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ABSTRACT
Cohesive subgraph mining in hypergraphs has recently attracted
increasing research attention due to its broad applicability in do-
mains such as social networks, co-authorship networks, and rec-
ommendation systems. An important model, the hyper 𝑘-truss,
is defined as a maximal cohesive subgraph in which each hyper-
edge is contained in at least (𝑘 − 2) hyper-triangles (i.e., structures
formed by three pairwise connected hyperedges). In this paper, we
study the problem of hyper-truss decomposition, which aims to
identify all hyper 𝑘-trusses for 𝑘 ≥ 0. Due to the complex struc-
ture of hyper-triangles, the existing hyperedge-aware framework
for hyper-truss decomposition incurs extra computational cost by
traversing open hyper-triangles (i.e., hyper-triangles in which two
hyperedges are not connected). Moreover, existing strategies enu-
merate all supporting hyper-triangles for each peeled hyperedge,
which substantially limits overall efficiency. To address these issues,
we propose a vertex-aware framework that leverages vertex-level
connectivity among hyperedges. Under this framework, we design
a vertex-oriented counting strategy to completely eliminate the
traversal of open hyper-triangles during the counting phase and a
vertex-based state propagation method to minimize the number of
hyper-triangles enumerated in the peeling phase. Extensive experi-
ments on eleven real-world datasets demonstrate the effectiveness
and efficiency of our approach.
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Figure 1: Comparison of hypergraph and traditional graph.

1 INTRODUCTION
In many real-world applications such as neuroscience [13, 36], so-
cial networks [57, 58], and co-authorship collaboration networks
[4, 12, 18, 32, 47], hypergraphs are widely used to model systems
that exhibit group-based or higher-order relationships among en-
tities. A hypergraph is a generalization of a traditional graph in
which a hyperedge can connect an arbitrary number of vertices.
This property allows hypergraphs to capture complex networks
with group-level interactions. For example, Figure 1(a) illustrates
a hypergraph where each hyperedge represents a developer, and
the vertices denote the projects to which the developer contributes.
In contrast, the traditional graph shown in Figure 1(b) can only
depict pairwise co-developer relationships between projects. Con-
sequently, mining cohesive subgraphs in hypergraphs has recently
become an active research topic. In the literature, several cohe-
sive models are proposed, such as the degree-based 𝑘-core [35],
𝑘-hypercore [29], 𝑁𝑏𝑟 -𝑘-core [3], 𝐶𝑜𝐶𝑜𝑟𝑒 [30], and hyper 𝑘-truss
[34], among which the hyper 𝑘-truss model has received consid-
erable attention. By leveraging the properties of hyper-triangles
(i.e., three pairwise connected hyperedges), the hyper 𝑘-truss effec-
tively captures higher-order structural cohesiveness in hypergraphs.
Specifically, given a positive integer 𝑘 , a hyper 𝑘-truss is defined
as a cohesive subgraph in which each hyperedge participates in at
least (𝑘 − 2) hyper-triangles. The hyper-truss number of a hyper-
edge 𝑒 is the largest 𝑘 such that 𝑒 belongs to a hyper 𝑘-truss. For
instance, in Figure 1(a), the subgraph composed of hyperedges 𝑒3,
𝑒4, 𝑒5, and 𝑒6 forms a hyper 5-truss, as each of these hyperedges is
contained in three hyper-triangles. Their hyper-truss number is 5,
since no hyper 6-truss includes them.
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In this paper, we study the hyper-truss decomposition problem,
which computes the hyper-truss number for each hyperedge in a
hypergraph. In traditional graphs, extensive studies focus on truss
decomposition [2, 17], which constructs a hierarchy of 𝑘-trusses
where each edge participates in at least (𝑘 − 2) triangles. How-
ever, truss decomposition cannot be applied to hypergraphs, as the
traditional triangle structure does not exist in hypergraphs. Conse-
quently, it is essential to develop efficient algorithms for hyper-truss
decomposition. The importance of hyper-truss decomposition has
been demonstrated across various real-world applications, and sev-
eral representative examples are presented below.
• Co-authorship networks. In co-authorship networks, researchers
from the same institution or those who collaborate closely of-
ten form cohesive groups. Such strong and repeated collabora-
tions tend to induce dense hyper-triangles (i.e., hyper-triangles in
which all three hyperedges share common vertices). In contrast,
researchers who collaborate less frequently are more likely to be
connected through sparse hyper-triangles (i.e., hyper-triangles in
which common vertices exist only between pairs of hyperedges). By
applying hyper-truss decomposition, loosely connected structures
are progressively filtered out, while densely connected collabora-
tion groups are extracted and further organized into hierarchically
nested substructures, enabling the identification of core research
teamswith intensive collaboration. This hierarchical decomposition
provides valuable insights into collaboration patterns and helps
identify influential authors within co-authorship networks.
• Filtering spam and malicious accounts. In communication net-
works, users within the same organization often exhibit an admin-
istrative relationship, where a central organizer or administrator
maintains consistent interactions with all member accounts. Such
structured and repeated interactions make these accounts more
likely to form dense hyper-triangles. In contrast, fake accounts or
coordinated malicious actors typically lack persistent and densely
connected interaction patterns, and are therefore less likely to form
dense hyper-triangles. By applying hyper-truss decomposition, ac-
counts involved in stable and coordinated communications exhibit
high hyper-truss values, whereas fake or loosely coordinated ac-
counts are removed early during the decomposition process.
Existing techniques. The existing truss decomposition framework
[48, 56, 59] consists of two phases: a counting phase, which counts
the number of triangles each edge is involved in, and a peeling phase,
which iteratively removes edges 𝑒 with the minimum support and
assigns the truss number to 𝑒 . In [34], Qin et al. propose an efficient
counting algorithm HTC-PF+ that constructs a prefix forest to order
vertices within each hyperedge and merges hyperedges sharing
common prefixes into a compact hierarchical structure to search for
sparse hyper-triangles. This approach effectively reduces redundant
vertex intersection checks among overlapping hyperedges, thereby
accelerating the search process. By employing HTC-PF+ as the
counting phase, they further develop a hyper-truss decomposition
algorithm to compute the hyper-truss number for each hyperedge.
Motivations and Challenges. Existing hyper 𝑘-truss models [34]
are restricted to sparse hyper-triangles and therefore overlook
higher-order interactions captured by dense hyper-triangles. As a
result, hyperedges with different levels of such interactions may
be assigned similar hyper-truss values, reducing the discriminative
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Figure 2: Limitation of the existing algorithm.
power of hyper-truss decomposition. Moreover, hyper-triangles ex-
hibit more complex structures than traditional triangles due to the
varying degrees of overlap among their vertices, which makes iden-
tifying all hyper-triangles in a hypergraph difficult. In the counting
phase, existing approaches [25, 34, 52] typically spend considerable
time filtering open hyper-triangles (i.e., hyper-triangles in which
two hyperedges are disconnected), resulting in high computational
costs. For example, consider the hypergraph shown in Figure 2(a).
HTC-PF+ [34] constructs a prefix forest to search for sparse hyper-
triangles. However, although hyperedges 𝑒1 and 𝑒2 cannot form any
hyper-triangle with 𝑒50 to 𝑒99, the algorithm may still traverse the
corresponding nodes in the prefix forest during the search process.
Furthermore, during the peeling phase, the existing method em-
ploys a straightforward enumeration strategy, in which all support-
ing hyper-triangles for each removed hyperedge must be revisited
to update the support values of its neighboring hyperedges. This
process renders the peeling phase time-consuming and substan-
tially limits the overall efficiency of hyper-truss decomposition. In
this work, we generalize the hyper 𝑘-truss model by incorporating
all types of hyper-triangles and aim to develop efficient hyper-truss
decomposition algorithms, which face the following challenges.
• During the counting phase, it is challenging to efficiently identify

all hyper-triangles while avoiding unnecessary traversal of open
hyper-triangles.

• When performing hyperedge removal operations during the peel-
ing stage, it is challenging to avoid enumerating hyper-triangles
while updating the support values of the affected hyperedges.

Our approaches. In this paper, we propose a vertex-aware frame-
work for efficient hyper-truss decomposition, which leverages vertex-
level connectivity between hyperedges to accelerate hyper-triangle
counting and optimize the peeling process. To address Challenge
1, we adopt a vertex-oriented counting strategy that organizes
the search for hyper-triangles around shared vertices. Specifically,
we first construct hyperwedges by pairing connected hyperedges
(𝑒𝑖 , 𝑒 𝑗 ) and then divide the vertices of each hyperwedge into three
disjoint subsets: (𝑒𝑖 \ 𝑒 𝑗 ), (𝑒 𝑗 \ 𝑒𝑖 ), and (𝑒𝑖 ∩ 𝑒 𝑗 ). By utilizing the
vertices within these subsets, we further identify additional hyper-
wedges that share common vertices with the current one, ensuring
that all enumerated combinations form valid hyper-triangles while
effectively avoiding the traversal of open hyper-triangles. Con-
cretely, for the hyperwedge (𝑒1, 𝑒2) in Figure 2(a), vertex 𝑣5 belongs
to the subset (𝑒2 \ 𝑒1). In contrast, for other hyperwedges such
as (𝑒2, 𝑒50), the same vertex 𝑣5 appears in a different partition, i.e.,
(𝑒2 ∩ 𝑒50). Therefore, when (𝑒1, 𝑒2) attempts to identify another
hyperedge via 𝑣5 to construct a hyper-triangle, such hyperwedges
are filtered out, thus preventing traversal of open hyper-triangles.

2550



To address Challenge 2, we design an optimized peeling strategy
with vertex-based state propagation, which records the removal
information of hyperedges on their incident vertices to reduce re-
dundant revisits to hyper-triangles. In particular, when a hyperedge
𝑒𝑖 is removed during the peeling phase, its incident vertices store
this removal state. For each neighboring hyperedge 𝑒 𝑗 , if 𝑒𝑖 and 𝑒 𝑗 co-
occur only in hyper-triangles𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) where |𝑒𝑖 ∩𝑒 𝑗 ∩𝑒𝑘 | = 1,
the proposed approach infers the current number of hyper-triangles
containing both 𝑒𝑖 and 𝑒 𝑗 from the removal information stored on
their shared vertices (𝑣 ∈ 𝑒𝑖 ∩𝑒 𝑗 ). This inferred count is then used to
directly update the support of 𝑒 𝑗 , thereby reducing explicit traver-
sals of hyper-triangles and significantly improving the efficiency
of the peeling process.
Contributions. In general, our main contributions of this paper
are listed as follows.
• We propose a generalized hyper 𝑘-truss model that incorporates

all hyper-triangles, and design an efficient vertex-aware frame-
work for hyper-truss decomposition in hypergraphs.
• We propose a vertex-oriented counting strategy that leverages

vertex-level connectivity between hyperedges to efficiently enu-
merate valid hyper-triangles and eliminate redundant traversal
over open hyper-triangles during the counting phase.

• We design an optimized peeling strategy with vertex-based state
propagation, which records the removal states of hyperedges on
their incident vertices to reduce unnecessary revisits to hyper-
triangles during the peeling phase.

• Experimental results on 11 real-world hypergraphs show that
the proposed hyper-truss decomposition algorithms outperform
the baseline method, while the proposed hyper-triangle counting
techniques achieve higher efficiency than the state-of-the-art
approaches [25, 34].

Organization. The rest of this paper is organized as follows. Sec-
tion 2 provides the problem definition and summarizes existing
solutions. Section 3 describes the proposed hyper-truss decomposi-
tion framework, incorporating an advanced hyper-triangle count-
ing strategy and an optimized peeling process. Section 4 presents
an analysis of the proposed framework. Experimental evaluations
are reported in Section 5. Section 6 discusses related literature, and
Section 7 concludes the paper.

2 PROBLEM DEFINITION
Our problem is defined on a simple and undirected hypergraph𝐺 =

(𝑉 , 𝐸), in which 𝑉 denotes the set of vertices and 𝐸 = {𝑒1, . . . , 𝑒 |𝐸 | }
represents the set of hyperedges. Each hyperedge 𝑒𝑖 ∈ 𝐸 is defined
as an unordered subset of vertices. The capacity of a hyperedge
𝑒𝑖 , denoted by |𝑒𝑖 |, refers to the number of vertices contained in
𝑒𝑖 . The set of all hyperedges connected to 𝑒𝑖 is denoted by 𝑁𝑒𝑖 =

{𝑒 𝑗 ∈ 𝐸 : 𝑒𝑖 ∩ 𝑒 𝑗 ≠ ∅}. Accordingly, the degree of a hyperedge 𝑒𝑖 is
defined as |𝑁𝑒𝑖 |. For each vertex 𝑣 ∈ 𝑉 , we denote by 𝐸𝑣 the set of
hyperedges that contain 𝑣 . Throughout this paper, we assume that
no two distinct hyperedges share exactly the same set of vertices.
Definition 2.1 (Hyperwedge). Given a hypergraph 𝐺 = (𝑉 , 𝐸), a
hyperwedge < 𝑖 𝑗 is a path formed by two hyperedges 𝑒𝑖 and 𝑒 𝑗 such
that 𝑒𝑖 ∩ 𝑒 𝑗 ≠ ∅.

We denote the set of all hyperwedges as < . To avoid duplication,
we assign each hyperwedge < 𝑖 𝑗 in 𝐺 an order denoted by O( < 𝑖 𝑗 ).

Notations Description
𝐺 = (𝑉 , 𝐸) A hypergraph with vertices 𝑉 and hyperedges 𝐸
𝐸 = {𝑒1, ..., 𝑒 |𝐸 | } The set of hyperedges
𝐸𝑣 The set of all hyperedges containing the vertex 𝑣
D/C The average degree/capacity of hyperedges

< The set of hyperwedges

<

𝑖 𝑗 A hyperwedge composed of 𝑒𝑖 and 𝑒 𝑗
Ω𝑖 𝑗 The set of common vertices between 𝑒𝑖 and 𝑒 𝑗
Ω+𝑖 𝑗/Ω−𝑖 𝑗 The set of vertices in 𝑒𝑖/𝑒 𝑗 but not in 𝑒 𝑗/𝑒𝑖
𝐵𝑖 𝑗/𝐵+𝑖 𝑗/𝐵−𝑖 𝑗 The bitmap for the set Ω𝑖 𝑗/Ω+𝑖 𝑗/Ω−𝑖 𝑗
𝜙 (𝑒𝑖 ) The hyper-truss number of a hyperedge 𝑒𝑖
𝑠𝑢𝑝 (𝑒𝑖 ) The support value of a hyperedge 𝑒𝑖
𝑁𝑒𝑖 The set of neighbors of a hyperedge 𝑒𝑖
𝐻𝑘 The hyper 𝑘-truss of 𝐺

T𝑑 [𝑒𝑖 ]/T𝑑 [
<

𝑖 𝑗 ]
The number of dense hyper-triangles containing
hyperedge 𝑒𝑖 /hyperwedge

<

𝑖 𝑗

T𝑠 [𝑒𝑖 ]/T𝑠 [
<

𝑖 𝑗 ]
The number of sparse hyper-triangles containing
hyperedge 𝑒𝑖 /hyperwedge

<

𝑖 𝑗

𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) A hyper-triangle composed of 𝑒𝑖 , 𝑒 𝑗 and 𝑒𝑘

Table 1: Notations

Given two hyperwedges < 𝑖 𝑗 and

<

𝑘𝑙 , we define O(

<

𝑖 𝑗 ) > O(

<

𝑘𝑙 )
when 𝑖 > 𝑘 , or when 𝑖 = 𝑘 and 𝑗 > 𝑙 . For two hyperedges 𝑒𝑖 and 𝑒 𝑗 ,
we denote the set of common vertices between them as Ω𝑖 𝑗 , while
Ω+𝑖 𝑗 (resp. Ω

−
𝑖 𝑗 ) denotes the set of vertices in 𝑒𝑖 (resp. 𝑒 𝑗 ) but not in

𝑒 𝑗 (resp. 𝑒𝑖 ).

Definition 2.2 (Projected graph). Given a hypergraph𝐺 = (𝑉 , 𝐸),
the projected graph of 𝐺 is defined as 𝐺 = (𝐸, < ), where each
hyperedge of 𝐺 acts as a vertex in 𝐺 , and two vertices 𝑒𝑖 and 𝑒 𝑗 in
𝐺 are connected if and only if 𝑒𝑖 ∩ 𝑒 𝑗 ≠ ∅ in 𝐺 .

Definition 2.3 (Hyper-triangle). Given a hypergraph𝐺 = (𝑉 , 𝐸),
a hyper-triangle𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) is a subgraph in𝐺 consisting of three
hyperedges 𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 ∈ 𝐸 such that 𝑒𝑖 ∩ 𝑒 𝑗 ≠ ∅, 𝑒𝑖 ∩ 𝑒𝑘 ≠ ∅, and
𝑒 𝑗 ∩ 𝑒𝑘 ≠ ∅. Moreover, 𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) is a dense hyper-triangle if
and only if 𝑒𝑖 ∩ 𝑒 𝑗 ∩ 𝑒𝑘 ≠ ∅; otherwise, it is a sparse hyper-triangle,
for which 𝑒𝑖 ∩ 𝑒 𝑗 ∩ 𝑒𝑘 = ∅.

Given three hyperedges 𝑒𝑖 , 𝑒 𝑗 , and 𝑒𝑘 , the intersections and dif-
ferences among them partition the vertex set into seven disjoint
subsets. Depending on whether each subset is empty or not, and
after excluding equivalent configurations, we obtain 26 distinct
patterns, as shown in Figure 3. Among them, patterns 1–20 are
hyper-triangles in which all three hyperedges are pairwise con-
nected, while patterns 21–26 are open hyper-triangles, where two of
the hyperedges are not connected. In addition, for a hyper-triangle
𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }), we define its overlap degree as 𝜑 (𝑇 ) = |𝑒𝑖 ∩ 𝑒 𝑗 ∩ 𝑒𝑘 |,
which measures the number of vertices shared by all three hyper-
edges. According to the definition, patterns 1–16 correspond to
dense hyper-triangles (i.e., 𝜑 (𝑇 ) ≥ 1), while patterns 17–20 corre-
spond to sparse hyper-triangles (i.e., 𝜑 (𝑇 ) = 0).

Definition 2.4 (Support). Given a hypergraph 𝐺 = (𝑉 , 𝐸), the
support of a hyperedge 𝑒 ∈ 𝐸 in𝐺 , denoted by 𝑠𝑢𝑝 (𝑒), is the number
of hyper-triangles which contain hyperedge 𝑒 .

Definition 2.5 (Hyper 𝑘-truss). Given a hypergraph 𝐺 = (𝑉 , 𝐸),
a hyper 𝑘-truss in𝐺 , denoted by 𝐻𝑘 , is a maximal subgraph such
that ∀𝑒 ∈ 𝐻𝑘 , 𝑠𝑢𝑝 (𝑒) ≥ 𝑘 − 2.
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Figure 3: Illustration of all hyper-triangle patterns.

Definition 2.6 (Hyper-truss number). Given a hypergraph 𝐺 =

(𝑉 , 𝐸), the hyper-truss number of a hyperedge 𝑒 ∈ 𝐸, denoted by
𝜙 (𝑒), is defined as the positive integer 𝑘 such that there exists a
hyper 𝑘-truss containing 𝑒 but no hyper (𝑘 + 1)-truss containing 𝑒 .

Problem statement. Given a hypergraph 𝐺 = (𝑉 , 𝐸), the hyper-
truss decomposition problem aims to compute the hyper-truss num-
ber 𝜙 (𝑒) for each hyperedge 𝑒 ∈ 𝐸.
Existing solutions. In [34], Qin et al. propose a counting algo-
rithm, HTC-PF+, for sparse hyper-triangles. This algorithm repre-
sents all hyperedges in a prefix forest to compactly capture shared
vertex prefixes and performs a depth-first search to efficiently iden-
tify sparse hyper-triangles. By employing HTC-PF+ as the hyper-
triangle counting phase and combining it with a simple peeling
procedure, they develop a hyper-truss decomposition algorithm.
However, in this paper, we generalize the hyper 𝑘-truss model by
considering all types of hyper-triangles, including both dense and
sparse ones. Since HTC-PF+ focuses only on sparse hyper-triangles,
we replace their counting phase with an enumeration-based ap-
proach [25, 52] capable of identifying all types of hyper-triangle.
In this way, we obtain a baseline algorithm.

The details of the baseline algorithm are presented in Algo-
rithm 1. In the preprocessing step (Lines 4-7), the algorithm iterates
over the vertices of each hyperedge to construct the projected
graph, through which the neighbors of every hyperedge are identi-
fied. In the counting phase (Lines 8–12), for each hyperedge 𝑒𝑖 , the
algorithm examines all neighboring hyperedge pairs {𝑒 𝑗 , 𝑒𝑘 } and
computes the supports of 𝑒𝑖 , 𝑒 𝑗 , and 𝑒𝑘 . Finally, in the peeling phase
(Lines 13-19), for each 𝑘 starting from 𝑘 = 2, the algorithm removes
every hyperedge 𝑒𝑖 whose support is at most 𝑘 − 2, since such a
hyperedge can only exist in the current hyper 𝑘-truss. However,
removing 𝑒𝑖 also invalidates all hyper-triangles involving 𝑒𝑖 , so the
supports of all affected hyperedges are updated accordingly (Lines
14–15). This process is repeated iteratively until no hyperedges
remain in 𝐺 (Lines 17–19).

Although Algorithm 1 performs hyper-truss decomposition on
hypergraphs, it still suffers from notable computational inefficien-
cies. In the hyper-triangle counting phase, it exhaustively enu-
merates all neighbor pairs of each hyperedge, resulting in a large

number of redundant checks, as most pairs only form open hyper-
triangles that do not contribute to support values. Moreover, during
the peeling phase, when a hyperedge 𝑒𝑖 is removed, the algorithm
must traverse all hyper-triangles involving 𝑒𝑖 to update supports.
This process repeatedly filters out open hyper-triangles and may
update the support of the same hyperedge multiple times, further
increasing the computational overhead.

Algorithm 1: HTD-BS
1 Input: Hypergraph𝐺 (𝑉 , 𝐸 )
2 Output: The hyper-truss number for 𝑒 ∈ 𝐸, i.e.𝜙 (𝑒 )
3 ∀𝑒 ∈ 𝐸 initialize 𝑁𝑒 ← ∅, 𝑠𝑢𝑝 (𝑒 ) ← 0, 𝑘 ←2, 𝜙 ← ∅
4 for each hyperedge 𝑒𝑖 ∈ 𝐸 do
5 for each vertex 𝑣 ∈ 𝑒𝑖 do
6 for each hyperedge 𝑒 𝑗 ∈ 𝐸𝑣 do
7 𝑁𝑒𝑖 ← 𝑁𝑒𝑖 ∪ 𝑒 𝑗

8 for each hyperedge 𝑒𝑖 ∈ 𝐸 do
9 for each hyperedge 𝑒 𝑗 ∈ 𝑁𝑒𝑖 and 𝑖 < 𝑗 do
10 for each hyperedge 𝑒𝑘 ∈ 𝑁𝑒 𝑗 and 𝑗 < 𝑘 do
11 if 𝑒𝑖 ∩ 𝑒𝑘 ≠ ∅ then
12 𝑠𝑢𝑝 (𝑒𝑖 )+ = 1, 𝑠𝑢𝑝 (𝑒 𝑗 )+ = 1, 𝑠𝑢𝑝 (𝑒𝑘 )+ = 1

13 while ∃ hyperedge 𝑒𝑖 such that 𝑠𝑢𝑝 (𝑒𝑖 ) ≤ (𝑘 − 2) do
14 for each hyperedge 𝑒 𝑗 ∈ 𝑁𝑒𝑖 do
15 𝑠𝑢𝑝 (𝑒 𝑗 )− = |𝑁𝑒𝑖 ∩ 𝑁𝑒 𝑗 |
16 𝜙 (𝑒𝑖 ) ← 𝑘 , remove 𝑒𝑖 from𝐺

17 if not all hyperedges in𝐺 are removed then
18 𝑘 ← 𝑘 + 1
19 goto Line 13

20 return {𝜙 (𝑒 ) |𝑒 ∈ 𝐸};

3 THE HYPER-TRUSS DECOMPOSITION
ALGORITHM

To address the limitations of existing algorithms, we propose a
vertex-aware framework that leverages vertex-level connectivity
among hyperedges to accelerate the hyper-truss decomposition
process. The framework consists of two phases: a hyper-triangle
counting phase and a peeling phase. In the hyper-triangle count-
ing phase, we employ a vertex-oriented counting strategy that
organizes the search around shared vertices among hyperedges,
eliminating redundant traversal of open hyper-triangles. In the
peeling phase, we design an optimized peeling strategy with vertex-
based state propagation, which propagates the removal information
of each hyperedge through its incident vertices and allows the sup-
port values of affected hyperedges to be directly updated in specific
cases without explicitly enumerating hyper-triangles.

3.1 Pre-Processing
Before counting hyper-triangles, we need to identify all hyper-
wedges < 𝑖 𝑗 and store the vertices contained in Ω𝑖 𝑗 , Ω+𝑖 𝑗 , and Ω−𝑖 𝑗 .
However, since each hyperwedge may contain a variable number
of vertices, storing these subsets incurs substantial memory over-
head. To address this issue, we introduce a bitmap-based encoding
scheme that uses bit positions to indicate vertex membership. We
first sort the vertices within each hyperedge in ascending order.
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Then, for each hyperwedge <

𝑖 𝑗 formed by hyperedges 𝑒𝑖 and 𝑒 𝑗
(with 𝑖 < 𝑗 ), the hyperedge with the smaller ID is designated as the
reference hyperedge. Based on the vertex order in 𝑒𝑖 , we construct
bitmaps 𝐵𝑖 𝑗 and 𝐵+𝑖 𝑗 to indicate vertex membership for the subsets
Ω𝑖 𝑗 and Ω+𝑖 𝑗 . In 𝐵𝑖 𝑗 , the 𝑛

𝑡ℎ bit is set to 1 if the 𝑛𝑡ℎ vertex of 𝑒𝑖 also
appears in 𝑒 𝑗 , and 0 otherwise. In 𝐵+𝑖 𝑗 , the 𝑛

𝑡ℎ bit is set to 1 if the
corresponding vertex appears only in 𝑒𝑖 . Likewise, we construct a
bitmap 𝐵−𝑖 𝑗 by taking 𝑒 𝑗 as the reference hyperedge to represent Ω

−
𝑖 𝑗 .

Note that we use 𝐵𝑖 𝑗 (𝑛), 𝐵+𝑖 𝑗 (𝑛), and 𝐵−𝑖 𝑗 (𝑛) to denote the 𝑛th bit of
the corresponding bitmap later in this paper. For example, consider
two hyperedges 𝑒1 = {1, 2, 3, 4, 7, 8} and 𝑒2 = {2, 5, 6, 8, 9, 10}, which
share the common vertices {2, 8}. Based on their positions in 𝑒1,
these shared vertices are encoded as the bitmap 010001. Likewise,
the exclusive vertices of 𝑒1 and 𝑒2 are represented by the bitmaps
101110 and 011011, respectively.

Algorithm 2: Pre-Processing
1 Input: Hypergraph𝐺 (𝑉 , 𝐸 )
2 Output: The hyperwedge list < and corresponding bitmaps
3 ∀𝑒 ∈ 𝐸 sort vertices of 𝑒 in ascending order
4 ∀𝑣 ∈ 𝑉 Initialize a list 𝐸𝑣 and sort the hyperedges of 𝐸𝑣 in

ascending order
5

< ← ∅, 𝛼 ← max𝑒∈𝐸 |𝑒 |
6 for each hyperedge 𝑒𝑖 ∈ E by an ascending order do
7 for each 𝑛𝑡ℎ vertex 𝑣 ∈ 𝑒𝑖 do
8 for each hyperedge 𝑒 𝑗 ∈ 𝐸𝑣 do
9 if 𝑖 < 𝑗 then
10 if < 𝑖 𝑗 ∉

< then
11

< ← < ∪ < 𝑖 𝑗
12 𝐵𝑖 𝑗 ← 0, 𝐵+𝑖 𝑗 ← 2𝛼 − 1, 𝐵−𝑖 𝑗 ← 2𝛼 − 1

13 𝐵𝑖 𝑗 (𝑛) ←set the 𝑛𝑡ℎ bit as 1
14 𝐵+𝑖 𝑗 (𝑛) ←set the 𝑛𝑡ℎ bit as 0

15 else if 𝑖 > 𝑗 then
16 𝐵−𝑗𝑖 (𝑛) ←set the 𝑛𝑡ℎ bit as 0

17 return < , 𝐵, 𝐵+, 𝐵−

Algorithm 2 details the pre-processing step. For each hyperedge,
we first sort its vertices in ascending order (Line 3). Then, for each
vertex 𝑣 , we construct a list 𝐸𝑣 to store all hyperedges that include
𝑣 , sorted in ascending order (Line 4). We initialize an empty list < to
store the hyperwedges and let 𝛼 denote the maximum hyperedge
capacity (Line 5). Next, we iterate through each hyperedge 𝑒𝑖 ∈ 𝐸
in ascending order (Line 6). For every vertex 𝑣 at the 𝑛𝑡ℎ position in
𝑒𝑖 , we traverse its associated hyperedge list 𝐸𝑣 (Lines 7–8). For each
𝑒 𝑗 ∈ 𝐸𝑣 , when 𝑖 < 𝑗 , if the hyperwedge < 𝑖 𝑗 has not been found, we
insert it into the list < (Line 11) and initialize three bitmaps: 𝐵𝑖 𝑗 is
initialized to 0, while 𝐵+𝑖 𝑗 and 𝐵

−
𝑖 𝑗 are initialized to 2𝛼 − 1 (Line 12).

Since the vertex 𝑣 appears in both 𝑒𝑖 and 𝑒 𝑗 , the 𝑛𝑡ℎ bit in 𝐵𝑖 𝑗 is set
to 1. Meanwhile, the 𝑛𝑡ℎ bit in 𝐵+𝑖 𝑗 is set to 0, reflecting that 𝑣 no
longer belongs exclusively to 𝑒𝑖 (Lines 13-14). Similarly, when 𝑖 > 𝑗 ,
the 𝑛𝑡ℎ bit in 𝐵−𝑗𝑖 is set to 0 (Line 16).

3.2 Hyper-Triangle Counting Phase
The support value of each hyperedge is determined by the number
of hyper-triangles it participates in. Due to the structural complexity
of hyper-triangles, existing techniques [25, 34, 52] incur redundant

traversal of open hyper-triangles during the search process. To
address this issue, we propose tailored counting algorithms for
dense and sparse hyper-triangles, leveraging vertices from different
regions to guide enumeration and ensure that only valid hyperedge
triples are generated.
The algorithm for dense hyper-triangles.Dense hyper-triangles
consist of three hyperedges that have overlapping vertices. This
property enables the expansion of hyperwedges through these
shared vertices to form dense hyper-triangles while avoiding the
enumeration of open hyper-triangles. To achieve this, given a hyper-
graph 𝐺 = (𝑉 , 𝐸), we start from each hyperwedge < 𝑖 𝑗 and traverse
its shared vertices 𝑣 (i.e., 𝑣 ∈ Ω𝑖 𝑗 ) to search for additional hyper-
edges 𝑒𝑘 such that 𝑘 > 𝑗 and 𝑣 ∈ 𝑒𝑘 . Since each such hyperedge
shares at least one of the common vertices with both 𝑒𝑖 and 𝑒 𝑗 , these
hyperedges necessarily form a dense hyper-triangle.

Algorithm 3: Count-Dense
1 Input: (1) Hypergraph𝐺 (𝑉 , 𝐸 )
2 (2) < , 𝐵, 𝐵+ 𝐵− ←Pre-Processing(𝐺 )
3 Output: The dense hyper-triangle count of each 𝑒 ∈ 𝐸
4 T𝑑 ←Initialize a map to keep the counts of dense hyper-triangles
5 for each hyperwedge < 𝑖 𝑗 ∈

< by an ascending order do
6 for each 𝑛𝑡ℎ vertex 𝑣 ∈ 𝑒𝑖 with 𝐵𝑖 𝑗 (𝑛) = 1 do
7 for each hyperedge 𝑒𝑘 ∈ 𝐸𝑣 do
8 if 𝑘 > 𝑗 and 𝑒𝑘 has not been visited then
9 T𝑑 [𝑒𝑖 ]+ = 1, T𝑑 [𝑒 𝑗 ]+ = 1, T𝑑 [𝑒𝑘 ]+ = 1

10 mark 𝑒𝑘 as visited

11 return T𝑑

Based on the above strategy, we present Algorithm 3. After the
Pre-Processing, we obtain the list of all hyperwedges along with
their associated bitmaps. We then initialize a map T𝑑 to record the
number of dense hyper-triangles for each hyperedge (Line 4). The
algorithm iterates through each hyperwedge < 𝑖 𝑗 in ascending order.
We iterate through each vertex 𝑣 in 𝑒𝑖 and use the bitmap 𝐵𝑖 𝑗 to
determine whether 𝑣 is also contained in 𝑒 𝑗 (Lines 6). If so, for each
shared vertex 𝑣 , we examine its incident hyperedge list 𝐸𝑣 to search
for a third hyperedge 𝑒𝑘 such that 𝑘 > 𝑗 and 𝑒𝑘 has not been visited
in the current iteration (Lines 7-8). If such a hyperedge is found, 𝑒𝑖 ,
𝑒 𝑗 , and 𝑒𝑘 form a dense hyper-triangle. Finally, we increment the
hyper-triangle count for each involved hyperedge and mark 𝑒𝑘 as
visited (Lines 9-10).
The algorithm for sparse hyper-triangles. Unlike dense hyper-
triangles, which can be efficiently enumerated via vertices shared
by all three hyperedges, sparse hyper-triangles require a different
strategy since vertex overlaps exist only between pairs of hyper-
edges. Although Qin et al. [34] accelerate sparse hyper-triangle
enumeration using a prefix forest, their method still incurs redun-
dant traversal of open hyper-triangles. To address this issue, we
identify a structural property of sparse hyper-triangles that enables
the exclusion of open hyper-triangles during enumeration.

Proposition 1. Given a sparse hyper-triangle formed by hyper-
edges 𝑒𝑖 , 𝑒 𝑗 , and 𝑒𝑘 , for any two hyperwedges within the hyper-
triangle (e.g., < 𝑖 𝑗 and

<

𝑖𝑘 ), it holds that Ω−𝑖 𝑗 ∩ Ω−
𝑖𝑘

≠ ∅.

Proof. Since 𝑒𝑖 , 𝑒 𝑗 , and 𝑒𝑘 form a sparse hyper-triangle, we have
𝑒𝑖∩𝑒 𝑗 ∩𝑒𝑘 = ∅. Moreover, by definition of a hyper-triangle, 𝑒 𝑗 ∩𝑒𝑘 ≠
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Algorithm 4: Count-Sparse
1 Input: (1) Hypergraph𝐺 (𝑉 , 𝐸 )
2 (2) < , 𝐵, 𝐵+ 𝐵− ←Pre-Processing(𝐺 )
3 Output: The sparse hyper-triangle count of each 𝑒 ∈ 𝐸
4 T𝑠 ←Initialize a map to keep the counts of sparse hyper-triangles
5 ∀𝑣 ∈ 𝑉 Initialize a map 𝜏𝑣 to store the hyperwedges
6 for each hyperwedge < 𝑖 𝑗 ∈

< do
7 for each 𝑛𝑡ℎ vertex 𝑣 ∈ 𝑒 𝑗 with 𝐵−𝑖 𝑗 (𝑛) = 1 do
8 𝜏𝑣 ← 𝜏𝑣 ∪

<

𝑖 𝑗

9 for each hyperwedge < 𝑖 𝑗 ∈

< by an ascending order do
10 for each 𝑛𝑡ℎ vertex 𝑣 ∈ 𝑒 𝑗 with 𝐵−𝑖 𝑗 (𝑛) = 1 do
11 for each hyperwedge < 𝑖𝑘 ∈ 𝜏𝑣 do
12 if 𝑂 ( < 𝑖𝑘 ) > 𝑂 ( < 𝑖 𝑗 ) and

<

𝑖𝑘 has not been visited then
13 if 𝐵𝑖 𝑗&𝐵𝑖𝑘 = 0 then
14 T𝑠 [𝑒𝑖 ]+ = 1, T𝑠 [𝑒 𝑗 ]+ = 1, T𝑠 [𝑒𝑘 ]+ = 1
15 mark <

𝑖𝑘 as visited

16 return T𝑠

∅. Therefore, there exists a vertex in (𝑒 𝑗 ∩ 𝑒𝑘 ) \ 𝑒𝑖 , which implies
Ω−𝑖 𝑗 ∩ Ω−

𝑖𝑘
= (𝑒 𝑗 ∩ 𝑒𝑘 ) \ 𝑒𝑖 ≠ ∅. Therefore, Proposition 1 holds.

Based on Proposition 1, we can leverage the vertices 𝑣 in Ω−𝑖 𝑗
to combine each hyperwedge <

𝑖 𝑗 with another hyperwedge <

𝑖𝑘

such that 𝑣 ∈ Ω−
𝑖𝑘
. This ensures that each enumerated pair of

hyperwedges corresponds to a valid hyper-triangle, while open
hyper-triangles are naturally excluded. However, for dense hyper-
triangles 𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }), except for patterns 2 and 9, the remaining
patterns also contain at least one pair of hyperwedges (e.g., < 𝑖 𝑗 and

<

𝑖𝑘 ) satisfying Ω−𝑖 𝑗 ∩Ω−𝑖𝑘 ≠ ∅. Consequently, the above search proce-
dure may also enumerate these dense hyper-triangles, resulting in
additional computational overhead. This observation leads to two
issues. The first is that it remains unclear whether performing extra
traversals over dense hyper-triangles to avoid enumerating open
ones can enhance the overall performance of the search process.
The second is that, since both sparse and dense hyper-triangles
are generated during enumeration, it is non-trivial to efficiently
determine the type of each identified hyper-triangle.

For the first issue, we observe that dense hyper-triangles are sig-
nificantly less frequent than open hyper-triangles in real-world
datasets. As indicated in [25, 52], this is because dense hyper-
triangles require all three hyperedges to share common vertices,
resulting in a more compact structure that is inherently harder to
form. Consequently, the number of open hyper-triangles can be up
to 100× greater than that of dense ones in practice. This implies that
the computational overhead of traversing dense hyper-triangles is
negligible compared with that of traversing open hyper-triangles,
and thus the proposed enumeration strategy remains efficient.

To address the second issue, the bitmap-based intersection test
provides a mechanism for reasoning about vertex-sharing relations
among multiple hyperedges. Specifically, we determine the type
of each identified hyper-triangle 𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) by performing a
bitwise operation between 𝐵𝑖 𝑗 and 𝐵𝑖𝑘 . The result of 𝐵𝑖 𝑗&𝐵𝑖𝑘 equals
zero if and only if no vertex is shared among all three hyperedges,
indicating a sparse hyper-triangle; otherwise, the hyper-triangle is
of the dense type. Since the length of each bitmap is typically small
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Figure 4: An example of the hyper-truss peeling process
in real-world hypergraphs, this bitwise operation can be performed
in constant time, enabling efficient hyper-triangle classification.

Based on the above optimization, we propose Algorithm 4. After
the Pre-Processing, the algorithm initializes a map T𝑠 to record the
number of sparse hyper-triangles associated with each hyperedge
(Line 4). For each vertex 𝑣 , a map 𝜏𝑣 is also initialized to store the
corresponding hyperwedges (Line 5). Next, the algorithm iterates
over all hyperwedges < 𝑖 𝑗 . For each 𝑛th vertex 𝑣 ∈ 𝑒 𝑗 , we use the
bitmap 𝐵−𝑖 𝑗 to determine whether 𝑣 ∈ Ω−𝑖 𝑗 . If so, the hyperwedge

<

𝑖 𝑗

is inserted into 𝜏𝑣 (Lines 6–8). Then, all hyperwedges are revisited
in ascending order (Line 9). For every vertex 𝑣 ∈ Ω−𝑖 𝑗 , the algorithm
searches for another hyperwedge < 𝑖𝑘 with a larger order that has
not yet been visited in the current iteration (Lines 10–12). For each
candidate hyper-triangle formed by < 𝑖 𝑗 and

<

𝑖𝑘 , the algorithm deter-
mines its type by computing 𝐵𝑖 𝑗&𝐵𝑖𝑘 (Line 13). If the result equals
zero, the hyper-triangle is classified as a sparse hyper-triangle; in
this case, we increment the hyper-triangle count for each involved
hyperedge and mark <

𝑖𝑘 as visited (Lines 14–15).

3.3 Peeling Phase
In the peeling phase, existing algorithms employ a simple peeling
strategy that traverses all neighboring hyperedge pairs of each
removed hyperedge to update the support values of the affected
hyperedges. However, this approach not only incurs additional
time in filtering open hyper-triangles but also causes redundant
support updates for hyperedges that co-occur with removed ones
in multiple hyper-triangles. To overcome these limitations, we clas-
sify the affected hyperedges into two groups: those forming dense
hyper-triangles and those forming sparse hyper-triangles with the
removed hyperedge. Based on this classification, we design tailored
optimization strategies to efficiently update the support values.
Optimization for hyperedges in dense hyper-triangles. The
affected hyperedges are limited to the neighbors of the removed
hyperedge. Based on this observation, we record the number of
dense hyper-triangles involving each hyperwedge < 𝑖 𝑗 before the
peeling phase. After that, when a hyperedge 𝑒𝑖 is removed during
peeling, the support value of each neighboring hyperedge 𝑒 𝑗 can be
directly updated using this pre-recorded count. For example, Fig-
ure 4(b) illustrates the projected graph derived from the hypergraph
in Figure 4(a), showing both the support values of hyperedges and
the dense hyper-triangle counts associated with each hyperwedge.
During the peeling process, when 𝑒1 is removed, the supports of 𝑒2
and 𝑒4 can be updated directly by decreasing the counts of dense
hyper-triangles corresponding to < 12 and

<

14, without enumerating
them. However, as hyperedges are progressively removed, these
counts must also be dynamically adjusted to reflect the remaining
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dense hyper-triangles. As shown in Figure 4(c), after removing 𝑒1,

<

24 is involved in only one dense hyper-triangle.

Lemma 3.1. During the peeling process, the number of dense hyper-
triangles involving a hyperwedge < 𝑖 𝑗 can be computed as: T𝑑 [

<

𝑖 𝑗 ] −∑︁
𝑣∈ (𝑒𝑖∩𝑒 𝑗 ) |𝐸𝑣 | +

∑︁
𝑒𝑘 ∈ (𝑁𝑒𝑖

∩𝑁𝑒𝑗
) ( |𝑒𝑖 ∩ 𝑒 𝑗 ∩ 𝑒𝑘 | − 1), where 𝐸𝑣 and

𝑁 𝑒𝑖 denote the sets of removed hyperedges 𝑒𝑘 such that 𝑣 ∈ 𝑒𝑘 and
𝑒𝑖 ∩ 𝑒𝑘 ≠ ∅, respectively.

Proof. Initially, the hyperwedge < 𝑖 𝑗 is involved in T𝑑 [

<

𝑖 𝑗 ] dense
hyper-triangles. For each vertex 𝑣 ∈ 𝑒𝑖 ∩ 𝑒 𝑗 , every removed hyper-
edge 𝑒𝑘 with 𝑣 ∈ 𝑒𝑘 forms a dense hyper-triangle with <

𝑖 𝑗 , con-
tributing at most

∑︁
𝑣∈ (𝑒𝑖∩𝑒 𝑗 ) |𝐸𝑣 | removed dense hyper-triangles.

However, for any removed dense hyper-triangle𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) with
𝜑 (𝑇 ) > 1 (i.e., 𝜑 (𝑇 ) = |𝑒𝑖 ∩ 𝑒 𝑗 ∩ 𝑒𝑘 |), the three hyperedges share
multiple common vertices, causing each such hyper-triangle to be
counted redundantly (𝜑 (𝑇 ) − 1) times. After correcting this over-
counting, the number of dense hyper-triangles removed for < 𝑖 𝑗
is:

∑︁
𝑣∈ (𝑒𝑖∩𝑒 𝑗 ) |𝐸𝑣 | −

∑︁
𝑒𝑘 ∈ (𝑁𝑒𝑖

∩𝑁𝑒𝑗
) ( |𝑒𝑖 ∩ 𝑒 𝑗 ∩ 𝑒𝑘 | − 1). Therefore,

subtracting this value from T𝑑 [

<

𝑖 𝑗 ] completes the proof.

Based on Lemma 3.1, when a hyperedge 𝑒𝑖 is removed during the
peeling process, we traverse its neighboring hyperedges 𝑒 𝑗 . If the
hyperwedge < 𝑖 𝑗 is currently involved in dense hyper-triangles 𝑇
with 𝜑 (𝑇 ) > 1, we adopt the same procedure as in Count-Dense to
enumerate all dense hyper-triangles containing < 𝑖 𝑗 and update the
support value of 𝑒 𝑗 accordingly. During this process, for each iden-
tified dense hyper-triangle 𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }), we maintain a counter
R[ < 𝑗𝑘 ] for the hyperwedge

<

𝑗𝑘 and increase it by 𝜑 (𝑇 ) − 1, which
is later used to correct potential overcounting. If < 𝑖 𝑗 is not involved
in any dense hyper-triangles𝑇 with 𝜑 (𝑇 ) > 1, the support value of
𝑒 𝑗 can be directly decreased by T𝑑 [

<
𝑖 𝑗 ] −

∑︁
𝑣∈ (𝑒𝑖∩𝑒 𝑗 ) |𝐸𝑣 | + R[

<

𝑖 𝑗 ]
without traversing any dense hyper-triangles.
Optimization for hyperedges in sparse hyper-triangles Since
the three hyperedges of a sparse hyper-triangle do not share any
common vertices, the removal information of hyperedges cannot be
propagated through shared vertices. Consequently, it is impractical
to dynamically update the counts of sparse hyper-triangles for
each hyperwedge. However, we observe that the number of sparse
hyper-triangles in most datasets is relatively small. Therefore, for
each removed hyperedge 𝑒𝑖 , we directly identify the sparse hyper-
triangles involving 𝑒𝑖 using Count-Sparse to update the support
values. In addition, when processing the affected hyperedges that
form dense hyper-triangles with 𝑒𝑖 , we mark these dense hyper-
triangles in advance to avoid revisiting them during the search for
sparse hyper-triangles.

By combining the above optimizations with the Pre-Processing
and hyper-triangle counting steps, we obtain the advanced hyper-
truss decomposition algorithm, as presented in Algorithm 5. We
first apply Count-Dense and Count-Sparse to compute the number of
hyper-triangles containing each hyperedge, which yields the initial
support value of every hyperedge (Lines 4-5). Then, for each vertex
𝑣 , we initialize a list 𝐸𝑣 to store the removed hyperedges that contain
𝑣 . In addition, for each hyperwedge <

𝑖 𝑗 , we initialize a counter
R[ < 𝑖 𝑗 ], which is used to correct overcounting, as discussed earlier
(Line 6). Next, for each 𝑘 starting from 2, we iteratively remove any
hyperedge 𝑒𝑖 whose support value satisfies 𝑠𝑢𝑝 (𝑒𝑖 ) ≤ (𝑘 − 2). For

Algorithm 5: HTD-ADV+
1 Input: Hypergraph𝐺 (𝑉 , 𝐸 )
2 Output: The hyper-truss number for 𝑒 ∈ 𝐸, i.e.𝜙 (𝑒 )
3

< ←Pre-Processing(𝐺 ), 𝑘 ←2, 𝜙 ← ∅
4 T𝑑 ←Count-Dense(𝐺 ), T𝑠 ←Count-Sparse(𝐺 )
5 ∀𝑒 ∈ 𝐸 initialize 𝑠𝑢𝑝 (𝑒 ) ← T𝑑 [𝑒 ] + T𝑠 [𝑒 ]
6 ∀𝑣 ∈ 𝑉 initialize 𝐸𝑣 ← ∅, ∀

<

𝑖 𝑗 ∈
< initialize R[ < 𝑖 𝑗 ] ← 0

7 while ∃ hyperedge 𝑒𝑖 such that 𝑠𝑢𝑝 (𝑒𝑖 ) ≤ (𝑘 − 2) do
8 for each hyperedge 𝑒 𝑗 ∈ 𝑁𝑒𝑖 do
9 if ∄𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) s.t. 𝜑 (𝑇 ) > 1 then
10 if 𝑖 < 𝑗 then
11 𝑠𝑢𝑝 (𝑒 𝑗 )− = T𝑑 [

<

𝑖 𝑗 ] −
∑︁

𝑣∈ (𝑒𝑖∩𝑒 𝑗 ) |𝐸𝑣 | + R[

<

𝑖 𝑗 ]
12 else
13 𝑠𝑢𝑝 (𝑒 𝑗 )− = T𝑑 [

<

𝑗𝑖 ] −
∑︁

𝑣∈ (𝑒𝑖∩𝑒 𝑗 ) |𝐸𝑣 | + R[

<

𝑗𝑖 ]

14 else
15 for each dense hyper-triangle𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) do
16 if 𝑗 < 𝑘 then
17 mark <

𝑗𝑘 as visited
18 R[ < 𝑗𝑘 ]+ = 𝜑 (𝑇 ) − 1
19 𝑠𝑢𝑝 (𝑒 𝑗 )− = 1

// skip the hyperwedge

<

𝑗𝑘 that has been visited
20 for each sparse hyper-triangle𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }) do
21 𝑠𝑢𝑝 (𝑒 𝑗 )− = 1, 𝑠𝑢𝑝 (𝑒𝑘 )− = 1
22 for each vertex 𝑣 ∈ 𝑒𝑖 do
23 𝐸𝑣 ← 𝐸𝑣 ∪ 𝑒𝑖
24 𝜙 (𝑒𝑖 ) ← 𝑘 , remove 𝑒𝑖 from𝐺

25 if not all hyperedges in𝐺 are removed then
26 𝑘 ← 𝑘 + 1
27 goto Line 7
28 return {𝜙 (𝑒 ) |𝑒 ∈ 𝐸};

each neighboring hyperedge 𝑒 𝑗 , if 𝑒𝑖 and 𝑒 𝑗 are only involved in
hyper-triangles 𝑇 with 𝜑 (𝑇 ) ≤ 1, the support value of 𝑒 𝑗 can be
updated directly without enumerating the corresponding hyper-
triangles (Lines 9-13). Otherwise, we apply the same procedure as in
Count-Dense to identify all dense hyper-triangles containing both 𝑒𝑖
and 𝑒 𝑗 and update the support value of 𝑒 𝑗 accordingly (Lines 14-19).
For each identified dense hyper-triangle𝑇 ({𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑘 }), we mark the
hyperwedge < 𝑗𝑘 as visited and increaseR[

<

𝑗𝑘 ] by𝜑 (𝑇 )−1 to correct
potential overcounting. Afterwards, we employ the procedure in
Count-Sparse to identify all sparse hyper-triangles involving 𝑒𝑖
and update the support values of the affected hyperedges (Lines
20–21). Note that during this process, the algorithm skips any visited
hyperwedge < 𝑗𝑘 , since it corresponds to a dense hyper-triangle with
𝑒𝑖 and has already been processed. After processing all neighboring
hyperedges of 𝑒𝑖 , we iterate over each vertex 𝑣 ∈ 𝑒𝑖 and insert 𝑒𝑖 into
𝐸𝑣 to indicate the removal of 𝑒𝑖 (Lines 22–23). Finally, we assign the
hyper-truss number𝑘 to 𝑒𝑖 and remove 𝑒𝑖 from the hypergraph. This
process is repeated until no hyperedges remain in the hypergraph.

Example 2. For the hypergraph𝐺 shown in Figure 4(a), Figure 4(b)
illustrates the initial support values of all hyperedges and the number
of dense hyper-triangles T𝑑 [

<

𝑖 𝑗 ] associated with each hyperwedge

<

𝑖 𝑗 .
During the peeling phase, we first remove 𝑒1. Since 𝑒1 is contained
only in the hyper-triangle𝑇 ({𝑒1, 𝑒2, 𝑒4}) where 𝜑 (𝑇 ) = 1, the support
values of 𝑒2 and 𝑒4 can be directly decreased by one. For each vertex
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𝑣 ∈ 𝑒1, hyperedge 𝑒1 is then inserted into 𝐸𝑣 to record its removal.
Next, when 𝑒3 is removed, since 𝜑 (𝑇 ({𝑒2, 𝑒3, 𝑒5})) = 2, we need to
traverse all dense hyper-triangles containing 𝑒3 to update the support
values of 𝑒2 and 𝑒5. During this process, we set R[

<

25] = 1, and insert
𝑒3 into 𝐸𝑣 for each 𝑣 ∈ 𝑒3. Then, when 𝑒2 is removed, it is contained
only in the hyper-triangle 𝑇 ({𝑒2, 𝑒4, 𝑒5}) with 𝜑 (𝑇 ) = 1. Accordingly,
we directly decrease the support value of 𝑒4 by T𝑑 [

<

24] − |𝐸𝑣7 | = 1,
and that of 𝑒5 by T𝑑 [

<

25] − |𝐸𝑣3 | − |𝐸𝑣4 | + R[

<

25] = 1. Finally, when
𝑒6 is removed, since it is not contained in any dense hyper-triangles,
we directly traverse the sparse hyper-triangle𝑇 ({𝑒4, 𝑒5, 𝑒6}) to update
the support values of 𝑒4 and 𝑒5.

4 COMPLEXITY ANALYSIS AND DISCUSSIONS
In this section, provides a comprehensive analysis of the proposed
framework, including its theoretical time and space complexity,
parallelization potential, and generality.

4.1 Complexity Analysis
Table 2 presents the time and space complexities of three hyper-
truss decomposition algorithms: HTRUSS, HTD-BS, and HTD-ADV+.
HTRUSS is an existing algorithm that combines the sparse hyper-
triangle counting algorithm HTC-PF+ with a simple peeling strat-
egy [34]. HTD-BS serves as a baseline method that integrates an
enumeration-based counting approach in [25, 52] with the same
peeling strategy, while HTD-ADV+ is the advanced algorithm pro-
posed in this paper. In Table 2, C andD denote the average capacity
and average degree of hyperedges, respectively, and 𝑥 denotes the
number of trees in the prefix forest.

In the preprocessing stage, HTRUSS only traverses each hyper-
edge to construct the prefix forest, resulting in a time complexity
of 𝑂 ( |𝐸 |C). By contrast, HTD-BS and HTD-ADV+ traverse the ver-
tices within each hyperedge to enumerate all hyperwedges and
identify their common vertices, which leads to a time complex-
ity of 𝑂 ( |𝐸 |DC). Therefore, as the number of hyperedges or the
hyperedge capacity increases, the preprocessing time of all three
algorithms grows accordingly. However, this impact is more pro-
nounced for HTD-BS and HTD-ADV+ in dense hypergraphs with
large hyperedge degrees.

During the counting phase, HTD-BS examines every pair of
neighboring hyperedges for each hyperedge, resulting in a time
complexity of 𝑂 ( |𝐸 |D2). For HTRUSS, sparse hyper-triangles are
identified through a prefix forest. In the worst case, where the
three participating hyperedges belong to different prefix trees, the
algorithm still needs to scan the vertices of all three hyperedges,
leading to a time complexity of 𝑂 ((C|𝐸 |)3/(|𝑉 | · 𝑥)). For HTD-
ADV+, during the counting phase, the algorithm only traverses
hyper-triangles for each hyperedge. Although it may revisit some
dense hyper-triangles, it avoids enumerating open hyper-triangles.
Consequently, the time complexity of this phase is bounded by
𝑂
(︁∑︁

𝑒𝑖 ∈𝐸 (T𝑠 [𝑒𝑖 ] + T𝑑 [𝑒𝑖 ])
)︁
. From the above complexity analysis, we

observe that the running time of HTRUSS is primarily influenced
by hyperedge capacity, whereas the performance of HTD-BS is
dominated by hyperedge degree. Moreover, both methods incur
substantial overhead due to redundant traversal of open hyper-
triangles. In contrast, the running time of HTD-ADV+ depends on
the number of hyper-triangles. Since its additional cost arises only

from revisiting dense hyper-triangles, which are fewer than open
hyper-triangles in practice, HTD-ADV+ remains more efficient in
the counting phase, with the advantage being more pronounced on
sparse hypergraphs, where the total number of hyper-triangles is
smaller.

In the peeling phase, both HTD-BS and HTRUSS update support
values by iterating over all neighboring hyperedges of each hy-
peredge 𝑒𝑖 , which results in a time complexity of 𝑂 ( |𝐸 |D2). For
HTD-ADV+, in the worst case where no hyper-triangle 𝑇 with
𝜑 (𝑇 ) = 1 exists, the algorithm still needs to traverse all hyper-
triangles. In this scenario, the time complexity of the peeling phase
is bounded by that of the counting phase. Nevertheless, even in
this worst-case scenario, HTD-ADV+ remains more efficient than
HTD-BS and HTRUSS.

For the space complexity, HTD-BS only needs to store each hy-
peredge and its neighboring hyperedges, resulting in a space com-
plexity of𝑂 (|𝐸 |C+|𝐸 |D). In contrast, bothHTRUSS andHTD-ADV+
additionally store the common vertices associated with each hy-
perwedge, leading to a space complexity of 𝑂 ( |𝐸 |DC). Note that
the space usage is dominated by the preprocessing stage; therefore,
the hyper-triangle counting algorithm used in each decomposition
algorithm incurs the same asymptotic space complexity.

4.2 Parallelization
Our hyper-truss decomposition algorithm can be parallelized to
better handle large-scale hypergraphs. By using multiple threads to
concurrently process different hyperwedges (Line 5 of Algorithm 3
and Line 9 of Algorithm 4), we can compute the support values in
parallel, thereby accelerating the hyper-triangle counting phase.
Since this phase dominates the overall decomposition cost in our
framework, parallelizing the counting procedure can accelerate the
entire decomposition.

4.3 Generalization of Optimizations
The proposed bitmap-based encoding can be extended to algorithms
that require computing about vertex overlaps among hyperedges.
By encoding vertex membership using bit positions, the bitmap
representation provides a compact way to store overlap information
between hyperedges. For example, when identifying higher-order
motifs such as hyper-cliques, the same bitmap-based representation
can be reused to efficiently verify overlap conditions and classify
motif patterns. In addition, the optimization strategy adopted in the
peeling phase of our framework can also be applied to higher-order
motif–based decomposition frameworks.

Moreover, the proposed framework can potentially be imple-
mented on top of existing hypergraph processing systems, such as
MESH [14] and HyperX [16], through lightweight algorithmic cus-
tomization. In detail, the framework relies on common primitives
such as hyperedge-level iteration and per-hyperedge support main-
tenance, while requiring only additional bitmap-based operations
to efficiently capture vertex-sharing relations among hyperedges.
By using standard data structures, the proposed approach can be
incorporated into current hypergraph processing systems without
modifying their underlying execution models.
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Algorithms HTRUSS [34] HTD-BS HTD-ADV+
Preprocessing (𝑇1) 𝑂 ( |𝐸 |C) 𝑂 ( |𝐸 |DC) 𝑂 ( |𝐸 |DC)
Counting dense
hyper-triangle (𝑇2)

N/A
𝑂
(︁
|𝐸 |D2)︁ 𝑂

(︃ ∑︁
𝑒𝑖 ∈𝐸
T𝑠 [𝑒𝑖 ]

)︃
Counting sparse
hyper-triangle (𝑇3)

𝑂
(︁
(C|𝐸 |)3 /(|𝑉 | · 𝑥)

)︁
𝑂

(︃ ∑︁
𝑒𝑖 ∈𝐸
(T𝑠 [𝑒𝑖 ] + T𝑑 [𝑒𝑖 ])

)︃
Peeling (𝑇4) 𝑂

(︁
|𝐸 |D2)︁ 𝑂

(︁
|𝐸 |D2)︁ 𝑂

(︃ ∑︁
𝑒𝑖 ∈𝐸
(T𝑠 [𝑒𝑖 ] + T𝑑 [𝑒𝑖 ])

)︃
Space complexity 𝑂 ( |𝐸 |DC) 𝑂 ( |𝐸 |C + |𝐸 |D) 𝑂 ( |𝐸 |DC)

* C and D are the average capacity and degree number of hyperedges. 𝑥 is the number of trees in the prefix forest.

Table 2: Time and space complexity

Dataset |V| |E| |𝑒 |𝑚𝑎𝑥 |𝑒 |𝑎𝑣𝑔 | < |
HPS 327 7,818 5 2.3 593K
CMH 1,014,734 895,439 25 1.5 1.7M
CPS 242 12,704 5 2.4 2.2M
EEU 998 25,027 25 3.4 8.3M
ThAU 125,602 166,999 14 1.9 21.6M
CMG 1,256,385 1,203,895 25 3.1 37.6M
EEN 143 1,512 18 3.0 87.8M
CD 1,924,991 2,466,792 25 2.9 125M
TAU 3,029 147,222 5 3.4 564M
ThM 176,445 595,749 21 2.4 647M
TMS 1,629 170,476 5 3.5 913M

Table 3: Summary of datasets

5 EXPERIMENTS
In this section, we report the evaluation of the proposed algorithms
on 11 real-world datasets.

5.1 Experimental Settings
In the experiments, we evaluate three hyper-truss decomposition
algorithms: HTD-BS, HTD-ADV, and HTD-ADV+. Among them,
HTD-BS serves as the baseline, combining the enumeration-based
approach in [25] with the simple peeling procedure in [34]. HTD-
ADV is an optimized variant that incorporates the proposed prepro-
cessing and hyper-triangle counting optimizations. HTD-ADV+ is
the most advanced variant, integrating all optimizations introduced
in this paper, including both counting and peeling enhancements.

To evaluate the effectiveness of the optimization strategies pro-
posed for hyper-triangle counting, we compare four algorithms.
These include MoCHy-E [25], an existing hyper-triangle count-
ing algorithm that explicitly identifies and categorizes all hyper-
triangles. Count-adv, our advanced counting algorithm that inte-
gratesCount-Dense andCount-Sparse;HTC-PF+ [34], which employs
prefix forests to detect sparse hyper-triangles; and Count-Sparse, the
sparse hyper-triangle counting algorithm proposed in this paper.

In our experiments, the reported runtime of all hyper-truss de-
composition algorithms and hyper-triangle counting algorithms
includes the preprocessing time. For all experiments, we set a max-
imum runtime limit of 24 hours. All algorithms are implemented in
C++, and the experiments are conducted on a Linux server equipped
with an Intel(R) Xeon(R) Platinum 8260L CPU (2.30 GHz) and 256
GB of main memory.
Datasets. In our experiments, we evaluate performance using 11
real-world datasets from four distinct domains. The co-authorship
domain includes four datasets: coauthor-DBLP (CD), coauthor-
geology (CMG), and coauthor-history (CMH), derived from Mi-
crosoft Academic Graph [38]. In these datasets, nodes correspond
to authors, and each hyperedge denotes a publication involving
multiple co-authors. The contact domain consists of two datasets:
contact-primary-school (CPS) [39] and contact-high-school (HPS)
[31]. Here, vertices represent individuals, while hyperedges capture
group interactions or contacts among them. The email domain in-
cludes Email-EU (EEU) [27, 50] and Email-Enron (EEN) [23], where
vertices are email accounts and hyperedges represent communica-
tion events, such as messages sent or received among these entities.
We also consider datasets from the tags and threads domains. The
tags domain includes tags-ubuntu (TAU) and tags-math (TMS),
where vertices represent tags and hyperedges correspond to forum

posts containing them. The threads domain comprises threads-
ubuntu (ThAU) and threads-math (ThM), in which nodes represent
users and hyperedges model discussions involving these users. All
datasets in these two domains are obtained from [5]. To ensure the
hypergraph property, specifically that no two hyperedges contain
the identical set of vertices, we apply de-duplication pre-processing
to eliminate redundant hyperedges. Detailed statistics of all datasets
are summarized in Table 3.

5.2 Evaluation of Hyper 𝐾-truss Models

Distribution of hyper-truss numbers. Figure 6 presents the dis-
tribution of hyper-truss numbers assigned to hyperedges under
the existing hyper 𝑘-truss model [34], denoted as STruss, and our
proposed hyper 𝑘-truss model, denoted as HTruss. As shown in
the figure, across all four datasets, HTruss produces a substantially
wider range of hyper-truss numbers. In contrast, the hyper-truss
numbers produced by STruss are highly concentrated within a
relatively narrow range. This difference arises from the fact that
HTruss considers all types of hyper-triangles, whereas the exist-
ing model STruss is restricted to sparse hyper-triangles only. Since
sparse hyper-triangles typically constitute only a small fraction of
all hyper-triangle patterns, ignoring dense hyper-triangles further
prevents STruss from capturing the distinct semantic and struc-
tural information encoded by different hyper-triangle patterns. As
a result, STruss provides limited structural evidence for effectively
differentiating hyperedges. By incorporating all hyper-triangle pat-
terns, HTruss achieves a finer-grained and more expressive assign-
ment of hyper-truss numbers, thereby enhancing its discriminative
power and enabling more precise extraction of cohesive structures
from hypergraphs.

Case study. In this part, we present a case study based on the
DBLP dataset to illustrate how incorporating diverse hyper-triangle
patterns enables our model to capture fine-grained collaboration
structures. As shown in Figure 5, we select six papers together with
their associated authors and report their corresponding hyper-truss
numbers under two models, where STruss denotes the hyper-truss
number obtained by the existing model and HTruss represents the
hyper-truss number derived from our model. The table reveals a
clear difference between the hyper-truss numbers produced by the
two models. In particular, for papers 𝑒1 and 𝑒6, the hyper-truss
number is zero under the existing model. In co-authorship net-
works, research papers are typically produced through collabora-
tions among researchers with different levels of seniority. Senior
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Author (ID)
Guoliang Li (1) Wenyan Li (2)
Yongkui Man (3) H. V. Jagadish (4)

He Wen (5) Dong Deng (6)
Jianhua Feng (7) Xiaohang Zhang (8)
Cong Yu (9) Jian Li (10)
Yu Jiang (11) Li Qian (12)

Jinyang Gao (13) Lawrence O’Gorman (14)

Paper Title Author ID STruss HTruss
𝑒1 Optimal parameter design of input... 1, 2, 3 0 3083
𝑒2 META: an efficient matching-based... 1, 4, 5, 6, 7 34 7262
𝑒3 Crowdsourced top-k algorithms... 1, 7, 8 10 3083
𝑒4 Scalable column concept determination... 1, 6, 9, 10, 11 30 62130
𝑒5 Learning user preferences by adaptive... 4, 12, 13 42 7262
𝑒6 An object model for image recognition 4, 14 0 7262
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Figure 5: Case study of different hyper k-truss models
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Figure 6: Distribution of hyper-truss numbers.

academics (e.g., Author 1 and Author 4) often initiate and supervise
projects, while junior collaborators and student members contribute
to specific parts of the study. This hierarchical collaboration pattern
ensures that papers originating from the same research group are
closely connected through the senior researcher. In our case study,
papers 𝑒1, 𝑒2, 𝑒3, and 𝑒4 are centered around Author 1, forming a
tightly connected collaboration group. The hyper-triangles formed
in such scenarios mainly correspond to dense types, which capture
strong intra-group collaborations. If only sparse hyper-triangles
are considered, such intra-group structural information is largely
overlooked. Under the existing model, which relies solely on sparse
hyper-triangles, papers 𝑒2 and 𝑒4 are assigned very similar hyper-
truss numbers. In contrast, by incorporating dense hyper-triangles
that naturally arise from intra-group collaborations, our model
assigns a higher hyper-truss number to 𝑒4 than to 𝑒2, reflecting
stronger internal cohesion. This case study demonstrates that in-
tegrating all hyper-triangle patterns into the hyper 𝑘-truss model
better captures diverse collaboration semantics and preserves richer
higher-order structural information in real-world hypergraphs.

5.3 Evaluation of Decomposition Algorithms

Runtime for the decomposition algorithms. Figure 7 shows the
runtime of three algorithms, HTD-BS, HTD-ADV, and HTD-ADV+,
on eight hypergraphs. We can observe that HTD-BS requires the
longest runtime, as it does not incorporate any optimization. In
contrast,HTD-ADV achieves up to a 2× speedup overHTD-BS since
the proposed optimization completely avoids traversing open hyper-
triangles, thereby improving efficiency. As forHTD-ADV+, it further
incorporates optimized peeling strategies on top of HTD-ADV and
achieves up to a 4× speedup compared to HTD-BS. This is because,
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Figure 7: Runtime of decomposition algorithms.
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Figure 8: Parallelizability of decomposition algorithms.

in most real-world hypergraphs, hyperedges participating in dense
hyper-triangles typically share a single vertex. As a result, the
proposed optimization effectively avoids revisiting a large number
of hyper-triangles during peeling, thereby significantly accelerating
the overall decomposition process.

Parallelizability for the decomposition algorithms. Figure 8
presents the scalability evaluation of the parallel versions of HTD-
BS, HTD-ADV, and HTD-ADV+ on four datasets. As the number of
threads increases, the runtime of all three algorithms decreases
substantially. In particular, HTD-ADV and HTD-ADV+ achieve
speedups of up to 6×, whereas HTD-BS stabilizes at around a 2×
speedup. These results demonstrate both the effectiveness of the
proposed parallel optimizations and the strong scalability of the
proposed framework.

Redundant traversals of the decomposition algorithms. In
Figure 9, we report the number of redundant traversals for HTD-BS,
HTD-ADV, and HTD-ADV+ when counting hyper-triangles. For
HTD-BS, the value represents the number of open hyper-triangles
traversed, whereas for HTD-ADV and HTD-ADV+, it corresponds
to the number of dense hyper-triangles that are revisited. Since

2558



EEN CMH EEU CMG CD HPS CPS ThAU
Dataset

105

106

107

108

109

1010

1011

R
ed

un
da

nt
 tr

av
er

sa
l c

ou
nt

×7.5

×8.5

×12.7 ×19.0 ×20.1

×27.4

×39.6

×133.8

HTD-BS
HTD-ADV/HTD-ADV+

Figure 9: Redundant traversals of decomposition algorithms.

EEN HPS CPS CMH EEU ThAU CMG CD
Dataset

10−2

10−1

100

101

M
em

or
y 

(G
B

)

HTD-ADV
HTD-BS
HTD-ADV+

Figure 10: Space of decomposition algorithms.

Dataset 𝑡𝑝𝑟𝑒 𝑡𝑐𝑜𝑢𝑛𝑡 𝑡𝑝𝑒𝑒𝑙 𝑡𝑡𝑜𝑡𝑎𝑙
𝑡𝑐𝑜𝑢𝑛𝑡
𝑡𝑡𝑜𝑡𝑎𝑙

EEN 0.1 0.55 0.42 1.07 51.4%
HPS 0.63 1.57 1.05 3.25 48.31%
CMH 3 10 7 20 50%
CPS 3.3 11.7 5 20 58.5%
EEU 31.6 158.4 153 343 46.2%
CMG 108 192 150 450 42.67%
CD 130 255 160 545 46.79%
ThAU 110 568 32 710 80%

Table 4: Runtime (sec) of different phases in HTD-ADV+.

HTD-ADV and HTD-ADV+ employ the same counting phase, they
incur the same amount of redundant traversal. We also report the
ratio of redundant traversals betweenHTD-BS andHTD-ADV /HTD-
ADV+. As can be observed, the proposed methods incur fewer
redundant traversals than the baseline across all datasets. In partic-
ular, email-domain datasets exhibit relatively smaller ratios, while
threads-domain datasets demonstrate the most pronounced reduc-
tion in redundant traversal. This is because the distribution of
hyper-triangle patterns varies across different application domains
[25]. In email-domain datasets, patterns such as 5 and 8 occur more
frequently, leading to a relatively larger number of dense hyper-
triangles being revisited. In contrast, in threads-domain datasets,
only pattern 12 appears with noticeable frequency, resulting in
fewer dense hyper-triangles being revisited. Although the dataset
type affects the optimization efficiency of HTD-ADV and HTD-
ADV+, dense hyper-triangles remain inherently rarer than open
hyper-triangles in real-world datasets. Consequently, the proposed
algorithms consistently outperform HTD-BS.

Space of the decomposition algorithms. Figure 10 shows the
space consumption of HTD-BS, HTD-ADV, and HTD-ADV+ across
eight datasets. We observe that on six of these datasets, HTD-BS
consumes more memory than both HTD-ADV and HTD-ADV+. Al-
though HTD-BS has a lower theoretical space complexity, it incurs
higher memory usage in practice. This is becauseHTD-BS stores the
neighbors of each hyperedge using sets to determine whether three
hyperedges can form a hyper-triangle, which introduces significant
space overhead. In contrast, HTD-ADV and HTD-ADV+ avoid this
overhead, since the hyperedge triples identified by Count-Dense

and Count-Sparse are guaranteed to form valid hyper-triangles. As
a result, neighboring hyperedges can be stored using lists instead of
sets. Moreover, both methods further reduce space consumption by
employing bitmaps to encode vertex positions within each hyper-
wedge. Note that HTD-BS could also store neighboring hyperedges
using lists to reduce space usage; however, this would substantially
increase the search time. Therefore, we do not adopt this approach.

Between the two optimized variants, HTD-ADV+ requires addi-
tional space compared with HTD-ADV. This is because the opti-
mized peeling strategy in HTD-ADV+ needs to store extra informa-
tion for each hyperwedge. Consequently, HTD-ADV exhibits the
lowest space consumption among the three algorithms.

Runtime breakdown of decomposition algorithms. Table 4
presents the runtime breakdown ofHTD-ADV+ across eight datasets.
Specifically, 𝑡𝑝𝑟𝑒 denotes the preprocessing time, 𝑡𝑐𝑜𝑢𝑛𝑡 represents
the runtime of the hyper-triangle counting phase, and 𝑡𝑝𝑒𝑒𝑙 corre-
sponds to the peeling phase, with the total runtime denoted by 𝑡𝑡𝑜𝑡𝑎𝑙 .
The results show that the hyper-triangle counting phase is consis-
tently the most time-consuming component. Except for the ThAU
dataset, the time spent on hyper-triangle counting accounts for up
to 58.5% of the total runtime, underscoring the importance of opti-
mizing this phase to improve the overall efficiency of the algorithm.
In contrast, for the ThAU dataset, hyper-triangle counting con-
tributes 80% of the total runtime. This is because the hyperedges in
ThAU are generally very small, causing most dense hyper-triangles
𝑇 to have an overlap degree of one (i.e., 𝜑 (𝑇 ) = 1). As a result, our
optimization substantially accelerates the peeling phase on ThAU.
This observation indicates that the proposed method is particularly
effective on datasets with small hyperedge sizes.

5.4 Evaluation of Counting Algorithms

Runtime for hyper-triangle counting algorithms. To demon-
strate the effectiveness of our hyper-triangle counting optimiza-
tions, we compare Count-adv with the existing algorithm MoCHy-
E [25], both of which aim to identify all hyper-triangles. In addition,
we compare Count-SparsewithHTC-PF+ [34], which focus on count-
ing only sparse hyper-triangles. The runtime results are shown in
Figure 11(a) and Figure 11(b), respectively.

As shown in Figure 11(a), Count-adv achieves more than a 10×
speedup over MoCHy-E. This is because Count-adv completely
avoids traversing open hyper-triangles, thereby substantially ac-
celerating the search process. In addition, bitwise operations are
used to determine hyper-triangle types, further reducing the com-
putational overhead. In contrast, MoCHy-E not only traverses open
hyper-triangles, but also requires additional iteration over the ver-
tices within each hyper-triangle to determine its type, which incurs
extra computational cost and leads to lower efficiency. Notably, on
the ThM dataset, MoCHy-E exceeds the time limit.

Similarly, Figure 11(b) shows that Count-Sparse achieves up to
a 5× speedup over HTC-PF+. Although HTC-PF+ employs prefix
forests to reduce redundant vertex intersection checks among over-
lapping hyperedges, it still incurs substantial overhead in filtering
open hyper-triangles. In contrast, Count-Sparse avoids enumerat-
ing open hyper-triangles by leveraging vertex-level connectivity
among hyperedges, resulting in significantly improved runtime per-
formance. Note that the TAU dataset contains more hyperwedges.
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Figure 11: Runtime (s) of the counting algorithms.
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Figure 12: Space of counting algorithms.
As a result, although its size is smaller than that of CD and CMG, it
requires a longer counting time.

Space of the counting algorithms. Figure 12 reports the space
consumption of HTC-PF+, Count-adv, and MoCHy-E. Note that
Count-Sparse and Count-Dense share the same preprocessing stage
as Count-adv and therefore incur the same space overhead. As
shown in the figure, MoCHy-E requires substantially more mem-
ory than the other two algorithms. This is because, to determine
whether three hyperedges can form a hyper-triangle, MoCHy-E
maintains hyperedge neighbors using set-based data structures,
which significantly increases memory usage. In contrast, HTC-PF+
organizes data using a prefix forest structure and thus achieves the
lowest space consumption. For Count-adv, its space usage is slightly
higher than that of HTC-PF+. This is because Count-adv integrates
preprocessing and counting into a unified process, dynamically
maintaining only the neighbors of the currently processed hyper-
edge during hyper-triangle identification rather than storing the
neighbors of all hyperedges. As a result, Count-adv achieves effi-
cient hyper-triangle counting with modest space overhead.

6 RELATEDWORK
Cohesive subgraph models. Cohesive subgraph discovery has been
extensively studied in graph analysis [7, 19, 28, 41, 45, 51, 55, 60].
In graphs, the 𝑘-core model identifies vertex-cohesive subgraphs
in which each vertex has degree at least 𝑘 . This idea has been gen-
eralized to hypergraphs to capture higher-order relations. Arafat et
al. propose the nbr-𝑘-core [3], which enforces a minimum neigh-
borhood size for each vertex, and further extend it to (𝑘, 𝑞)-core
[26] and (𝑘,𝑑)-core [3] by jointly considering degree and neighbor-
hood constraints. However, these models do not explicitly account

for the strength of vertex co-occurrence. To address this limita-
tion, Kim et al. introduce the (𝑘,𝑔)-core [22], which jointly models
neighborhood size and co-occurrence frequency to better capture
frequent group interactions. Beyond vertex-centric models, the 𝑘-
truss decomposition measures edge-level cohesiveness in graphs
by requiring each edge to participate in at least (𝑘 − 2) triangles
[2, 8, 9, 17, 21, 44, 48, 56, 59]. Wang et al. further study truss main-
tenance in dynamic hypergraphs [46], defining trussness via a
parameter pair (𝑘𝑖𝑛, 𝑘𝑜𝑢𝑡 ) to quantify intra- and inter-hyperedge
cohesiveness of vertex pairs. To directly model hyperedge-level
interactions, Qin et al. propose the hyper 𝑘-truss [34], which pro-
vides a finer-grained characterization of higher-order cohesiveness
among hyperedges.

Triangle Counting. Triangle counting is a fundamental problem
in graph analytics and plays a central role in understanding net-
work properties [6, 20, 33, 40, 42, 49, 50]. Early studies propose
enumeration-based algorithms that process edges in degree order
and compute neighborhood intersections to avoid redundant tra-
versal [10, 24]. Subsequent works explore alternative paradigms,
including adjacency testing [37], matrix-based formulations [11],
and orientation-based traversal that directs edges by vertex degrees
to reduce the search space [53]. To further improve scalability, ap-
proximate and sampling-based methods are proposed to estimate
triangle frequencies in large graphs [1, 43], while GPU-accelerated
solutions exploit parallel intersection and optimized memory ac-
cess [15]. Recent studies extend triangle counting from graphs to
hypergraphs to capture higher-order interactions. A hyper-triangle
is defined as a triplet of hyperedges that are pairwise intersecting
[25, 52, 54]. Lee et al. [25] propose a basic enumeration frame-
work that examines all hyperedge triplets, while Yin et al. [52]
develop optimized techniques to accelerate the identification of
dense hyper-triangles. More recently, Qin et al. [34] design an algo-
rithm that focuses specifically on sparse hyper-triangles. Although
various studies have investigated hyper-triangle counting, exist-
ing approaches still need to traverse open hyper-triangles when
searching for hyper-triangles, leading to redundant computations.

7 CONCLUSION
In this paper, we study the problem of hyper-truss decomposition
in hypergraphs and propose a generalized hyper 𝑘-truss model
that supports both dense and sparse hyper-triangles, enabling the
discovery of richer higher-order structural patterns. To efficiently
perform decomposition, we develop a vertex-oriented counting
strategy that avoids traversing open hyper-triangles during count-
ing, as well as a vertex-based state propagation optimization that
reduces redundant revisits during the peeling phase. As future work,
we plan to further optimize the proposed framework on top of ex-
isting hypergraph processing systems, focusing on system-level
optimizations and large-scale performance evaluation.
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