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ABSTRACT
Conjunctive regular path queries (CRPQs) form a critical backbone
of modern graph query languages, integrating subgraph matching
with regular path queries (RPQs). Despite their ubiquity in appli-
cations like social networks, finance, and scientific data analysis,
CRPQ optimization lacks a unified framework, relying instead on
heuristic combinations of disjoint techniques for subgraph match-
ing and RPQs. This paper bridges this gap by introducing a novel
algebraic optimization framework for CRPQs. We propose a hy-
pergraph query model that enables composability, addressing a
longstanding challenge in graph query languages including GQL
and SQL/PGQ, and define six core operators (TI, KC, SJ, UNION,
INV, and SCAN) to abstract CRPQ semantics. Leveraging algebraic
transformation rules, we enumerate a rich space of equivalent query
plans and devise a cost-based optimizer to select near-optimal plans
for execution. Implemented based on MillenniumDB and Neo4j,
our framework achieves significant speedups on CRPQs extracted
from the WDBench and LDBC SNB benchmarks.
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1 INTRODUCTION
The recent advent of graph data in various application scenarios,
including but not limited to social networks, the web, finance, and
natural science, has prompted the development of graph processing
technologies, especially graph databases [22]. A number of query
languages have emerged for graph database systems, including
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SPARQL for RDF graphs and Cypher, GQL, and SQL/PGQ for prop-
erty graphs. The vast majority of graph query languages are based
on graph pattern matching, in which a notable common component
is conjunctive regular path queries (CRPQs) [4]. Intuitively, a CRPQ
combines the features of subgraphmatching, whichmatches a query
subgraph to the data graph, and regular path queries (RPQs), which
search for potentially variable-length paths whose label sequences
conform to a given regular expression.

Regardless of their pivotal role in query languages and important
use cases in application scenarios [4], there is currently no unified
framework for optimizing CRPQs. A unified CRPQ optimization
framework should consist of three core components:
• A unified plan space that provides a consistent set of operators

applicable to both subgraph matching and RPQs;
• An algebraic-rewriting-based plan enumeration scheme

utilizing equivalence-preserving rewriting rules, which enables
a systematic and exhaustive search of the plan space to identify
the globally optimal query plan;

• A cost-based plan selection algorithm that replaces fixed rules
with adaptive cost estimations tailored to the specific character-
istics of the CRPQ and the underlying data graph.

Such a comprehensive approach remains absent from the literature.
Existing research and systems either optime subgraphmatching [15,
27] and RPQs [21, 25] in isolation or rely on heuristic optimization
techniques [2, 14], as summarized in Tab. 1.

Table 1: Comparison of our proposed framework against
existing CRPQ optimizationmethods across key dimensions.

Unified
plan space

Algebraic-rewriting-
based plan enumeration

Cost-based
plan selection

Join-Ordering [2] ✗ ✗ ✓
MWJ-CRPQ [14] ✓ ✗ ✓
Neo4j [18] ✗ ✗ ✓
MillenniumDB [24] ✗ ✗ ✓
Ours ✓ ✓ ✓

In this paper, we propose a novel algebraic framework for exe-
cuting and optimization CRPQs. Algebras for CRPQs exist [5, 7],
but they represent CRPQs as the conjunction of RPQs, which does
not fully exploit the relationship between the conjunction and the
intra-RPQ operations, thus missing enhanced query evaluation and
optimization opportunities.
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The primary technical difficulty in divising a unified algebraic
framework lies in the disparate plan representations for subgraph
matching and RPQs. Specifically, subgraph matching plans are typ-
ically trees where the internal nodes denote join operations and
the leaf nodes denote edge labels of the data graph [17]; while the
plan representations of RPQs are based on either finite automata
or extended relational algebra [25]. Such a gap has caused existing
methods to separately plan and evaluate the subgraph matching
and RPQ components in a CRPQ and finally fuse them according
to a heuristic order, which is likely sub-optimal.

Despite the representation gap, we observe that there is an under-
lying similarity in how subgraph matching and RPQs are evaluated.
Specifically, the concatenation in RPQs can be processed as contin-
uous traversals on the data graph, which are analogous to left-deep
joins. We abstract this basic operation as the TI operator (Def. 8), a
core construct of CRPQs. Another core construct is the Kleene clo-
sure, the key feature of RPQs, which we abstract as the KC operator
(Def. 9). In addition, we propose the SJ operator (Def. 7) to represent
bushy joins during subgraph matching and the UNION operator
(Def. 10) for handling RPQ alternation. Furthermore, we propose a
novel hypergraph query model that enables composability of our
query operators, generalizing existing graph algebras. This model
addresses the long-standing challenge of lacking composability in
existing ISO/IEC standardized graph query languages, such as GQL
and SQL/PGQ [12, 13]. Based on our proposed hypergraph query
model and operators, we devise a provably complete and compos-
able algebra for CRPQs. The proposed algebraic operators have a
direct mapping to their physical counterparts, which guarantees
that composability is leveraged at the level of query optimization.
We enumerate equivalent query plans based on algebraic transfor-
mation rules and devise a cost-based plan selection approach to
efficiently select near-optimal plans from the rich plan space.

To verify our framework’s effectiveness, we implement it based
on open-source graph database systems, MillenniumDB [24] and
Neo4j. On CRPQs extracted from WDBench [3] and LDBC SNB [8],
our framework significantly outperforms the baseline systems.

In summary, we make the following contributions in this paper:
• We propose a unified algebraic optimization framework for con-

junctive regular path queries (CRPQs) that jointly treats subgraph
matching and regular path query (RPQ) components within a
single, composable algebra, which bridges the representation
gap between traditional tree-shaped subgraph matching plans
and automata- or extended-relational-based RPQ plans.

• We devise a set of algebraic transformation rules to enumerate
a rich space of equivalent CRPQ plans and design a cost-based
optimization scheme that selects near-optimal plans over this
unified space.

• We provide a full-fledged physical implementation of the algebra
and optimizer, including concrete execution strategies for the
proposed operators and cost and cardinality estimation methods.

• We integrate the framework into MillenniumDB and Neo4j and
empirically demonstrate substantial performance gains on CRPQ
workloads extracted from WDBench and LDBC SNB.

Roadmap. We introduce the preliminaries of CRPQs in Sec. 2.
In Sec. 3, we present our proposed algebra for CRPQs, one of its
feasible physical implementations, and how the algebraic operators

combine to form query plans. We discuss the transformation rules
that serve equivalent plan enumeration and a plan selection scheme
based on cost and cardinality estimation in Sec. 4. Sec. 5 reports the
experimental findings, Sec. 6 surveys the related work, and Sec. 7
concludes with our major findings and future directions.

2 PRELIMINARIES
To properly define conjunctive regular path queries (CRPQs), we
first define their basic components, regular path queries (RPQs).
Without specific clarification, we assume the queries discussed are
posed to the directed edge-labeled graph 𝐺 = (𝑉 , 𝐸,Φ, 𝜆), where
𝑉 is the vertex set, 𝐸 is the edge set, Φ is the edge label set, and
𝜆 : 𝐸 → Φ is the assignment of the labels to each edge. We denote
the set of query output variables asV .
Definition 1 (RPQ). An RPQ 𝑅(𝑥,𝑦) has the following form:

𝑅 (𝑥, 𝑦) ← 𝜖 | 𝑎 | 𝑎− | 𝑅1/𝑅2 | 𝑅1 |𝑅2 | 𝑅? | 𝑅∗ | 𝑅+ (1)

where ⟨𝑥,𝑦⟩ ∈ (V×V)∪(V×𝑉 )∪(𝑉×V), i.e., 𝑥 and𝑦 are the data
vertices (constants) or output variables corresponding to the source
and target vertices of any matched path, which we omit when the
context is clear. 𝜖 matches the empty path, i.e., {⟨𝑣, 𝑣⟩ | 𝑣 ∈ 𝑉 }.
𝑎 and 𝑎− represent a single edge label and its inverse; we use a
dedicated symbol ◇ ∉ Φ to represent the wildcard, which matches
all edge labels. /, |, ?, ∗,+ are the concatenation, alternation, zero-
or-one, Kleene star, and Kleene plus operators, respectively. / and |
are binary operators, and ?, ∗ and + are unary. ?, ∗ and + has the
same level of precedence, followed by / and lastly |.
Definition 2 (RPQ’s result). An RPQ 𝑅(𝑥,𝑦)’s result on the graph
𝐺 = (𝑉 , 𝐸,Φ, 𝑙), where both 𝑥 and 𝑦 are variables, i.e., 𝑥,𝑦 ∈ V , is a
set of vertex pairs J𝑅(𝑥,𝑦)K𝐺 ⊆ 𝑉 ×𝑉 defined as follows:
J𝑎 (𝑥, 𝑦)K𝐺 = {⟨𝑢, 𝑣⟩ | ⟨𝑢, 𝑣⟩ ∈ 𝐸, 𝑙 (⟨𝑢, 𝑣⟩) = 𝑎} (Base case) (2)
J𝑎-(𝑥, 𝑦)K𝐺 = {⟨𝑣,𝑢 ⟩ | ⟨𝑢, 𝑣⟩ ∈ 𝐸, 𝑙 (⟨𝑢, 𝑣⟩) = 𝑎} (Base case, inverse) (3)
J◇ (𝑥, 𝑦)K𝐺 = {⟨𝑢, 𝑣⟩ | ⟨𝑢, 𝑣⟩ ∈ 𝐸} (Base case, wildcard) (4)
J(𝑅1/𝑅2 ) (𝑥, 𝑦)K𝐺 = J𝑅1 (𝑥, 𝑧 )K𝐺 ⊲⊳ J𝑅2 (𝑧, 𝑦)K𝐺 (Concatenation) (5)
J(𝑅1 |𝑅2 ) (𝑥, 𝑦)K𝐺 = J𝑅1 (𝑥, 𝑦)K𝐺 ∪ J𝑅2 (𝑥, 𝑦)K𝐺 (Alternation) (6)
J𝑅?(𝑥, 𝑦)K𝐺 = {⟨𝑣, 𝑣⟩ |𝑣 ∈ 𝑉 } ∪ J𝑅 (𝑥, 𝑦)K𝐺 (Zero-or-one) (7)

J𝑅+ (𝑥, 𝑦)K𝐺 = ∪∞𝑖=1J𝑅𝑖 (𝑥, 𝑦)K𝐺 (Kleene plus) (8)
J𝑅∗ (𝑥, 𝑦)K𝐺 = {⟨𝑣, 𝑣⟩ |𝑣 ∈ 𝑉 } ∪ J𝑅+ (𝑥, 𝑦)K𝐺 (Kleene star) (9)

where 𝑅𝑖 in Eq. 8 is the shorthand for concatenating 𝑅 with itself
for 𝑖 times (e.g., 𝑅2 = 𝑅/𝑅).

When one of 𝑥 and 𝑦 is a constant 𝑣 ∈ 𝑉 , the RPQ’s result is
defined as follows, where 𝜎 denotes selection:

J𝑅 (𝑣, 𝑦)K𝐺 = 𝜋2 (𝜎𝑥=𝑣J𝑅 (𝑥, 𝑦)K𝐺 ) = {⟨𝑢 ⟩ | ⟨𝑣,𝑢 ⟩ ∈ J𝑅 (𝑥, 𝑦)K𝐺 }
J𝑅 (𝑥, 𝑣)K𝐺 = 𝜋1 (𝜎𝑦=𝑣J𝑅 (𝑥, 𝑦)K𝐺 ) = {⟨𝑢 ⟩ | ⟨𝑢, 𝑣⟩ ∈ J𝑅 (𝑥, 𝑦)K𝐺 }

Definition 3 (CRPQ). A CRPQ has the following form:

𝑄 (𝑥 ) ←
𝑘⋀︂
𝑖=1
𝑅𝑖 (𝑦𝑖 , 𝑧𝑖 ) , where 𝑥 = 𝜋{𝑖1,· · · ,𝑖 |𝑥 | } ⊕̂

𝑘
𝑗=1 (𝑡 𝑗1 ⊕̂𝑡 𝑗2 )

𝑡 𝑗1 =

{︄
⟨𝑦 𝑗 ⟩, if 𝑦 𝑗 ∈ V
⟨⟩, otherwise

, 𝑡 𝑗2 =

{︄
⟨𝑧 𝑗 ⟩, if 𝑧 𝑗 ∈ V
⟨⟩, otherwise

,

(10)

where each 𝑅𝑖 (𝑦𝑖 , 𝑧𝑖 ) is an RPQ and 𝑥 is the CRPQ’s tuple of output
variables. 𝜋{𝑖1,· · · ,𝑖 |𝑥 | } (·) signifies projecting the elements indexed
{𝑖1, · · · , 𝑖 |𝑥 | } from the target tuple, and ⊕̂ is the shorthand for tuple
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concatenation with element deduplication, e.g., ⟨𝑥1, 𝑥2⟩ ⊕̂ ⟨𝑥2, 𝑥3⟩ ⊕̂
⟨𝑥4⟩ = ⟨𝑥1, 𝑥2, 𝑥3, 𝑥4⟩.

CRPQs can be viewed as a generalization of subgraph matching,
which specifies a query subgraph pattern to match onto the data
graph. Any subgraph matching query can be expressed by Eq. 10
by fixing each 𝑅𝑖 to be the label of each edge in the subgraph
pattern. The fundamental difference between CRPQs and subgraph
matching queries is that CRPQs allow edges in the subgraph pattern
to be labeled by not only single edge labels, but also general RPQs.
Definition 4 (CRPQ’s result). A CRPQ 𝑄 (𝑥)’s result on the graph
𝐺 = (𝑉 , 𝐸,Φ, 𝑙) is denoted as J𝑄 (𝑥)K𝐺 and defined as follows:

J𝑄 (𝑥 )K𝐺 = 𝜋𝑥 (⊲⊳𝑘𝑖=1 J𝑅𝑖 (𝑦𝑖 , 𝑧𝑖 )K𝐺 ) (11)

where ⊲⊳ denotes the natural join of the results of each RPQ on
their common variables.

The above CRPQ definition aligns with the core query construct
in widely used graph query languages, such as SPARQL, Cypher,
and GQL.
Example 2.1. In Fig. 1, we give a running example of a CRPQ,
which can be expressed according to Eq. 3 as

𝑄 (𝑣0, 𝑣1, 𝑣2, 𝑣3 ) ← 𝑎 (𝑣1, 𝑣2 ) ∧ 𝑎 (𝑣2, 𝑣3 ) ∧ 𝑏+ (𝑣1, 𝑣0 ) ∧ 𝑏+ (𝑣2, 𝑣0 )
∧ 𝑏+ (𝑣3, 𝑣0 ),

assuming all the query variables need to be returned. When this
CRPQ is posed to the data graph in Fig. 2, it involves the subgraph
marked with hatched vertices and bold edges, and produces the
results in Fig. 2a. 𝑢4 and 𝑢5 do not appear in the results, since they
are internal vertices in the paths mapped by RPQs.

Figure 1: Ex-
ample CRPQ.

Figure 2: Example
data graph.

𝑢0 𝑢1 𝑢2 𝑢3

𝑣8 𝑣1 𝑣2 𝑣3

(a) Table form (Def. 4).

(b) Hypergraph form
(Def. 5).

Figure 3: Example
CRPQ result.

3 UNIFIED CRPQ PLAN REPRESENTATION
In this section, we propose a unified CRPQ query plan representa-
tion that expands upon prior plan spaces. We first introduce a novel
hypergraph-based query model as the basis of our logical operators
(Sec. 3.1). Then, we present the logical query operators and their
closedness and composability properties in Sec. 3.2, alongside an
extensible set of physical implementation operators (3.3). Finally,
Sec. 3.4 demonstrates how these operators combine to generate
novel, efficient query plans unavailable in previous plan spaces.

3.1 Query Model: Results as Hypergraphs
We propose the following novel query model that represents a
CRPQ’s result by a hypergraph. We adopt the sequence hyper-
graph model, where each hyperedge consists of an ordered tuple of
vertices [6].
Definition 5 (Result hypergraph of a CRPQ). ACRPQ𝑄 (𝑥)’s result
on the graph𝐺 can be alternatively defined as a hypergraphG𝑥

𝑙𝑄 ,𝐺
=

⟨V𝑥
𝑙𝑄
, E𝑥
𝑙𝑄
⟩, where E𝑥

𝑙𝑄
= {⟨𝑢𝑖1 , · · · , 𝑢𝑖 |𝑥 | ⟩𝑙𝑄 | ⟨𝑢𝑖1 , · · · , 𝑢𝑖 |𝑥 | ⟩ ∈

J𝑄 (𝑥)K𝐺 } and V𝑥
𝑙𝑄

= {𝑢 | ∃𝑒 ∈ E𝑥
𝑙𝑄
, s.t. ∃𝑥 𝑗 ∈ 𝑥, ⟨𝑢⟩ = 𝜋{𝑥 𝑗 } (𝑒)}.

The result hypergraph G𝑥
𝑙𝑄 ,𝐺

is |𝑥 |-uniform, i.e., all of its hyper-
edges have |𝑥 | endpoints, each of which denoting a projected query
vertex. All hyperedges in a result hypergraph G𝑥

𝑙𝑄 ,𝐺
have the label

𝑙𝑄 , which is used to mark the type of the subquery that produces it
as necessary for composability as discussed in Sec. 3.2.4. The set of
all hypergraph labels, denoted as Σ, is a superset of the data graph’s
original and inverse edge label set←→Φ .

We use the hypergraph result form throughout the paper. With-
out further specification, the notation J𝑄K𝐺 refers to 𝑄’s result
hypergraph G𝑥

𝑙𝑄 ,𝐺
hereafter.

Example 3.1. Fig. 2b shows the result hypergraph of the CRPQ
in Fig. 1, which consists of a single hyperedge ⟨𝑢8, 𝑢1, 𝑢2, 𝑢3⟩, pre-
serving the mapping from the output variables ⟨𝑣0, 𝑣1, 𝑣2, 𝑣3⟩. The
arrows between the vertices in a hyperedge denote their ordered
relation. The hyperedge label is omitted without ambiguity. Note
that the result hypergraph differs from the data subgraph involved
with the result shown in Fig. 2.

Our hypergraph query model natively supports query compos-
ability, allowing outputs to serve directly as inputs for subsequent
queries. Composability requires matching input and output data
types, which is a long-standing challenge in graph querying [10].
Existing languages like GQL and SQL/PGQ output tables rather
than queryable graphs, which either breaks the compositional chain
or necessitates intermediate graph views. In contrast, our algebra
seamlessly chains graph inputs and outputs without requiring in-
termediate representations. The initial data graph is ported into
our algebra via the SCAN operator, which extracts all edges with a
specific label to construct a hypergraph compliant with Def. 5. We
believe our proposal goes beyond the path-based composability of
path-oriented algebras [5] and suggests a promising design princi-
ple for future versions of standardized graph query languages.

3.2 Logical Query Operators
3.2.1 Motivation. In this paper, we design an algebra for CRPQ
evaluation. Our design is primarily motivated by the observation
that there is an underlying similarity between how RPQs and their
conjunction are evaluated. Specifically, each RPQ evaluation step for
concatenation (/) consists of extending the currently matched path
by traversing from it an edge or another path, while the conjunction
of multiple RPQs can be evaluated in a similar manner: extending–
or filtering, when both the source and target vertices of the traversed
edges and paths are already matched–the currently matched path
or subgraph by traversing one or more edge or path, when there are
multiple edges or paths traversed, intersecting on the target vertex.
This evaluation method is fundamentally different from evaluating

2688



Table 2: Notations used across the paper.

Notation Description

𝐺 = (𝑉 , 𝐸,Φ, 𝜆) A data graph
G𝑥
𝑙
= ⟨VG𝑥

𝑙
, EG𝑥

𝑙
⟩ A directed hypergraph whose edges are labeled with 𝑙 ;𝑉G𝑥

𝑙
and 𝐸G𝑥

𝑙
are its sets of vertices and edges, respectively

⊕̂ The shorthand for tuple concatenation with element dedu-
plication, e.g., ⟨𝑥1, 𝑥2 ⟩ ⊕̂ ⟨𝑥2, 𝑥3 ⟩ = ⟨𝑥1, 𝑥2, 𝑥3 ⟩

𝑥 The output variables of a CRPQ, to which the endpoints of
the hyperedges in a result hypergraph are mapped in order

Σ The set of hyperedge labels
Σ𝑝 The set of hyperedge labels for RPQ results
←→
Φ The set of original and inverse edge labels in the data graph,

i.e.,←→Φ = Φ ∪ {𝑎− | 𝑎 ∈ Φ}

the conjunction of RPQs by combining matched subgraphs, which
have an arbitrary number of common query vertices, in the style
of relational joins. These two logical operators call for distinct
physical implementation techniques. That is why we define two
logical operators in the algebra to properly distinguish between
them: the Traverse-Intersect (TI, Def. 8) operator to capture
the traversal-style evaluation, and the Subgraph Join (SJ, Def. 7)
operator for the relational-join-style evaluation.

Besides concatenation, RPQs also comprise Kleene closures (*
and +) and alternation (|). We define the Kleene closure (KC,
Def. 9) operator for * or +. TheUNION (Def. 10) operator is defined
for |. In addition, INV facilitates generating plans for query edges
and paths in both directions for TI, and SCAN, which retrieves all
edges with a given label from the data graph, serves as the algebra’s
entry point. Fig. 4 shows the correspondence between the query
constructs in CRPQs and their respective logical operators.

Conjunction of RPQs RPQs

SJ TI UNION

/ | * + a? -

KC INV SCAN

Figure 4: Correspondence between the query constructs in
CRPQs and the logical operators.

In the following, we introduce the formal definition of each logi-
cal operator and use examples to illustrate their semantics. Lastly,
we discuss the proposed algebra’s closedness and composability.

3.2.2 Definition of Operators. The notation of the logical opera-
tors defined in this paper is Op𝑥,𝑑 , where 𝑥 is the tuple of output
variables and 𝑑 is the hyperedge label of the result hypergraph.
Due to limited space, we present only the edge sets of the result
hypergraphs in the following logical operator definitions, since any
result hypergraph’s vertex set can be derived from its edge set by
Def. 5.
Definition 6 (SCAN). The SCAN operator, denoted 𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,𝑎
(𝐺) or 𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,𝑎− (𝐺), where 𝐺 = (𝑉 , 𝐸,Φ, 𝜆) is the data graph
and 𝑎 ∈ Φ, is used to retrieve the data subgraph consisting of all
edges labeled 𝑎 and is the entry point of our proposed algebra.
Specially, for the wildcard label ◇, all edges in the data graph are

retrieved. Formally:

E
𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,𝑎 (𝐺 ) = {⟨𝑣, 𝑣

′ ⟩𝑎 | ⟨𝑣, 𝑣′ ⟩ ∈ 𝐸, 𝜆 (⟨𝑣, 𝑣′ ⟩) = 𝑎}, (12)
E
𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,𝑎− (𝐺 ) = {⟨𝑣

′, 𝑣⟩𝑎 | ⟨𝑣, 𝑣′ ⟩ ∈ 𝐸, 𝜆 (⟨𝑣, 𝑣′ ⟩) = 𝑎} . (13)
E
𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,◇ (𝐺 )= {⟨𝑣, 𝑣

′ ⟩◇ | ⟨𝑣, 𝑣′ ⟩ ∈ 𝐸} . (14)

Definition 7 (Subgraph Join (SJ)). The subgraph join (SJ) op-
erator is defined as 𝑆 𝐽𝑥,𝑑 (G𝑥1

𝑙1
,G𝑥2

𝑙2
), where G𝑥1

𝑙1
(or G𝑥2

𝑙2
) is a di-

rected hypergraph whose edges are labeled with 𝑙1 (or 𝑙2) and
𝑙1, 𝑙2 ∈ Σ −

←→
Φ − Σ𝑝 , i.e., both operands denote the results of query

subgraphs; 𝑥 ⊆ 𝑥1⊕̂𝑥2 indicates the endpoints of the resulting hy-
pergraph, i.e., the query vertices to project; and 𝑑 ∈ Σ −←→Φ − Σ𝑝
represent the label of the resulting hyperedges, marking the results
as those of a query subgraph. Formally:

E
𝑆 𝐽 𝑥,𝑑 (G𝑥1

𝑙1
,G𝑥2
𝑙2
)
= {⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩𝑑 | ∃⟨𝑣𝑗1 , · · · , 𝑣𝑗 |𝑥1 | ⟩𝑙1 ∈ EG𝑥1

𝑙1
,

⟨𝑣𝑘1 , · · · , 𝑣𝑘 |𝑥2 | ⟩𝑙2 ∈ EG𝑥2
𝑙2
, s.t. ⟨𝑣𝑗1 , · · · , 𝑣𝑗 |𝑥1 | ⟩ = 𝜋𝑥1 (⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩),

⟨𝑣𝑘1 , · · · , 𝑣𝑘 |𝑥2 | ⟩ = 𝜋𝑥2 (⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩) }, (15)

where 𝑑 ∈ Σ − ←→Φ − Σ𝑝 , 𝑥 ⊆ 𝑥1 ⊕̂𝑥2 .

Definition 8 (Traverse-Intersect (TI)). The traverse-intersect
(TI) operator is defined as𝑇 𝐼𝑥,𝑑 (G𝑥𝐿

𝑙𝐿
,G𝑥1

𝑙1
, · · · ,G𝑥𝑛

𝑙𝑛
), where all the

operand hypergraphs except the leftmost one, G𝑥𝐿
𝑙𝐿
, denote single

edges or paths. Intuitively, all these edges or paths are traversed, and
the data vertices they respectively reach, if not originally constants
in the query, are then intersected to get the results. Only when there
are exactly two operands that are edges or paths strung together
by a common variable is the resulting 𝑑 in Σ𝑝 , since this signifies
traversing from a single edge or a path to another one, forming a
path; in all other cases, 𝑑 ∈ Σ −←→Φ − Σ𝑝 . Formally:

E
𝑇 𝐼𝑥,𝑑 (G𝑥𝐿

𝑙𝐿
,G𝑥1
𝑙1
,· · · ,G𝑥𝑛

𝑙𝑛
)

= {⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩𝑑 | ∃⟨𝑣𝑗1 , · · · , 𝑣𝑗 |𝑥𝐿 | ⟩𝑙𝐿 ∈ EG𝑥𝐿
𝑙𝐿

,

𝑛⋀︂
𝑚=2
⟨𝑣𝑘1 , · · · , 𝑣𝑘 |𝑥𝑚 | ⟩𝑙𝑚 ∈ EG𝑥𝑚

𝑙𝑚

,

s.t. ⟨𝑣𝑗1 , · · · , 𝑣𝑗 |𝑥1 | ⟩ = 𝜋𝑥1 (⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩),
𝑛⋀︂
𝑚=2
⟨𝑣𝑘1 , · · · , 𝑣𝑘 |𝑥𝑚 | ⟩ = 𝜋𝑥𝑚 (⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩) }, (16)

with the following constraints:
Query vertex constraint: 𝑥𝑖 = ⟨𝑥𝑖 ⟩ ∨ 𝑥𝑖 = ⟨𝑥𝑖 , 𝑦⟩,⋃︂
|𝑥𝑖 |=2
{𝑥𝑖 } ⊆ 𝑥𝐿, 𝑥𝑖 , 𝑦 ∈ V, 𝑥 ⊆ ⊕̂𝑛𝑚=1𝑥𝑚 ; (17)

Hypergraph label constraint: 𝑙𝑖 ∈
←→
Φ ∪ Σ𝑝 , ∀𝑖 ∈ {1, · · · , 𝑛},

𝑑 ∈
{︄
Σ𝑝 , if 𝑛 = 1, {𝑙1, 𝑙2} ⊆

←→
Φ ∪ Σ𝑝 , 𝜋 |𝑥𝐿 | (𝑥𝐿 ) = 𝑥1

Σ − ←→Φ − Σ𝑝 , otherwise.
(18)

Definition 9 (Kleene Closure (KC)). The Kleene Closure (KC)
operator is defined as 𝐾𝐶

+
⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
), which corresponds to the

RPQ 𝑙+, where 𝑥,𝑦 ∈ V and 𝑑 ∈ Σ𝑝 . The annotation below KC can
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Figure 5: Example SJ opera-
tor.
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TI

Figure 6: Example TI opera-
tor.

be + or ∗. Formally:

E
𝐾𝐶+
⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
)
=
⋃︂
𝑖∈N

𝑈𝑖 , where 𝑑 ∈ Σ𝑝 (19)

𝑈1 =EG⟨𝑥,𝑦⟩
𝑙

(20)

𝑈𝑖+1 = E
𝑇 𝐼 ⟨𝑥,𝑦⟩,𝑑 (𝜌𝑥 ′/𝑦 (𝑈𝑖 ),𝜌𝑥 ′/𝑥 (𝑈1 ) )

(21)

E
𝐾𝐶∗
⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
)
= E

𝐾𝐶+
⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
)

∪ {⟨𝑣, 𝑣⟩𝑑 | 𝑣 ∈ 𝑉
𝐾𝐶+
⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
)
}, (22)

where 𝜌𝑥 ′/𝑥 is the standard rename operation that renames the
variable 𝑥 to 𝑥 ′ in relational algebra, allowing TI to operate on𝑈𝑖
and𝑈1 in the iterative step.
Definition 10 (UNION). The union operator𝑈𝑁𝐼𝑂𝑁 𝑥,𝑑 merges
two result hypergraphs G𝑥1

𝑙1
,G𝑥2

𝑙2
and assigns the new label 𝑑 to

the hyperedges in the merged hypergraph. Since UNION is only
used for evaluating alternation in RPQs in the scope of CRPQs, it
requires that 𝑥1 = 𝑥2, 𝑙1 ∈ Σ𝑝 ∪

←→
Φ , and 𝑙2 ∈ Σ𝑝 ∪

←→
Φ and produces

𝑑 ∈ Σ𝑝 . Formally:

E
𝑈𝑁𝐼𝑂𝑁𝑥,𝑑 (G𝑥1

𝑙1
,G𝑥2
𝑙2
)
= {⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩𝑑 | ⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩𝑙1 ∈ EG𝑥1

𝑙1
}

∪{⟨𝑣𝑖1 , · · · ,𝑣𝑖 |𝑥 | ⟩𝑑 | ⟨𝑣𝑖1 , · · · , 𝑣𝑖 |𝑥 | ⟩𝑙2 ∈ EG𝑥2
𝑙2
}, (23)

where 𝑑 ∈ Σ𝑝 , 𝑥 = 𝑥1 = 𝑥2 .

Definition 11 (Inverse (INV)). The inverse (INV) operator is
defined as 𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
). INV is used for pushing down con-

stants from KC and preparing non-leftmost operands that satisfy
the constraints for TI, so it requires 𝑙 ∈ Σ𝑝 ∪

←→
Φ . Formally:

E
𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑 (G⟨𝑥,𝑦⟩

𝑙
)
= {⟨𝑣, 𝑣′ ⟩𝑑 | ⟨𝑣′, 𝑣⟩𝑙 ∈ 𝐸G⟨𝑥,𝑦⟩

𝑙

} . (24)

The remaining CRPQ operation, zero-or-one (?), does not re-
quire a dedicated logical operator, since it directly translates into
𝑈𝑁𝐼𝑂𝑁 𝑥,𝑑 (G𝑥

𝑙
, ⟨VG𝑥

𝑙
, {⟨𝑣, 𝑣⟩𝑙 | 𝑣 ∈ VG𝑥

𝑙
}⟩) on the hypergraph G𝑥

𝑙
.

To express the constraints of SJ and TI on the operand hyper-
graphs’ types, it is necessary to mark whether a hypergraph is
the result of a query subgraph or path by using different sets of
hypergraph edge labels, because a hypergraph’s cardinality is not
indicative of its subquery type. For example, it is possible for a
query subgraph to project only two query vertices.

a b

(a/b)+

Subquery

Result
hypergraph

KC

Figure 7: Example
KC operator.

a/b
a

(a/b)|a

UNION

Figure 8: Example
Union operator.

a

ab

b

b

a

b

Figure 9: Example
SCAN operator.

Examples. Fig. 5 to 9 are examples of each logical operator. The
logical operators are shown as green nodes attached to their query
graphs, hypergraph results, and output variables from top to bottom.
Their operands are displayed as these nodes’ children.

3.2.3 Treatment of Constants. According to Def. 1 and 3, the ver-
tices in a CRPQ query graph, i.e., the sources or targets of RPQs,
can be variables or constants. Therefore, the logical operators that
can produce RPQ results, which are SCAN, TI, KC, and UNION,
need to handle constants. To represent the constant endpoints of
RPQs, we introduce a variable-constant mapping in the operator
subscript, Op𝑥,𝑑

𝑥 ′ ↦→𝑎 , where 𝑥
′ ∉ 𝑥 . The results of an operator with

such a mapping are defined as follows:
EOp𝑥,𝑑

𝑥 ′ ↦→𝑎 ( ·)
= {𝜋𝑥 (𝑒 ) | 𝑒 ∈ EOp𝑥 ⊕̂⟨𝑥 ′⟩,𝑑 ( ·) , 𝜋𝑥 ′ (𝑒 ) = 𝑎} (25)

We will further discuss how the constants can be pushed down to
the operators’ operands in the transformation rules (Sec. 4.1.1).

3.2.4 Closedness & Composability. Closedness refers to the prop-
erty that the output of each operator falls in the input domain of the
algebra. As explained in Sec. 3.1, our algebra’s input domain is the
set of |𝑥 |-uniform sequence hypergraphs in which all hyperedges
have the same label. We can prove that each of our proposed logical
operators has the closedness property. Due to limited space, we
present the theorem for the SJ operator’s closedness and its proof
as follows, which can be extended to the other operators.
Theorem 1. The SJ opeator has the closedness property.

Proof. For convenience, we denote 𝑆 𝐽𝑥,𝑑 (G𝑥1
𝑙1
,G𝑥2

𝑙2
) as G𝑆 𝐽 in

this proof for any given G𝑥1
𝑙1

and G𝑥2
𝑙2
. According to Eq. 15 in Def. 7,

each hyperedge in G𝑆 𝐽 is of the form ⟨𝑢𝑖1 , · · · , 𝑢𝑖 |𝑥 | ⟩𝑑 , which means
that G𝑆 𝐽 is a |𝑥 |-uniform sequence hypergraph in which all hyper-
edges have the label 𝑑 . Therefore, any 𝑆 𝐽 is in the input domain of
the SJ operator, that is, SJ has the closedness property. □

Composability allows algebraic operators to be chained, i.e., the
output of one serves as the input for another, with the final result
remaining in the same domain. Fig. 11 shows the composability
relations between our logical operators. The hyperedge labels serve
as intermediaries for composable operators. An operator is com-
posable with another if and only if there is a path between them.
For example, KC is directly composable with TI, since a KC’s result
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can serve as one of the non-leftmost operands for TI, but KC is only
composable with SJ via TI.

Fig. 10 offers a concrete example of composable algebraic oper-
ators and their correspondence to language-level constructs. The
right half shows equivalent CRPQs in SPARQL, Cypher, and ISO/GQL.
The left half shows a possible algebraic representation of the query
graphically and formally. The query models of all three query lan-
guages return tables from querying graphs, while our proposed
hypergraph result model ensures that the intermediate result of
each processing step is a hypergraph, which generalizes the graph
model of the input data, offering closedness and composability.
Closedness and composability are highly desirable properties for
an algebra, since they help derive transformation rules for query
optimization, as detailed in Sec. 4.1.1.

b
a+b

TI

b

]

b

]

a+
KC

a

SPARQL
SELECT * WHERE

{ ?u1 :a+ ?u2 .

?u3 :b ?u1 .

?u3 :b ?u2 .}

Cypher
MATCH (u1)-[:a*1..]->(u2),

(u3)-[:b]->(u1),

(u3)-[:b]->(u2)

RETURN *

ISO/GQL
MATCH (u1)-[:a+]->(u2),

(u3)-[:b]->(u1),

(u3)-[:b]->(u2)

RETURN *

ab
b
b
a

b

Algebraic Representation

Figure 10: Example of composable algebraic operators and
their correspondence to language-level constructs.

3.3 Physical Query Operators
A physical query operator is a physical implementation of a logical
query operator. In this paper, we focus on the physical operators
introduced below to enable a concrete physical implementation of
our framework, without attempting to be exhaustive. The corre-
spondence relations between the logical and physical operators are
shown in Fig. 3. INV does not have a corresponding physical oper-
ator, since it is always pushed through all other logical operators
until reaching SCAN, which handles inverse edge labels natively.

In addition to the working principles of each physical opera-
tor, we also discuss how the physical operators for SCAN and KC
handle constants, as required by Sec. 3.2.3. The physical operators
for TI and UNION do not need to handle constants, as their con-
stants are always pushed down to the operands according to the
transformation rules (Sec. 4.1.1).

3.3.1 B+-Tree-Based Scan (BPT-SCAN). We assume the data graph
is indexed in two B+-trees: one indexed by (edge label, source,
target) and the other by (edge label, target, source), as in our exper-
imental baseline system, MillenniumDB. A SCAN, given an edge
label or its inverse, uses a standard partial-key lookup on the first
or second B+-tree, respectively.

Table 3: Logical
& physical oper-
ators’ correspon-
dence.

Logical
operator

Physical op-
erator

SCAN BPT-SCAN
SJ HJ
TI LFJ
KC CAKC
UNION MU

Hyperedge label

Operator type SJ TI

Leftmost
operand

Non-
leftmost
operand

KC,
UNION,

INV

SCAN

Figure 11: The composability relations
between our logical operators.

BPT-SCAN’s constant handling. When the source or target of a
BPT-SCAN is a constant, it is incorporated into the key for lookup.
Specifically, if the target is constant, it is treated as the source, so
the second B+-tree is used for original edge labels, while the first is
used for inverses.

3.3.2 Hash Join (HJ). HJ is a well-known physical join implemen-
tation, which we use to implement SJs. It takes two tables as input
and outputs the result of their natural join. Its working principle
involves iterating through each row of the outer table and using a
hash table on the inner table to quickly find matching rows. In our
context, the operands of the HJ are result hypergraphs, where each
hyperedge corresponds to a table row.

3.3.3 Leapfrog Join (LFJ). LFJ [23] takes as input the two or more
tables and outputs the result of their natural join. It leverages the
sorted indexes on these result tables: by alternating across the
indexes using leapfrog pointers, it efficiently avoids unnecessary
data accesses. The LFJ requires that all the operand result tables
have sorted indexes on the common columns. If such indexes are
missing, they must be built before the LFJ’s execution.

In this paper, we use LFJs for TIs. All operands of a TI operator
except the leftmost represent edges or paths in the query graph. For
each hyperedge in the leftmost operand’s hypergraph, neighbor
lists of its common query vertices with other operands are produced
and sorted on demand for an LFJ. Non-leftmost operands are SCAN,
TI, KC, or UNION. SCAN results come pre-sorted from a B+-tree,
while others are computed and sorted lazily, with mapped constants
of the common vertices from the leftmost operand pushed down to
drive their execution.

After intersection, if the intersected query vertex is not in the
TI’s leftmost operand, the output of the LFJ is the set of matches
of the intersected query vertex, each of which combines with the
current hyperedge in the leftmost operand to form a hyperedge in
this TI’s results. Otherwise, we do a binary search over the output
of the LFJ using the match of the intersected query vertex in the
current hyperedge as key, and preserve this hyperedge in the result
hypergraph if and only if the search returns true.

3.3.4 Cache-Aided Kleene Closure (CAKC). CAKC is a physical
query operator for implementing the KC operator. For the RPQ 𝑅∗

or 𝑅+, CAKC caches the intermediate query results of 𝑅 obtained
during its child plan’s initial evaluation to avoid recomputation in
subsequent iterations.

In each subsequent iteration, newly produced targets from the
previous iteration are pushed down as constant sources to the
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cached 𝑅 to be joined, and new hyperedges formed from prior
sources and their respective current targets are added to the result
hypergraph if not already present. The iterations continue until no
new results are produced.

When the KC operator implemented by CAKC is ∗, its result set
includes {⟨𝑣, 𝑣⟩ | 𝑣 ∈ 𝑉 }. To avoid immediately materializing this
large set during execution, the lazy evaluation mechanism used for
handling 𝜖’s in Pang et al. [21] is applied. Specifically, an 𝜖 marker
is attached to the corresponding result set to be processed by the
parent operator instead of explicitly including the aforementioned
set, which saves space and time.

CAKC’s constant handling. When a KC operator has a constant
as its source, it cannot be directly pushed down to its operand in
a transformation rule like TI and UNION, or each iteration would
operate on only a partial view of the data, leading to incomplete
results. Thus, CAKC pushes down the constant source only in the
initial iteration, constraining the sources of the final result and
thus reducing the computation cost. However, CAKC is unable to
conduct any pushdown for constant targets. Therefore, we apply
an INV operator to the KC’s operand to continue using the same
strategy whenever possible:

E
𝐾𝐶
⟨𝑥⟩,𝑑
𝑦 ↦→𝑎 ( ·)

= {𝜋𝑥 (𝑒 ) | 𝑒 ∈ E𝐼𝑁𝑉 ⟨𝑥,𝑦⟩ (𝐾𝐶 ⟨𝑥,𝑦⟩,𝑑 ( ·) ) , 𝜋𝑦 (𝑒 ) = 𝑎} (26)

3.3.5 Merge Union (MU). MU is a physical query operator used to
implement the alternation operation (|). It scans each hyperedge in
the inputs and merges them to produce a final result hypergraph.

3.4 CRPQ Query Plans
In this section, we introduce how the aforementioned operators
combine to form CRPQ query plans.

3.4.1 Logical Plans. A logical plan for a CRPQ is a tree made up
of logical query operators and their operands, which dictates their
evaluation order.
Definition 12 (CRPQ’s Logical Plan). A CRPQ’s logical plan is
structured as a tree, where the nodes represent logical query opera-
tors, whose child nodes are the operators that produce their operand
result hypergraphs. The leaf nodes must be SCAN operators; we
omit their operands, which is the data graph.
Example 3.2. Fig. 12 presents an example CRPQ logical plan cor-
responding to the CRPQ query graph in Fig. 1.

TI KC

TI

KC KC

TI

SCAN SCAN SCAN SCAN SCAN

Figure 12: Example logical plan of the CRPQ in Fig. 1.

3.4.2 Expressivity of the Logical Plan Space. To prove that the logi-
cal plan space is sufficient to express any CRPQ, an algorithm can
be provided to convert any given CRPQ into a canonical logical
query plan in our plan space. Due to the page limit, we delay the

pseudocode to the appendix1 and provide a brief description here.
For each RPQ in the input CRPQ, we call a subroutine to get its
canonical subplan, then join the subplans one by one using TI. We
ensure the sources of non-leftmost operands to be a common vari-
able with the leftmost operand according to TI’s definition (Def. 8)
by applying an INV operator when necessary. The subroutine re-
moves the highest-priority operation from the input RPQ, processes
the remainder recursively, and combines the returned plans with
the logical operator corresponding to the stripped operation.

3.4.3 Physical Plans. A CRPQ’s physical plan is derived from its
logical plan by selecting a specific physical query operator to im-
plement each logical query operator. In the physical plan tree, each
logical operator node is replaced with its corresponding physical
operator. For example, with our proposed physical query operators
(Sec. 3.3), Fig. 12’s corresponding physical plan would be all the TIs
replaced with LFJs, all the KCs replaced with CAKCs, and all the
SCANs replaced with BPT-SCANs.

A physical plan can be evaluated with a post-order traversal,
where each encountered physical operator node is evaluated with
the result hypergraphs produced by its child nodes as input. The
result hypergraph produced by the root node is the final result of
the entire query.

3.4.4 Novel & Efficient Plans in the Proposed Plan Space. In the
following, we illustrate by an example that our proposed plan space
includes novel, efficient query plans.
Example 3.3. Fig. 1 shows an example CRPQ query graph, and
Fig. 2 shows the data graph on which the CRPQ is to be evaluated. It
is optimal to first match edges labeled 𝑎, as the data graph contains
many 𝑏+ results. Then, using a TI operator with two KC operands to
evaluate the 𝑏+ edges from𝑢1 and𝑢2 to𝑢0 narrows the intermediate
results to a single match. A second TI can then efficiently combine
the KC operand for the 𝑏+ edge from 𝑢3 to 𝑢0, avoiding the costlier
alternative of combining all three 𝑏+ edges in one TI, which would
require computing 𝑏+ from 𝑣3 and involve more data edges. This
plan, as shown in Fig. 12, is also more efficient than those that use
SJ, since any plan that uses SJ will repeatedly evaluate 𝑏+ from at
least one data vertex.

Previous approaches cannot express this plan, which is flexible in
that it allows query edges that share a vertex, e.g., ⟨𝑢1, 𝑢0⟩, ⟨𝑢2, 𝑢0⟩,
and ⟨𝑢3, 𝑢0⟩, to be handled separately. It also allows multiple RPQs
to participate in a single join, and imposes no constraints on the
order in which edges from the query graph appear in the plan.

4 UNIFIED CRPQ PLANNING
In the previous section, we introduce a unified plan space for CRPQs
and show that it includes efficient plans not expressible by previous
works. Since a CRPQ may have multiple semantically equivalent
plans in the plan space, it is necessary to find the near-optimal plan
for evaluation with a plan selection scheme, which involves plan
enumeration (Sec. 4.1) and cost estimation (Sec. 4.2).

4.1 Plan Enumeration & Selection
This section presents transformation rules for generating equiva-
lent query plans based on the logical query operators’ definitions
1https://github.com/SoftlySpoken/CRPQ-unified-planning/blob/crpq/full_paper.pdf
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and introduces a unified algorithm (Alg. 2) that uses these rules
to enumerate feasible plans and select the one with the lowest
estimated cost for execution.

4.1.1 Transformation Rules. Transformation rules, when applied
to a query plan, transform it into equivalent plans with varying ef-
ficiency. Alg. 2 invokes the transformation rules, which are derived
from the definitions of the logical operators, to systematically ex-
plore the logical plan space and select efficient plans for execution.
In the following, we present the transformation rules and how they
apply to query planning.

TI’s right-recursive reducibility. The TI operator is reducible right-
recursively, which means that a nested TI can be added for the
rightmost operand:

𝑇 𝐼𝑥,𝑑 (G𝑥𝐿
𝑙𝐿
,G𝑥1
𝑙1
, · · · ,G𝑥𝑛

𝑙𝑛
)

=𝑇 𝐼𝑥,𝑑 (𝑇 𝐼𝑥𝐿 ⊕̂ (⊕̂
𝑛−1
𝑚=1𝑥𝑚 ),𝑑′ (G𝑥𝐿

𝑙𝐿
,G𝑥1
𝑙1
, · · · ,G𝑥𝑛−1

𝑙𝑛−1
),G𝑥𝑛

𝑙𝑛
) . (27)

This rule is directly inferrable from TI’s definition (Def. 8). Since
all the TI operands except the leftmost one are equal in status and
can be reordered according to TI’s definition, any operand except
for the leftmost one can be peeled off in this way. We can also
apply this rule conversely to merge an operand of the outer TI to
the inner TI as long as the TI query vertex and hypergraph label
constraints (Eq. 17 and 18) are conformed. Alg. 2 applies this rule
by enumerating the query edges and paths as operands of the TI
operator (line 6).

SJ’s associativity. The SJ operator is associative, which is in-
ferrable from its definition:

𝑆 𝐽 𝑥1 ⊕̂𝑥2 ⊕̂𝑥3,𝑑 (𝑆 𝐽 𝑥1 ⊕̂𝑥2,𝑑2 (G𝑥1
𝑙1
,G𝑥2
𝑙2
),G𝑥3

𝑙3
)

=𝑆 𝐽 𝑥1 ⊕̂𝑥2 ⊕̂𝑥3,𝑑 (G𝑥1
𝑙1
, 𝑆 𝐽 𝑥2 ⊕̂𝑥3,𝑑3 (G𝑥2

𝑙2
,G𝑥3
𝑙3
) ) . (28)

This rule leads to enumerating different ways of joining two query
subgraphs to obtain the results of the same query subgraph in Alg. 2
(line 15).

Constant pushdown. As mentioned in Sec. 3.2.3, constant sources
or targets of RPQs whose lowest-precedence operator is TI or
UNION can be pushed down to their operands. In this case, the
TI operator must satisfy the constraints (Eq. 17 and 18). Alg. 2 ap-
plies these rules whenever possible, since they reduce the size of
intermediate results and consequently lowers evaluation cost.

𝑇 𝐼
⟨𝑥,𝑦⟩,𝑑
𝑥 ↦→𝑣

(︂
Op⟨𝑥,𝑧⟩,𝑙1 (G1 ),Op⟨𝑧,𝑦⟩,𝑙2 (G2 )

)︂
=𝑇 𝐼 ⟨𝑦⟩,𝑑

(︂
Op⟨𝑥,𝑧⟩,𝑙1𝑥 ↦→𝑣 (G1 ),Op⟨𝑧,𝑦⟩,𝑙2 (G2 )

)︂
. (29)

𝑇 𝐼
⟨𝑥,𝑦⟩,𝑑
𝑦 ↦→𝑣

(︂
Op⟨𝑥,𝑧⟩,𝑙1 (G1 ),Op⟨𝑧,𝑦⟩,𝑙2 (G2 )

)︂
=𝑇 𝐼 ⟨𝑥⟩,𝑑

(︂
Op⟨𝑥,𝑧⟩,𝑙1 (G1 ),Op⟨𝑧⟩,𝑙2𝑦 ↦→𝑣 (G2 )

)︂
. (30)

𝑈𝑁𝐼𝑂𝑁
⟨𝑥,𝑦⟩,𝑑
𝑥 ↦→𝑣

(︂
Op⟨𝑥,𝑦⟩,𝑙1 (G1 ),Op⟨𝑥,𝑦⟩,𝑙2 (G2 )

)︂
=𝑈𝑁𝐼𝑂𝑁 ⟨𝑦⟩,𝑑

(︂
Op⟨𝑥,𝑦⟩,𝑙1𝑥 ↦→𝑣 (G1 ),Op⟨𝑥,𝑦⟩,𝑙2𝑥 ↦→𝑣 (G2 )

)︂
. (31)

𝑈𝑁𝐼𝑂𝑁
⟨𝑥,𝑦⟩,𝑑
𝑦 ↦→𝑣

(︂
Op⟨𝑥,𝑦⟩,𝑙1 (G1 ),Op⟨𝑥,𝑦⟩,𝑙2 (G2 )

)︂
=𝑈𝑁𝐼𝑂𝑁 ⟨𝑥⟩,𝑑

(︂
Op⟨𝑥,𝑦⟩,𝑙1𝑦 ↦→𝑣 (G1 ),Op⟨𝑥,𝑦⟩,𝑙2𝑦 ↦→𝑣 (G2 )

)︂
. (32)

INV pushdown. An INV operator that operates on TI, KC, or
UNION can be pushed down to their operands, while on a SCAN,
it equates to a label inverse:

𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑 (𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,𝑎 (𝐺 ) ) = 𝑆𝐶𝐴𝑁 ⟨𝑥,𝑦⟩,𝑎− (𝐺 ) . (33)

𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑
(︂
𝑇 𝐼 ⟨𝑥,𝑦⟩,𝑑

′ (Op⟨𝑥,𝑧⟩,𝑑1 (G1 ),Op⟨𝑧,𝑦⟩,𝑑2 (G2 ) )
)︂

=𝑇 𝐼 ⟨𝑥,𝑦⟩,𝑑
(︂
𝜌𝑧/𝑦 ◦ 𝜌𝑥/𝑧 (𝐼𝑁𝑉 ⟨𝑧,𝑦⟩,𝑑

′
2 (Op⟨𝑧,𝑦⟩,𝑑2 (G2 ) ) ),

𝜌𝑧/𝑥 ◦ 𝜌𝑦/𝑧 (𝐼𝑁𝑉 ⟨𝑥,𝑧⟩,𝑑
′
1 (Op⟨𝑥,𝑧⟩,𝑑1 (G1 ) ) )

)︂
. (34)

𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑 (𝐾𝐶 ⟨𝑥,𝑦⟩,𝑑′ (Op⟨𝑥,𝑦⟩,𝑑′′ (G) ) )

=𝐾𝐶 ⟨𝑥,𝑦⟩,𝑑 (𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑′ (Op⟨𝑥,𝑦⟩,𝑑′′ (G) ) ) . (35)

𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑
(︂
𝑈𝑁𝐼𝑂𝑁 ⟨𝑥,𝑦⟩,𝑑

′ (Op⟨𝑥,𝑦⟩,𝑑1 (G1 ),Op⟨𝑥,𝑦⟩,𝑑2 (G2 ) )
)︂

=𝑈𝑁𝐼𝑂𝑁 ⟨𝑥,𝑦⟩,𝑑
(︂
𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑

′
1 (Op⟨𝑥,𝑦⟩,𝑑1 (G1 ) ),

𝐼𝑁𝑉 ⟨𝑥,𝑦⟩,𝑑
′
2 (Op⟨𝑥,𝑦⟩,𝑑2 (G2 ) )

)︂
. (36)

INV is pushed down whenever possible to eventually reach SCAN,
as inverse-label edges are typically stored in the database and can
be retrieved directly.

4.1.2 Planning Algorithm. The input to Alg. 2, the main CRPQ
planning algorithm, is a CRPQ query graph 𝑄 , and the output is
the query plan 𝑇 (𝑄) chosen for it. Alg. 2 lazily invokes Alg. 1 to
preprocess the RPQs in the CRPQ when necessary.

RPQ Preprocessing. The main preprocessing routine of Alg. 1,
rpqPreprocess, first plans each subquery using planSubRpq, which
delegates to kleenePlanning for Kleene closures, BPT-SCAN for
single edge labels (and their inverses), and recursively invokes
rpqPreprocess for all other cases. kleenePlanning constructs a
CAKC plan that uses the nested RPQ’s plan as its operand. When
the source or target is a constant, CAKC handles it directly rather
than pushing it down to the child plan, as described in Sec. 3.3. Once
subqueries are planned, they are combined using MU for | (alterna-
tion) and passed to crpqPlanning for / (concatenation). Constant
sources or targets are pushed down according to Eq. 29–32.

The input parameter isINV in the functions of Alg. 1 indicates
whether the current subquery is wrapped by the INV operator. This
arises from reversing the edge or path direction to meet TI con-
straints (Alg. 2, line 13). The flag is propagated unchanged through
recursive calls, after which BPT-SCAN retrieves the appropriate
inverse labels, as specified by Eq. 33–36.

CRPQ Planning. Alg. 2 follows a dynamic programming (DP)
framework over the edges of the query subgraphs. For each edge
set 𝐸𝑘 with 𝑘 edges, 𝑄𝑘 denotes the query subgraph induced by
it. We can obtain 𝑄𝑘 from smaller query subgraphs via TIs or SJs.
Among all possible ways to obtain 𝑄𝑘 , the one with the lowest esti-
mated cost is selected and stored in the query plan cache PlanMap.
During the DP, only connected query subgraphs are considered.
The following are the recursive conditions used in the DP:
• TI (lines 7–23): The leftmost operand PlanMap[𝑄𝑘′ ] must have

an edge set 𝐸𝑘′ that is a proper subset of 𝐸𝑘 , and all edges in
𝐸𝑘 \ 𝐸𝑘′ must share a common query vertex 𝑧, whether it be a
constant or the intersected variable. The algorithm enumerates
all 𝑄𝑘′ that satisfy these conditions and estimates the cost of
extending it with the edges in 𝐸𝑘 \𝐸𝑘′ using an LFJ (line 18). The
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Algorithm 1: RPQ Preprocessing in CRPQ Plan Selection
1 Function rpqPreprocess(𝑒 (𝑥, 𝑦) , isINV):
2 curOp← the lowest-precedence operator in 𝑒
3 if curOp = | then
4 P← empty plan
5 foreach RPQ subquery 𝑟 separated by | do
6 if P is an empty plan then
7 P← planSubRpq(𝑟 (𝑥, 𝑦) , isINV)
8 else
9 P←MU(P, planSubRpq(𝑟 (𝑥, 𝑦) , isINV))

10 return P
11 else if curOp = / then
12 𝐸𝑒 ← ∅; rlist← the list of RPQ subquery 𝑟 ’s separated by /
13 foreach 𝑖 ∈ {0, 1, · · · , rlist.length() − 1} do
14 if 𝑖 = 0 then
15 s← 𝑥 , t← a new variable
16 else if 𝑖 = rlist.length() − 1 then
17 s← t, t← 𝑦

18 else
19 s← t, t← a new variable
20 𝐸𝑒 ← 𝐸𝑒 ∪ {planSubRpq(rlist[𝑖](s, t), isINV)}
21 return crpqPlanning(𝐸𝑒)

22 else
23 return planSubRpq(𝑒 (𝑥, 𝑦) , isINV)

24 Function kleenePlanning(𝑟 (𝑥, 𝑦) , isINV):
25 Suppose 𝑟 = 𝑅+ or 𝑅∗
26 if 𝑥 is a constant then
27 Let 𝑧 ∈ V be a new variable
28 curPlan← rpqPreprocess(𝑅 (𝑧, 𝑦) , isINV)
29 return𝐶𝐴𝐾𝐶𝑧 ↦→𝑥 (curPlan)
30 else if 𝑦 is a constant then
31 Let 𝑧 ∈ V be a new variable
32 curPlan← rpqPreprocess(𝑅 (𝑥, 𝑧 ) , isINV)
33 return𝐶𝐴𝐾𝐶𝑧 ↦→𝑦 (curPlan)
34 else
35 curPlan← rpqPreprocess(𝑅 (𝑥, 𝑦) , isINV)
36 return CAKC(curPlan)

37 Function planSubRpq(𝑟 (𝑥, 𝑦) , isINV):
38 if 𝑟 = 𝑅+ or 𝑟 = 𝑅∗ then
39 P← kleenePlanning(𝑟 (𝑥, 𝑦) , isINV)
40 else if 𝑟 is not a single edge label then
41 P← rpqPreprocess(𝑟 (𝑥, 𝑦) , isINV)
42 else
43 P← BPT-SCAN(−𝑟 (𝑥, 𝑦)) if isINV else BPT-SCAN(𝑟 (𝑥, 𝑦))
44 return P

plans of the query edges or paths are selected by invoking Alg. 1
on demand (lines 10-17). Specifically, to ensure that the traversed
query edges or paths extend towards 𝑧 according to Eq. 18, the
INV operator is applied to some of them (lines 10-13).

• SJ (lines 24–27): For an SJ, the operands𝑄𝑘1 and𝑄𝑘2 must have
edge sets 𝐸𝑘1 and 𝐸𝑘2 that form a partition of 𝐸𝑘 . In addition,
both 𝐸𝑘1 and 𝐸𝑘2 must induce connected query subgraphs. The
algorithm enumerates all such valid pairs 𝑄𝑘1 and 𝑄𝑘2 , and es-
timates the cost of performing an HJ between them, relying on
the selected plans for 𝑄𝑘1 and 𝑄𝑘2 already available in PlanMap.

Example 4.1. Fig. 13 shows three alternative plans considered
during Alg. 2’s planning process of the query in Fig. 1 when 𝑘 = 5,
so the subquery considered at this stage is the full CRPQ. When the
data graph is Fig. 2, the most efficient plan is Fig. 13a as explained in

Algorithm 2: CRPQ Plan Enumeration & Selection
Input: CRPQ𝑄
Output: CRPQ𝑄 ’s query plan𝑇 (𝑄 )

1 Function crpqPlanning(𝑞):
2 PlanMap← empty cache
3 for 𝑘 ∈ {2, 3, · · · , |𝐸𝑄 | } do
4 foreach 𝐸𝑘 ⊆ 𝐸𝑄 s.t. |𝐸𝑘 | = 𝑘 and 𝐸𝑘 is connected do
5 minCost←∞
6 Let𝑄𝑘 be the query subgraph induced by 𝐸𝑘

/* Find the most efficient plan using TI */

7 foreach 𝐸𝑘′ s.t. 𝐸𝑘′ is connected and ∃𝑧 ∈ V ∪𝑉 s.t.
∀𝑒 ∈ 𝐸𝑘 \ 𝐸𝑘′ , 𝑒 = 𝑒 (𝑥𝑒 , 𝑧 ) ∨ 𝑒 = 𝑒 (𝑧, 𝑥𝑒 ) do

8 Let𝑄𝑘′ be the query subgraph induced by 𝐸𝑘′
9 curE← ∅

10 foreach 𝑒 (𝑧, 𝑥𝑒 ) ∈ 𝐸𝑘 \ 𝐸𝑘′ do
11 if 𝐼𝑁𝑉 (𝑒 ) not in PlanMap then
12 PlanMap[𝐼𝑁𝑉 (𝑒 )]←

rpqPreprocess(𝑒 (𝑥𝑒 , 𝑧 ) , 1)
13 curE← curE∪{PlanMap[𝐼𝑁𝑉 (𝑒 )]}
14 foreach 𝑒 (𝑥𝑒 , 𝑧 ) ∈ 𝐸𝑘 \ 𝐸𝑘′ do
15 if 𝑒 not in PlanMap then
16 PlanMap[𝑒]← rpqPreprocess(𝑒 (𝑥𝑒 , 𝑧 ) , 0)
17 curE← curE∪{PlanMap[𝑒]}
18 P← TI(PlanMap[𝑄𝑘′ ], curE)
19 if cost(P) < minCost then
20 minCost← cost(P); bestPlan← P

/* Find the most efficient plan using SJ */

21 foreach 𝐸𝑘1 ∪ 𝐸𝑘2 = 𝐸𝑘 and 𝐸𝑘1 , 𝐸𝑘2 are both connected do
22 P← SJ(PlanMap[𝑄𝑘1 ], PlanMap[𝑄𝑘2 ])
23 if cost(𝑃 ) < minCost then
24 minCost← cost(P); bestPlan← P

25 PlanMap[𝑄𝑘 ]← bestPlan

26 return PlanMap(𝑄)

Sec. 3.4.4, intuitively because its operands have lower cardinalities
compared with Fig. 13b and 13c.

TI

a b+

a
b+

b+

(a)

a b+

b+

a b+

TI

(b)

a b+

b+

SJ

a
b+

b+

(c)

Figure 13: Example alternative plans considered when 𝑘 = 5
in the planning process of the CRPQ in Fig. 1.

4.2 Cost & Cardinality Estimation
Query plan enumeration and selection (Alg. 1 and 2) require es-
timating the evaluation cost of physical operators. Because this
cost depends on operand cardinality (i.e., intermediate result size),
cardinality must be estimated first. In the following, we present
cardinality estimation for logical operators and cost estimation for
their physical counterparts.

4.2.1 TI. In this paper, we extend the cardinality estimation frame-
work in Yang et al. [26]. The key extension lies in our focus on
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the edge set of the query subgraph rather than its vertex set dur-
ing cardinality estimation, because TI does not require all query
edges adjacent to a query vertex to be processed simultaneously.
Specifically, for each 𝐸𝑘 in Alg. 2, we maintain several rows of
sampled intermediate query results, which have been progressively
expanded through TIs. In each expansion step, we use reservoir
sampling to determine whether the expanded sample should be
retained. As the sample for 𝐸𝑘 is derived from that of 𝐸𝑘−1, the
cardinality of 𝐸𝑘 can be estimated as follows:

card(𝐸𝑘 ) ← max(count × card(𝐸𝑘−1 )/S(𝐸𝑘−1 ), 1), (37)

where S(𝐸𝑘−1) denotes the size of 𝐸𝑘−1’s sample set, and count
refers to the number of rows in 𝐸𝑘−1’s sample set that successfully
expands to form 𝐸𝑘 . When TI has a constant source, the sampling
procedure initiates from that constant. Constant targets are trans-
formed into constant sources by Eq. 30.

We use LFJs to implement TIs. Let 𝑢 be the LFJ operator node,
and𝑤1, · · · ,𝑤𝑚 be its child nodes.

LFJ’s Joining and Sorting Cost. When the TI is n-ary, i.e, it has
at least three operands, then for each hyperedge in J𝑤1K, an LFJ is
conducted on the ordered neighbor lists of the common vertices be-
tween the leftmost and the other operands to match the intersected
query vertex. The i-th iteration of the LFJ takes𝑂 (𝑁min,𝑖 log 𝑁max,𝑖

𝑁min,𝑖
)

time [23], where 𝑁min,𝑖 and 𝑁max,𝑖 are the lengths of the shortest
and longest neighbor lists involved, respectively.We can thus derive
an upper bound on the overall cost:

costopLFJ,𝑖 (𝑢 ) =
{︄
0 if 𝑁min,𝑖 = 0
𝑁min,𝑖 log

𝑁max,𝑖
𝑁min,𝑖

otherwise

costopLFJ (𝑢 ) =
|J𝑤1K|∑︂
𝑖=1

costopLFJ,𝑖 (𝑢 ) ≤ log( max
2≤ 𝑗≤𝑚

|J𝑤𝑗 K | ) ·
|J𝑤1K|∑︂
𝑖=1

𝑁min,𝑖

≤ min
2≤ 𝑗≤𝑚

|J𝑤𝑗 K | · log( max
2≤ 𝑗≤𝑚

|J𝑤𝑗 K | ) . (38)

In addition, all the neighbor lists involved in the LFJ need sorting,
the cost of which is upper bounded as

costsortLFJ (𝑢 ) ≤
𝑚∑︂
𝑗=2
|J𝑤𝑗 K | · log |J𝑤𝑗 K | . (39)

When the TI is binary, no intersection or sorting is necessary, so
costopLFJ (𝑢) = |J𝑤1K| and costsortLFJ (𝑢) = 0.

LFJ’s Checking Cost. When the intersected query vertex is al-
ready in the leftmost operand of the TI, we need to additionally
check if its match is in the output of the LFJ, which is implemented
using a binary search, whose time cost is 𝑂 (log𝑁out,𝑖 ), propor-
tional to the length of the output vertex list in the i-th iteration.
Since the LFJ essentially computes the intersection of the neighbor
lists involved in each iteration,

∑︁ |J𝑤1K |
𝑖=1 𝑁out,𝑖 ≤ min2≤𝑖≤𝑚 |J𝑤𝑖K|.

Therefore, the overall checking cost is estimated as:

costcheckLFJ (𝑢 ) =
|J𝑤1K|∑︂
𝑖=1

log𝑁out,𝑖 ≤ |J𝑤1K | log
min2≤ 𝑗≤𝑚 |J𝑤𝑗 K |

|J𝑤1K |
(40)

LFJ’s Overall Cost. In summary, the overall cost of an LFJ is
estimated as costLFJ (𝑢) = costopLFJ (𝑢) + cost

sort
LFJ (𝑢) + cost

check
LFJ (𝑢).

4.2.2 SJ. Since cardinality estimation for an SJ is equivalent to
estimating the number of matches of the corresponding query
subgraph, and Alg. 2 considers TIs before SJs for the same query

subgraph, we can perform cardinality estimation for TIs only and
reuse the cached estimates when considering SJs.

We use HJs to implement SJs, whose cost consists of the cost of
the join itself and building the hash table on an operand’s results.
Let𝑢 be an SJ operator node and let𝑤1 and𝑤2 be its operand nodes.
The hash table is constructed on one of J𝑤1K and J𝑤2K, and the
other operand’s results are iterated to probe the hash table, both
incurring amortized 𝑂 (1) time for each hyperedge. Therefore, the
total cost of an HJ is estimated as follows:

costHJ (𝑢 ) = costopHJ (𝑢 ) + cost
sort
HJ (𝑢 ) = |J𝑤1K | + |J𝑤2K | . (41)

4.2.3 KC. We use the cardinality estimation method for Kleene
closures proposed in Pang et al. [21]. Specifically, let 𝑢 be the KC
operator node that denotes 𝑅+ or 𝑅∗, both of which have the same
cardinality and cost due to the lazy handling of 𝜖’s (Sec. 3.3.4), its
cardinality is estimated as follows:

card(𝑢 ) ≤
𝐷∑︂
𝑖=1
|J𝑅𝑖K | =

𝐷−1∑︂
𝑖=0

𝑐𝑖 |J𝑅K | = 1 − 𝑐𝐷
1 − 𝑐 |J𝑅K |, (42)

where 𝐷 is the maximum length of the regular path, that is, the
number of iterations before the KC evaluation terminates, which is
estimated as follows [21]; 𝑐 = | 𝐽𝑙1/𝑅 | · |J𝑅K |

|J𝑙1K.𝑡 | · |J𝑅K.𝑠 | represents the selectivity
of the join operation, in which 𝑙1 is the final edge label in 𝑅, 𝐽𝑙1/𝑅 is
the set of data vertices that are both targets of 𝑙1 and sources of 𝑅,
estimated using the Monte Carlo sampling technique in Pang et al.
[21], and J𝑟K.𝑠 and J𝑟K.𝑡 denote the set of source and target vertices
in the results of 𝑟 , respectively. If 𝑅 ends with multiple possible
edge labels due to alternation, 𝑐 should be calculated separately
for each possible final label and then summed to obtain the final
selectivity estimate.

We use CAKCs to implement KCs, which joins the previous iter-
ation’s results with J𝑅K for each iteration, whose cost is estimated
by costCAKC (𝑢) = card(𝑢).

4.2.4 Union. Since union involves performing a union on the input
result hypergraphs, its cardinality estimate is simply the sum of
the input result hypergraphs’ sizes; so is the cost estimate of MU.

4.2.5 INV. INV is never physically evaluated, but is instead pushed
down according to the transformation rules until reaching SCAN.
Therefore, it does not incur any cost and keeps the same cardinality.

4.2.6 SCAN. Both the cardinality and cost of SCAN equate to the
number of edges that it will retrieve from the data graph.

5 EXPERIMENTAL EVALUATION
Dataset & workload. We use WDBench [3] and LDBC SNB [8] as

the benchmarks. The statistics of the datasets are shown in Tab. 4.
As for the workload, we use the CRPQ class from WDBench and
the read-only queries from the SNB Interactive Workload. The
WDBench subset comprises challenging CRPQs that historically
required over 60 seconds to execute on the Wikidata SPARQL end-
point, as recorded in its query logs [16]. For the SNB workload, we
exclude queries IS1 to IS6, as they lack query edges beyond sin-
gle edge labels. Additionally, we adapt the remaining SNB queries
by removing any constructs that are outside the scope of CRPQs
and instantiate them using five sets of randomly sampled query
parameters, yielding 80 queries in total.
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Table 4: Dataset Statistics.

Dataset # Vertices ( |𝑉 |) # Edges ( |𝐸 |) # Edge Labels ( |𝜆 |)
Wikidata (WDBench) 348,945,080 958,844,164 5,419
SF10 (LDBC SNB) 36,485,761 231,371,359 15

Table 5: Comparison with existing systems.

Benchmark Method Avg. E2E
Query
Time (s)

Avg.
Speedup

Max
Speedup

# Time-
outs

WDBench MillenniumDB 5.5544 — — 186
Ours 2.6662 2.0833 66703.3178 60

LDBC SNB Neo4j 5.3256 — — 10
Ours 3.1638 1.6833 224.8514 10

(a) Total query time. (b) Execution time. (c) Planning time.

Figure 14: Violin plots of MillenniumDB’s & our runtimes.

Environment. We conduct all our experiments on a machine with
96 Intel Xeon 2.1GHz CPUs and 1TB RAM. Both of the compared
methods are implemented in C++ and executed with a single thread.

Baseline. We choose MillenniumDB [1] and Neo4j [18] as the
basis for implementing our method. We implement our operators
and the planning procedure directly on top of the storage layer in
MillenniumDB and by utilizing the user-defined procedure APIs
in Neo4j. The plan space of MillenniumDB and Neo4j is strictly
subsumed by ours; their operator support and planning strategy
are discussed in Sec. 6.

5.1 Overall Comparison
In this section, we compare the overall efficiency of our approach
against MillenniumDB and Neo4j on the CRPQs in WDBench and
LDBC SNB. We set a 60-second timeout on the end-to-end (E2E)
query time, i.e., the sum of the query planning and execution time.

Tab. 5 shows the overall runtime statistics. Our approach achieves
a significant average speedup of 2.08× and a maximum speedup
of over 4 orders of magnitude over MillenniumDB in terms of E2E
query time, underscoring the effectiveness of our proposed alge-
braic optimizations. In addition, our approach reduces the number
of timeouts by approximately 68%, which clearly indicates improved
robustness. Fig. 14a corroborates this finding, demonstrating that
our approach not only has a notably lower median E2E query time,
but also exhibits a tighter range compared to MillenniumDB, sug-
gesting greater consistency in performance. Our speedup compared
with Neo4j on LDBC SNB (1.68×) is notable, which demonstrates

the robustness of our approach over diverse data and query sets.
Though the speedup is not as high as that compared with Millen-
niumDB on WDBench, it must be weighed against the fact that
Neo4j’s query language, Cypher, lacks full support for CRPQs, as it
only allows Kleene closures of single edge label unions rather than
complete RPQ syntax and semantics.

To understand the source of the overall speedup, we show the
decomposition of the E2E time on WDBench into its constituent
components, execution time and planning time, in Fig. 14b and
14c. The majority of the performance gain stems from the time-
consuming execution phase, as the planning times of both systems
are comparable. The significant variance in execution times is pri-
marily driven by differences in query complexity and the resulting
search space size on the data graph. To confirm this, we examined
the queries in WDBench that successfully executed but had a total
time exceeding 55 seconds. The base MillenniumDB recorded five
such queries, compared to only one for our approach. All of these
queries are highly complex: they contain at least four RPQs, at most
two constant endpoints, at least one Kleene closure, and involve at
least one edge label with a cardinality exceeding one million. The
time decomposition on LDBC SNB shows a similar trend and the
figures are omitted due to limited space.

5.2 Varying Query Complexity
In this section, we evaluate the performance of our approach against
MillenniumDB across four dimensions of CRPQ complexity: the
number of RPQs and the total number of edge labels, Kleene clo-
sures, and constant vertices across RPQs. The complexity of CRPQs
generally increases with the number of RPQs, edge labels, and
Kleene closures and decreases with the number of constant vertices.
Each subplot in Fig. 15 reports the average E2E query time and the
percentage of timeouts with varying query complexity. The plots
do not exhibit linear growth or decay but rather fluctuations due
to the interplay among the multiple factors influencing complexity.

Our method consistently outperforms MillenniumDB in both
efficiency and robustness across nearly all tested complexity levels,
achieving significantly lower E2E query time and fewer timeouts
overall. Critically, our approach can successfully evaluate challeng-
ing query classes where MDB fails completely (100% timeouts),
including workloads with 9 RPQs and 11 edge labels. This estab-
lishes our method’s capability to reliably process high-complexity
CRPQs within practical latency bounds.

6 RELATEDWORK
CRPQ Evaluation. Existing research and DBMSs do not offer a

systematic framework for CRPQ evaluation that combines a unified
plan space, algebraic-rewriting-based plan enumeration, and cost-
based selection, as shown in Tab. 1. Specifically:
• Join-Ordering [2] iteratively joins query edges using a join

operator equivalent to binary TIs but processes RPQs separately
using the ALP procedure [11]. Then, the join orders of query
edges are enumerated as plans using dynamic programming. Its
sampling-based cost model estimates RPQ join costs by assuming
unbounded target vertices.

• MWJ-CRPQ [14] offers a de-facto unified plan space for CRPQs
using a multi-way join operator adapted from Generic Join [20]
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(a) Varying # RPQs.

(b) Varying # edge labels.

(c) Varying # Kleene closures.

(d) Varying # constant vertices.

Figure 15: Comparison betweenMillenniumDB&ourmethod
on CRPQs with varying complexity.

and a Kleene closure operator. However, it relies on a greedy
dynamic variable ordering guided by sampling-based cost es-
timates, which isolates nested RPQ components into separate
layers, ignoring their interplay and risking local optima.

• Neo4j [18] andMillenniumDB [24] employ separate operators
for single-label edges, RPQs, and their conjunctions. Their RPQ
plans are fixed as DFAs. Notably, Neo4j does not support multi-
way joins, while MillenniumDB only uses multi-way joins for
single-label query edges.

SubgraphMatching. Existing subgraphmatching evaluationmeth-
ods predominantly adopt a backtracking-based search paradigm
with the filtering-ordering-enumeration framework [29], which is
equivalent to query plans that exclusively use TI operators while
mandating that all query edges incident to a given vertex are pro-
cessedwith one operator. Such constraints alignwith theworst-case
optimal join (WCOJ) paradigm [19], which employs multi-way joins
to ensure the total evaluation time is bounded by the AGM bound,
a worst-case upper bound on the output size relative to input re-
lations. However, for acyclic query graphs, classical binary join
(BJ) algorithms, e.g., Yannakakis’ [28], achieve time complexity no
worse than 𝑂 (𝐴𝐺𝑀). Consequently, neither WCOJ nor BJ univer-
sally dominates the other across diverse query structures and data

distributions. This observation motivates hybrid query processing
frameworks [17] that dynamically integrateWCOJ and BJ operators
during plan enumeration and selection. Our approach offers even
greater flexibility by removing the constraint of WCOJ that query
edges incident to a query vertex need to be handled together.

RPQ Evaluation. Regular path query (RPQ) evaluation methods
can be broadly categorized into two paradigms, automaton-based
and extended relational algebra (RA)-based. The automaton-based
approach compiles the regular expression into a finite state automa-
ton and traverses the data graph via breadth-first or depth-first
search guided by automaton transitions. Data vertices reached at
the initial and accept states are recorded as result pairs. In contrast,
the extended RA-based approach extends traditional RA with spe-
cialized operators to handle Kleene closures. For example, Fejza et
al. [9] extends RA with a fix-point operator to express recursion
algebraically and proposes a compositional optimizer that applies
rewrite rules and cost-based plan selection.

In the absence of Kleene closures, automaton-based evaluation is
equivalent to left-deep TI plans, while the RA-based approach sup-
ports both left-deep and bushy TI plans. When Kleene closures are
present, a fundamental distinction emerges: automaton-based meth-
ods process closures through iterative traversal without caching
intermediate results, while RA-based methods explicitly cache the
result of 𝑅 and compute its fixpoint iteratively for 𝑅+ or 𝑅∗. A par-
tial loop caching strategy is further proposed to cache results of
𝑅’s subqueries [25]. In our framework, such strategies correspond
to distinct physical implementations of the KC operator.

7 CONCLUSION & FUTUREWORK
This work addresses a fundamental gap in graph database systems:
the absence of a unified optimization framework for conjunctive reg-
ular path queries (CRPQs). By recognizing that existing approaches
fuse subgraphmatching and RPQ components using heuristic strate-
gies that yield sub-optimal performance, we propose a cohesive
algebraic framework grounded in hypergraph-based composability.
Our core contributions include: a hypergraph query model that
overcomes limitations in ISO/IEC-standardized languages (e.g., GQL
and SQL/PGQ); algebraic operators that abstract CRPQ semantics
and bridge the representation gap between tree-shaped join plans
and automata-based path evaluations; a plan enumeration scheme
based on algebraic transformation rules and a cost-based optimizer
for efficient plan selection; and implementations on open-source
graph database systems validated by substantial performance gains.
Future work will explore more efficient physical implementations
on the algebraic basis and novel hypergraph analytical algorithms
that leverage the composability of our query model.
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