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ABSTRACT
Relational database management systems (RDBMSs) struggle with
efficient execution of graph workloads, particularly those involving
many-to-many joins with large intermediate results. Such joins are
common in modern applications such as social networks, recom-
mendation engines, and knowledge graphs. Traditional RDBMSs
are optimized for selective joins, while the typical result blow-up
in graph analytics leads to exceptionally long query times or even
system crashes due to out-of-memory errors. Since graph and re-
lational data are often intertwined, a unified solution can simplify
system architecture and improve performance.

To address this, we propose a novel code-generating engine
with factorization, which represents tuples in a hierarchical form.
Our approach enables intra-query-parallelized query execution on
factorized representations and generates code to overcome their
CPU-unfriendly layout. Additionally, we extend current factorized
approaches by bottom-inserts to make joins reorderable.

Our factorized approach can outperform traditional tuple rep-
resentations and state-of-the-art RDBMSs by orders of magnitude
on synthetic workloads and benchmarks as our experiments show.
Moreover, its potential integrability into traditional RDBMSs en-
ables efficient processing of complex, highly redundant queries,
offering a unified and scalable solution for modern workloads.
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1 INTRODUCTION
Graph processing has become ubiquitous, powering applications
in social networks [2], recommendation systems [40], and knowl-
edge graphs [19]. This has led to significant advances in graph
algorithms and graph database management systems (GDBMSs).
However, a recurring challenge in graph workloads is the preva-
lence of many-to-many (m:n) join operations, which often
generate large intermediate results (cf. diamond problem [9]).
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Frame F
id frame
𝑟1 Carbon
𝑟1 Aluminum

. . .

Color C
id color
𝑟1 Black
𝑟1 White

. . .

Groupset G
id group
𝑟1 105
𝑟1 Force

. . .

𝐹 .𝑖𝑑=𝐶.𝑖𝑑 𝐹 .𝑖𝑑=𝐺.𝑖𝑑 OUTPUT

𝑟1 , Carbon, Black
𝑟1 , Carbon, White
𝑟1 , Aluminum, Black
𝑟1 , Aluminum, White

𝑟1 , Carbon, Black, 105
𝑟1 , Carbon, Black, Force
𝑟1 , Carbon, White, 105
𝑟1 , Carbon, White, Force
𝑟1 , Aluminum, Black, 105
𝑟1 , Aluminum, Black, Force
𝑟1 , Aluminum, White, 105
𝑟1 , Aluminum, White, Force

𝑟1 × {Carbon,Aluminum}
× {Black,White}

𝑟1 × {Carbon,Aluminum}
× {Black,White}
× {105, Force}

Figure 1: Reduction of processed tuples with factorization:
Flat execution (orange) generates many duplicates, which
can be avoided with factorized execution (blue).

These exploding intermediates are challenging for modern sys-
tems, as Figure 1 illustrates: Joining frame types and colors for
a bike model (𝑟1) produces four intermediate tuples, each repre-
senting a unique combination. In a flat execution (orange path),
these four tuples are joined with gear options and generate eight
tuples in total. These tuples can be represented much more com-
pactly by extracting common factors (blue path). This is the idea
of Factorization [36]: Represent data compactly and nested in
f-representations to eliminate duplication without information loss,
which aligns better with the hierarchical nature of graph data.
With factorization, we can reduce intermediate result size expo-
nentially [36], which allows subsequent operators to process fewer
values. E.g., in a factorized execution (blue path), the join with
Groupset is evaluated only once on 𝑟1 and not for each duplicate.
Although factorization tries to reduce redundancy, it cannot fully
avoid it; however, it guarantees not to exceed the flat redundancy.
Thus, factorization significantly reduces the join costs by avoiding
redundant evaluations of duplicates in graph workloads.

First GDBMSs introduced factorization with promising results
[16, 21, 23]. However, graph and relational data are often inter-
twined but distributed across systems. Merging this distributed
data leads to integration overhead, inconsistencies, and costly data
movement. Meanwhile, RDBMSs are mature and widely deployed,
but still lack efficient support for graph workloads and m:n joins.

This mismatch raises an important question: Why not enable
graph processing directly within RDBMSs? Recent work [3, 4, 49,
50] has extended RDBMSs with graph query capabilities, but a key
challenge remains: Relational engines are optimized for selective
joins. They are designed for traditional workloads where tuples
usually join with at most one other tuple, an assumption that breaks
down in graph workloads with high fan-out joins. Years of research
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have led to two predominant system designs: (1) Vectorized systems
like DuckDB, where already first attempts with factorization were
made, e.g., in worst-case optimal joins (WCOJ) [17] or supporting
specific joins [22]. (2) Code-generating systems like Umbra [32],
which produce query-specific executable code. In this work, we
focus on the latter approach and combine it with the best from the
factorized world by performing factorization within a code-
generating relational database engine for SQL.

Early systems already proposed first factorized approaches and
can be roughly divided into two groups: systems performing fac-
torization on attribute-level as well as table-level. FDB pioneered
the field using attribute-level factorization [6]. After multiple tree
transformations, they can merge f-representations. Subsequent ap-
proaches focused successfully on table-level factorization, where
base table rows are considered as indivisible [16, 21–23]. Some of
these approaches focused on GDBMSs and adjacency lists, which are
very efficient data structures for predefined join paths [16, 21, 23].

While factorization performs well in theory, efficient support in
real systems seems challenging for three reasons:

(1) Tree-like f-representations require indirections leading to
worse performance than flat, sequentially-stored tuples.

(2) The shape of the tree is highly dependent on the data and
suboptimal for modern CPUs and branch prediction.

(3) Simultaneous optimization of f-representations and join
ordering leads to a high-dimensional search space.

As a consequence, factorization only pays off under high dupli-
cation, while for low duplication the overheads often outweigh.
Recent code-generating approaches address the first two prob-
lems [43–46], but either target aggregate queries in machine learn-
ing workloads or interleave data processing with its representation,
leaving the third problem unaddressed. Therefore, we implement
a relational engine and make the following contributions:

(1) We leverage code generation to express factorized data in
dedicated data structures with minimal runtime overhead.

(2) We prototype a code-generating push-based query engine
that adapts query execution to assemble f-representations
and to evaluate factorized code generation.

(3) A novel join strategy makes factorized joins symmetric,
reducing the search space for join ordering (cf. Section 4.2)

We overcome performance bottlenecks of complex factorized sys-
tems and extend FDBs’ merging strategies for f-representations
to support bag semantics. Our extensive experimental evaluation
on synthetic and real-world workloads confirms the significant
theoretical performance gains of factorization. It shows speedups
of over 25× and outperforms traditional RDBMSs on over 19% of
benchmarked CE queries [11].

We begin the paper by providing background on factorization
(Section 2) and an example on factorized query execution (Section 3).
Then, we outline our approach and describe the necessary adap-
tations to a code-generating query engine (Section 4). We discuss
parallelization and optimizations (Section 5) before the evaluation
(Section 6) and a discussion of related work (Section 7).
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Figure 2: Different tuple representations. The flat represen-
tation (a) can be represented as an algebra tree (b). We factor
out the common prefix (c), extract cross products (d), and
push 𝐷 (e) and 𝐶 (f) up and 𝐴 down (g).
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Figure 3: Representations of a set of tuples used as run-
ning example: flat representation (left), operator-based f-
representation (mid), and the underlying f-tree 𝑡𝑒𝑥 (right).

2 BACKGROUND
In RDBMS, redundancy can be avoided in tuples with factorization,
which extracts common factors [36]. We illustrate this now and
introduce the most important definitions from [36].

2.1 From flat to f-representations
Figure 2 shows different representations of 4 tuples: A RDBMS
stores them typically in flat form (cf. Figure 2a). These tuples can
alternatively be expressed using algebraic constructs (cf. Figure 2b),
where each tuple is represented as a Cartesian product of values,
and the full relation is their union. This representation, known as
an f-representation [36], uses:

• Atomic values (𝑎1, 𝑏1, 𝑐1, . . . ) as tuples
• Cartesian products (×) to form tuples,
• Unions (∪) to express alternatives.

This initial f-representation requires 16 values, where many val-
ues are duplicates. To reduce this redundancy, we apply a series
of transformations. We can observe that all tuples share the pre-
fix 𝑎1𝑏1. Hence, we apply distributivity of unions and Cartesian
products and extract the prefix to represent the values with only
10 different values, but still with some redundancy (cf. Figure 2c).

Further, all pairs of {𝑐1, 𝑐2} and {𝑑1, 𝑑2} occur in the suffixes.
These 4 suffixes can also be represented as a Cartesian product
(cf. Figure 2d). Because the 𝐷 values are independent of 𝐵 values,
they can be moved higher in the structure (cf. Figure 2e). Analo-
gously, we can move 𝐶 upwards (cf. Figure 2f). This step can be
repeated for 𝐵,𝐶 , and 𝐷 to obtain the f-representation in Figure 2g.
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The first three transformations yield the blue subtree in Figure 3.
By applying analogous transformations to the extended tuple set
in Figure 3, we can derive the full f-representation. We can add
singleton unions since they are idempotent.

The transformation reduces duplication of individual values and
allows to represent the 4 tuples from Figure 2 with only 6 values.
Using common structures (f-trees), we show how to implicitly cap-
ture algebraic operators in the following. I.e., we only store these 6
values in memory, which reduces the memory requirements for ma-
terialization by 62.5% (see Section 4.1 for its structure). Additionally,
subsequent operators benefit from these compact representations:
If an operator only needs values from column 𝐴, it processes the
extracted 𝐴 value once and remembers the cross products with
other attributes afterward. This saves unnecessary evaluations.

2.2 Basics of factorization
Considering the f-representation from Figure 3, a global tree struc-
ture becomes apparent: Values from 𝐴 are top-most, followed by
descendants from 𝐵 and 𝐷 , and𝐶 tuples follow 𝐵 tuples. The opera-
tor tree combines these tuples with Cartesian products followed by
unions. This structure is possible for every set of tuples: Individual
values must be connected to the corresponding tuples with cross
products. If no union exists, it can be inserted at any point since it
is idempotent for a single value (cf. 𝑐3). Hence, every tuple can be
transformed into f-representations satisfying this operator order.

F-trees [36] formalize the shape of f-representations. As exem-
plified in Figure 3, f-trees contain respective attributes and show
their arrangement in the f-representation. The f-representation
then presents a forest of such f-trees: Each tuple from 𝐴 has child
nodes containing 𝐵 and𝐷 tuples and 𝐵 nodes have, in turn, children
containing tuples from 𝐶 . Similar to previous work, we follow the
approach that f-trees specify the structure of the f-representation
in the execution engine [6, 18]. This uniform structure enables
efficient processing of data and simplifies access patterns.

F-trees also model dependencies of attributes: An attribute is
dependent on the attributes of its ancestor nodes [36]. E.g., 𝐵 is de-
pendent on𝐴 since𝐴 is its direct predecessor. Since𝐶 is a successor
of 𝐵, 𝐵 is not dependent on 𝐶 . But, in turn, 𝐶 depends on 𝐵.

The structure of f-trees reveals that the tuples of a node depend
on the tuples of all its (transitive) ancestor nodes. E.g., the choice
of the tuple from 𝐴 limits the tuples in its descendant 𝐵. Hence, f-
trees can naturally model domain restrictions. These dependencies
capture, e.g., how joins and filters constrain the set of possible tuples
in the child nodes. E.g., the dependency between the ancestors 𝐴
and 𝐵 can model the join condition 𝐴.𝑎 = 𝐵.𝑏. In combination
with dependencies from other operators, the whole hierarchical
structure of the f-tree is generated (cf. Section 3).

Dependent attributes lead to the Path constraint [6]: Since each
pair of dependent nodes must be ancestors in the f-tree, both nodes
must reside on a common root-to-leaf path. In turn, a root-to-
leaf path must exist for each pair of dependent variables in the
f-representation. I.e., for each predicate, all included variables must
occur on a root-to-leaf path in the f-tree. Conversely, Cartesian
products represent independent attributes like 𝐵 and 𝐷 . However,
both depend on 𝐴, the parent of the Cartesian product.

Γ𝑐𝑜𝑢𝑛𝑡 (∗)

𝐵𝐼
𝐴.𝑎=𝐵.𝑏

𝐵𝐼
𝐵.𝑏=𝐴.𝑎

𝐴 𝐷

𝐵𝐼
𝐵.𝑏=𝐴.𝑎

𝐵 𝐶

𝐴 : {𝑘𝑎 , 𝑎} 𝐵 : {𝑘𝑏 , 𝑏}
𝐶 : {𝑘𝑐 , 𝑐 } 𝐷 : {𝑘𝑑 , 𝑑 }

𝐷

𝐴

𝐵

𝐶

𝐴

𝐷

𝐵

𝐶

𝐴

𝐵

𝐶

𝐷

ΓΓ Count

𝑇 𝐼
𝐷.𝑑=𝐴.𝑎

𝐵𝐼
𝐵.𝑏=𝐶.𝑐

𝐵𝐼
𝐴.𝑎=𝐵.𝑏1

2

3

4

Figure 4: F-trees at different stages during query execution
with top- (TI) and bottom-inserts (BI). The colors in the f-tree
match the colors of the corresponding input f-tree’s boxes.

3 QUERY EXAMPLE IN OUR ENGINE
Factorized execution requires some changes to traditional engines.
To understand them better, we now illustrate a query execution
in our engine (cf. Figure 4). Therein, our factorized engine keeps
intermediate results in f-representations. We execute the given plan
and do not consider transitivity for simplicity.

Let’s assume that the tables 𝐴 and 𝐷 are joined first 1 . While a
flat engine reads both tables and creates a flat result, a factorized
engine avoids potential duplication of the tuples by generating
f-trees. Therefore, it places one side of the join below the other side.
This enables two variants: top- and bottom-inserts (cf. Section 4.2)
which describe where the probe side is placed in the merged
f-tree. In the example, the engine reads the flat tables and uses a
top-insert to create an f-tree with 𝐴 as root.

In the plan, a bottom-insert between 𝐵 and𝐶 is executed next 2 .
I.e., the probe side (𝐶) becomes the lower part of the resulting f-
tree. The different join types are necessary because the form of the
f-tree significantly influences the duplication (cf. Section 2.1). In
practice, the optimal position for inserting new attributes depends
on the data distribution and must be determined by the optimizer.
We prove in Section 4.2 that a top-insert with 𝐶 on the build side
generates the same f-tree. However, if 𝐶 is large, the optimizer
prefers to build the join index on 𝐵 and uses a bottom-insert.

Continuing the example, the engine executes a third join 3 ,
which merges the two input f-trees. By making 𝐵 dependent of𝐴 in
a bottom-insert join, it generates the f-tree from the introductory
example. The join condition only requires tuples from𝐴 and 𝐵. So it
suffices for the engine to scan the root nodes of the input f-trees and
avoid iterating through the matches from the previous joins. I.e., it
can join 𝐴 with 𝐵 without considering already retrieved matches
with𝐶 or𝐷 . So each𝐴𝐵 pair can be generated regardless of whether
it already joins with 1 or 1000 values from 𝐶 . After the join, the
engine assembles the final representation with the respective𝐶 and
𝐷 matches such that all tuples are stored in the representation.

The last operator is an aggregation 4 counting the number of
tuples in the join output. This aggregation takes the f-representation
and generates a flat value, which is the result of the query.

4 OUR FACTORIZED QUERY ENGINE
After exemplifying the functionality of our engine, we introduce it
now in detail. We use f-representations to represent tuples during
execution and only flatten them to match the flat output format
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of relational engines. This necessitates some adaptations to the
algebraic operators of traditional query engines. For the scope of
this paper, we only consider table scans, inner joins with equality
predicates, and simple count(*) aggregates. However, it is possible
to adapt our approach also to other operators. We only consider an
in-memory setting and leave spilling open for future work.

First, we describe our system on a conceptual level: In Sec-
tion 4.1, we describe how factorized tuples can be stored efficiently
in memory and develop a data structure for this. Next, we derive
f-representations from the relational algebra tree (cf. Section 4.2),
which makes tree transformations necessary in some cases (cf. Sec-
tion 4.3). Then, we dive deeper into the actual implementation of
joins (Section 4.4) and count(*) (Section 4.5). Section 4.6 finalizes
this with the flattening of f-representations. In Section 4.7, we pro-
pose an approach to eliminate subtree duplication using d-trees. In
Section 4.8, we briefly sketch the extensibility of our approach by
adapting it to other join types. Note that the proposed join tech-
niques for the usage of f-representations are not inherent to code
generation and can also be applied in other systems.

4.1 Simplified f-representation in containers
Factorized tuples are stored in f-trees, which represent tuples in
a hierarchical form. But this comes at a high cost in runtime sys-
tems: (1) Tree-like f-representations introduce numerous indirec-
tions, which result in high memory fragmentation and suboptimal
prefetching. (2) The data-dependent structure of f-trees poses chal-
lenges for modern CPU features such as branch prediction. E.g., in
Figure 3, 𝐴 has two children, 𝐵 has one, and leaf nodes have none.
If each f-node is traversed only at runtime, the child counts appear
for the CPU almost at random. Hence, recursive tree traversals lead
to poor branch predictions and degrade execution efficiency.

While the former problem lies in the nature of factorization and
is hardly solvable, we can completely eliminate the latter one with
code generation: Instead of determining at runtime for each
factorized tuple in each algebra operator which node has
which children, we do this once and embed the structure
into the executed code. When the generated code is compiled,
it is even possible to apply some low-level optimizations to the
structure. However, the generated code can also be interpreted.
In addition, we tackle the former problem with code generation:
By representing tuples in fixed structs, we only need one level of
indirection to store the child nodes. If we have a variable number
of children and values, we would need two levels of indirection.

The f-representations themselves are implemented similarly to
the approach of Kalumin and Deshpande [22]: By representing
unions and cross products implicitly, as in f-trees, we can construct
a simplified f-representation that merges the values of a specific
child node into a single list (cf. Figure 5). Instead of referring to
the lists with offset values in one big list for each node as they do,
we use a pointer-based structure as exemplified in Figure 5: The
root node NodeA encompasses column 𝐴 and two distinct lists for
its child nodes 𝐵 and 𝐷 . Due to the independence of values in 𝐵

and 𝐷 , these values must be stored in two separate lists. Since 𝐵
possesses only one child 𝐶 within the f-tree, it comprises only one
list. As 𝐶 and 𝐷 are leaves, they solely contain their respective
columns. Then, the complete f-representation corresponds to the

𝑎1

𝑎2

𝑎3

𝑏1

𝑏2

𝑑1

𝑑2

𝑏3

𝑑3

𝑏4

𝑑4

𝑐1

𝑐2

𝑐1

𝑐3

𝑐5

𝑐4

𝑐6

1 struct NodeD { D d; };
2 struct NodeC { C c; };
3 struct NodeB {
4 B b;
5 vector<NodeC> cs;
6 };
7 struct NodeA {
8 A a;
9 vector<NodeD> ds;

10 vector<NodeB> bs;
11 };
12 struct FRep {
13 vector<NodeA> root;
14 };

NodeC frontC;

vec<NodeC> tailC;

NodeD frontD;

NodeB frontB;

vec<NodeC> tailD;

vec<NodeB> tailB;

Figure 5: Simplified f-representation (left) and corresponding
generated container (right). The simplified representation
is derived from Figure 3. Attributes required for inlining
(cf. Section 5.3) are shown in green.

root 𝐴 (cf. FRep). Observe that this representation reduces to a list
of tuples when the f-tree consists only of a single node. I.e., the
representation is then equivalent to the flat representation.

With our pointer-based approach, we can insert elements at
each child independently. The offset-based approach of Kalumin
and Deshpande [22] only allows fast insertions to the last element
of each node, since the different nodes are stored consecutively.
FDB produces a sequential representation for serialization through
a depth-first traversal of the f-representation, which merges union
nodes and stores only the specific values, as we do [6, 8, 38]. Since
this hinders efficient insertions, they use a pointer-based tree for
the processing step, which even materializes unions and product
nodes. With our approach, we can overcome these limitations and
can support d-representations (cf. Section 4.7).

4.2 From relational algebra trees to f-trees
To utilize these f-representations within the query engine, we adapt
some algebra operators. Since this representation can be flattened
at any point, our system can extend traditional execution engines.
We derive the different f-trees bottom-up along the algebra tree.

4.2.1 Table scan. Our factorized engine operates on flat base tables
and interprets them as f-representations. As we apply table-level
factorization, the corresponding f-tree consists only of one node
with all attributes. As such f-representations are identical to flat
tuples (cf. Section 4.1), we can use a flat table scan and reinter-
pret the tuples at the end. This equivalence eliminates the need
for special handling of flat and factorized tuples in other operators.

4.2.2 Count(*) aggregates. The output of the count(*) aggregates
is a scalar value, and so, we can again interpret the result as f-
representations as for table scans. Additionally, these aggregates
are often the topmost operator in the algebra tree, which should
produce the flat query result anyway.

4.2.3 Inner joins. Relational equality joins find matching pairs
between two relations. Thereby, one tuple from the build side
may join with multiple tuples from the probe side. So, if we would
just concat the tuples, the build tuple may be duplicated many
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top-in
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bottom-insert

(a)

𝐴
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𝑈
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𝑈

𝐷

(d)

Figure 6: Factorized join variants: top- and bottom-insert. (a)
shows the abstract joins, (b) the joining f-trees, and (c) and
(d) show the f-tree 𝑡𝑜𝑢𝑡 after a top- and bottom-insert.

times, which factorization should avoid. In turn, also tuples from
the probe side may contain many matches, which would duplicate
them. Hence, the tuples should not simply be concatenated, but
rather create a hierarchical structure. Combinatorially, there are
two possibilities to assemble the f-representations: the build
side above the probe and vice versa. In the following, we introduce
both approaches as top- and bottom-insert, depending on the insert
position of the probe side (cf. Figure 6a).

Since top-insert joins align betterwith traditional joins, they
have already been implemented in some systems [16, 22]. But, to
our knowledge, we are the first to propose bottom-insert joins.
FDB can also perform different join strategies [6, 12]. However,
since their system works on set-semantics, they have no duplicates
and can simply concatenate the matching tuples.

Top-insert. Top-insert joins follow the natural behaviour of joins:
Usually, joins first build an index and probe it with each probe tuple.
Thereby, the index must be somehow grouped by the probed tuples
to find matching tuples quickly. In chaining hash tables, a bucket
contains only values with the same hash. In sorting, the sorted
relation contains ranges with equal values.

In top-inserts, the engine remembers in the subsequent operators
that there is this set of matching values. So, the engine stores this set
as a child of the probe tuple. The theory of factorization formalizes
this: The join creates a dependency between the nodes 𝐵 and 𝑇
(cf. Figure 6b). When we insert the build tree below the probe tree,
𝑇 must become an ancestor of 𝐵 due to the path constraint. At the
same time, 𝐵 remains dependent on 𝐴. Due to the join, 𝐴 may also
get filtered as a consequence of 𝐵 values without a join partner. So,
we can insert 𝐴 as a child of 𝑇 or vice versa. But, to ensure good
reusability of f-trees, we insert 𝐴 like 𝐵 below 𝑇 . Analogously, 𝐶
and 𝐷 become dependent on 𝑇 , and we insert the f-tree from the
build side as child of 𝑇 (cf. Figure 6c).

Technically, inserting the build tree below 𝑈 also satisfies the
path constraint. But then the build tree is also dependent on 𝑈 ,
which is not covered by any join condition. So this corresponds
to unnecessary flattening, yielding less succinct f-representations.
This should be avoided. Hence, we always place the build tree in
top-inserts as a child of the joined node from the probe side.

If the join condition involves multiple nodes, the build tree be-
comes a child of all required nodes in the probe f-tree. Thereby,
a node is required if it is either part of the join condition or an
ancestor of a required node. If all required nodes lie along a single
root-to-leaf path, we can insert the build tree as before. However,

if they are not, the f-tree must first be transformed to create such a
path. Before exploring different transformation strategies, we first
discuss bottom-insert joins, which also need this step.

Similarly, the build tree must also have a root-to-leaf path: When
the join involves nodes from different paths within the build tree,
these nodes become interdependent, as their domains now influence
one another. Consequently, a root-to-leaf path is constructed for
the build tree as well if none exists.

Bottom-insert. The second option for joining f-trees is to place
the probe f-tree below the build side. Therein, the join again adds
the dependencies between𝐵 and𝑇 (cf. Figure 6b). But now, the build
f-tree becomes the tree’s upper part. Analogously to the top-insert
case, the probe tree becomes dependent on 𝐵 and consequently its
ancestor𝐴, but not on𝐶 and 𝐷 . So, we insert the probe tree as child
of 𝐵 (cf. Figure 6d). This analogy to top-inserts also holds for nodes
with multiple required nodes. I.e., we first create a root-to-leaf path
in the upper tree to insert the probe tree. As for top-inserts, the
lower tree requires a root-to-leaf path to depict all dependencies.

Since both approaches differ only in which f-tree becomes the
upper one, we can derive on the logical level

𝐿 𝑇 𝐼 𝑅 ≡ 𝑅 𝐵𝐼 𝐿

Intuitively, 𝐿 becomes in the top-insert the lower part of the tree.
This corresponds to the definition of the probe tree of bottom-
inserts. Thus, a top-insert join can be expressed as a bottom-insert
join by swapping the build and probe sides.

This raises the question: Why do we need bottom-insert joins
at all? The overall goal of factorization is to represent data more
succinctly, which leads to performance improvements. Consider
two relations 𝐵 and 𝑃 , where 𝐵 is small with unique join-key values,
while 𝑃 is orders of magnitude larger and contains many duplicates.
Since building an index is expensive, we prefer to build it on the
smaller relation 𝐵 and use 𝑃 for probing [10]. In top-inserts, the
probe f-tree becomes the upper tree. Because 𝐵 is unique, each tuple
in 𝑃 will only join with at most one tuple from 𝐵. So, factorization
cannot pay off. In contrast, 𝐵 values may join with many 𝑃 values
due to its duplication. Storing shared 𝐵 values in the upper tree
would be highly beneficial. Hence, we rather want 𝑃 as the lower
part. This can be achieved either by swapping the build and probe
sides of the top-insert or by using a bottom-insert. However, the
former requires building an expensive index on 𝑃 , which we want
to avoid. So, the natural choice is a bottom-insert. This becomes
even more attractive when an index on 𝐵 already exists.

This symmetry decouples the problem of finding a good
join order from the structure of the f-tree. Since both problems
depend on the query and data distribution, they should be jointly
optimized. With the symmetry, the optimizer can limit the search
space to only top-inserts when using a symmetric cost function. In
a second pass, it can decide between top- and bottom-inserts accord-
ing to the equality. Afterwards, further optimizations like physical
operator selection can be applied. As explained in Section 5.5, we
leave the first step open for future work.

4.3 Generating common root-to-leaf paths
An essential step for the merging of two join trees in the join
operator is the generation of root-to-leaf paths. As discussed in
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Figure 7: Merging of f-tree nodes for inserting 𝑅 as dependent
node of 𝐵2 and 𝐶2 in original f-tree (left). A naïve approach
flattens all required nodes (orange), which can be improved
by detecting the least common ancestor 𝐴 (mid right). Our
approach only flattens required nodes in the same tree level
(blue).

1 void genRoot2LeafPath(FNode& lca) {
2 FNode mergedNode;
3 for (Node& child : lca.children) {
4 if (child.isRequired()) { // merge attr. & children
5 mergedNode.attributes.append(child->attributes);
6 mergedNode.children.append(child->children);
7 lca.children.remove(child); // rm child from LCA
8 } // else keep child nodes as they are
9 }

10 if (!mergedNode.empty()) {
11 lca.addChild(mergedNode);
12 genRoot2LeafPath(mergedNode);
13 }
14 }

Figure 8: Generating root-to-leaf path by merging nodes.

Section 4.2, all required nodes have to lie on this path. For instance,
in a join involving 𝐵2 and 𝐶2 (cf. Figure 7), the nodes enclosed in
the orange contour should be merged to a root-to-leaf path. A naïve
strategy to generate such a path is to merge all required nodes into
a single node. This flattening into a single node corresponds to
destroying the factorization of the required nodes (cf. Figure 7).

In the original f-tree, the node𝐴 forms the longest common prefix
along the paths to 𝐵2 and 𝐶2, and is therefore the lowest common
ancestor (LCA) of these nodes. Beyond this point, the paths to the
required nodes diverge. In turn, a common root-to-leaf path already
exists up to 𝐴. Consequently, 𝐴 can be excluded from flattening
(cf. Figure 7), which preserves its factorization and reduces the
scope of the transformation. This optimization does not affect the
number of tuples in the flattened node 𝐵1𝐵2𝐶2, but it can reduce
the duplication of 𝐴 values in the result. By identifying the LCA of
required nodes, this improved strategy can be applied to any f-tree.

Building on this insight, we propose a recursive approach that
flattens only required nodes on the same tree level. In each step,
the algorithm combines the required children of the LCA into a
single node by merging their attributes and children, while all other
nodes remain separate children. Once this merging is complete, the
newly created node represents the new LCA for the next recursive
step. We repeat this process to gradually extend the LCA to the
required root-to-leaf path. So, only required nodes are flattened
and other nodes remain factorized.

Analogously to the improved naïve approach, the duplication of
the lowest merged node (𝐶2) remains unchanged. However, for all

preceding nodes, duplication can be reduced since they are only
flattened within the same level and not merged with their children.
Consequently, our approach is particularly beneficial when subse-
quent joins depend primarily on attributes in the upper nodes. For
instance, we can reduce duplication of 𝐴 because it is not flattened
together with 𝐵1, 𝐵2, and 𝐶2 as the naïve strategy.

4.4 Factorized joins
Having introduced the design of the f-tree structures in the pre-
ceding sections, we now turn to the operational aspect: Adapting
the operators so they efficiently propagate factorized tuples. Our
query engine follows the push-based, data-centric execution model
introduced by Neumann [31], which underpins Umbra’s state-of-
the-art flat execution performance [32]. In this model, tuples are
pipelined through operators while data is kept in CPU registers
and materialization is deferred as long as possible.

We extend this execution strategy to f-representations. Impor-
tantly, these representations remain partially implicit in a pipeline
for two reasons: (1) Required-column accessibility: All attributes
needed by subsequent operators must be available in flat form,
which requires partially flattening the f-representation by travers-
ing all f-tree nodes that contain required attributes (including their
ancestors), while non-required subtrees may remain factorized.
(2) Merging of f-trees: Operators such as joins must merge tuples
from different f-representations, but this merging is deferred until
materialization is necessary. During pipelining, operators retain
references to both flat and factorized fragments to provide the
necessary access without eager materialization.

We adapt this approach for factorized equality joins, which re-
quires construction of the resulting f-tree 𝑡𝑜𝑢𝑡 from the build-side
f-tree 𝑡𝑏𝑢𝑖𝑙𝑑 and the probe-side f-tree 𝑡𝑝𝑟𝑜𝑏𝑒 . Our joins are imple-
mented as hash joins with chaining hash tables, leveraging their
proven efficiency in RDBMSs [10]. Our design of f-representations
enables the support of other join types and algorithms if needed.

Following Leis et al. [26], the hash table is built in parallel by
collecting entries in thread-local storage first and then allocating a
table of perfect size. In a flat setting, tuples from the probe side can
then be probed without synchronization and pushed to the next
operator. For factorized joins, we adapt this scheme:

Top-Inserts. As already discussed in Section 4.2.3, top-insert joins
are a natural fit for index-based joins: Tuples on the build side are
materialized according to their current f-tree. In the flat case, this
is just a tuple containing all attributes. In the factorized case, this
follows the current f-tree 𝑡𝑏𝑢𝑖𝑙𝑑 . We decouple the storage of the
f-representations from the hash table by storing only the flat join
keys along with references to the corresponding f-representations,
for which we introduce iterators in Section 4.6.

During the probe phase, the join performs hash table lookups
to find matching pairs of 𝑡𝑏𝑢𝑖𝑙𝑑 and 𝑡𝑝𝑟𝑜𝑏𝑒 tuples analog to the flat
case (cf. Figure 9, ll. 4-6). Before traversing the matches, the upper
part of the output tree is generated from 𝑡𝑝𝑟𝑜𝑏𝑒 (l. 3). Then, each
matching tuple from the build side is inserted into this tree.

Thereby, we want to preserve the factorization from the build
side, even along the flattened nodes. Consider the introductory
example in Figure 3 with join key𝐶 : The f-representations 𝑎1𝑏1𝑐1 ×
{𝑑1, 𝑑2} and 𝑎1𝑏2𝑐1 × {𝑑1, 𝑑2} share the root 𝑎1 but have different
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1 void probe(Hashtable ht, auto tuple, FRepOut& f) {
2 map<Prefix, OutFHandle> m;
3 auto rHandle = f.append(tuple); // create upper tree
4 for (auto cur=ht[tuple.key]; cur; cur=cur.next) {
5 if (tuple.key != cur.key) continue; // collision
6 auto [a, b, c] = cur.key;
7 ... // code for subequent pipeline operators
8 if (!m.contains(a)) {
9 m[a] = rHandle.insert(a);

10 m[a].insert(a.getSubtreeD());
11 }
12 auto aHandle = m[a];
13

14 if (!m.contains(a, b))
15 m[a, b] = aHandle.insert(b);
16 auto bHandle = m[a, b];
17 bHandle.insert(c);
18 }
19 }

𝑅

𝐴

𝐵

𝐶

𝐷

𝑡𝑒𝑥

Figure 9: Generated lookup code with immediate material-
ization for top-inserts for 𝑡𝑒𝑥 joined with 𝑅 on 𝐶.𝑐 = 𝑅.𝑟 .

𝐵 values. Since both tuples contain 𝑐1, they join with the same 𝑅
value to 𝑟1 × {𝑎1𝑏1𝑐1, 𝑎1𝑏2𝑐1} × {𝑑1, 𝑑2}. Instead of duplicating 𝑎1 in
𝑡𝑜𝑢𝑡 , we want to detect such cases to store 𝑎1 only once. Therefore,
we cache all inserted elements with their location in 𝑡𝑜𝑢𝑡 during
a chain traversal (cf. Figure 9, l. 2). When a new match is found,
the algorithm first checks if any prefix of the current match is
already generated (ll. 8-16). If necessary, it creates and caches a new
entry. For the last required node, we can omit this caching, since
factorization avoids fully duplicate tuples. So, if only the root node
of 𝑡𝑏𝑢𝑖𝑙𝑑 is required, we can completely omit the cache. Since the
key 𝑏1 may occur multiple times with different prefixes, it is always
necessary to look up the full prefix (ll. 14-16). In reality, this cache
remains small because it persists only for one chain traversal.

Since we delay materialization as long as possible, matches can
first be pipelined to subsequent operators (l. 7). This may necessitate
flattening columns before proceeding to the next operator. From
this perspective, we can interpret flat joins just as a special case of
top-inserts, which immediately flatten all attributes.

Bottom-Inserts. In bottom-inserts, a different strategy is required.
Unlike top-inserts, bottom-inserts do not align naturally with index-
based joins, since the build side now forms the upper part of 𝑡𝑜𝑢𝑡 . As
a result, a single build-side tuple may join with multiple probe-side
tuples, and the lower parts of 𝑡𝑜𝑢𝑡 may originate from different
probes. Consequently, we cannot guarantee that all relevant lower
subtrees have been seen until all probes are processed. To handle
this, we implement bottom-inserts as full pipeline breakers,
which materialize the joined tuples immediately. If the flat columns
form a subset of the columns required by the subsequent operators,
bottom–inserts can still be half-pipeline breakers. However, we
omitted this optimization in our query engine.

In the hash tables, bottom-inserts do not store 𝑡𝑏𝑢𝑖𝑙𝑑 but directly
generate 𝑡𝑜𝑢𝑡 , where only the nodes stemming from 𝑡𝑏𝑢𝑖𝑙𝑑 are filled
(cf. Figure 10). Thereby, it suffices to store a pointer to the insert
location of 𝑡𝑝𝑟𝑜𝑏𝑒 in the hashtable. The join probes the hash table as
in the flat case (cf. Figure 11, l. 2-3) and uses the pointers to fill the

Collect
Tuples

Build
Hash Table

Probe
Hash Table

Iterate
Results

bottom-
insert

top-
insert

𝑡𝑏𝑢𝑖𝑙𝑑

𝑡𝑜𝑢𝑡

𝑡𝑝𝑟𝑜𝑏𝑒

𝑡𝑏𝑢𝑖𝑙𝑑

𝑡𝑜𝑢𝑡

𝑡𝑝𝑟𝑜𝑏𝑒

only upper part of 𝑡𝑜𝑢𝑡

Figure 10: Used representations at different stages of the join
implementations. 𝑡𝑏𝑢𝑖𝑙𝑑 , 𝑡𝑝𝑟𝑜𝑏𝑒 , and 𝑡𝑜𝑢𝑡 represent the build
side, probe side, and output f-tree, respectively.

1 void probe(Hashtable ht, auto tuple){
2 for (cur=ht[tuple.key]; cur; cur=cur.next) {
3 if (tuple.key != cur.key) continue; // collision
4 cur.val.insert(tuple);
5 }
6 }
7 void produce(FRepOut frep) {
8 for (auto tuple : frep)
9 parent.consume(tuple);

10 }

𝐴

𝐵

𝐶 𝑅

𝐷

𝑡𝑒𝑥

Figure 11: Generated code for lookup and tuple iteration for
bottom-insert joins.

lower nodes for each match with the respective 𝑡𝑝𝑟𝑜𝑏𝑒 (l. 3). Once
all probes are processed, the join iterates in a new pipeline through
all required columns, and the subsequent operators consume the
tuples (ll. 7-10). The materialization of iterators requires them to
be valid even after further insertions into the lists. This is also the
case for hash tables generated for caching in top-insert joins.

4.5 Factorized aggregations
In a traditional flat setting, the query engine computes the count(*)
aggregate by simply counting all generated tuples, which directly
corresponds to the result size. In a factorized setting, we compute
this more efficiently by exploiting the structure of the f-tree and
distributivity. E.g., the size of 𝑓𝑒𝑥 (cf. Figure 3) can be determined by
#𝑓 𝑙𝑎𝑡𝑇𝑢𝑝𝑙𝑒𝑠 =

∑︁
𝑎∈𝐴

(︁ (︁∑︁
𝑏∈𝐵𝑎 |𝐶𝑎,𝑏 |

)︁
· |𝐷𝑎 |

)︁
. We map this to a naïve

dynamic programming approach, which maps the sums to for loops.
By replacing explicit enumeration of all tuples with multiplications
of subtree counts, we avoid unnecessary work and reduce runtime.

If the tuples are already partially flattened in the pipeline, flat
nodes should be omitted and only factorized nodes need to be con-
sidered. E.g., in the running example, the for-loops can be omitted
if 𝐴 and 𝐵 are already flat in the pipeline. D-representations enable
even more optimizations for aggregations (cf. Section 5.4).

4.6 Iterating tuples in f-representations
To access attributes, the factorized engine must flatten tuples. There-
fore, we can recursively fix entries at a node in the f-tree and iterate
over the required entries in its child nodes until all required nodes
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Figure 12: Constructing d-trees in joins. Reference nodes (𝐶↑

and𝐷↑) store only pointers to the respective nodes before the
join and do not re-materialize their values. Nodes required
by the join (𝐴 and 𝐵) must be materialized.

are flat. E.g., in 𝑓𝑒𝑥 , we iterate for each 𝑏 entry over its dependent
𝐶𝑏 entries. When a node has multiple children, we need to generate
the cross product of those children. So, if we iterate over 𝐴, we
generate all pairs of dependent 𝐵𝑎 and 𝐷𝑎 values. This can be done
in any topological order, e.g., in a pre-order traversal.

For some operators, it suffices to flatten only parts of the f-tree,
while keeping the remaining nodes unflattened. Thereby, special
care must be taken on empty subtrees, as they occur in bottom-
inserts. In particular, the engine must check whether a flattened
tuple contains any empty subtrees and skip it if necessary.

4.7 Reduce duplication by d-representations
Our current design enforces copies of the entire tree whenever
f-representations are materialized. E.g., when we perform a top-
insert of 𝑓𝑒𝑥 with the relation 𝑅 on 𝐵.𝑏 = 𝑅.𝑟 , unchanged 𝐶 and 𝐷
are copied. So, these subtrees are duplicated for duplicates in 𝑅.𝑟 .

To avoid this duplication, we use d-representations, which were
introduced to reference common subtrees [36]. D-representations
create aliases for duplicated tuples and refer to them instead of repli-
cating subtrees. They can be described by d-trees, analog to f-trees.
We implement d-representations with reference nodes that store
only references to nodes from the input tree. E.g., the reference
nodes 𝐶↑ and 𝐷↑ point to 𝐶 and 𝐷 from the input (cf. Figure 12).
Since 𝐴 and 𝐵 are required by the join, they may change during
the join and must be materialized (cf. I ). In the generated code,
d-nodes use pointers to the subtree instead of lists (cf. Figure 5).

D-trees can reduce the materialization at multiple steps in our
implementation: (1) After the lookup, some subtrees may remain
unexpanded in the pipeline (e.g. 𝐶 and 𝐷 in Figure 12). (2) Not
required nodes in 𝑡𝑝𝑟𝑜𝑏𝑒 can be reused in top-inserts instead of
copying them after the hashtable lookup. (3) During transforma-
tions for common root-to-leaf paths, not required subtrees can be
referenced (e.g., 𝐶1, 𝐸, and 𝐷 in Figure 7).

Note that reference nodes always refer to entire subtrees. I.e.,
the reference node 𝐴↑ would reference the subtree containing 𝐴, 𝐵,
𝐶 , and 𝐷 . Moreover, referenced trees may contain reference nodes
themselves. This can, e.g., occur if the node 𝐴 from the output
tree in Figure 12 is referenced in subsequent joins. If an already
referenced node is referenced again, we apply path compression.

4.8 Adaptation to other joins
The ideas behind our hash join implementations are not limited to
inner joins. Outer joins extend tuples without a join partner with

null, which is just another value in the domain. Hence, null han-
dling is orthogonal to our approach. Naïvely, we can add null
values into the respective f-tree nodes and adapt standard ap-
proaches [33]: For top-inserts, we can detect probe tuples without a
join partner in the lookup, while build side tuples are detected with
a marker afterward. In bottom-insert joins, we can create an upper
f-tree with null-values and insert non-matching tuples therein for
the probe side, while the build side can again use a marker.

For non-equality joins, Blockwise Nested Loop Joins are usually
a good choice [33]. Consequently, we can create the upper part of
𝑡𝑜𝑢𝑡 in top-inserts in the outer loop before iterating through the
matches for a tuple. For bottom-inserts, the upper parts must be
pre-generated as in the equi-join setting. Therefore, we can create a
list containing all upper trees before we start the join itself. During
the join, we could retrieve the corresponding prepared tree from
the respective tuple index. However, these naïve approaches pave
the way for various optimizations, which we leave as future work.

5 PARALLELIZATION AND OPTIMIZATIONS
Modern query engines rely heavily on intra-query parallelism [31],
which is typically based on parallel processing of individual tuples.
In the context of factorized execution, however, an f-representation
encodes multiple flat tuples within a single factorized tuple, so
adaptations are necessary for efficient parallel factorized processing.

Table scans can be adapted by reinterpreting the results of their
parallel flat counterparts. For count(*) aggregates, we can use the
flat parallel implementation if tuples are iterated in parallel. Joins,
however, are a greater challenge, as they require tuple process-
ing and the materialization of f-representations (i.e., writes).
Despite this complexity, we can still primarily rely on the parallel
enumeration of f-representations. Therefore, we describe in the
following parallel iteration of factorized tuples and synchronized
materialization. Afterwards, we discuss a few simple optimizations
applied in our engine. All of the proposed ideas are orthogonal to
code generation; however, inlining pays off most in generated data
structures.

5.1 Load balancing for f-representations
Considering the running example from Figure 3, it is easy to see
that parallel enumeration by simply splitting on a per-node basis
may lead to large load imbalances during parallel tuple iteration.
E.g., if the tuples are split based on 𝐴, one thread has to handle six
tuples (𝑎1), whereas another processes only one tuple (𝑎2).

Hence, we distribute the tuples more evenly by assigning a spe-
cific ID to each element generated by the iterator. This ID cor-
responds to the position the tuple would occur in a sequential
iteration. E.g., the tuple 𝑎1𝑏2 × {𝑐1} × 𝑑1 has ID 2 if the pipeline
requires 𝐵 and 𝐷 , since the two tuples with root 𝑎1 precede it in
this specific iterator (only distinct𝐴𝐵𝐷 tuples are considered, since
𝐶 is not required). Similar to morsel-driven parallelism, the en-
gine processes the tuples in parallel by dividing them into chunks
using these IDs [26]. The tuples in the chunks can be efficiently
enumerated by the corresponding iterator. If we preprocess the
f-representation to store in each node in an additional field how
many enumerated children it contains, we can also quickly find
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the start of a chunk. Then, a specific tuple is found by recursively
searching for the ID in the tree nodes in the corresponding order.

We apply this in the running example (cf. Figure 3) to find the
tuple with ID 2 while iterating over 𝐵 and 𝐷 . First, the node 𝐴 is
considered. Since 𝑎1 holds four iterated tuples, it also contains ID
2, and we can recurse into 𝐵. In this step, we have to account for
|𝐷𝑎1 | = 2, which requires scaling the elements of each subtree of 𝐵
by 2. Hence, 𝑏1 contains 2 iterated tuples, namely the IDs 0 and 1
(𝐶 is not required) and, so, 𝑏2 contains ID 2. Finally, 𝐷 is considered,
which does not have to be scaled since it is the last child of𝐴. Then,
𝑑1 represents only one iterated tuple, which is the searched ID 2.

Since the root node usually contains many elements, we optimize
index access by pre-calculating the prefix sum of the sizes, which
corresponds to the ID of these nodes. Then, we find an iterator by ID
in O(log𝑛) using binary search which only needs to be performed
at the start of each chunk. So, if the chunks are sufficiently large,
the number of different chunks and the impact on the total runtime
is small. For inner nodes, we can apply a linear scan since they are
usually small and fit into a couple of cache lines.

5.2 Factorized tuple materialization
Materializing tuples into f- or d-trees is done in parallel and may
therefore require synchronization. Since top-inserts find all matches
for a probe tuple in one chain traversal (cf. Section 4.4), they occur
sequentially in our setting. So, only the generation of the upper
part of 𝑡𝑜𝑢𝑡 , which corresponds to 𝑡𝑝𝑟𝑜𝑏𝑒 , has to be synchronized
since multiple threads probe different tuples in parallel.

In bottom-inserts, the upper parts of the d-trees are generated
during the hash table build in parallel. So, probes require synchro-
nization when different tuples map to the same key and the same
upper f-trees, as concurrent insertions to the same nodes may occur.

To handle these synchronizations efficiently, we employ a com-
bination of two strategies: (1) We associate a lock with each inner
node that may be accessed concurrently. (2) We store the root nodes
of the trees in thread-local storage. This is motivated by the obser-
vation that root nodes typically have high cardinality, while the
lists in inner nodes remain small. So, contention on inner nodes
is limited, and synchronization overhead is minimal. Since a fac-
torized tuple can represent multiple flat tuples, we can accept the
overhead for locking.

Note that we can construct the f-representations with only two
functions: We have to create the upper and the lower parts of 𝑡𝑜𝑢𝑡 ,
which correspond to 𝑡𝑏𝑢𝑖𝑙𝑑 and 𝑡𝑝𝑟𝑜𝑏𝑒 . Depending on the join type,
the input trees are mapped to the respective function. This can
greatly simplify the implementation effort of factorization.

5.3 Inlining storage to reduce indirections
The tree-based storage of f-representations can offer significant
performance benefits, particularly in scenarios where flat execu-
tion would result in substantial tuple duplication. However, flat
execution still has advantages when no such duplication occurs. To
address this trade-off, we optimize the f-representation by inlining
the first element of each child list into the parent node (cf. Figure 5).
Hence, materialization needs no indirections if tuple join only with
one other tuple. The storage layout resembles a traditional flat,
row-based format and can be interpreted as adaptive factorization.

5.4 Caching subtree results during aggregation
In d-representations, count(*) aggregates are calculated repeatedly
on the same subtree if they are referenced multiple times. The same
issue arises when a join produces multiple matches for a build-side
tuple and passes them immediately to an aggregate. To address this,
we cache the size of each subtree after its first computation. Since
we only need to cache the sizes of unflat subtrees, we can reuse the
existing ID field from the parallel iteration strategy.

5.5 Optimizing query plans
In a factorized query engine, new optimization objectives arise with
the need for new cost models. Traditional cost-based optimizers in
flat database systems, such as PostgreSQL, aim to minimize CPU
and I/O costs [27]. However, f-representations alter the underlying
cost dynamics. As a result, Bakibayev et al. [6] proposes optimizing
for the size of the f-representations instead. We adopt a similar op-
timization strategy using true cardinalities for optimizer decisions.
For a fair comparison, our baseline also uses true cardinalities. The
full development of the optimizer is left for future work.

6 EVALUATION
We investigate whether factorization reduces query execution time
compared to flat execution, how our compiled f-trees compare
to existing engines, and which optimizations contribute most to
performance. We compare our factorized engine against a flat
baseline built on the same infrastructure, generating query-specific
C++ code compiled with GCC 14.2.0 (-O3). This approach could
also be applied to interpreting engines. We benchmark query per-
formance and compare systems on (1) synthetic microbenchmarks
joins under Zipfian and uniform distributions, (2) the CE bench-
mark [11], and (3) the SSB [37] for a full system comparison. The
experiments were executed on an Intel Xeon Gold 6430 CPU (64
cores) with 256GB of RAM running Ubuntu 24.04.1 LTS. We exe-
cuted 5warmup runs and report the average runtime of 10measured
runs. We used bushy plans if not stated different. We exclude query
compilation times from our measurements as prior work has shown
that code-generation frameworks such as LLVM enable the gen-
eration of highly efficient machine code with small latency [31].
This latency can be hidden by a flying start in adaptive execution
engines [24]. Our approach is fully compatible with such frame-
works and can similarly achieve low compilation overhead. We
compared against DuckDB 1.4.2 [39] and Umbra [32]. Microbench-
marks were also evaluated on FBench 1.0 (FDB) [36], LMFAO [43],
and KÙZU 0.11.3 [21]. Since FDB requires manual specification
of the factorized tree and Kuzu timed out during the execution
of the CE benchmark, we did not include their results. LMFAO
was omitted since it aggregates eagerly, which is not completely
comparable.

6.1 Microbenchmarks
We conducted microbenchmarks measuring top- and bottom-insert
performance. Each query consists of a left-deep join tree over
three relations with three columns each, followed by aggregation
(cf. Figure 13). The topmost join executes a top-insert to pipeline
results into the final aggregation, while the preceding join uses the
benchmark’s respective join type. We compare our engine against
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ization can significantly speed up execution times.

Umbra and DuckDB by executing equivalent SQL queries. For FDB,
we model the factorization structure as shown in Figure 13. For
KÙZU, we represent distinct keys as nodes and relations as edges.

Figure 13 present the evaluation results for uniformly distributed
integers with growing duplication. In the case of no duplication,
factorized approaches cannot reduce the number of tuples for sub-
sequent operators. So factorization pays off especially for large
duplication, as the performance gap between our flat and factorized
engine shows. Since bottom-inserts require an additional material-
ization step, they are slightly more expensive (1.9×) than top-inserts.
However, they can still outperform our flat implementation by over
13𝑚𝑠 (1.4×). The expected small performance gap between our
flat engine and Umbra confirms our goal to provide a simple yet
comparable baseline. Umbra’s speedup is primarily driven by its
unchained hashtable, which reduces pointer chasing and improves
cache locality for long chains [10]. Replacing it with a chaining
hashtable, as used in our engine, degrades Umbra’s runtime by up to
4.2×, falling below our flat engine. Since this optimization is orthog-
onal to our work, the gap reflects optimization space available to
our baseline and, in particular, our factorized engine, which already
slightly surpasses Umbra. DuckDB contains significant overhead
in the uniform benchmarks compared to our approach, which we
attribute primarily to bad parallelization for these queries. For the
factorized engines FDB and KÙZU, we encounter significant over-
head. Apart from poor parallelization, we outperform them with
compiled f-trees by avoiding expensive runtime dispatching based
on the tree shapes. Furthermore, FDBs’ codebase reveals that it con-
tains many indirections leading to numerous cache misses [8, 38],
which our compiled f-trees also reduce (cf. Section 4.1).

Our factorized approaches still demonstrate competitive perfor-
mance in scenarios with low duplication. For uniform data, top-
inserts achieve performance comparable to flat joins with 10 dupli-
cates on average, and begin to outperform them with 12 duplicates.
Bottom-inserts surpass the flat implementation starting from 36
duplicates. As relation sizes increase, the break-even point shifts
to lower duplication, since the absolute number of tuples saved by
factorization continues to grow. Since higher levels of duplication
cause intermediate results to explode (cf. Figure 1), the performance
of all engines degrades with more duplicates. Factorization reduces
this impact by tree-like f-representations. LMFAO can completely
avoid this overhead by eliminating all duplicates in the relations.
By repeating this for each operator, as in eager aggregation, the
system achieves runtime independent of the degree of duplication.
However, since the results are aggregated, it cannot print all tuples
instead of the count, as the other systems can. This analogy to eager
aggregation resembles the runtimes since this approach only pays
off for a large degree of duplication.

Under a Zipfian distribution, which introduces skew, behavior
changes notably. High skew leads to many matches for a few tu-
ples, causing high duplication when they are materialized flat. This
effect is evident in the flat execution engines. For DuckDB, this
led to a timeout (15s). We observe problems with large intermedi-
ates also for KÙZU, since it executes the query flat for little skew
(𝛼 ≤ 1.1). For high skew (large 𝛼), its optimizer selects a factor-
ized plan, which drastically reduces runtime and enables KÙZU
to outperform flat engines by over 5×. Still, we outperform the
other systems with top- and bottom-inserts, while bottom-inserts
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again perform a bit worse. Interestingly, FDB achieves for high
skew (large 𝛼) comparable performance. We attribute this mainly
to the attribute-level factorization, which factors out even more du-
plicates than table-level factorization in this specific benchmark. So,
the number of tuples that have to be joined becomes even smaller,
and FDB keeps up with our bottom-inserts. Nevertheless, our top-
inserts even outperform the flat engines for low skew, where other
factorized approaches without code generation are over 10× slower.
We attribute these runtime advantages mainly to compiled f-trees
and the inlined storage (cf. Section 5.3).

6.2 CE-Benchmark
The CE-Benchmark [11] contains many complex cyclic and acyclic
pattern matching queries that stress the engines. Since it was ini-
tially designed for cardinality estimation, we exclude result sizes
larger than 109. Evaluating all 2557 queries for which our oracle
computed all estimates within 10s reveals significant improvements
in acyclic queries and comparable performance on cyclic ones.

Using our factorized implementation, we observe a geometric
mean slowdown of 15% over the flat implementation for all acyclic
queries (cf. Figure 14). However, this is mainly driven by short-
running queries, where factorization cannot pay off since the f-
representation has the same size as the flat representation. For all
895 acyclic flat queries taking over 10ms, factorization achieves a
geometricmean speedup of 6.9%; for queries taking over 100ms even
52%. 10 queries exhibit speedups exceeding one order of magnitude
with factorization. The results validate that factorization pays off in
the 1236 queries containing only m:n joins. Since 37% of all joins are
foreign key joins, we see a small slowdown for the CE-benchmark
in total. However, our factorized approach shows performance
comparable to the flat baseline in queries with only 1:1 joins.

For DuckDB, we achieved speedups of over three orders of mag-
nitude, primarily due to less efficient query plans and a substantially
higher number of processed tuples. Umbra took up to 16× longer
than our factorized engine. In total, we achieved a faster runtime
with factorization in 294 acyclic queries than Umbra and in three
queries over one magnitude. We outperformed DuckDB in over
97% of the acyclic queries. Since Umbra has many low-level op-
timizations, our simple engine has currently a geometric mean
slowdown of 58%. However, we consistently outperform Umbra for
long-running queries. When comparing our factorization to Umbra
with lookup-expand joins (LE) [9], we experience similar results
(33% slowdown, 559 queries faster with factorization). Since LE can
be interpreted as a variant of top-inserts, this underlines the need
for bottom-insert for efficient factorization.

In the cyclic case, the tree usually has to be transformed to close
a cycle, which may include merging tree nodes, i.e., flattening their
respective elements. Even thoughwe reduce the number of flattened
nodes as much as possible, this affects the performance in cyclic
joins. Therefore, the geometric mean performance in cyclic cases is
currently 32% slower than in the flat engine. This value is mainly
driven by many queries that do not profit from factorization, as
intermediates cannot be compacted. However, we still outperform
the flat implementation in 35 queries and by up to 3.3×. Since the
cyclic join problem can be seen as an orthogonal problem, further

optimizations for the cyclic case, e.g., with worst-case-optimal joins,
may close this performance gap [9, 15, 21, 25, 34].

We measured for our improved transformation strategy a geo-
metric mean slowdown of 2.4% over the naïve approach, which
seems counterintuitive at first glance. However, only 1104 queries
benefit from more factorized intermediates, of which 736 are cyclic.
So, for many queries, the improved approach cannot realize its
advantages and suffers slightly from a deeper tree. We observe that
the improved approach makes the execution more robust, and we
see speedups over 6.2×, if its advantages can pay off. We therefore
recommend checking during algebra tree generation whether sub-
sequent operators use the attributes that remain factorized in the
improved transformation. If not, use the naïve approach; otherwise,
apply the improved approach for robust query processing.

These results on the CE benchmark highlight the practical impact
of factorized execution, particularly in acyclic queries where struc-
tural redundancy can be effectively exploited. While cyclic queries
show fewer performance benefits, the overall findings affirm the
potential of factorized processing.

6.3 Star Schema Benchmark
We executed the SSB with scale factor 10 on slightly modified
queries: Due to our reduced set of algebraic operators, we dropped
the group by and order by clauses from all 13 queries and counted
joined tuples. We constructed the tables without foreign key in-
dexes on all systems for a fair comparison. Since the SSB models a
typical analytical workload with many foreign key relationships,
this benchmark is challenging for factorized execution.

Interestingly, we can slightly outperform the flat baseline with
factorization. At first glance, this seems counterintuitive, but foreign
key joins can also include some duplication, which factorization
eliminates. This results in fewer processed tuples and improved
runtimes with the factorized engine. This corresponds to the results
of the CE-benchmark for foreign key joins. Since RDBMSs are
optimized specifically for foreign key joins, we perform slightly
worse than Umbra but comparable to DuckDB on the SSB.

6.4 Ablation study
We now analyze the different optimizations in detail on the CE
benchmark and report speedups over the flat, single-threaded ex-
ecution (cf. Figure 15). Since over 50% of the executed queries in
the CE benchmark involve foreign key joins, factorization using
only top-inserts and left-deep plans performs slightly worse than
the single-threaded flat baseline for 1983 queries. Since bottom-
inserts introduce an additional pipeline breaker, they may degrade
performance when factorization does not pay off. However, when
factorization is effective, bottom-inserts yield substantial speedups.
They were used in 49% of the queries and in 2091 joins in total. 46
queries used exclusively bottom-inserts. It is noteworthy that these
single-threaded left-deep factorized plans outperform the parallel
bushy flat engine already in 185 queries.

Caching accelerates queries with many d-representations and
high branching on average by 30%, while other queries encounter
minimal slowdowns. Due to its similarity to the bottom-insert re-
sults, caching is omitted from the graph. Inlining writes the first
child directly into its parent, which significantly reduces cache
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misses and provides modest improvements. If our query engine
uses bushy query-trees instead of left-deep plans, more succinct f-
representations enable more improvements. The parallel factorized
execution boosts the runtime consistently as shown in the graph.
On average, it improves runtime by 18×.

7 RELATEDWORK
FDB pioneered factorized execution using f-trees and later also d-
trees [5, 6, 35, 36]. They demonstrated the potential of factorization
by exploring the theoretical foundations. Since FDB performs fac-
torization at the attribute level, it eliminates more duplication, but
requires potentially expensive factorization of the base tables. FDB
was not optimized for performance on large datasets or integration
into modern query engines. The GDBMS Kùzu and its predeces-
sor GraphflowDB introduced limited support for f-representations
within a vectorized engine [18, 21, 23]. They store intermediate re-
sults in vector groups, where entries can be lists of values, but these
structures cannot express arbitrarily nested f-representations like
our system. They implement specialized join algorithms tailored to
graph workloads, leveraging the adjacency list representation of
graphs to exploit factorization. Similarly, the commercial graph en-
gine GES [16] applies factorization in its Expand operator to group
neighbors based on adjacency lists. This approach would incur ex-
pensive pre-computation steps in RDBMSs, since they usually lack
adjacency lists [22]. GES currently supports only top-inserts and,
like KÙZU, does not support d-representations.

Kalumin and Deshpande [22] adapt the optimizer for factor-
ization and introduce f-representations into DuckDB’s vectorized
query engine. As KÙZU, they perform table-level factorization and
use vector groups. The tree structure is recreated by referencing
elements with offset values from the contiguous memory chunks.
This works well for top-inserts, where no random inserts are re-
quired. However, the contiguous memory cannot be efficiently used
for bottom-inserts, which are not considered in their work.

Factorization can be interpreted as a top-down dynamic pro-
gramming approach, since it computes joining subresults once for
each value and then memoizes them. In contrast, the FAQ approach
follows the bottom-up counterpart [1]. This approach was imple-
mented in LogicBlox to efficiently process Datalog queries and
builds the basis for modern systems like RelationalAI [1, 3, 4].

3D-Hashjoins [14] can be seen as limited variant of factorization,
which implements hash table chains hierarchically and groups
equivalent keys in subchains. During the probe, they only return a
pointer to this chain and flatten the subchains later by traversing
them. They are closely related to our top-inserts, except that we

can keep the factorized representation when required, whereas
3D-Hashjoins remain flattened.

Recent work adapted this approach in RDBMSs: Umbra’s lookup-
expand joins split the chain expansion from the hash table lookup [9].
Recently, this was also integrated in interpreted environments [7].
Groß et al. [17] implemented a Linear-Chained hash table adapt-
ing 3D-hash tables for linear chaining in DuckDB. They decide
at runtime if the vectorized system uses factorization or flat ex-
ecution based on statistics on the current data. Their usage of
collision-free chains can be interpreted as d-representations. Other
approaches perform factorized aggregation on top of established
RDBMSs within SQL queries [42, 47]. LMFAO [43] is a multi-query
engine that calculates batches of aggregates over relational data si-
multaneously in a code-generating engine. Its view-based approach,
which pushes aggregates past joins, is inspired by factorization and
eager aggregation. IFAQ [45, 46] extends this with a multi-layer
compilation framework that additionally applies algebraic opti-
mizations to extract and hoist loop-invariant aggregates before the
aggregate-pushdown stage. It targets end-to-end relational machine
learning workloads. SDQL [44] provides a unified representation
based on semi-ring dictionaries capable of expressing both factor-
ized joins and aggregates. While SDQL uses nested dictionaries
uniformly for both input relations and computation, we maintain
explicit f-tree data structures between operators, whose hierarchi-
cal shape is specialized into generated code and allows subsequent
operators to process factorized tuples directly without flattening.

Whereas factorization uses normalized input relations, NF2 (non-
first normal-form) [20, 28] uses nested input relations. Subsequent
papers proposed models to process these representations in the
query engine, e.g., with limitations like only working on the out-
ermost relations or involving flattening [48]. Others extended the
algebra to process NF2 [13, 41]. Dremel [29, 30], a more recent ap-
proach on NF2, did not support joins of multiple tables in its initial
version. Combined with the limited parallelization opportunities
caused by sequential dependencies in the data representation, the
resulting design goals differ from those of traditional RDBMSs.

8 CONCLUSION
Although previous work demonstrated that factorization can sig-
nificantly reduce the number of tuples processed during query
execution, deployment to RDBMSs remains limited. In this work,
we proposed a novel approach that maintains factorization over
the complete query execution and avoids flattening. By building a
limited relational code-generating engine, we demonstrated that
factorization can significantly improve performance.

By generating f-tree-specific code, we preserve the state-of-the-
art performance of flat engines, as we can eliminate significant
overhead from query runtime. We extend current relational factor-
ized approaches with bottom-inserts, which make factorized joins
fully reorderable and enable new opportunities in factorized query
optimization. Our comprehensive evaluation across synthetic and
real-world workloads underlines the potential of factorization for
substantial performance gains, particularly for queries that exhibit
high redundancy or data skew. This highlights the practical viabil-
ity of factorized query processing in modern RDBMSs and opens
new avenues for optimizing complex query workloads.
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