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ABSTRACT

Finding the densest subgraph (DS) from a graph is a fundamental
problem in graph databases. It has been extensively studied in the
literature and has found many real applications in a wide range of
fields, such as biology, finance, and social networks. This paper stud-
ies how to efficiently discover the locally h-clique densest subgraph
(LhCDS), which is a recently-proposed variant of DS. An LhCDS
is a subgraph which is the densest among the “local neighbors”.
Given a graph G, a number of LhCDSes can be returned, which
reflect different dense regions of G and thus give more information
than DS. Existing LhCDS solutions suffer from low efficiency due
to extensive redundant computation. To improve efficiency, in this
paper, we propose a divide-and-conquer-based algorithm, which
not only reduces the search space but also has an improved time
complexity. Extensive experiments on 15 large real-world graph
datasets show that our proposed algorithm is up to two orders of
magnitude faster than the state-of-the-art.
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1 INTRODUCTION

Dense subgraph discovery is a fundamental research topic in graph
mining that has been extensively studied for decades [3, 6, 13, 27,
53, 55, 60, 68, 70, 73]. It has found various applications in a wide
range of fields, including biology [19, 29, 39, 62], finance [16, 23],
and social network analysis [4, 17, 32, 33, 44, 81, 82]. In many of
these applications, finding a “near-clique” is very important since
a “near-clique” can be considered a clique in the forming stage or
one with missing edges due to data corruption. For example, in
social networks (e.g., Facebook), large near-cliques are useful for
detecting fake news [77].

In the literature, the h-clique densest subgraph (CDS) problem that
finds the subgraph formed by overlapping h-cliques has proven very
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Figure 1: An example of locally h-clique densest subgraphs.

effective in detecting the “near-cliques” [25, 45, 51, 56, 72, 83, 84].
By finding the subgraph with the highest h-clique-density, which
is the ratio of the number of h-cliques over the number of vertices
in it, CDS uncovers the highly-connected component that exhibits
strong internal interactions [25, 72, 84]. Whereas, in the context of
the real world, the discovery of a single CDS offers limited insights.
Listing the top-k CDSes is desired, but due to the substantial overlap
inherent in h-cliques [64, 74, 76], the top-k CDSes may refer to the
same dense region, still providing limited structural insights.

In light of this, detecting the top-k non-overlapping locally h-
clique densest subgraphs (LACDS) has attracted considerable in-
terest in recent years [25, 45, 64, 74]. For example, in Figure 1,
the 3-clique density of the subgraph H; induced by {v1,v2,v4,05}
(shaded region) is 1, since it contains four 3-cliques over four ver-
tices. Moreover, H; and H; are identified as the top-2 L3CDSes: they
are non-overlapping, and no other subgraph has a 3-clique density
greater than theirs. We note that another closely related problem
is the locally densest subgraph (LDS) discovery problem [53, 60],
which can be viewed as a special case of the LhCDS problem when
h = 2. That is, the LhCDS problem is a natural generalization of
LDS. In this paper, we focus on the more general LACDS problem
and aim to develop efficient algorithms for discovering the top-k
LhCDSes.

The LhCDS problem has found various real-world applications [25,
45, 51, 64, 74]. Since the LACDS problem can be naturally viewed
as identifying the top-k CDSes, it inherits similar practical appli-
cability to the CDS problem. For example, as shown in [74], the
LACDS can be used to discover diverse communities. In addition,
finding LhCDS is very useful for detecting the diverse “near-cliques”
[25, 64], which can help discover biologically relevant functional
groups [19, 43, 72, 73], find social communities [4, 14, 73], and
detect anomalies [31, 69, 77]. Besides, finding LACDS can help iden-
tify research communities in the DBLP network [64], and detect
subnetworks with a specific function in the biology network [74].

Prior works. While the LhCDS is very useful in practice, it is
computationally costly. In the literature, the maximum flow [64] and
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convex programming [74] based algorithms are proposed. The state-
of-the-art algorithms are LTDS [64] and IPPV [74]. The LTDS [64] is
a maximum flow-based solution. Specifically, LTDS iteratively finds
a CDS and verifies whether it is an LhCDS via a maximum flow
computation. However, LTDS is not scalable to large-scale graphs,
as it requires executing a maximum flow computation on a large
flow network. To overcome these limitations, IPPV [74] adopts
a convex programming-based approach. It repeatedly solves a
convex optimization problem to identify candidate Lh(CDSes and
then verifies whether these candidates are valid LhCDSes through
a maximum flow computation. In addition, IPPV integrates pruning
strategies to eliminate vertices that cannot belong to any LhCDS.
IPPV has been shown to be more general and more efficient, as
demonstrated in [74]. Based on our careful analysis, we identify
two key limitations of IPPV.

Limitations. (1) Prohibitive time complexity. To find the
top-k LhCDSes, IPPV requires O(Npoy - (n + ¥,)% - (n + ¥y, - h))
time, where n is the number of vertices in G, ¥, is the number of
h-cliques, and Nfjoy is the number of maximum-flow computations,
at most k times the number of candidate LACDSes. Consequently,
when k is large or the graph contains many candidate LACDSes,
Niow can grow to thousands, making IPPV highly time-consuming.

(2) Unnecessarily large search space. IPPV needs to explore
candidate LhCDSes over almost the entire graph. In practice, how-
ever, only a small fraction of vertices can contribute to an LhCDS.
This is mainly because a CDS maximizes the h-clique density by
excluding vertices that participate in fewer h-cliques. This obser-
vation motivates us to first restrict the search to a relatively small
subgraph before running the algorithm to find each LACDS.

Our technical contributions. In this paper, we propose an ef-
ficient divide-and-conquer based algorithm for the LACDS problem
(called DCLDS), which runs in O((n + ¥)? - (n + ¥}, - h)) time, and
removes the Ny, factor compared with the latest work IPPV [74].
Specifically, we first propose a new concept, the locally h-clique
dense subgraph, and show that it admits a natural decomposition
that generates a hierarchical tree structure, analogous to the well-
known k-core decomposition in network science [8]. Afterwards,
we prove that LhCDSes correspond exactly to some leaf nodes of
this tree. This property enables the design of an efficient divide-and-
conquer algorithm to extract the top-k LhCDSes, since the search
can be localized to leaf nodes rather than the entire hierarchy.

To further improve efficiency, we propose a novel clique orientation-
based graph partition method, which decomposes the original graph
into a series of smaller subgraphs. The LhCDSes are then identified
within each partition, thereby substantially reducing the overall
search space. Specifically, we prove that after partitioning, every
LhCDS of the original graph is fully contained within one of the
subgraphs, ensuring no loss of results. By doing so, our method
narrows the search space.

Extensive experimental evaluations on 15 real-world large graphs
show that DCLDS achieves higher efficiency and scalability than the
state-of-the-art algorithms on all datasets.

In summary, our main contributions are as follows.

e We propose a divide-and-conquer-based LACDS discovery
method to break the theoretical bottleneck of existing algo-
rithms, achieving an improved time complexity.
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e To further reduce the search space, we propose a novel
clique-orientation-based graph partitioning technique and
prove that each LACDS is fully contained within one of
the resulting subpartitions. This property allows DCLDS to
identify all LhCDSes on these smaller subgraphs, rather
than on the entire graph.

e We conduct experiments on 15 real-world large graphs to
demonstrate the efficiency and scalability of our algorithm.

Outline. We introduce the preliminaries in Section 2. Section 3
analyzes the limitations of state-of-the-art algorithms. We introduce
our divide-and-conquer method in Section 4, and present our DCLDS
algorithm in Section 5. The experimental results are reported in
Section 6. We review the related works in Section 7 and conclude
in Section 8. For lack of space, all detailed proofs in this paper are
included in our technical report [86] and we only show the proof
sketches in our manuscript.

2 PRELIMINARIES

In this section, we first present the formal definition of the LhCDS
problem and some key definitions.

Table 1: Notations and meanings.

Notation | Meaning

G = (V,E) | agraph with vertex set V and edge set E

G[S] the subgraph of G induced by vertices in S

¥, (G) the set of h-cliques in G
¥, (0,G) the set of h-cliques containing v in G
¥, (X,Y) | the set of cross h-cliques between G[X ] and G[Y]

D the locally h-clique densest subgraph of G

pn(H) the h-clique density of subgraph H
{Bi}l_, the nested chain of locally h-clique dense subgraphs of G.
np(H) the h-clique compactness

In this paper, we consider an unweighted and undirected graph
G=(V,E), where n and m denote the number of vertices and edges
in the graph, respectively. Given a vertex set S, we use G[S] =
(S,E(S)) to denote the subgraph of G induced by S, where E(S)=
{(u,v) € E | u,v € S} denotes the set of edges in G contained in S.
For a given graph H, we also denote its sets of vertices and edges
by V(H) and E(H), respectively.

A h-clique is a complete graph with a set C of h vertices where
there is an edge between every pair of vertices. In the case without
ambiguity, we simply refer to a h-clique by its set of vertices. We
use ¥}, (G) to represent the set of h-cliques in G. Denote by ¥y, (G)
= {C C V| Cis a h-clique of G}. For each vertex v € V(G), we use
¥}, (v, G) to denote the set of h-cliques containing v in the graph G
(h > 3). For two vertex sets X and Y, we use ¥, (X, Y) to denote
the set of cross h-cliques between G[X] and G[Y], i.e.,

¥, (X,Y) = {Ce¥(G) |CNX#0andCNY £0}.

In other words, each h-clique C € ¥, (X,Y) contains at least one
vertex from X and at least one vertex from Y. We summarize the
frequently used notations in Table 1.

We now formally present the definition of h-clique density.

Definition 2.1 (h-clique density [27, 38, 56, 68, 72, 84]). Given a
subgraph H of a graph G and a positive integer h, the h-clique
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density of H, denoted by py, (H), is the average number of hA-cliques

per vertex in H, i.e.,

|¥p (H)|

V(H)|
Definition 2.2 (h-clique A-compact [74]). Given a graph G=(V, E),

we call G an h-clique A-compact graph, if the following conditions

are satisfied:

pr(H) = @

o G is the connected component.
e Removing any vertex set S C V from G would result in the
removal of at least A X |S| h-cliques.

Intuitively, an h-clique A-compact graph characterizes a con-
nected subgraph whose h-clique density is at least A. Hence, larger
A values enforce stronger structural cohesion and exclude loosely
connected regions. This property makes the notion a natural foun-
dation for defining LhCDS, where a feasible solution must be a
maximal h-clique A-compact graph. We illustrate this concept with
an example below:

ExaMmPLE 1. In Figure 1, Hi and Hy are 3-clique 1-compact and
3-clique %—compact graphs, respectively. This holds because both H;
and Hy, are connected, and removing any vertex subset S eliminates
at least 1 X |S| and% x |S| triangles, respectively. Furthermore, both
graphs are L3CDSes, since they are maximal subgraphs that satisfy
the 3-clique A-compactness property.

It is easy to see that any h-clique A-compact graph is also h-
clique A’-compact for any A’ < A. A subgraph H of G is a maximal
h-clique A-compact subgraph of G if every proper supergraph of
H in G is not h-clique A-compact. The concept of locally h-clique
densest subgraph (LhCDS) is defined based on the maximal h-clique
A-compact subgraph, as follows.

Definition 2.3 (locally h-clique densest subgraph (LhCDS) [49, 74]).
A subgraph D of G is a locally h-clique densest subgraph if D is
the maximal h-clique pj (D)-compact subgraph in G.

LhCDSes of a graph G satisfy the following properties:

e The h-clique density of any subgraph of an LhCDS D is at
most pp (D), i.e., any subgraph of an LhCDS is not denser
than itself.

e Any proper supergraph of an LhCDS D is not h-clique
pr(D)-compact, i.e., any proper supergraph of an LhCDS
is not as compact as itself.

e LhCDSes are disjoint, i.e., V(D) N V(D’)=0 for any two
distinct LhCDS D and D’.

Note that an edge in a graph G is a 2-clique; therefore, the inten-
sively studied LDS problem [53, 60] can be seen as an instance of
the LhCDS problem when h = 2. Similarly, the LDS problem [49] is
exactly the L3CDS problem. Therefore, the LACDS problem studied
in this paper is a more general problem. Next, we formally present
the definition of the LhCDS problem:

PROBLEM 1 (LOCALLY h-CLIQUE DENSEST SUBGRAPH (LACDS) PROB-
LEM [25, 45, 49, 51, 74]). Given a graph G, an integer k, and an
integer h > 3, the locally h-clique densest subgraph (LhCDS) prob-
lem aims to find the top-k locally h-clique densest subgraphs with
the highest h-clique densities in G.
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Table 2: Complexities of representative LhCDS algorithms.
Compared with IPPV, our method removes the dependence
on Ny,y, vielding a better time complexity.

Space Complexity Time Complexity

Method

) )
Basic [35] n+ ¥, (n-¥,)3-L
LTDS [64] n+ || (n+¥,h)% - (n+%,) -log?(n+|¥])
IPPV [74] n+ ¥, Niow - (n+%,)% - (n+¥,h)
DCLDS (ours) n+ || (n+¥,)? - (n+¥,h)

* Note: n denotes the number of vertices in the graph G, and L is the
number of iterations; | ¥y | denotes the number of h-cliques in G.
* Npow denotes the number of maximum flow calls.

ExAMPLE 2. In Figure 1, let h=3 and k=2, Hy and H; are identified
as the top-2 L3CDSes: they are non-overlapping, and no other subgraph
has a 3-clique density greater than theirs.

3 REVIEW OF THE STATE-OF-THE-ART
ALGORITHMS

In this section, we review the two state-of-the-art LhCDS algorithms
LTDS [49] and IPPV [74] and further analyze their limitations.

3.1 The LTDS algorithm

The core idea of LTDS is to iteratively identify the h-clique densest
subgraph, derive the maximal h-clique A-compact subgraph based
on its h-clique density, and then verify whether the h-clique densest
subgraph is an LhCDS.

In LTDS (Algorithm 1), it first initializes £ « 0, and G’ « G
(line 1), and finds the top-k LhCDSes via a while-loop (lines 2-9).
Specifically, in each iteration of LTDS, it performs the following
three steps: (1) find a CDS Dy, from the current graph G’; (2) use
the h-clique density of Dy, to derive the maximal h-clique pp,(Dp)-
compact subgraph of G (line 4), and (3) verify whether this CDS is
an LACDS. If so, it is added to the result set (lines 5-7). This process
repeats until the top-k LACDSes are found, with D}, removed from
G’ before the next iteration (lines 8-9).

Algorithm 1: LTDS [64]
input :A graph G, two integers k and h.
output:top-k LhCDSes

1 L=0;G «G;

2 while | £| < kand ¥,(G’) # 0 do

Dy, « find the h-clique densest subgraph from G’;

Cy, « derive the h-clique pp (Dp, )-compact subgraph from G;
foreach connected component g of Dy, do

if g C Cp and | L| < k then
L | £ Lu{gk

S =V(G)\V(Dp);
| Let G’ be the subgraph of G induced by S’;

10 return £;

Limitation of LTDS. The key limitation of LTDS is that it requires
computing maximum flows over the almost entire graph for each
LhCDS, making the approach computationally expensive.




Table 3: The values of Ny, (h=3).

Dataset k=1 k=5 k=10 k=15 k=20
CA-CondMat 2 48 56 62 63

Amazon 142 147 152 157
DBLP 1 55 59 62 67

Email 88 99 105 109 110
loc-gowalla 136 147 201 205 209
web-Stanford 255 264 271 988 1,010

3.2 The IPPV algorithm

To support arbitrary values of h and improve efficiency, the cur-
rent state-of-the-art algorithm for computing top-k LhCDSes is
proposed in [74], which leverages convex programming via the
Frank-Wolfe method. Note that the Frank-Wolfe algorithm [42]
is a well-known method for solving convex optimization problems.
As shown in [74], the LhCDSes can be found via solving the convex
programming formulation. Specifically, IPPV follows the following
three steps:

(1) Optimization. IPPV performs T optimization iterations
and, based on the resulting solutions, extracts a set of can-
didate LhCDSes.

Verification. IPPV then sequentially checks each candidate
LhCDS using a maximum flow. If the candidate is verified as
a valid LhCDS, it is appended to the result set. Otherwise,
the algorithm repeats Steps (1) and (2) to generate new
candidates.

Termination. The above process continues until the top-k
LhCDSes are found.

Limitation of IPPV. We list the two fundamental drawbacks of
IPPV here. First, the algorithm suffers from high computational
cost: computing the top-k LhCDSes requires O(Npoy - (1 + ¥j,)? -
(n+ ¥, - h)), where N, may grow up to k times the number of
candidate LhCDSes. To illustrate this cost, we report the values of
Niow obtained by IPPV on six datasets with h = 3 and k ranging
from 1 to 20. As shown in Table 3, the value of Nj,,, increases with
larger k, and on some datasets it can reach up to thousands, which
clearly makes IPPV much slower to run. Second, IPPV repeatedly
searches for candidate LhCDSes across nearly the entire graph,
resulting in extensive redundant computations and high runtime
overhead. Hence, the limitations above motivate us to design an
efficient algorithm, a theoretically and practically better algorithm.

()

(3)

4 DIVIDE-AND-CONQUER METHOD FOR
LhCDS DISCOVERY

In this section, we present the design of our divide-and-conquer
algorithm for LhCDS discovery.

Roadmap. The design of our algorithm proceeds as follows: (1)
We first demonstrate that maximal h-clique A-compact subgraphs
across different A values naturally form a hierarchical structure,
where each LhCDS corresponds to a leaf node that is not connected
to any other leaf nodes with higher h-clique density, and their
densities monotonically increase from left to right (see Section 4.1).
(2) To efficiently identify these structures, we introduce the concept
of the locally h-clique dense subgraph and prove that it forms the
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Figure 2: An example graph to illustrate our algorithm.

same hierarchical structure as the maximal h-clique A-compact
subgraphs across all A values (see Section 4.2). (3) Based on this
theoretical equivalence and the hierarchical property, we develop
an efficient divide-and-conquer algorithm to compute all LACDSes.

4.1 Hierarchical structure of maximal compact
subgraphs

In this section, we demonstrate that all maximal h-clique A-compact
subgraphs across different A values collectively form a hierarchical
tree structure. Furthermore, we show that the leaf nodes of this
tree — those that are not connected to any denser locally h-clique
dense subgraphs — correspond precisely to the LACDSes.

Union property. We first establish that overlapping or adjacent
h-clique A-compact subgraphs can be merged without violating
compactness.

LEMMA 4.1. Given a graph G and two h-clique A-compact sub-
graphs G[X] and G[Y], if X N'Y # O or there exists a cross h-clique
between them (i.e, Y,(X,Y) # 0), then G[X U Y] is also h-clique
A-compact subgraph of G.

Proor SKETCH. If X N'Y # 0 or the two subgraphs share at
least one h-clique (i.e., ¥4 (X, Y) # 0), then the induced subgraph
G[X U Y] is connected. Let S C X U Y be any non-empty vertex
subset to be removed, and decompose it as Sy = S N X and Sy =
SN(Y\X). Since every h-clique in G[X] (resp. G[Y]) that intersects
Sx (resp. Sy) also exists in G[X U Y], the number of removed h-
cliques in G[XUY] is no smaller than in either subgraph. Given that
both X and Y are h-clique A-compact, deleting Sx and Sy eliminates
at least A - |Sx| and A - |Sy| h-cliques, respectively. Summing up
yields |A¥, (G[S])] = A(|Sx|+|Sy]) = A-|S|. Hence, G[ X U Y] also
satisfies the h-clique A-compact condition. O

Hierarchy property. The above lemma implies that any two dis-

tinct maximal h-clique A-compact subgraphs at the same A are
disjoint; otherwise, their union would remain A-compact, contra-
dicting maximality. That is, for maximal h-clique A-compact sub-
graphs corresponding to different A values, we establish that they
are either nested or disjoint, thus inducing a hierarchical structure
by the following lemma.

LEmMA 4.2. Let G[X] and G[Y] be maximal h-clique A-compact
and A’ -compact subgraphs, respectively, with A > )’. Then either
XCYorXNY=0and¥,(X,Y)=0.

Proo¥. Assume for contradiction that X ¢ Y and they are not
disjoint (i.e, XNY # 0 or ¥, (X, Y) # 0). Since A > 1’, G[X] is also
h-clique A’-compact. By Lemma 4.1, G[ XUY] is h-clique A’-compact
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subgraph. Because X U Y strictly contains Y, this contradicts the
maximality of G[Y]. O

ExaMPLE 3. Consider the graph illustrated in Figure 2 with h =
3. Figure 3(a) presents the hierarchical tree of maximal h-clique A-
compact subgraphs corresponding to different A values. We observe
that a maximal h-clique A-compact subgraph at a higher A value is
always nested within that of a lower A.

Characterizing LhCDSes. We now establish the necessary and

sufficient condition under which a maximal h-clique A-compact
subgraph corresponds to an LhCDS. To do this, we first define
a measure of compactness to link A-compactness with h-clique
density.

Definition 4.3 (h-clique compactness). Given a graph G = (V,E),
the h-clique compactness of a connected subgraph H, denoted n, (H),
is the maximum value of A such that H is h-clique A-compact sub-
graph.

The h-clique compactness connects the Lh(CDS and the maximal
h-clique A-compact subgraph based on the following theorem.

THEOREM 4.4. A maximal h-clique A-compact subgraph H is an
LhCDS if and only if it contains no h-clique A’ -compact subgraph
with A’ > np(H).

Finally, we establish the connection between the hierarchical
structure and the LhCDSes. Lemmas 4.1-4.2 and Theorem 4.4 to-
gether reveal that all maximal hA-clique A-compact subgraphs form
a hierarchical tree structure, where (1) subgraphs with larger A
values are nested within those with smaller A, and (2) leaf nodes
in this hierarchy, those not connected to sibling subgraphs with
higher h-clique compactness correspond precisely to the LhCDSes.
Therefore, discovering all LA(CDSes is equivalent to identifying all
leaf nodes in the hierarchical tree of maximal h-clique A-compact
subgraphs.

ExAMPLE 4. As shown in Figure 3(a), there are three leaf nodes.
Among them, the subgraphs induced by{va, . ..,vs} and{v11,...,016}
are LhCDSes, whereas the leaf node {vo, . ..,v3} is not, since it is con-
nected to{vy, . .., v}, which has a higher h-clique density. To be more
specific, let us suppose that the subgraph induced by {vo, . ..,v3} (de-
noted by H) is an LhCDS. By definition, no proper supergraph of
H can remain 3-clique p3(H)-compact, where p3(H) = 1. However,
the subgraph induced by {vy, . ..,vs} is also 3-clique p3(H)-compact.
This contradicts the definition of LhCDS. Therefore, the subgraph
induced by {vy, . . .,v3} cannot be an LhCDS.

However, directly constructing the entire hierarchical tree of
maximal h-clique A-compact subgraphs is computationally ineffi-
cient. This is because, building the full hierarchy requires enumerat-
ing maximal h-clique A-compact subgraphs for all feasible A values,
which incurs substantial computational overhead. Moreover, such
exhaustive construction is unnecessary for our objective, since we
only aim to retrieve the top-k LhCDSes rather than materialize the
complete hierarchy. To address this issue, we introduce the notion
of a locally h-clique dense subgraph, which preserves the same hier-
archical structure while enabling more efficient computation. The
hierarchy induced by locally h-clique dense subgraphs naturally
supports a divide-and-conquer framework that reduces the search
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Figure 3: Illustration of the hierarchical tree.

space when computing candidate subgraphs and allows early ter-
mination once the top-k results are identified. Consequently, the
algorithm avoids exploring unpromising branches of the search
tree and eliminates the overhead of constructing the full hierarchy,
thereby achieving superior runtime performance.

4.2 Locally h-clique dense subgraph
In this subsection, we introduce a new concept, termed the locally
h-clique dense subgraph, which preserves the same hierarchical

structure while allowing for more efficient computation and analy-
sis.

Definition 4.5 (h-clique outer density). Given a graph G and two
disjoint vertex subsets X and Y, the h-clique outer density of X with
respect to Y, denoted by py, (X, Y), is defined as
YR (GIX])| + [P (X, V)]

X1

pr(X,Y) =

Based on this definition, we formally define the concept of a
locally h-clique dense subgraph.

Definition 4.6 (Locally h-clique dense subgraph). Given a graph
G = (V,E), a subgraph induced by a vertex set S C V is called a
locally h-clique dense subgraph if there exist no non-empty subsets
X CSandY C V\ S such that py, (X, S\ X) < pp(Y,5).

ExAMPLE 5. Consider the graph illustrated in Figure 2 with h = 3.
The subgraph constructed by {vo, - - - ,v3} is a locally 3-clique dense
subgraph. However, it is not an L3CDS since it is connected with
a denser locally 3-clique dense subgraph {vs,- - - ,v3}. By contrast,
S ={vg, -+ ,v16} is not a locally 3-clique dense subgraph since there
exists X = {vg,v10} and Y = {vg} such that p3(X,S\ X) =1 <
p3(Y,S) =1.

To ensure terminological clarity, throughout this paper, we use
the full term “locally h-clique dense subgraph” for the concept in
Definition 4.6, while reserving the acronym “LhCDS” for “locally
h-clique densest subgraph”

Decomposition of locally h-clique dense subgraphs. We next

show that locally h-clique dense subgraphs exhibit an inherent
hierarchical structure due to their nested relationships. The follow-
ing theorem establishes the nesting property that underlies this
hierarchy.

THEOREM 4.7. Let G[U] and G[W] be two locally h-clique dense
subgraphs. Then eitherU C W orW C U.



Proor. Assume for contradiction that neither subgraph is con-
tained within the other. Let X = U\ W and Y = W \ U; both
are non-empty. Based on the definition 4.6, we must have either
PR(X,UNW) < pp (Y, UNW]) or pp (X, UNW) > pp (Y, UNW).If
the former condition holds, we have pp, (X, U\X) = pp (X, UNW) <
pr(Y,UNW) < pp(Y,U), where the last inequality follows since
¥, (Y, UNW) C ¥,(Y,U). This contradicts the assumption that
U is locally h-clique dense. The opposite case, p,(X,U N W) >
pr(Y,U N W), leads to a symmetric contradiction for W. Hence,
one subgraph must be contained in the other. O

Theorem 4.7 implies that all locally h-clique dense subgraphs
are mutually nested, forming a hierarchical chain analogous to the
structure of k-cores [8].

COROLLARY 4.8. The locally h-clique dense subgraphs form an
ordered hierarchy of induced subgraphs of G, defined by a vertex
sequence By C By C --- C By, wherer < |V|, and their outer densities
satisfy pp(Bi \ Bi—1, Bi—1) > pp(Bis1 \ Bi, B;) forall1 <i<r.

This corollary ensures that all locally h-clique dense subgraphs
of a graph can be organized into a hierarchical tree structure.

We establish the equivalence between two hierarchical struc-
tures: the hierarchy of locally h-clique dense subgraphs and the
hierarchy of maximal h-clique A-compact subgraphs. This equiva-
lence provides the theoretical foundation of our algorithm, ensuring
that both perspectives yield an identical decomposition of G.
Bridging function. We first introduce a key optimization function

that connects these two concepts.

Definition 4.9 (h-clique net-gain function Fy,(1)). Given a graph
G = (V,E) and a real value A > 0, the h-clique net-gain function
Fp,(A) returns the vertex subset S C V that maximizes the following
objective:

Fi(2) = arg max (194,(G[S])] - 4IS]).
Scv

Ties are broken in favor of the largest such subset. Intuitively, Fj, (1)
balances the “gain” from including h-cliques against the “cost” of
adding vertices, where A represents the per-vertex penalty.

Connection to maximal A-compact subgraphs. We next show

that the structure induced by Fj, (1) coincides with the set of maxi-
mal h-clique A-compact subgraphs.

LEMMA 4.10. The connected components of the induced subgraph
G[Fy(A)] are exactly the maximal h-clique A-compact subgraphs of
G.

Proor. Let M) denote the collection of maximal h-clique A-
compact subgraphs, and let S* = Fj,(4). (1) First, we show that
every connected component of G[S*] must be a maximal h-clique
A-compact subgraph. Indeed, if some component were not maximal
h-clique A-compact, then it could be replaced by a subgraph with
larger h-clique density, which would strictly increase the net-gain
value. This contradicts the optimality of $*. (2) Second, we show that
every maximal h-clique A-compact subgraph is contained in S*. Fix
any M € M, and suppose for contradiction that V(M) ¢ S*. Let
91 (S) = [¥,(G[S])|—AlS|. Since M is h-clique A-compact, no subset
of V(M) has larger net gain than V/(M). Thus, for any A C V(M),

9r(V(M)) 2 gy(A).
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In particular, this holds for A = $* N V/(M).

Moreover, g is a supermodular function. Applying supermodu-
larity to S* and V(M), we obtain

gA(ST U V(M) +g2(S NV (M) 2 ga(S) + g2 (V(M)).
Together with
ga(V(M)) = g5(S" NV (M),
this implies
gA(ST UV (M)) = g (SY).

Therefore, adding V(M) to S* does not decrease the objective value,
$0 §* U V(M) is also an optimal solution. However, since V(M) ¢
S*, the set S* U V(M) strictly contains S*, contradicting the tie-

breaking rule that selects the inclusion-wise largest optimal set.
Hence, V(M) C S* for every M € M. o

Connection to locally h-cique dense subgraphs. We now show

that varying A produces a sequence of Fj(4) subgraphs that are
nested with respect to inclusion, thereby forming the hierarchical
structure of locally h-clique dense subgraphs.

PROPOSITION 4.11. Let {B;}|_, denote the nested chain of the
vertex sets of locally h-clique dense subgraphs of G. For any pp (Bit1 \
Bi,Bj) < A < pp(Bi \ Bi—1,Bi-1), we have F;, (1) = B;.

Proor. By the optimality of F (1), removing any subset X C
S* = Fy(A) cannot improve the objective, implying pp (X, $* \ X) >
A for all non-empty X C §*. Similarly, adding any external subset
Y C V \ 5" strictly decreases the objective, implying p, (Y, S*) < A.
These conditions exactly match those defining a locally h-clique
dense subgraph. Now fix an index i such that py(Bj+1 \ Bi, Bi) <
A < pp(Bi \ Bi—1,Bi-1). If F;(A) = Bj with j > i, then removing
Bj\Bj_1 would increase the net-gain value. If j < i, adding Bj;1\Bj
would not reduce the net-gain value. Therefore, j = i, and hence
Fy (1) = B;. O

By combining Lemma 4.10 and Proposition 4.11, we arrive at the
following theorem.

THEOREM 4.12. The hierarchy of locally h-clique dense subgraphs
is identical to the hierarchy of maximal h-clique A-compact subgraphs.
In particular, the connected components of each locally dense subgraph
correspond exactly to the maximal A-compact subgraphs, and the leaf
nodes of this hierarchy are the LhCDSes.

This theorem formally establishes the equivalence and interchange-
ability of the two hierarchies. In the next section, we leverage
this equivalence to design a divide-and-conquer algorithm that
efficiently identifies the top-k LhCDSes.

4.3 Our divide-and-conquer algorithm

In this subsection, we present a divide-and-conquer algorithm to
construct the hierarchical tree structure of the locally h-clique dense
subgraph decomposition. Recall that each leaf node in this hierarchy
corresponds to an LACDS if and only if it is not connected to any
subgraph with a higher h-clique density. Our divide-and-conquer
strategy recursively explores the graph from regions of higher to
lower density, enabling efficient identification of all LACDSes.
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Before presenting the algorithm, we first introduce two key
lemmas that form its theoretical foundation.

LemMA 4.13. Let {B;},_, be the sequence of locally h-clique dense
subgraphs. For any two indices i and j such that0 < i < j <r, let
B; = Fp(A) with A = Ph(Bj \ Bi, B;) Then:

o Ifi+1<j,theni<lIl<j.
o Ifi+1=j,thenl=j.

PRrROOF SKETCH. By corollary 4.8, the outer densities py(Bg \
Bj._1, Br._1) strictly decrease along the sequence O = By C By C
-++ C B, = V. Expressing pp (B \ Bg_1,Brx_1) = cx/vk, the com-

J
bined density pp(B;j \ Bi,B;) = M
Z:k:iﬂ %k
and cj/v;j, with equality only when i + 1 = j; otherwise, it lies
strictly between them. Hence pp, (Bj\Bi+1, Bi+1) < pp(Bj\Bi, Bi) <
pr(Bi+1 \ Bi, B;), implying i < I < j(and = jwheni+1=j). O

lies between cj41/vi+1

This lemma directly yields the recursive principle driving our
divide-and-conquer method.

COROLLARY 4.14. Given two locally h-clique dense subgraphs
G[X] and G[Y] such that X C Y, and let Z = Fy(A) where A =
pr(Y\ X, X). Then, we have:

o IfZ =Y, no locally h-clique dense subgraph G[W] exists
suchthatX c W C Y.

o IfZ + Y, then G|Z] is a locally h-clique dense subgraph
satisfyingX c Z C Y.

ProoF. Let X = Bjand Y = Bj for some i < j.If j = i+1,
Lemma 4.13 gives Z = Y, implying no intermediate subgraph. If
Jj > i+ 1, the lemma ensures the existence of B; for some i < I < j,
i.e., an intermediate locally dense subgraph. O

Recursive construction. Based on lemma 4.13 and corollary 4.14,
we design a recursive divide-and-conquer algorithm to construct
the hierarchical tree of locally h-clique dense subgraphs. Given two
nested locally h-clique dense subgraphs B; C Bj, the algorithm finds
an intermediate subgraph By = Fj,(pp,(B; \ B;, B;)) and recursively
solves the two subproblems (B;, By) and (Bj, Bj). The recursion
terminates when Fp, (1) = Bj, which corresponds to a leaf node.
Starting from the trivial boundaries X = @ and Y = V, the
algorithm progressively refines the hierarchy by discovering in-
termediate layers until all locally h-clique dense subgraphs are
identified. When X = 0 and Y =V, the first call extracts the top
layer By from Y \ X, partitioning V into two disjoint regions that
serve as new recursion boundaries. Repeating this process yields a
complete hierarchical decomposition.
Identifying LhCDSes. As shown in theorem 4.4, each LhCDS cor-
responds to a leaf node in the hierarchy tree that has no connection
to any denser locally h-clique dense subgraph. Within our recursive
framework, such leaf nodes correspond to regions B; \ B;—1 that
contain no further nested locally h-clique dense subgraphs. The
following lemma provides a precise criterion for identifying these
LhCDSes.

LEMMA 4.15. Given the sequence of locally h-clique dense sub-
graphs {B;}|_,, the LhCDSes of G are exactly the connected com-
ponents of G[B; \ Bi—1] that have no cross-edges with B;_1, for all
ie{t,...,r}
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Algorithm 2: DerivelLhCDS

input :A graph G, two integers k and h.
output: Top-k LhCDSes in G.

1 L« 0

Divide(0,V, k,L);

return £;

Function Divide(X, Y, k, £):

A= pr(Y\X,X);Z «— Fp(A); Z — Fp(2)

if Z =Y then

)

w

LIS

6
7 foreach connected component g of G[Y \ X] do
8 if g has no cross-edges with X then
9 L L — LU{g};

10 else

1 if | £| < k then

12 | Divide(X,Z k- |L|, £);

13 if | L] < k then

u | Divide(Z, Y,k —|L], £);

ProOF. An LACDS must be included entirely within B; but be
disjoint from B;_1; therefore, it can only exist inside the induced
subgraph G[B; \ Bj—1]. Intuitively, B;_; represents a denser “inner
layer”, while B; \ Bj—1 corresponds to the newly added region
in building the hierarchical tree. If a connected component H of
G|[B;\ Bi—1] has no cross-h-cliques linking it to B;_1, then H cannot
merge with any other subgraph to form a denser or larger compact
structure. According to theorem 4.4, such a component is precisely
an LACDS. Conversely, if a connected component of G[B; \ Bi—1]
has cross-h-cliques with B;_1, it can still be extended into a larger
subgraph with higher h-clique compactness. O

Lemma 4.15 ensures that the base cases of the recursion yield
exactly the LhCDSes. The procedure is summarized in Algorithm 2.
Complexity analysis. In the worst case, the Divide function is

invoked up to 2r — 3 times, where r is the number of locally h-
clique dense subgraphs in G and r < n+|¥}|. Since each invocation
computes Fj, (1) via a maximum-flow procedure [71] on the h-clique
augmented network [27], whose size is |V| = n + |¥}| vertices
and |E] = n + |¥y|h edges, we instantiate the flow complexity
using Orlin’s state-of-the-art O(|V||E|) algorithm [59]. Therefore,
a single computation costs O((n + |¥y|) (n + |'¥,|h)) time. Since
the procedure is invoked at most n + |¥y| times, the overall time
complexity of the proposed method is: O ((n + [¥u)? - (n+ [Pp|h)).

EXAMPLE 6. Let us continue with the graph illustrated in Fig-
ure 2, where h = 3. Figure 3(b) shows the recursive tree generated by
Algorithm 2. We can observe that the first two leftmost leaf nodes
correspond to the LhCDSes, as they are not connected to any other
leaf nodes with higher h-clique density. In contrast, the remaining
leaf nodes, {vo, .. .,v3} and {v9, v10}, are not LhCDSes because they
are connected to leaf nodes with higher h-clique density.

5 OURDCLDS ALGORITHM

In this section, we present our proposed method, DCLDS, which
builds upon the DerivelLhCDS framework introduced in Section 4.
We first introduce a clique-orientation-based graph partitioning
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Figure 4: An example to illustrate the augmented graph.

technique designed to further reduce the search space of DeriveLhCDS.

Building on this foundation, we then describe our DCLDS algorithm.

5.1 Clique orientation-based graph partition

In this subsection, we introduce a novel concept, called the clique
orientation-based graph partition, which aims to reduce the search
space of DeriveLhCDS. The key idea is to partition the input graph
into disjoint regions guided by clique orientations, such that each
LhCDS is entirely contained within one region, without crossing
multiple partitions. By isolating the graph into localized partitions,
the overall search space for discovering LhCDS is significantly
reduced. To this end, we first introduce the h-clique oriented aug-
mented graph, which serves as the cornerstone of the proposed
graph partition.

Construction of the h-clique oriented augmented graph. Let

G = (V,E) be an undirected graph. We construct its h-clique aug-
mented graph, denoted as Gy, = (V U V¢, E’), by transforming each
h-clique in G into a new clique vertex that connects to all vertices
belonging to that clique. Formally,

E = U {(u,00) :u€eC}.

Ce¥,(G)

Ve ={vc:Ce¥(G)},

Here, V¢ represents the set of all clique vertices, and E” denotes the
bipartite edges linking each clique vertex vc to the member vertices
of its corresponding clique C. This transformation results in an
augmented bipartite structure that jointly encodes vertex-level and
clique-level relationships within G.

EXAMPLE 7. As shown in Figure 4, let h=3, we provide a very simple
graph contains two triangles C1={v1, v2,v3} and Co={v1,v3,0v4}. The
Figure 4(b) shows its 3-clique augmented graph Gs.

For each h-clique C € ¥;,(G), choose an arbitrary vertex a¢ € C.
This choice induces an h-clique orientation graph Gn=(VUVE E),
where each clique C is represented by a clique vertex vc € V.
For each clique vertex vc, we orient the edge between vc and the
chosen vertex a¢ as (vc, ac). For every other vertex u € C \ {ac},
we orient the edge between u and v¢ as (u, v¢). Thus, each h-clique
contributes exactly one unit of in-degree to one original vertex,
namely the chosen vertex ac.

We use (u,v) to denote a directed edge and (u,v) to denote an
undirected edge; reversing (u, v) gives (v, u). Since éh is bipartite
between original vertices and clique vertices, any directed path al-
ternates between these two types of vertices, capturing reachability
through shared h-cliques.

Reversible path and balanced orientation. We define two key
concepts that characterize the orientation structure.
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Figure 5: An example to illustrate our graph partition.

Definition 5.1 (Reversible path). Given éh’ apath s — tis called
a reversible path if

d(t,Gp) ~d(s.Gp) > 2
where d(u, éh) denotes the in-degree of vertex u.

Definition 5.2 (h-clique balanced orientation). An orientation
graph G is called a balanced orientation if it contains no reversible
path.

The balanced orientation offsets the direction of clique-induced
edges, ensuring that no vertex can increase its in-degree through
path reversal. This equilibrium is essential for forming a stable,
well-defined partition of the graph.
h-Clique density-based graph partition. We now introduce the

h-clique density-based graph partition.

Given an h-clique balanced orientation graph éh, the h-clique
density-based graph partition aims to split the graph G into a series
of small subgraphs of G induced by vertex sets @y, = {Ri}iago of G,
where R; denotes the i-th clique partition set.

We write u ~ v if u is reachable from v in éh. For example, as
illustrated in Figure 4, we can see v; ~»> v3. With this notation, R;
can be characterized as

Ri:{ue V| d(u,éh) > ior 3o € V such that u ~» vandd(v,éh) > i}.

The resulting clique partition sets exhibit progressively increas-
ing h-clique densities; for any two integers i and j with i < j,
the subgraph G[R;] is denser than G[R;]. This characterization is
closely related to the notion of pseudoarboricity. In particular, &,
coincides with the pseudoarboricity of the augmented graph Gy,.
Recall that the pseudoarboricity of a graph is the minimum number
of pseudoforests into which its edge set can be partitioned. Equiv-
alently, it can be characterized by an orientation with bounded
out-degree:

dp = min { i | E(G}) can be oriented such that d(u, éh) <i,Vue V(Qh)} .

Since for all i € [1,8, — 1], Ri+1 € Ri, the difference R; \

Ri+1 forms a disjoint vertex set. Thus, the corresponding induced
subgraphs collectively constitute a valid graph partition.

EXAMPLE 8. Let us consider the graph shown in Figure 2. The
corresponding partitioned graph is illustrated in Figure 5. As observed,
Ri \ Ri+1 fori € 1,2,3, forming the partition. It is worth noting that
R3 = Ry, thereby we omit Rs in the figure.

Theoretical properties. We next establish the relationship be-

tween partition subgraphs and locally h-clique dense subgraphs.
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LEMMA 5.3. Given a partition set R;, for any non-empty sets S C
Ri and T C V \ R;, the following inequality holds:

Pr(SRi\S) > i—12 pp(T,Ri). (2)

Proor. Specifically, the number of cross-h-cliques between S
and R;\ S exceeds (i—1) -|S|, while the number between T and R; is
at most (i—1) -|T|. By the definition of outer density (definition 4.5),
the inequality holds. O

THEOREM 5.4. Every clique partition set R; is a locally h-clique
dense subgraph.

Proor. By lemma 5.3, forany S C R; and T C V' \ R;, it holds
that p,(S,Ri \'S) > pp(T,R;i). Hence, the condition of the local
h-clique dense subgraph (definition 4.6) is satisfied. O

We now present the algorithm for computing the h-clique density-
based graph partition for a given graph G.

Definition 5.5 (h-clique orientation flow network). Given an h-
clique orientation graph éh, a vertex set X C V, and an integer
threshold d, let Vo(X) = {vc € Vo | C € X }. The h-clique ori-
entation flow network on X, denoted by ﬁd(X) =(XuUVe(X)u
{s,t},&,¢(+)), is a capacitated directed graph constructed as follows.

Internal edges. For each directed edge (u,v) in éh [XUVe(X)],
include (u, v) in & with capacity c({u,v)) = 1.

Source edges. For each vertex u € X with d(u, éh) < d,add
an edge (s, u) to & with capacity c({(s,u)) =d — d(u, éh).
Sink edges. For each vertex u € X with d(u, éh) > d, add an
edge (u, t) to & with capacity c({u, t)) = d(u, éh) —d.

Based on this flow network, we can obtain the h-clique density-
based graph partition. At first glance, our problem may appear
related to the integer densest subgraph decomposition problem
studied in [80]. However, the two problems have fundamentally
different objectives. The goal of [80] is to decompose a graph into
layers according to edge-density levels, whereas our goal is to
construct an h-clique density-based partition to reduce the search
space of our computation. Nevertheless, their layer-based decompo-
sition framework provides useful algorithmic insight for our setting.
Building on this insight, and extending it from edge density to h-
clique density, we design a novel divide-and-conquer algorithm,
called Orientation-par, to compute the h-clique density-based
graph partition ®j,. The full procedure is provided in our technical
report [86].

THEOREM 5.6. Given an h-clique orientation graph éh, the proce-
dure Orientation-par correctly outputs the h-clique density-based
partition O,

Complexity analysis. Notably, in Orientation-Par, the proce-

dure invokes Divide-Par at most §y, times. In each invocation, the
h-clique orientation network reverses all such augmenting paths
simultaneously via a single maximum-flow computation. We apply
Dinic’s algorithm [10] to solve the flow problem; the running time
of each maximum-flow computation is O(|E*/?). Therefore, the
overall time complexity is o(&P/2 . dp), where the number of
edges satisfies |&| = n + | ¥y |h, and 8y, < n+ |¥y|.
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Figure 6: An example to illustrate the DCLDS algorithm.

5.2 Our DCLDS method

In this section, we are ready to present our DCLDS method, which
builds upon the clique orientation-based graph partitioning and
our divide-and-conquer-based algorithm.

Algorithm 3: DCLDS

input :A graph G, two integers k and h

output: Top-k LhCDSes in G
1 L—0,D «0;
2 éh « compute h-clique orientation graph of G;
3 @y « Orientation-Par(G, éh);
4 foreach block P € ©y, in non-increasing density order do
5 C « DeriveLhCDS(G[P], k — | L], h);
foreach H € C do

if #(u,0) € E(G) such thatu € V(H) andv € D then
L— LU{H};
L if | L] > k then break;

D—DUP;

| if | L] > k then break;

12 return £;

© N

9

10

11

As shown in Algorithm 3, it first invokes the Orientation-Par
to split the entire graph into a series of small subgraphs (lines 2-3).
Afterwards, it repeatedly calls DeriveLhCDS to identify LACDSes
until the top-k results are found (lines 4-6).

EXAMPLE 9. As shown in Figure 6, we provide an example to illus-
trate the running process of DCLDS. Compared to the recursion tree
in Figure 3(b), the recursion depth is significantly reduced. This is
because, after graph partitioning, DCLDS identifies LhCDSes within
smaller subgraphs rather than the entire graph, thereby substantially
reducing the search space.

THEOREM 5.7. Given a graph G, and two parameters k and h,
DCLDS takes (n +¥y)? - (n+ ¥,h) time to identify top-k LhCDSes.

Extension to support motif-based patterns. DCLDS can be nat-
urally extended to support the locally pattern densest subgraph
problem [74], which generalizes higher-order densest subgraph
models, since cliques are special cases of general graph patterns.
Following similar design principles to those in [27, 74], our frame-
work can be adapted to handle arbitrary motif-based patterns with
only minor modifications to the pattern enumeration component,
yielding a new method DCLDS-Pat. Detailed algorithmic techniques
for such extensions can be found in [27, 74].




Table 4: Datasets used in our experiments.

Dataset ‘ Category ‘ \4 ‘ |E|
CA-GrQc (CA) Collaboration 5,242 14,484
web-webbase-2001 (WW) Web 16,062 25,593
fb-pages-company (FB) Social 14,113 52,126
CA-CondMat (CC) Collaboration 23,133 93,439
soc-epinions (SE) Social 26,588 100,120
Email (EA) Communication 36,692 183,831
Amazon (AM) Purchasing 334,863 925,872
loc-gowalla (LG) Location 196,591 950,327
DBLP (DP) Collaboration 317,080 1,049,866
web-Stanford (WS) Web 281,904 1,992,636
youtube (YT) Friendship 1,134,890 | 2,987,624
web-Google (WG) Web 875,713 5,105,039
Patent (PT) Hyperlink 3,033,374 | 16,518,947
soc-pokec (SP) Social 1,632,803 | 22,301,964
Zhishi-baidu (ZB) Hyperlink 7,827,193 | 62,246,014

6 EXPERIMENTS

We now present the experimental results. Section 6.1 discusses the
setup. We discuss the results in Sections 6.2 and 6.3.

6.1 Setup

Datasets. We use 15 real-world datasets from different domains,
which are downloaded from the Stanford Network Analysis Plat-
form !, Laboratory of Web Algorithmics 2, Network Repository 3,
and Konect . Their detailed descriptions can also be found on these
websites. Table 4 reports the statistics of these graphs.
Competitors. We evaluate the following algorithms for the LACDS
problem:

LTDS [64]: the maximum flow-based algorithm, which is
recapped in Section 3.

LTDS-Core: an optimized variant of LTDS that incorporates
the graph reduction technique proposed in [27].

IPPV [74]: the state-of-the-art Lh(CDS discovery algorithm,
which is discussed in Section 3.

« DCLDS: our proposed algorithm in Section 5.2.

Note that the original implementation of LTDS supports only the
case h = 3. To enable a fair comparison, we extended it to support
arbitrary values of h, whereas both IPPV and our method DCLDS are
natively applicable to any h. We implement all the algorithms in
C++ and run experiments on a machine having an Intel(R) Xeon(R)
Gold 6338R 2.0GHz CPU and 512GB of memory, with Ubuntu in-
stalled. If an algorithm cannot finish in two weeks, we mark its
running time as INF in the Figure and “—” in the Table. In our ex-
periments, we have already included the time cost of enumerating
h-cliques in all results, which means that our algorithm is purely
online without offline preprocessing.

!http://snap.stanford.edu/data/
http://law.di.unimi.it/datasets.php
3https://networkrepository.com/network-data.php
“4http://konect.cc/networks/
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Table 5: Memory usage of IPPV and DCLDS.

Memory usage (MB)

Dataset Reduction (%)
IPPV DCLDS
Amazon 941.92 251.81 3.74%
loc-gowalla 2,308.39 958.45 2.40%
web-Stanford 10,144.42 3,273.50 3.09%
web-Google 11,169.66 3,986.41 2.80%
Zhishi-baidu  >2,097,152  123,950.51 >16.91%

6.2 Comparison with existing LA.CDS
algorithms

In this section, we extensively compare DCLDS with LTDS and IPPV
by various experiments.

1. Effect of k. Figure 7 compares the average running time
of these four algorithms on 15 datasets by varying the size of k,
where k=5~20 and h=3. Clearly, DCLDS achieves up to two orders
of magnitude speedup over all three competitors. This remark-
able efficiency stems from its lower theoretical time complexity
and its ability to discover Lh(CDSes within the smaller subgraphs
obtained through the clique orientation-based partitioning. For
example, on the DBLP dataset, DCLDS completes the computation
within 10 seconds, whereas the baselines require more than 1,000
seconds. Furthermore, as the parameter k increases, both IPPV and
LTDS-Core exhibit steadily rising runtime, while our method main-
tains stable performance, consistent with the analysis in Section 1.
Interestingly, we also observe that LTDS-Core outperforms IPPV
and LTDS on most datasets, which implies that the graph reduction
technique is very useful in LhCDS problem.

2. Effect of h. We evaluate the effect of h using four datasets from
different domains, and the values of h are set to 4 and 5, respectively.
The experimental results are reported in Figure 8, which clearly
shows that DCLDS outperforms the other algorithms on all datasets.
Particularly, on the Amazon dataset with h = 4, our method is up
to three orders of magnitude faster than IPPV and two orders of
magnitude faster than LTDS-Core. We observe that in some cases,
the improvement of our method is less pronounced, for example,
on the FB dataset with h = 5. This is because, in such settings, the
clique enumeration step dominates the total runtime.

3. Memory costs. We examine the memory usage of IPPV and
DCLDS on the five datasets, reporting their results in Table 5. Al-
though both IPPV and DCLDS share the same space complexity of
O(n+Y¥},), where ¥}, denotes the number of h-cliques in the graph,
DCLDS typically consumes less memory in practice thanks to its
divide-and-conquer strategy, which processes smaller subgraphs
sequentially. This is an optimization technique at the practice level.

4. Effect of patterns. We evaluate IPPV-Pat and DCLDS-Pat on
four datasets using four widely adopted patterns (see our technical
report [86]). The results are shown in Figure 9, we can see that our
method DCLDS-Pat consistently outperforms IPPV-Pat in runtime.

6.3 Detailed analysis of DCLDS

We perform an in-depth evaluation and analysis of DCLDS.
1. Scalability test. In this experiment, we evaluate the scala-
bility of the IPPV and DCLDS. Specifically, for each graph, we first
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Figure 7: Effect of k on the efficiency of DCLDS, IPPV, LTDS, and LTDS-Core.
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randomly select 20%, 40%, 60%, 80%, and 100% of its vertices and
then obtain five sub-graphs induced by these vertices, respectively.
Afterwards, we run IPPV and DCLDS on these sub-graphs, and re-
port both the average efficiency results for each sub-graph. The
results are shown in Figure 10. We observe that DCLDS demonstrates
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Figure 9: Effect of patterns on the efficiency of algorithms.

significantly better scalability than IPPV, as its runtime increases
much more slowly with graph size.

2. Ablation study of DCLDS. In this experiment, we evaluate the
effect of two key optimization techniques: our divide-and-conquer
strategy and the clique orientation-based graph partition. We de-
velop four different algorithms to compare the variants between
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IPPV and DCLDS. The detailed descriptions of the different vari-
ants are shown in our technical report [86]. We then run these
four algorithms on five datasets with h=3 and k=10, report the run-
ning time in Figure 11. We make the following observations and
analysis: Our DCLDS significantly outperforms all three variants,
demonstrating the effectiveness of its two core components. The
divide-and-conquer strategy notably reduces the overall time com-
plexity by diminishing the item, Nyqy,, compared to IPPV, which
explains why Divide runs much faster than IPPV. In addition, the
clique orientation-based graph partitioning effectively reduces the
search space by decomposing the original graph into smaller, in-
dependent subgraphs. As a result, IPPV+Par achieves up to two
orders of magnitude speedup over IPPV. When both components
are integrated, DCLDS attains the best performance, combining ef-
ficiency from divide-and-conquer recursion with scalability from
partitioned computation.

7 RELATED WORKS

This section reviews the existing works on the densest subgraph
problem and its variants. The dense subgraph decomposition prob-
lem is also discussed.

Densest subgraph problem and its variants. The densest sub-

graph discovery (DSD) problem seeks to identify the subgraph that
maximizes the average degree of vertices [2, 4-7, 9, 12, 13, 24, 34,
37, 46, 65, 70, 85]. A classical approach to solving DSD transforms
it into a parametric maximum-flow formulation [34], which en-
ables performing a binary search over possible density values and
uses the flow network to verify whether a given density threshold
is achievable. To capture higher-order structural patterns beyond
edge connectivity, DSD has been generalized to the h-clique densest
subgraph (CDS) problem, which aims to find subgraphs maximiz-
ing h-clique density [25, 27, 38, 51, 56, 72, 84, 85]. This formulation
better identifies “near-clique” regions in graphs. Notably, when
h = 2, CDS degenerates to the classical DSD problem. Beyond
the basic formulation, numerous variants of DSD have been pro-
posed to address specialized objectives [3, 20, 28, 53, 60, 65, 75]. The
densest-k-subgraph (DkS) problem, which seeks the subgraph with
k vertices maximizing the number of edges, is well-known to be
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NP-hard [28]. To discover local dense regions, Qin et al. [60] intro-
duced the top-k locally densest subgraph problem, and Ma et al. [53]
developed a convex relaxation based on density-friendly graph de-
composition [21]. In addition, several other extensions have also
been explored, including anchored DSD problem [20, 88], and fair/-
diverse DSD formulations [1, 57]. The DSD problem is extended to
other types of graphs, such as directed graphs [47, 52, 54, 55, 87],
uncertain graphs [61], and heterogeneous graphs [15, 58].

Dense subgraph decomposition problem. The dense subgraph
decomposition problem seeks to decompose a graph into nested
cohesive subgraphs according to different cohesive definitions. Clas-
sical approaches include the k-core [8, 66], k-truss [18, 63, 81], and k-
ECC [40, 79]. To unify these paradigms, nucleus decomposition [67]
generalizes them under a clique-based framework, organizing all
(r, s)-nucleus into a containment hierarchy that reveals overlapping
dense communities and their relationships. This nucleus perspec-
tive captures both k-core (r=1, s=2) and k-truss (r=2, s=3) as spe-
cial cases. Besides, density-based decomposition [21, 70] partitions
a graph into subgraphs according to their density, progressively
decomposing it from regions of higher density to lower density.
Subsequent work has extended dense subgraph decompositions to
directed [26, 30, 50], temporal [78], bipartite [22, 48, 89], uncertain
[11, 41], and heterogeneous [36] graphs.

8 CONCLUSIONS

In this paper, we investigate the problem of efficient locally h-
clique densest subgraph (LhCDS) discovery. The existing LACDS
algorithms suffer from high time complexity and redundant com-
putations, making them inefficient on large graphs. To address this
limitation, we propose a novel divide-and-conquer algorithm to
break the time complexity bottleneck of the existing methods. Fur-
thermore, we design a clique orientation-based graph partitioning
technique that divides the original graph into multiple smaller sub-
graphs, enabling our algorithm to efficiently identify all Lh(CDSes
within these subgraphs rather than over the entire graph. Our
experimental results on 15 real-world large graphs show that our
proposed algorithm is efficient for the LhCDS problem and achieves
up to two orders of magnitude faster than the state-of-the-art algo-
rithm. In the future, we will design distributed algorithms for the
LhCDS problem to handle extremely large graphs.
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