects elements according to the auxiliary function

¢p(S) = %fD (S) + Adp(S) rather than the objective ¢p.

Algorithm 1 DP-Greedy

Input: Dataset D, ground set V, monotone submodular fp, pseu-
dometric dp, cardinality k, privacy parameter &, diversity pa-

rameter A.
1: Define ¢}, () = %fD(-) + Adp(+)
2: Set Sy «— 0
3: fori=1,...,kdo
4: Let Ni — V\Si_l
5 For all u € N;, define qiD(u) =¢p(ulSi-1)
6: Compute u; < EM(D, ¢', N, &)
7: Si—S;_1U {ul}
8: end for
9: return S

THEOREM 5.1. Suppose ¢p has sensitivity A. Given parameter
& > 0, DP-Greedy is key-DP and (&,8)-DP for all § > 0 with e =
V2klog(1/9) &9 + keg(e?0 — 1). Moreover, it outputs a feasible set S
such that E[¢p(S)] > %¢D(OPT) - O(Mi%), and makes O(nk)
oracle calls.

In the special case where ¢p is decomposable (and hence so
is ¢7,), DP-Greedy provides a stronger privacy guarantee compared
to the general case, as stated next. The assumption that ¢p is 1-
decomposable is without loss of generality, since we can apply our
algorithms to the normalized function ¢p/A, and the guarantees
for ¢p incur an additive error scaled by A.

THEOREM 5.2. Suppose ¢, is 1-decomposable. Then given parame-
terey € (0,1] , DP-Greedy (Algorithm 1) is (¢, 8)-DP for every 6 > 0
and e = (e/? — 1)(4 + log(1/9)).

Theorems 5.1 and 5.2 correspond to row (i) in Table 1. Informally,
advanced composition implies that setting ¢y = O(e/+/log(1/)k)
ensures (& 8)-DP. However, Theorem 5.2 implies that setting ¢, =
O(e/log(1/6)) suffices to ensure (¢, §)-DP, avoiding the dependence
on k that arises from k compositions in the general case. Substitut-
ing this into the utility guarantee of Theorem 5.1 yields the stated
additive error in Table 1. Theorem 5.2 is proved by the same steps
as in the privacy proof for the CPP problem in [32]. Since this result
follows as a special case of our more general analysis in Section 6, it
is omitted. In the remainder of this section, we prove Theorem 5.1.



Let OPT be an optimal solution, i.e., a subset of size at most
k that maximizes ¢. Since ¢ is monotone, we may assume that
|OPT| = k. Let S; be the solution at the end of iteration i, and
define C; = OPT\ S;_;. The approximation guarantee of the greedy
algorithm in [8] relies on a lemma which relates the overall distance
between the sets S;_; and C; to the value d(OPT). An adaptation of
this lemma is stated next. The proof, as well as additional omitted
proofs, is given in the full version [59].

LEMMA 5.3 (ADAPTED FROM [8]). Foralli € [k] £ {1,...,k},
d(Ci,Si-1) = Y 29ld(OPT).

PRrROOF SKETCH OF THEOREM 5.1. For query complexity, note that
the algorithm performs k iterations of O(n) oracle calls. The pri-
vacy follows from the ¢-DP of the exponential mechanism and
composition (Theorem 3.2). For utility, let f(S) = f(S)/2. Con-
sider iteration i € [k] and condition on S;_;. The submodularity
and monotonicity of f” imply that 3,,cc, f'(u | S;-1) = f'(OPT) -
f7(Si-1). Furthermore, by Lemma 5.3, we have Y ,,cc, d(u | Si-1) 2

%d (OPT). Thus, the exponential mechanism, executed with

the marginal gain quality functions g}, of sensitivity 2A, guarantees
that

Zuec; ¢’ WlSi-1)

El¢'(w; | Si-1)] = papax P (ulSis1) —az il
S/ (OPT)—f"(Si— ) A(i-1)
> LSim) MY 4 (0PT) - o

for & = O(g; ' Alog n). Monotonicity, together with first removing
the conditioning on S;_; and then taking expectation over all its
realizations, yields

E[¢ (usS;1)] > TGN, 20 4(OPT) - .
Summing over i € [k] gives

E[¢'(Sk)] = f(OPT) - E[f"(Sk)] +

Plugging the definitions for f’, ¢’ and rearranging completes the
proof. ]

A
24(0OPT) -

6 FASTER GREEDY ALGORITHM VIA SUBSET
SAMPLING

In this section, we present our main contribution for the cardinality-
constraint setting. The Sample Greedy algorithm for monotone
submodular maximization Buchbinder et al. [9], Mirzasoleiman
et al. [41] achieves a (1 — 1/e — y)-approximation in expectation
using only O(nlogy™!) oracle calls. Mitrovic et al. [42] proposed
a variant for non-monotone submodular functions, guaranteeing
a (1 — 1/e)/e-approximation, and adapted it to satisfy differential
privacy. However, these analyses rely on submodularity, which
does not hold in our setting.

Nevertheless, we propose a Sample Greedy algorithm for DP
MSD under cardinality constraints, stated as Algorithm 2. It achieves
strong utility guarantees while using substantially fewer oracle calls
than DP-Greedy. To the best of our knowledge, this is the fastest
known algorithm for MSD with cardinality constraints, which is
of interest even without privacy. Experimental results (Section 8)
show that our method significantly improves running time over
DP-Greedy while preserving utility. We further extend the analysis
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of Gupta et al. [32] to account for the subsampling step and obtain
improved privacy guarantees for decomposable objectives.

Algorithm 2 DP-NOSG (DP Non-Oblivious Sample Greedy) /
DP-0SG (DP Oblivious Sample Greedy)

Input: Dataset D, ground set V, submodular fp, pseudometric
dp, cardinality k, privacy parameter ¢, utility parameter y,
diversity parameter A.

1: In DP-NOSG:
¢ () = 5 fo() +Adp (), g(i) =k

: In DP-0SG:

5 () = fp(-)+Adp(+), (i) = min{k,n—i+1} foralli € [k]

. Set SO — 0

. fori=1,...,kdo

Set Ni «—V \ Si*l

Sample a subset V; C N; of size [lN,—| . min{

uniformly at random.

For all u € V;, define qf)(u) =¢p(u | Si-1)

Compute u; «— EM(D, qiD, Vi, €0)

Si e Si—1 U {ui}

. end for

: return Sy

—i+1forallie€ [k]

log(1/y)
9 1

1

Algorithm 2 performs greedy selections with respect to a func-
tion ¢’ that can be either the objective ¢ or an auxiliary function,
and a utility function g: [k] — N, where g(i) determines the size of
the sampled candidate set in iteration i. We study two instantiations
corresponding to different choices of g and ¢’, yielding different
trade-offs between running time and approximation guarantees.

6.1 Non-Oblivious Sample Greedy

The first instantiation we consider, referred to as DP-NOSG, selects

the next element according to the auxiliary function ¢7, : 2¥ - R

given by $p(S) = fD (S) +Adp(S), and uses the utility function
gli)=k-i+1 for all i € [k]. We obtain the following result.

THEOREM 6.1. Suppose ¢ has sensitivity A. Then, DP-NOSG (Al-
gorithm 2) with parameters ¢y > 0 and y € (0,1) is key-DP and

(&,6)-DP for all § > 0, where ¢ = +/2klog(1/6) ey + keg(e®® — 1).
Moreover, it outputs a feasible set S such that E[$p(S)] > (l -y)-

¢p(OPT) — (kMOg") and makes O(nlogklogy™!) oracle calls.

By replacing the exponential mechanism with the true maximum,
we get a faster, non-private algorithm for MSD, with the following
guarantees.

COROLLARY 6.2. Instantiated with MAX instead of EM, DP-NOSG
outputs a feasible set S such that E[$(S)] > (% — y)¢(OPT) and
makes O(nlogklogy™!) oracle calls.

The next theorem states the improved privacy guarantees for
decomposable objective functions. Note that under our definition
of ¢’, if ¢ is 1-decomposable, then so is ¢’.

THEOREM 6.3. Suppose ¢p : 2V — R is 1-decomposable. Then
given parameter &y € (0,1], Algorithm 2 is (¢, §)-DP for every § > 0
and e = (e/2 - 1)(4 + log(1/6)).



Theorems 6.1 and 6.3 correspond to row (ii) in Table 1. As in
the previous section, Theorem 5.2 implies that for decomposable
objectives, setting &y = O(¢/log(1/9)) suffices to ensure (¢, §)-DP.
Substituting this into the utility guarantee of Theorem 6.1 yields
the stated additive error in Table 1.

Before proceeding to the proof, we introduce additional notation.
Let OPT be an optimal solution and S; the set obtained at the end
of iteration i. Recall that N; = V' \ S;_; contains all unselected
elements after iteration i — 1, and C; = OPT )\ S;_; denotes the subset
of these elements belonging to OPT. Let M; C N; be a set of size
g(i) maximizing ¥ ,ep, ' (0 | Si-1). That is, M; consists of the g(i)
elements with the largest marginal contributions during iteration i
relative to the auxiliary function ¢’. We prove the following.

LEMMA 6.4. For every iteration i € [k], conditioned on having
selected a set S;_; after the first i — 1 iterations, the following holds.

E[¢’(u; | Si-1)] 2 \ML F S ety (0 | Sit) - 4A10gn

Intuitively, the proof leverages the guarantee of the EM to show
that the expected marginal gain of the selected u; is at least the
average gain across elements in V; N M; up to a bounded additive
error. Since this intersection is non-empty with probability at least
1 -y, and each element in M; has an equal probability of being
sampled into V;, the law of total expectation yields the desired
bound. This follows from the definition of M; as the set of highest
contributing elements. The proof is provided in [59].

ProOOF OF THEOREM 6.1. The complexity bound holds due to the
fact that DP-NOSG evaluates O( 2 logy ') candidates in iteration
i, the number of oracle calls across k iterations is O(nlog k log y™1)
using the standard Harmonic sum approximation. The full argu-
ment is deferred to [59]. Privacy follows from the composition
theorems (Theorem 3.2) and the &-DP guarantee of the exponential
mechanism. We thus focus on the utility guarantee.

Let f/ = ﬁf and ¢’ = f’ + Ad. Define o = 4¢;' Alog n. Condi-
tion on having selected S;_; prior to iteration i € [k]. By Lemma 6.4,
we have

El¢ (ui | Si)] = D ¢/ (01 Si) -«
veEM;
S e DI ACIR R
veC;
2 (1—y) (O LS040 4(0PT)) - a.

The second inequality holds because |M;| =k —i+ 1 < |G|, and
M; contains the elements with the largest marginal gains. The third
follows from submodularity of f” and Lemma 5.3 for d. Taking an
expectation over S;_; gives

BI¢ (ui | $i-1)] > (1 - y) (LD )]

where we use the monotonicity of f” and the fact that S;_; C Sk to
bound E[f"(Sk)] = E[f’(Si-1)]. Summing over i € [k] yields

E[¢"(S0)] = (1= y)(f (OPT) ~ E[f"(S¢)] + 5d(OPT)) ~ ka.
Rearranging terms and substituting f’ gives:

Blp(s0)] = (1-p) (D22 + 2G0) —ka >

-v)

- )¢ (OPT) —

+ MY d(OPT)) —a
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Next, we address the stronger guarantee of Theorem 6.3, which
applies when the function ¢ is decomposable. We build on the tech-
nique of [32], which bounds the privacy loss of the greedy algorithm
for submodular maximization by the sum of expected marginal
gains of a single individual’s function f; across all rounds, where the
expectation is taken over a distribution induced by the functions of
the other individuals. This quantity is bounded with high probabil-
ity by the sum of realized marginal gains 2?:1 [£(Si) = fx(Si—1)] =
fx(Sk) — £ (So) < A, which telescopes to a constant independent of
k. We extend this technique to Algorithm 2 by providing a unified
analysis for the subsampling steps and the EM. Specifically, we prove
that for any deterministic and adaptive choice of V;, the privacy
loss can be bounded by a sum of expected marginal gains, which
is bounded by a telescoping sum with high probability, analogous

o [32]. This extension enables our utility bound to outperform
a naive composition-based analysis of repeated EM, and approach
existing lower bounds.

PROOF SKETCH OF THEOREM 6.3. Let D and D’ be two datasets
such that (D\ D) U (D’ \ D) = {x}. We first bound the output prob-
ability ratio for this add/remove pair, and then apply a reduction to
derive the bound for neighboring datasets under the substitution
neighboring relation. Suppose that instead of a set, Algorithm 2
outputs the sequence of picked elements in their picking order. Let
U = (u,...,ur) be such any sequence. By the definition of the
exponential mechanism, the probability of selecting element u at
iteration i given dataset D and a sampled set of candidates V; is:

exp (7B}, (w))
Zu’eV,— e€xXp (%ﬁb(u')) .

where we define ﬁb(u) =Yxep Pu(u | {u1,...,ui—1}). For brevity,
denote Algorithm 2 by G, and drop irrelevant parameters. By the
chain rule and the law of total probability over the uniform sampling

of V;, the probability ratio ::[[g((%

el

where T; is a worst-case realization of V; containing u;. We consider
two cases.

Case 1: D = D’ U {x}. By the 1-decomposability of ¢’, the
first factor in (1) is bounded by exp(2 X (S5, (w;) - ﬁD,(ul))) <
exp(gg/2). The second factor is at most 1 since . >

Case 2: D’ = D U {x}. The first factor in (1) is at most 1. The
second factor is a product of expectations H, 1, exp( 281 (u))],

where P;(v) « exp(soﬁD(v)) forov € T,. Usmg the concentration
bounds from [15, 32], the product of expectations is bounded by
exp((e®/2 — 1)(3 + log(1/6))) with probability 1 — &.

Combining these add/remove cases and applying a standard
reduction establishes an ((e%/2 —1)(4+1log(1/8)), §)-DP guarantee
for neighboring datasets under the substitution relation. O

Pr[EM(qh, Vi, D, &) = u] =

is bounded by:

Suer; exp(F-BL, (u)
Suet; exp( 2B (1)

exp( B (ui)
exp(F-pL, (i)

1)

So far, we have analyzed DP-NOSG, an instantiation of Algo-
rithm 2 that makes Oy, (n log k) oracle calls. In the following section,
we introduce a linear-time algorithm where the number of oracle
calls is independent of k.



6.2 Oblivious Sample Greedy

We present DP-0SG, an efficient algorithm for DP MSD that makes
only Oy (n) oracle calls, albeit with a weaker approximation factor.
Our experiments in Section 8 demonstrate that DP-0SG achieves
high utility under tight privacy constraints. Furthermore, it is sig-
nificantly more scalable than DP-Greedy, making it better suited
for interactive settings. DP-0SG uses the utility function g(i) =
min{k, n—i+1} forall i € [k]. A key component in the analysis of
DP-NOSG is Lemma 5.3, which lower bounds the total distance be-
tween the current solution and the remaining unselected elements
of OPT as a function of d(OPT). While this yields tight guarantees
for DP-Greedy and DP-NOSG, applying the same technique with
the current choice of g leads only to a 1/6 — y approximation. We
therefore take a different approach and instantiate Algorithm 2 with
¢’ = @, i.e,in an oblivious manner. Instead of relying on Lemma 5.3,
we bound the total distance to the remaining elements of OPT using
the marginal gain d(OPT U S;) — d(S;) (Lemma 6.7). This yields
a new progress inequality for the oblivious variant, leading to a
tighter approximation factor.

One can verify that the privacy guarantees stated in Theorems 6.1
and 6.3 hold for Algorithm 2 with the current choice of g and ¢’.

THEOREM 6.5. Suppose ¢ has sensitivity A. Then, DP-0SG (Algo-
rithm 2) outputs a feasible set S such that

kA log n

E[$(S)] > (1 - (2)=n =1k 4(OPT) - O( )

and makes O(nlogy™') oracle calls.

Lemma C.4 in [59] shows that the approximation factor is greater
than 1—-2/e—y—1/k, and we use this linearized form for simplicity.
Theorem 6.5, together with the privacy guarantees in Theorems 6.1
and 6.3 correspond to row (iii) in Table 1. By replacing the exponen-
tial mechanism with the true maximum, we get the first linear-time,
non-private algorithm with a constant factor approximation.

COROLLARY 6.6. Instantiated with MAX instead of EM, DP-0SG
outputs a feasible set S such that E[$(S)] = (1 - (%)(1—)/)(1—1/10) .
$(OPT), and makes O(nlogy™?) oracle queries.

The proof of Theorem 6.5 relies on the following structural
progress lemma, whose proof is deferred to the full version [59].

LeEmMA 6.7. For every iteration i > 2,
k
d(OPTUS;1) - d(Si-) < (1+ —) d(Ci, Siey).

PrOOF SKETCH OF THEOREM 6.5. Intuitively, since DP-0SG eval-
uates O(% log y™!) candidates in each iteration, the number of or-
acle calls across k iterations is O(nlog y~!). We focus here on the
utility guarantee.

Let a = 4¢; ' Alog n. Consider any iteration 2 < i < k and condi-
tion on having selected set S;_; after iteration i—1. By submodularity
and monotonicity, Y,ec, f(u | Si-1) 2 f(OPT U S;_1) — f(Si-1).
By Lemma 6.7,

2

veCj

d(v ] Si—1) =d(Cy, Si_1) > d(OPTUS; 1) ~d(Si=1)

1+421

3153

Let M; € N; be a set of size g(i) = min{k, |N;|} that maximizes
$(OPT) - (Si-1)
k-1

Yovem; P(v | Si-1). By definition of M;, we have
-«
k(l+_l)

Bl | Si-0)] 2 7% > $(0]8i1) —a
veM;
The first inequality follows by an argument analogous to that in
the proof of Lemma 6.4. The second inequality follows from the
definition of M;, together with the fact that |C;| < g(i) = |M;| < k.
Removing the conditioning on S;_; and taking an expectation over
all its possible realizations yields
) _a

Rearranging gives

$(OPT) ~ E[$(5)] < (1= s ) ($(OPT) = §(Si-1)) +

By recursively applying the last inequality after removing the
conditioning on S;_;, taking the expectation over all its realizations,
we get

Y $0ls)-ax(1-y)

veC;

$OPT)—¢(Si-1)

k-1
k| 1+5=

E[¢(u; | Si-)] = (1 - Y)( @)

k
#(OPT) ~Elp(50)] < | | (1~ 525 )# (OPT) + ke
i=2

<

(2) 00 4(OPT) + kat

where the second inequality is by Lemma C.4 in [59]. The theorem
now follows by rearranging. O

7 LOCAL SEARCH ALGORITHM FOR
MATROID CONSTRAINTS

In this section, we present our algorithm for matroid constraints.
Borodin et al. [8] proposed a non-private local search achieving
a (1/2 — y)-approximation in O(n? + y~'nk?logk) oracle calls®
starting from an initial base containing the highest-scoring feasible
pair of elements. However, privatizing this approach is non-trivial:
additive DP noise prevents both verifying local optimality and
guaranteed selection of strictly improving swaps.

Our algorithm, DP-SLS (Algorithm 3), executes a fixed num-
ber of local search iterations, using the exponential mechanism
to privately select an approximately best available swap from a
subsampled candidate set. To avoid forced suboptimal swaps when
no improving swap exists, we introduce a dummy swap that allows
the current solution to remain unchanged. Finally, we apply the
exponential mechanism to privately select and output the highest-
scoring solution observed throughout the execution.

Our analysis exploits the structure of the underlying metric
space to establish sufficient expected progress and achieve a near-
optimal approximation ratio, while avoiding higher-order error
terms introduced by continuous relaxations [48]. We show that
whenever the expected objective value in a given iteration is low,
the subsequent iteration increases it significantly. In particular,

3The algorithm in [8] attains a 1/2-approximation but is not polynomial-time. The
authors’ proposal to perform only swaps yielding at least a y-improvement at each
iteration, rather than any improvement, leads to the stated guarantees.



the first iteration already guarantees a sufficiently large expected
objective value, enabling a multiplicative progress argument that
yields a (1/2 — y)-approximation within O(y~1k log k) iterations.

By basing our approach on local search, we depart from predom-
inantly greedy methods used in DP submodular maximization. This
approach yields a combinatorial proof with a tighter additive error
term, while simultaneously eliminating the O(n?) factor present
in the complexity of [8]. We further reduce complexity by sub-
sampling candidate swaps in each iteration, ultimately requiring
O(y~'nklogk) oracle calls. This provides a substantial improve-
ment over prior work while maintaining the same near-optimal
expected approximation factor.

THEOREM 7.1. Suppose ¢p : 2V — R has sensitivity A, and let M
be a matroid of rank k. For T’ = O(y 'k log k), DP-SLS (Algorithm 3)
with parameters ey > 0 and y € (0,1) is T"ey-DP, and (&, §)-DP for

every § > 0, with e = +/2T" log(1/0)eo + T’ eo(e® — 1). Moreover, it
outputs a feasible set S such that

Bl¢n(S)] > (£~ ) - ¢p(OPT) O (& (klogn +log 1)) ).

and makes O(y~'nklogk) oracle calls.

Theorem 7.1 corresponds to row (iv) in Table 1. The stated
additive error in Table 1 is obtained using advanced composi-
tion (Theorem 3.2), which intuitively implies that setting ¢ =
O(e/+Jy 'k logklog §~1) ensures (&, §)-DP. Note that we now have
O(y'klogk) compositions. By replacing the exponential mech-
anism with the true maximum, we get a faster, non-private algo-
rithm for the MSD problem with matroid constraints, for which
the expected approximation guarantee is the same as that of the
deterministic local search algorithm of [8].

COROLLARY 7.2. Instantiated with MAX instead of EM, DP-SLS
outputs a feasible set S such that E[$(S)] = (% -y) - $(OPT), and
makes O(y~nk log k) oracle calls.

Remark 7.3. In this section, we consider the broader class of A-
sensitive functions. The technique of Gupta et al. [32] for decom-
posable functions relies crucially on the monotonic growth of the
greedy solution sequence. Extending this approach to local-search
algorithms, where elements are both added and removed, appears
nontrivial and remains an interesting direction for future work.

For the remainder of this section we prove Theorem 7.1. For
simplicity, we assume throughout that the M has rank k > 3, and
address the case k = 2 in [59].

Given a set S and elements u, v, weuse S+u, S—uand S—u+ov as
shorthands for SU {u}, S\ {u} and (S \ {u}) U {0} respectively. Let
OPT be an optimal solution. Since ¢ is monotone, we may assume,
without loss of generality, that OPT is a base of M. Fori € [T], let
S;_1 denote the base obtained after iteration i — 1.

LEmMMA 7.4. Suppose M has rank k > 2. There exists a bijection
h:Si_1 — OPT such that h(u) = u for everyu € S;_; N OPT, and
OPT — h(u) + u € I for everyu € S;_,. Moreover,

D $(Sii —u+h(w) = $(OPT) + (k = 2)$(Si-1)-
ueS;_1

Using this lemma, we establish the following result, characteriz-
ing the algorithm’s progress.
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Algorithm 3 DP Sample Local Search (DP-SLS)

Input: Dataset D, ground set V, submodular fp, pseudometric dp,
matroid M of rank k, privacy parameter ¢, utility parameter
v € (0,1], diversity parameter A.

 Let ¢p(-) = fo () + Adp ()

: Let Sy be an arbitrary base of M.

: Set T « [%] +1

:fori=1,...,Tdo

Sample a subset V; C V of size [ ] uniformly at random

Let W; « {(u,v) :u € Si—1, v € V; \ Si—1,

Si-1—u+0v € I}U{(w,w)}, where w € S;_; is arbitrary.

For all (u,v) € W;, define qb(u, 0) = ¢p(Si—1 —u +0).

Compute (u;,v;) < EM(D, qu, W;, &)

LetS; « S;_1 —u; +vu;

10: end for

: Foralli=1,...,T, define sp (i) = ¢p(S;i).

12: Compute i* « EM(D, sp, [T], &)

13: return S;-

Lo T

LEMMA 7.5. For every iteration i € [T], we have

E[¢(Si) — ¢(Si-1)] =

Intuitively, Lemma 7.4 implies that after obtaining a base S;_1,
a uniformly random swap from the set M; = {(u,h(u)) : u €
Si-1} yields an expected gain of %(gb(OPT) —2¢(Si-1)). To prove
Lemma 7.5, we show that the set of swaps considered at iteration i
intersects M; with probability at least 1 — 1/e. Conditioned on this
event, the swap selected by the exponential mechanism achieves,
up to an additive error, the maximal gain available, which in turn
is at least as large as the average gain of a swap in M;. Combining
these observations establishes the lemma. The full argument, which
also handles potential negative gains, is presented in [59].

1-1/e
k

(¢(OPT) — 2E [¢(Si-1)]) - 4Alogn

€0

ProoF SKETCH OF THEOREM 7.1. The privacy guarantee follows
from the £ -DP of the exponential mechanism and composition the-
orems (Theorem 3.2) over O(y ™'k log k) iterations. For complexity,
each iteration requires O(|S;_1]| - |[V;|) = O(n) oracle calls due to the
subsampling step. No additional calls are required in Line 12 as all
values are computed during the preceding step. In total, the algo-
rithm makes O(y~!nk log k) oracle calls. For utility, we first obtain
E[¢(S1)] = Q(@) using Lemma 7.5, assuming ¢ (OPT) is large
enough that the bound in the theorem is non-trivial. Conditioning
on the selection of S;_;, Lemma 7.5 implies:
y(1-1/e)

E[¢(S)] = (1 + )E [¢(Si-1)] ©)
for every i for which the bound E[¢(S;—1)] < #(OPT)/(2+y) —ka
holds. Thus, there must exist some i for which the bound fails;
otherwise, recursive application of (3) yields E[¢(St)] > ¢(OPT)
in contradiction. The proof is completed by applying the law of
total expectation over the sampling of Sj, ..., St and concluding
that the selected S;+ has expected quality at least max;c[r] E[¢(S;)]
up to a bounded additive error. This maximum is at least ¢ (OPT)/2
up to the stated additive error. O



8 EXPERIMENTS

In this section, we evaluate the utility and efficiency of our pro-
posed algorithms across two data summarization applications: Uber
pickup location summarization and Amazon product summariza-
tion. Based on these applications, we characterize the trade-offs
between privacy, utility, and complexity.

Summary of Findings. For cardinality constraints, the proposed
DP algorithms achieve competitive utility compared to the non-
private baseline while drastically improving efficiency. DP-Greedy
and DP-NOSG stay within a marginal 1% of the non-private baseline
even at a strict ¢ = 0.1 budget. By shifting the query complex-
ity to logarithmic or zero dependence on k, DP-NOSG and DP-0SG
achieve speedups of 14X and 50x at k = 100. For matroid con-
straints, DP-SLS maintains competitive utility, staying within 1%
of the non-private baseline at ¢ = 0.1. While DP-SLS reduces the
total number of oracle calls, its fixed iteration count leads to an
execution time overhead of up to 2.2X compared to the non-private
baseline; however, despite scaling more slowly with k, it exhibits
the improved scaling with n predicted by our analysis.

8.1 Experimental Settings

We next present our settings for the experiments. All algorithms
were implemented* in Python 3.9.19 using the Pandas and NumPy
libraries. All experiments were run on an Intel Xeon CPU-based
server with 24 cores and 96 GB of RAM.

Default parameters. Unless mentioned otherwise, the following
parameters are used. We set ¢ = 0.1 and § = |D|™!> where D is
the sensitive dataset. For cardinality constraints, our per-iteration
privacy parameter g can be set with either basic composition,
advanced composition (e.g., Theorem 5.1) or the analysis for decom-
posable objective (e.g., Theorem 5.2). We follow [15, 42] and pick
the initialization that achieves (¢, §)-DP with the smallest noise
scale. For the partition matroid constraint, we pick the best out
of basic and advanced composition. We fix y = 0.1 for the utility
parameter, and by default use A = 0.5. Results are averaged over 10
runs.

Baselines. As MSD has not been previously explored in a DP
setting, we compare our proposed methods against non-private,
random, and DP submodular maximization baselines.

o Greedy (Cardinality): The standard non-private greedy algorithm
for cardinality constraints [8].

LS (Matroid): The non-private local search algorithm for general
matroid constraints [8] discussed in Section 7.

Random (Cardinality/Matroid): Selects a random feasible subset.
Since the output distribution of the exponential mechanism con-
verges to uniform as ¢ — 0, this baseline serves as a lower bound
on utility for private algorithms. Following prior work [15, 16, 42],
we incorporate Random to contextualize the performance of our
algorithms.

DP-RelG (Cardinality / Matroid): The DP greedy algorithm of [42]
for DP submodular maximization. It greedily selects feasible ele-
ments using the EM, applied only to the submodular component

4The implementation can be found at https://github.com/ronzadi/Differentially-
Private-Max-Sum-Diversification.
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of our objective (i.e., A = 0). This baseline isolates the effect of
removing the diversity term by optimizing relevance alone.

e DP-Mix (Cardinality): A hybrid baseline combining the random
baseline with DP-RelG: k/2 items are selected uniformly at ran-
dom, and the remaining k/2 are selected using DP-RelG.

8.2 Datasets, Objective Functions, and
Constraints

We evaluate our approach on two real-world data summarization
tasks: Uber location selection and Amazon product selection.

Uber Location Selection. The first application involves selecting
a representative summary of Uber pickup locations in Manhattan.
This setup adapts the location selection experiments from [15, 42,
43]. The goal is to select a set of locations from a public candidate
set, for instance, to serve as waiting spots for idle drivers.

Dataset. We consider a sensitive dataset D of m = 600, 000 Uber
pickup locations in Manhattan from 2014 [27]. Each record con-
sists of longitude and latitude coordinates. For the public ground
set, we follow the established methodology and consider a grid of
n points over Manhattan, where by default n = 1000.

Objective function. For relevance, we adopt the Uber “conve-
nience” score from Mitrovic et al. [43], defined as follows. For a
passenger location a = (x,, y,) and a grid point b = (x}, yp) define
(a,b) = 2~ +—bremgy wherela — bll, = bx ~ 5| + |~ s i
the Manhattan distance between the two points. The relevance of a
set S is defined as fp(S) = # Daep Minges c(a, b) with fp(0) = 0.
This function is monotone, submodular, and 1/m-decomposable
(See Appendix F in [59] ). However, as observed in [44], it does not
inherently promote geographic diversity. For example, suppose
congestion slows down traffic in and out of a certain area. If all
selected waiting locations are concentrated there, drivers may
struggle to reach passengers efficiently. To address this, we add a
diversity term defined by the normalized sum of distances between
the selected points: d(S) = X pres ”b_]zlul , where M is an upper
bound on the distance within the area such that ||b — b’||; € [0,1]

Constraints. We evaluate this task under a cardinality constraint k.

Amazon Product Selection. The second application follows the
scenario in Example 1.1 and focuses on selecting a representative
summary of highly-purchased Amazon products to maximize user
reach.

Dataset. We utilize the Health and Household subset of the Ama-
zon Reviews 2023 dataset [36], which contains product metadata
(e.g., categories, price) and user review data. We treat the meta-
data as the public ground set and the review/purchase history
as the private dataset. Specifically, we select 3000 products from
the Health Care category as our ground set V and discretize their
prices into four bins. The dataset D contains the purchase records
of 1,317,193 users.

Objective function. We consider the objective function from
our running example (Example 4.4), where the goal is to select a
subset S C V maximizing user reach, with diversity given by the
Jaccard distance over category sets.

Constraints. We consider the intersection of a uniform matroid
of rank k with a partition matroid that limits selections to [k/4]
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products per price bin. We refer to the latter setting as Amazon-
Partition. We also conducted experiments under a cardinality
constraint. The scalability trends were similar to those observed
for Uber, which is expected since the two settings differ primarily
in the cost of evaluating the objective function rather than in the
algorithmic behavior. We likewise observed similar utility trends,
and therefore defer these results to Appendix G in [59]

8.3 Utility Analysis

We examine how the selected subset size k and the privacy param-
eter ¢ impact the MSD objective value (1 — 1) fp(S) + ﬁ’}l)d(S).
By default, we set k = 20 for the Uber experiment, k = 6 for the
Amazon-Partition experiment.

Impact of k. We evaluate the impact of the rank k on the objective
value (Figure 7). Overall, our algorithms perform competitively with
the non-private baselines and consistently outperform the other DP
baselines. For the Uber dataset, our three algorithms remain within
3.4% of the non-private Greedy baseline on average, with the gap
increasing in k due to accumulated DP noise. In contrast, DP-Mix is
on average 17% below Greedy, DP-RelG is 20% below, and Random
is 26% below. For Amazon-Partition, the utility of DP-SLS remains
nearly identical to the non-private LS baseline across the exam-
ined range, and is sometimes even slightly better (within 0.1% on
average). In contrast, the baselines DP-RelG and Random perform
substantially worse, remaining approximately 25% and 30% below
LS, respectively. We also note that the objective value need not
increase monotonically with k. This is because the normalization
factor of the diversity increases with k, and stricter partition con-
straints for smaller k may restrict the algorithm to naturally more
diverse solutions.

Impact of ¢. We evaluate the impact of the privacy parameter ¢
on the resulting objective value (Figure 6). As expected, a larger
privacy budget improves the utility of all DP algorithms. For the
Uber dataset, all our algorithms significantly outperform the DP
baselines and achieve utility comparable to the non-private Greedy
baseline, reaching within 1% even at ¢ = 0.1. In contrast, DP-Mix,
DP-RelG, and Random remain substantially lower, at 19%, 27%, and
34% below, respectively. For Amazon-Partition, we similarly find
that at ¢ = 0.1, DP-SLS reaches utility within 1% of the non-private
LS baseline and significantly outperforms DP-RelG and Random,
which remain 38% and 48% below LS, respectively. DP-RelG slightly
benefits from lower privacy budgets, as the increased randomness
induces more diverse selections, resulting in performance closer to
Random in this regime.

Impact of 1. We evaluate the robustness of our algorithms with
respect to A, which controls the trade-off between relevance and
diversity. The results, shown in Figure 8, demonstrate that the
utility of our algorithms relative to the corresponding non-private
baselines remains consistently high across all examined values
A € [0,0.8], indicating that the observed performance is largely
insensitive to the choice of A. For the Uber dataset, the utility gap
from the non-private Greedy baseline remains below 1% on average
for DP-Greedy and DP-NOSG, and below 3% for DP-0SG. In contrast,
the other DP baselines perform substantially worse, with Random
reaching up to 38% lower utility on average. For Amazon-Partition,
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the utility gap of DP-SLS from the non-private LS baseline remains
below a marginal 0.1% across all examined values of A.

As expected, the performance of relevance-only baselines deteri-
orates as A increases as diversity becomes more dominant in the
objective. When A = 0, corresponding to relevance-only optimiza-
tion, our algorithms achieve essentially the same utility as DP-RelG.
This shows that our approach recovers the performance of prior
work in this special case while naturally extending to more general
relevance-diversity objectives.

8.4 Performance Analysis

We evaluate the computational efficiency of our algorithms by mea-
suring both query complexity and execution time (Figures 2 and 4).
In the submodular maximization literature, the number of oracle
calls is considered the most robust metric for performance eval-
uation, as it is invariant to implementation and problem-specific
details [39]. Nevertheless, we also report execution time to pro-
vide additional practical insights. Note that we do not attempt to
optimize the oracle evaluation time.

Number of Oracle Calls. Figure 2 reports the number of oracle
calls as k varies. For cardinality constraints, DP-Greedy matches the
non-private Greedy baseline, scaling linearly in k, while DP-NOSG
exhibits a logarithmic dependence and significantly reduces query
complexity (e.g., 15X fewer calls than Greedy at k = 100 on Uber).
DP-0SG is even more efficient, with a query count essentially in-
dependent of k, achieving up to a 57X reduction at k = 100 while
maintaining comparable utility. For Amazon-Partition, the query
count of the non-private LS baseline is dominated by its initializa-
tion phase, which requires an exhaustive ©(n?) search over feasible
pairs and is independent of k; in practice, the subsequent local
search terminates after fewer iterations than the worst-case bound.
In contrast, DP-SLS avoids this exhaustive initialization and main-
tains a lower query count.

Figure 3 shows the dependence on n. On the Uber dataset, all al-
gorithms exhibit linear scaling in n, while our DP-NOSG and DP-0SG
achieve a smaller slope due to their improved dependence on k.
For Amazon-Partition, LS exhibits quadratic scaling in n due to its
initialization phase, which involves a brute-force search over pairs
of elements, whereas our DP-SLS scales linearly.

Execution Time. Figure 4 illustrates execution time as k varies. For
cardinality constraints, the trends align with our query complexity
analysis. DP-NOSG exhibits a logarithmic dependence on k, outper-
forming both Greedy and all DP baselines; on Uber (k = 100), it is
14X faster than Greedy. DP-0SG is even more efficient, achieving a
50x speedup while preserving comparable utility.

For Amazon-Partition, DP-SLS is slower than the non-private
LS baseline despite its fewer oracle calls. This discrepancy arises
because the LS bottleneck is dominated by pair evaluations, which
are computationally cheaper in this application than evaluating the
larger sets required for potential swaps. Moreover, the non-private
baseline often converges to a local optimum in substantially fewer
iterations than the fixed number required by the DP-SLS theoretical
analysis. Overall, DP-SLS is approximately 2x slower than LS on
average. While both algorithms may be slow for interactive settings,
DP-SLS uniquely provides formal privacy and utility guarantees. In
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contrast, DP-RelG is significantly faster, but achieves substantially
lower utility and lacks a constant-factor approximation guarantee.

Figure 5 depicts scalability as n varies. For cardinality constraints,
DP-0SG and DP-NOSG are the most scalable DP methods, and their
execution-time trends match the query-complexity trends. For
Amazon-Partition, DP-SLS exhibits the improved scalability in n

Execution Ti

Execution Time (s)
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predicted by our bottleneck analysis; for sufficiently large ground
sets (n > 8000), it becomes faster than the LS baseline.

9 CONCLUSION AND LIMITATIONS

We studied the max-sum diversification problem, a widely adopted
formulation introduced by Borodin et al. [8], under differential
privacy. We designed DP algorithms for both cardinality and gen-
eral matroid constraints. These algorithms achieve utility guaran-
tees comparable to those of their non-private counterparts while
also offering improved complexity, making them attractive even
when privacy is not required. Experiments on real-world datasets
demonstrate that our approach attains high utility and substantially
improves practical efficiency for cardinality constraints.

Our work has several limitations that suggest interesting direc-
tions for future research. First, as discussed in Remark 7.3, our
current guarantees for matroid constraints apply to arbitrary A-
sensitive functions and do not exploit decomposability to obtain
stronger utility bounds. Achieving such improvements appears
to be non-trivial. Second, our fastest O, (n) oracle-call algorithm
provides a constant-factor approximation but does not attain the
tight 1/2 ratio. It remains open whether a near-optimal (1/2 — y)-
approximation can be achieved for cardinality constraints with
Oy (n) calls. Third, while Algorithm 3 has strictly better worst-case
query complexity than the non-private baseline of Borodin et al.
[8], it can be slower in practice in some regimes due to realizing
its worst-case complexity in every execution. Developing practical
accelerations while preserving its high utility is an interesting di-
rection. Finally, extending our framework to additional diversity
models remains an important avenue for future work.
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