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ABSTRACT

Simpson’s paradox has broad impact across many scientific domains.
Existing detection methods overlook a key issue: many detected
paradoxes may be redundant, arising from equivalent data subsets,
identical subpopulation partitions, or correlated outcome variables,
thereby obscure insights and increase computational cost. In this pa-
per, we present a framework for finding non-redundant Simpson’s
paradoxes by formalizing three sources of redundancy—sibling
child, separator, and statistic equivalence—and showing that pair-
wise redundancy forms an equivalence relation. We further pro-
pose a concise representation that groups redundant paradoxes
and develop efficient algorithms combining depth-first population
materialization with redundancy-aware discovery. Experiments
on real and synthetic datasets show that redundancy is prevalent
(over 40% in some cases), while our methods scale to millions of
records, achieve up to 6.72x speedup over brute-force approaches
and identify robust paradoxes, enabling efficient discovery, compact
summarization, and clear interpretation in multidimensional data.
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1 INTRODUCTION

Simpson’s paradox [30, 40] refers to the reversal of an observed
association between two variables when data is disaggregated into
sub-populations, and is a classic and widely studied phenomenon in
statistics, probability, and data science (2, 7, 14, 21, 22, 25, 29, 32, 38,
39, 42, 48, 49, 52, 59]. It has been recognized for more than a century
and continues to play a central role in fields such as epidemiology,
genomics, economics, machine learning, and causal inference [8, 12,
17, 22, 26, 28, 34, 44, 45, 54, 56], where decisions depend critically
on understanding relationships in multidimensional data.

From a data management perspective, Simpson’s paradox chal-
lenges OLAP query processing and interactive data exploration.
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Table 1: Loan approval rates for Moving purposes and House
purposes with data partitioned by Region.

Region Purpose = Moving | Purpose = House
Leinster 50.00% 50.00%
Ulster 25.00% 50.00%
Northern-Irl 14.29% 22.67%
Connacht 0.00% 5.26%
Munster 0.00% 20.00%
Overall approval rate 22.22% 20.00%

When drill-down operations expose reversed trends, the association
at the aggregate level can be misleading. This issue has been studied
in database bias auditing systems [35-37] and is closely related to
population lattice exploration and data cube analysis [23, 33, 47].

Example 1.1 (Simpson’s paradox). Consider loan applications in
the Irish Loan Approval dataset.! Moving loans appear to have a
higher approval rate than House loans (22.22% vs. 20.00%; Table 1).
However, when the data is partitioned by Region, the trend reverses
in every subgroup. For example, in Ulster, House loans are approved
twice as often as Moving loans (50% vs. 25%). More generally, for
every region r, P(Approved | Region = r, Purpose = Moving) <
P(Approved | Region = r,Purpose = House). This reversal after
stratification is a classic instance of Simpson’s paradox. O

Despite its importance, an overlooked issue is that instances of
Simpson’s paradox can be highly redundant. In high-dimensional
data, different selections or partitions may involve the same records
or induce equivalent sub-populations, causing multiple paradoxes
to reflect the same phenomenon. Such redundancy also matters
for data quality assessment and schema understanding: repeated
paradoxes often reveal functional dependencies or strong attribute
correlations (e.g., if RegionCode maps one-to-one to Region, then
paradoxes partitioned by these attributes are redundant). Although
these paradoxes appear syntactically different, they arise from the
same population structure. Treating them as distinct inflates re-
ported results and obscures the key insights analysts seek.

One may wonder whether redundant paradoxes occur merely in
theory or in isolated cases. However, our empirical analysis using
real-world datasets in different domains, reported in Section 5.2,
shows that redundant Simpson’s paradoxes account for 20.3-47.8%
of all observed paradoxes.

One may also ask why Simpson’s paradoxes must be discovered
comprehensively rather than checked on demand. We argue that
discovering all non-redundant paradoxes serves broader goals. In
exploratory data analysis and OLAP navigation [23, 33, 47], ana-
lysts drill down without knowing which paths expose reversals;
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comprehensive discovery makes these paths explicit. For data qual-
ity assessment [35-37], it reveals structural properties invisible
when paradoxes are examined in isolation, as redundant paradoxes
often indicate functional dependencies or strong correlations (e.g.,
one-to-one mappings between RegionCode and Region). Our experi-
ments (Section 5.2) show that this approach identifies attributes that
frequently induce paradoxes, strongly correlated attributes, and
attribute pairs with one-to-one mappings. Finally, in high-stakes do-
mains such as healthcare, genomics, and policy-making [6, 9, 28, 45],
comprehensive discovery helps avoid decisions based on mislead-
ing aggregate trends. For example, a SNP may appear to increase
disease risk overall, but when conditioning on another stratifying
SNP, the association can weaken, disappear, or even reverse [8, 54].

Identifying non-redundant Simpson’s paradoxes poses several
technical challenges. First, the search space of potential paradoxes
grows exponentially with the number of attributes, making brute-
force enumeration computation-expensive. Second, redundancies
can arise in multiple ways, as analyzed in Section 3.1, and distin-
guishing among them requires careful formalization. Third, even
after redundancies are recognized, a principled method is needed to
group redundant paradoxes and produce concise, non-overlapping
representations without information loss.

To address these challenges, our key idea is to exploit the struc-
ture of the population lattice and leverage convexity properties
of coverage equivalence classes. By representing redundant para-
doxes as equivalence classes, we can eliminate redundancy while
preserving completeness. This approach enables the discovery of all
instances of Simpson’s paradox while organizing them into concise
representations that capture their essential semantics.

We make four main contributions in this paper. First, we formally
define three sources of redundancy - sibling child, separator, and
statistic equivalence — and show that pairwise redundancy is an
equivalence relation. Second, we propose a concise representation
framework that groups redundant paradoxes into compact, system-
atic summaries. Third, we develop efficient algorithms that combine
depth-first materialization of the base table and redundancy-aware
paradox discovery. Last, we demonstrate through experiments on
both real-world and synthetic datasets that redundant paradoxes
are common in practice, our methods scale efficiently, and the iden-
tified paradoxes (and redundancies) are structurally robust.

2 PRELIMINARIES

2.1 Basic Notations

Consider a base table T with n categorical attributes {X1,...,Xn}
and m label attributes {Y1, ..., Y,y }. Each categorical attribute X;
(1 < i < n) has a finite domain Dom(X;), and each label attribute
Y; (1 < i £ m) is binary; our results extend to multi-class labels,
but we focus on the binary case for simplicity. Each record t € T is
an (n+m)-tuple (¢£.X1,...,t.X,,t.Y1,...,t.Yy).

A population s is an n-tuple (s[1],...,s[n]) with s[i] €
Dom(X;) U {x}, where = is a wildcard like ALL in data cube termi-
nology [16, 19, 47, 58]. A population defines a subset of records via
its coverage covy(s) ={t € T | t.X; =s[i] V s[i] =%, 1 <i < n},
and we omit the subscript T when the context is unambiguous.

Given populations s and s’, s is a parent of s’ (and s” a child of
s), denoted s > s, if there exists an attribute X; such that s[j] = *
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and s”[j] # *, and s[i] = s’[i] for all i # j. Then cov(s) 2 cov(s’).
We call X; the differential attribute and s’[j] the differential
value, and write s = s(X; »s’[j]). A population may have multiple
parents and children.

A population s is an ancestor of s’ (and s’ a descendant of s),
denoted s > ¢, if for all i, either s[i] = = or s[i] = s’[i], and for
at least one i, s[i] # s’[i]. In this case cov(s) 2 cov(s’). We write
s > s"if s > s’ or s = s’. Two populations s; and s; are siblings if
they are children of a common parent under the same differential
attribute with different values; then cov(sy) N cov(sz) = 0.

For a non-empty population s, the frequency statistic of label

Y; is the conditional probability P(Y; | s) = lcovT(j);f/tTe(f)llt'n:l}l .

All populations form a lattice under > . Let # be the set of all
populations and & C $. Two populations in & are directly connected
if one is a parent of the other, and are connected if linked by a se-
quence of such relations. A subset & is convex if all its populations
are connected and, whenever s > s’ are in &, all populations that
are descendants of s and ancestors of s” also belong to &. Figure 1

shows the population lattice of a table.

2.2 Simpson’s Paradox

Simpson’s Paradox [30, 40] describes the counterintuitive phenom-
enon in which the type of relationship (e.g., positive, negative, or
independent) between two variables reverses when the population
is partitioned into sub-populations. In this subsection, we formalize
Simpson’s Paradox in multidimensional data, provide an illustrative
example, and briefly review its well-known variants.

Definition 2.1. Consider a population s and two sibling child
populations s; = s(Xj»u1) and s2 = s(Xj »up) with the differential
attribute X; (1 < j < n), where ug,uz € Dom(Xj) (u1 # up) are
the respective differential values. Let X € {X1,...,Xn} \ {Xj} bea
separator attribute and Y € {Y3, ..., Y;;,} be a label attribute. The
tuple (s1, s2, X, Y) is called an association configuration (AC).
An AC is a Simpson’s Paradox if the following holds:

(1) P(Yls1) = P(Yls2);
(2) For every separator attribute value v € Dom(X) with
cov(s1{X»0v)) # 0 and cov(sa(X »>v)) # O0:

P(Y[s1(X»0)) < P(Y]s2(X>0));

(3) Either the inequality in (1) is strict or all inequalities in (2)
are strict. m]

The inequality directions in (1) and (2) may be reversed simulta-
neously.

Example 2.2. In the table in Figure 1, ((x, by, %), (%, bg, %), A, Y1)
is an association configuration. P(Y;|B = b;) = 0.5 < P(Y1|B =
by) = % However, P(Y1|A = aj, B=by) = P(Y1|A = aj, B = by) for
i =1,2. Thus, ((*, by, *), (%, by, %), A, Y1) is a Simpson’s paradox. O

When Y is a multi-class label, that is Dom(Y) = {yi, ..., yg } with
k > 2, Definition 2.1 extends by replacing P(Y | s) with P(Y=c | s)
for each class ¢ € Dom(Y), yielding the AC (s1,s2, X, Y=c). A k-
class label can therefore generate up to k distinct ACs.

The partitioning in Definition 2.1 also generalizes to a set of
multiple separator attributes.
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Figure 1: A data table T(A, B,C, Y1) and the Hasse diagram of the population lattice with respect to the parent-child relation > .

A parent is placed lower than its child. The blue and

Definition 2.3 (Multi-attribute Separator). Let X; be the differ-
ential attribute such that s; = s(X;»u1) and s; = s(Xj»uz), and
let X € {X1,...,Xn} \ {Xj} be a set of separator attributes, where
Dom(X) = [Ix,ex Dom(X;) is the Cartesian product of their do-
mains. The AC (s1, s2, X, Y) is a Simpson’s Paradox if:

(1) P(Y |s1) 2 P(Y | s2);
(2) For every v. € Dom(X) with cov(s1(X»v)) # 0 and
cov(s(X>v)) # 0:

P(Y | s1(X>v)) < P(Y | s2({X>V));

(3) Either the inequality in (1) is strict or all inequalities in (2)
are strict.

When |X| = 1, this reduces to Definition 2.1. O

This paper assumes binary labels and a single separator attribute,
though our results extend directly to the general cases above.

Several variants of Simpson’s paradox have been studied, in-
cluding Association Reversal (AR) [38] as formalized in Defini-
tion 2.1, Yule’s Association Paradox (YAP) [57], Amalgamation Para-
dox (AMP) [15], and Averaged Association Reversal (AAR) [2, 49].
YAP, AMP, and AAR are all special cases of AR. We refer readers
to Sprenger and Weinberger [43] for an in-depth review, and our
framework naturally extends to these variants.

3 REDUNDANCY AMONG INSTANCES OF
SIMPSON’S PARADOX

In practice, multiple populations in a table may have identical cov-
erage, leading to different association configurations that capture
essentially the same paradoxical behavior. For example, in Table 2,
cov(ay, * % %) = cov(as,* c1,*) = {t1,t2,t3}. When a table has
many attributes but relatively sparse records, such overlaps are
common [5, 10, 18, 23, 33]. This incidental identicality can generate
multiple Simpson’s paradoxes that are redundant. In this section,
we formalize redundancy through three types of equivalences that
give rise to it, and then unifying them into a single definition.

3.1 Three Types of Redundancies

Redundancy may arise from three distinct sources.

3.1.1 Sibling Child Equivalence. When sibling populations have
identical coverage, their corresponding paradoxes are redundant.

LEMMA 3.1 (SIBLING CHILD EQUIVALENCE). Consider two associ-
ation configurations, p = (s1,s2, X,Y) and p’ = (s{,sé,X, Y), where
cov(s1) = cov(s]) and cov(sz) = cov(sy). Ifp is a Simpson’s paradox,
then p’ is also a Simpson’s paradox. O

subsets are convex, while the
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subset is non-convex.

Table 2: Data table T(A, B,C, D, Y1, Y2) containing 7 records.

A|B|C|D|Y |Y,
ti|a | by | e |di | O 0
tylay | by |1 | dy | O 0
tsy |ay | by | c1 | dy| O 0
ty | ay | by | c2 | db 1 1
ts |ay | by | c2 | db 1 1
te |az | by | c2 | dy | 1 1
t7 |ay | by | co | dy | 1 1

Example 3.2 (Sibling child equivalence). Consider Table 2. It
can be verified that ((x, by, *, %), (%, ba, *,%), A, Y1) is a Simpson’s
paradox. It can also be verified that ((, %, *,d7), (%, % *,d2), A, Y1)
is a Simpson’s paradox due to sibling child equivalence—
cov(x, by, x, %) = cov(x, %, %,d;) for i = 1, 2. ]

3.1.2  Separator Equivalence. When two separator attributes pro-
duce identical partitioning of the sibling populations, the resulting
Simpson’s paradoxes are redundant.

LEMMA 3.3 (SEPARATOR EQUIVALENCE). Consider two ACs p =
(51,82, X,Y) and p’ = (s1,52,X’,Y), where X # X’ and there exists
a one-to-one mapping f : Dom(X) +— Dom(X’) such that for every
v € Dom(X) and s € {s1,s2}, cov(s{X>0)) = cov(s{(X"»f(v))). If
p is a Simpson’s paradox, then p’ is also a Simpson’s paradox. O

Example 3.4  (Separator  equivalence). In  Table 2,
((%,b1,%,%), (x,bg,%,%),A, Y1) is a Simpson’s paradox. Con-
sider the mapping f(a1) = c1, f(az) = c2. Since cov(ay, bj, *, %) =
cov(x, bj, c1,*) and cov(ag, bj, *,%) = cov(x, bj, ¢, %) for i = 1,2,
partitioning by A and by C produce identical sub-populations.
Therefore ((*, by, % %), (*,ba, %,%),C, Y1) is also a Simpson’s
paradox by separator equivalence. O

3.1.3  Statistic Equivalence. When label attributes are dependent,
their Simpson’s paradoxes may be redundant. Intuitively, if a Simp-
son’s paradox under Y where the trends P(Y | s1) > P(Y | s2) and
P(Y | s1(X»0)) < P(Y | s2{X »0v)) also hold for Y’, then it is also a
Simpson’s paradox under Y’. We identify three sufficient conditions
for this equivalence.

LEMMA 3.5 (STATISTIC EQUIVALENCE). Consider two ACs p =
(s1,52, X, Y) and p’ = (51,52, X, Y’) such that Y + Y'. If p is a Simp-
son’s paradox and if any of the following (sufficient, and progressively
less restrictive) conditions hold, then p’ is also a Simpson’s paradox:

(1) Foreveryt € cov(s1) Ucov(sp), t.Y = t.Y';
(2) Foreverys € {s1,s2}, P(Y|s) = P(Y’|s) and for everyv €
Dom(X), P(Y|s(X »v)) = P(Y'|s(X »0));



Table 3: Data table T(A, B,C, D, Y1, Y, Y3, Y4) with 11 records.

A|lBlc|D|In|n|n|1n
t1 |ar | by | e | dh 0 0 0 0
tr |ar | by | 1 | di 0 0 0 0
ts |ay | by |c |dy| O 0 0 0
ty |ay | by |ci |d | O 0 0 0
ts |ay | ba | c1 |da| O 0 0 0
te | ax | b1 | c2 | db 0 0 1 1
t7 |ay | by | ca | dy | 1 1 0 1
tg |ay | by | ca | dy | 1 1 1 1
to |ay | by | co | dy | O 0 1 1
tio | az | b | c2 | do 1 1 0 1
ty | ax | by | ca | do 1 1 1 1

(3) sign(P(Y|s1)—P(Yls2)) = sign(P(Y’|s1)—P(Y’|s2)), and for
everyv € Dom(X), sign(P(Y|[s1(X »v)) — P(Y|s2(X >0v))) =
sign(P(Y|s1(X >0)) = P(Y'[s2(X »0))). o

Example 3.6 (Statistic equivalence). Consider Table 3, an ex-
tension of Table 2, and p ((x, b1, %, %), (, b, %, %), A, Y7).
P(Y1|(#,b1,%,%)) = 0.33 < P(Y1|(x, b2, % %)) = 0.40. Partition-
ing by A yields P(Y1|(ay, b1, %)) = P(Y1|(ay, by, *,%)) = 0 and
P(Y1](az, by, % %)) = P(Y1|(az, ba, *, %)) = 0.67, confirming that p is
a Simpson’s paradox.

It follows that ((x, by, *, %), (x, by, *, %), A, Y2) is statistic equiva-
lent to p (Case 1), since t.Y; = t.Y; for every record t.

Moreover, ((, b1, *, %), (x, ba, %, %), A, Y3) is statistic equivalent to
p (Case 2), as the frequency statistics of Y3 match those of Y; across
all relevant populations, even though Y; # Y3 for some records.

Similarly, ((x, b1, *, %), (%, ba, *, %), A, Y4) is statistic equivalent to
p (Case 3), since the signs of the frequency-statistic differences
coincide for Y; and Y, at the aggregate and sub-population.

Finally, note that Y4 could be constructed so that the sign of the
frequency-statistic difference at the aggregate matches that of Y;,
while for one sub-population the difference is negative for Y; but
zero for Yy; despite mismatch, Simpson’s Paradox is still preserved
with Yy, showing that Case 3 is sufficient but not necessary. O

3.2 Equivalence Classes of Simpson’s Paradoxes

Redundant Simpson’s paradoxes may arise from more than one of
the equivalence types, sometimes combining sibling child, separator,
and statistic equivalence within the same instances.

Example 3.7 (Redundancy). ((x, b1, %, %), (%, by, %, %), A, Y1) is a
Simpson’s paradox in Table 2. It can be verified that ((x, *, %, d1), (*,
%, %,dg), C, Y2) is also a Simpson’s paradox, and redundant due to sib-
ling child, separator, and statistic equivalence simultaneously. O

Motivated by the above observation, we integrate the three equiv-
alences into a unified notion.

Definition 3.8 (Redundancy). Two distinct paradoxes are:
o sibling child equivalent if they satisfy Lemma 3.1;
e separator equivalent if they satisfy Lemma 3.3;
o statistic equivalent if they satisfy at least one of the con-
ditions in Lemma 3.5.

They are redundant if any of the above hold. O

THEOREM 3.9 (EQUIVALENCE). Pairwise redundancy of Simpson’s
paradoxes is an equivalence relation. O
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Because pairwise redundancy is an equivalence relation, the
set of all Simpson’s paradoxes can be partitioned into equivalence
classes. Each class corresponds to a group of mutually redundant
paradoxes. In some cases, an equivalence class may contain only a
single instance when no redundancy is observed.

Example 3.10 (Equivalence class). Consider Table 2, p;
((%, b1, %, %), (%,bg, %, %), A, Y1) is a paradox. We also obtain the fol-
lowing paradoxes redundant to py:
p2 = ((%,%,%,d1), (%, % % dg), A, Y1) (sibling child equiv.);

p7 = ((% b1, %, %), (%, ba, %, %), C, Y2) (separator and stat.);
ps = ((x % %,d1), (x,
For instance, ps is redundant to p; by combining sibling child
and separator equivalence: replacing (s, bj, *, ) with (x, %, %, d;)
(since cov(,bj, %, %) = cov(k,*,%d;) for i = 1,2) and replacing
separator A with C (since cov(aj, by, * %) = cov(x by, cj, *) and
cov(aj, by, *, %) = cov(x, ba, cj, *) for j = 1,2).

The set {p1, p2, ..., ps} forms an equivalence class.

(
o p3 = ((% by, % %), (% by, % %),C, Y1) (separator equiv.);
o ps = ((%b1,%%), (% by, * %), A, Ys) (statistic equiv.);
o ps = ((%%d1), (* % %dy),C, Y1) (sibling and separator);
o o = ((%, % %d1), (%, %% d2), A, Ys) (sibling and statistic);
. (
L]

*,%,dy), C, Y2) (all equivalences).

O

3.3 Representing Equivalence Classes Concisely

In real datasets with many attributes, the number of redundant
paradoxes can be large. We therefore propose a concise represen-
tation for an equivalence class of redundant Simpson’s paradoxes
(or redundant paradox group for short). To begin, we make the
following observation.

LEmMA 3.11 (ProDUCT SPACE). Each redundant paradox group
can be characterized by the product of &1 X Eg X X X Y, where X is a
set of separator attributes, Y is a set of label attributes, and &1, E; are
sets of sibling populations, each containing populations with identical
coverage. Any choice of (s1,52,X,Y) € E1 XE2 XX XY where sy, sp are
siblings is a Simpson’s paradox in the redundant paradox group. O

Example 3.12. The redundant paradox group from Exam-
ple 3.10 is characterized by the product space &1 X & X
X x Y, where &1 = {(x,b1, % %), (%% %.d1), (x, b1, %, d1)}, E
{( b, %, %), (%, %, %, da), (%, b2, %,d2) }, X = {A,C}, and Y = {Y1, Yo }.
This product space encompasses multiple paradoxes; for instance,
(e, b1, 5, %), (5, b2, %,%), A, Y1) and ((x %, %, d1), (%, %, %, d2), C, Y2)
are included. However, ((*, by, %, d1), (%, by, %, d2), A, Y1) is not, since
these two populations are not valid siblings. O

Next, we show that &; and &; can be represented more con-
cisely. We partition the set of all populations # based on coverage,
denoted P /=cov, where each coverage group & € P /=,y con-
tains populations with identical coverage. We show that each such
coverage group exhibits a structural property in the population
lattice: they form convex subsets. This means that if two popula-
tions belong to the same coverage group, then all populations that
lie between them in the lattice hierarchy must also belong to that
group. Given convexity of any & € P /=¢qy, we call a population
s € & an upper bound of & if there isno s’ € & with s < s’ (ie,,
least descendant); similarly, we call s a lower bound of & if there
isnos’ € & with s’ < s (i.e., greatest ancestor). We denote the set



of upper bounds of & by up(E) and the set of lower bounds of & by
low(&). Convexity ensures that we can represent coverage groups
&1 and &; using only these bounds, thereby avoiding enumerating
all members, which can be prohibitively large in high-dimensional
datasets. Furthermore, we show that each coverage group has a
unique upper bound (though it can have multiple lower bounds).

PROPERTY 1 (CONVEXITY OF COVERAGE GROUPS). Let P be the set
of all populations. For each coverage group & € P [=cov, & is a convex
subset of coverage-identical populations. Furthermore, | up(&)| = 1
and the least descendant is the unique upper bound. O

PROPERTY 2 (RECONSTRUCTION FROM BOUNDS). LetE C P bea
convex subset of populations. Then s € & if and only if there exist
s; € low(&) and {s,} = up(E) such thats; < s < sy. O

Using these properties and Lemma 3.11, we can concisely repre-
sent each redundant paradox group. We remark that while Prop-
erty 1 establishes that upper bounds uniquely identify (convex)
coverage groups, reconstruction requires lower bounds. Given only
the upper bound s,,, enumerating all s € & requires verifying cover-
age equality for each ancestor s < s;,. With lower bounds low(&),
reconstruction is straightforward and efficient: following Property 2,
enumerate all s satisfying s; < s < s, for every s; € low(&). Recon-
struction is essential because our concise representation must gen-
erate all Simpson’s paradoxes in the group by enumerating every
valid sibling pairs in &; and &; (as shown in Examples 3.10, 3.12).

Definition 3.13 (Concise representation). A redundant paradox
group characterized by &1 X & X X X Y can be represented as:

(up(&1), low(&E1), up(&E2), low(&E2), X, Y),

where up(&1) and up(8E;) are the (unique) upper bounds of &1 and
&Eo, and low(&1) and low(&3) are their lower bounds. O

By Property 2, this representation is precise: all populations in &;
and &; (and thus all redundant Simpson’s paradoxes in the group)
can be reconstructed from the bounds.

Example 3.14 (Concise representation). From Example 3.10, the
redundant paradox group can be represented as:

o up(E1) = {(b1,%,d1)}, up(E2) = {(x b2, *,d2)},
o low(&1) = {(x b1, %, %), (x,%,%,d1)}, X = {A,C},
o low(&Ez) = {(x b2, *, %), (x,%,%,d2)}, Y = {1, Ya}.

All eight redundant Simpson’s paradoxes from Example 3.10 are
captured. For instance, ((x, b1, *, %), (%, ba, %, %), A, Y1) is valid be-
cause (% by, %,%) € &1 and (%, by, », %) € &y are siblings. By con-
trast, ((*, b1, %, d1), (%, by, %, d2), A, Y1) is not valid, since these two
populations are not siblings. O

4 FINDING NON-REDUNDANT SIMPSON’S
PARADOXES

Building on the concise representation developed in Section 3, our
framework proceeds in two phases: (1) materialization, which enu-
merates all non-empty populations and organizes them into con-
vex coverage groups; and (2) paradox discovery, which detects all
instances of Simpson’s paradox and simultaneously constructs con-
cise representations of redundant paradox groups.
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Algorithm 1 Brute-force Materialization

Input: Data table T = ({X;}]_,, {Y]};”:l)

Output: Materialized populations
1: for eachrecord t € T do

|

3:
Algorithm 2 DFS-based Materialization
Input: Data table T = ({X;},,{Y;} ]"; 1), coverage threshold 6

i=1
Output: Coverage-based partitioning P /=coy of populations, where each
group & is represented by (up (&), low(&)); frequency sTaTs for each

& € P/=cov, indexed by up(E).

for each ancestor s of t do

| Update cov(s) and P(Y|s) for each Y € {Y1,..., V).

1: Initialize the set G of candidate coverage groups and STATS;
2: DFS((*,%,...,%),T,0); > updates G and STATS
3: for each unique upper bound u such that (u, _) € G do
4: L—{s|(us)eGA-Ts": ((u,s") e GAs' <s)};
5: | Add (u, L) as a coverage group in P /=cov;
6: return P /=y, STATS;
7: function DFS(s, T, k): > updates G and STATS
8: d «s;
9: for each attribute X; (1 < i < n) with s[i] = * do
10: if 30 € Dom(X;) : cov(s) = cov(s(X;>v)) then
11: L dli] «
12: Add (d, s) to G; staTs(d) « {P(Y;|d) }j";l;
13: for each attribute Xj, (k < h < n) with d[h] = = do
14: for each v € Dom(X}) do
15: T, —{t|teT AtXp=n0};
16: if |T)| = 6 -|T| then
17: | | DFS(d{(Xp, »0), Ty, h);
4.1 Materialization

The first step in our algorithm materializes all non-empty popu-
lations and computes their coverage and frequency statistics. A
brute-force approach (Algorithm 1) iterates over each record t € T
and updates all its 2" ancestor populations s with s[i] € {¢.Xj, *}.
This approach is inefficient for two reasons: it repeatedly processes
identical populations across records, resulting in |T| X 2" updates,
and it does not organize populations into convex coverage groups,
thereby missing opportunities to avoid redundant materialization.

To overcome these issues, we adopt a depth-first search (DFS)
strategy adapted from [5, 18, 23]. The DFS directly constructs cov-
erage groups—convex sets of populations with identical cover-
age—while computing their frequency statistics. The procedure
is summarized in Algorithm 2.

4.1.1 DFS-based Population Materialization. The algorithm con-
structs the population lattice (see Figure 1) in a bottom-up manner.
It starts from the root population syoot = (%, %, . . ., *), which covers
the entire table T, and progressively materializes populations with
smaller coverage, moving upward in the lattice.

At each DFS step, the goal is to identify a candidate convex
coverage group. Starting from a lower-bound population s, we
compute its upper bound s’. We initialize s’ = s and scan the
records in cov(s): for each attribute X; with s[i] = , if all records
share a value v € Dom(X;), we set s’[i] = v; otherwise, s"[i] = *.
This construction guarantees cov(s’) = cov(s).



Example 4.1. In Table 2, let s (ayq, *, *,*) with cov(s) =
{t1, t2, t3}. All records share c¢; on attribute C, but not on B or D,
yielding the upper bound s” = (a, *, ¢1, *). O

By Property 2, all populations s”” withs > s’ > s’ share the same
coverage and statistics, and thus need not be explicitly materialized.
This substantially reduces the computation. Once s’ is identified,
the pair (s, s”) becomes a candidate coverage group. The DFS then
recurses on each child § of s’, using § as the next lower bound.

Example 4.2. From Example 4.1, (s (ay, *, %, %), s’
(a1, %, c1,%)) forms a convex group. DFS explores children of s’,
such as (ay, b1, 1, *), whose coverage is non-empty and strictly
smaller, and continues recursively. O

The recursion stops when a population covers fewer than 6 - |T|
records (Section 4.1.3) or when the top of the lattice is reached.

4.1.2  Coverage Group Merging. DFS may discover the same cov-
erage group through different lower bounds. We merge candidate
groups that share the same upper bound. Each merged group has a
unique upper bound and possibly multiple lower bounds.

Example 4.3. In Table 2, (ay, *, , %), (%, % ¢1, %), and (a1, %, c1, *)
all cover {t1,t2}. DFS may reach (ai,* c1,%*) via (a1, *, % %) or
(%, *, 1, *). After merging, the upper bound is (ay, *, ¢1, *) and valid
lower bounds are (ay, *, *, *) and (*, *, c1, *). O

4.1.3  Population Pruning. Populations with very small coverage
are of limited analytical usefulness. We introduce a pruning thresh-
old 0 < 6 < 1: any population with coverage size below 6 - |T|
is not materialized. The DFS prunes such populations and their
descendants, further reducing run time.

Example 4.4. In Table 2, let 6 = 0.4. Population (x, %, c1, *) covers
{t1, 12, t3} and is retained since 3/7 > 0.4.If = 0.6, this population
and its descendants, such as (ay, b1, c1, d1), are pruned. m]

THEOREM 4.5 (COMPLETENESS). Algorithm 2 materializes all non-
empty populations that satisfy the coverage threshold. After group
merging, it yields maximal convex coverage groups of coverage-
identical populations; no population outside a group shares the same
coverage as any population within it. O

4.2 Finding Redundant Paradox Groups

The discovery of Simpson’s paradoxes is a two-step process: (1)
systematically enumerating all possible ACs, and (2) evaluating
each AC against Definition 2.1. Algorithm 3 illustrates a brute-force
method: for each non-empty population s, we enumerate all sibling
child pairs (s1,s2), and then combine each pair with every valid
separator attribute and label attribute to form candidate ACs. Each
AC is then checked against Definition 2.1.

This exhaustive search has two major drawbacks. First, it does
not organize discovered paradoxes into redundant paradox groups.
Second, it wastes computation by (i) repeatedly iterating over pop-
ulations with identical coverage, and (ii) evaluating ACs that are
redundant to already discovered paradoxes.

We therefore design optimizations to avoid repeated computa-
tion and concisely represent redundant paradox groups.
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Algorithm 3 Brute-force finding of Simpson’s paradoxes
)

Input: Materialized populations S from T = ({X;}]_,,
Output: All instances of Simpson’s paradox
1: for each population s € S do

2: for each X; with s[i] = * do

3 for each pair v1,v2 € Dom(X;) where v # vz do

4 s1 ¢ s(Xi»01); s s(Xir02);

5 for each i’ # i with s[i’] = = do

6 L for each label attribute Y do

7 L Evaluate (s1, s2, Xj7, Y) using Definition 2.1;
4.2.1 lteration over Coverage Groups. Instead of iterating over ev-

ery non-empty population in Algorithm 3, we exploit the convex
coverage groups discovered from Algorithm 2. From each coverage
group, it suffices to consider only one representative population —
specifically, its unique upper bound (Property 1) — since all popu-
lations in the coverage group have identical coverage. This helps
avoid repeated computation over such populations.

4.2.2  Constructing Redundant Paradox Groups. Even after iterat-
ing over coverage groups, many ACs remain redundant due to
three types of equivalences. First, sibling child equivalence: cover-
age groups contain multiple populations beyond their upper bounds,
each forming valid sibling pairs that generate equivalent paradoxes.
For example, valid sibling pairs in coverage groups &; and &; can
create sibling child equivalent ACs. Second, separator and statistic
equivalence: different separator attributes produce identical parti-
tions, and different labels may be perfectly correlated. For example,
for siblings s1 = (, by, %, %) and sy = (%, by, *, *) from Table 2, at-
tributes A and C partition the data identically and Y, Y> are perfectly
correlated, so (s1,s2, A, Y1) and (s1, s2, C, Y2) are redundant.

We propose two strategies that exploit the redundancy condi-
tions from Section 3.2 to construct redundant paradox groups while
maintaining concise representations (Section 3.3).

Construction by sibling child equivalence. Once a Simpson’s para-
dox p = (s1,s2,X,Y) is identified, all paradoxes sibling child equiv-
alent to p can be inferred without evaluation. Thanks to Section 3.3,
we can also encode the entire set of such paradoxes concisely. This
strategy is formalized below and implemented by Algorithm 4.

PROPOSITION 4.6. Let p = (s1,52,X,Y) be a Simpson’s paradox,
where s1 and sy belong to coverage groups 1 and Ey in P /=cov,
respectively. Then for any (s],s;) € E1 X & such that s| and s} are
siblings, the AC p’ = (s{, sé,X, Y) is also a Simpson’s paradox and
redundant with respect to p. O

Example 4.7 (Construction by sibling child equivalence). In Table 2,
consider the Simpson’s paradox p = ((%, by, *, %), (%, ba, *, %), A, Y1)
from Example 3.2. With materialization by Algorithm 2, pop-
ulations (x,b1,*,*) and (x, by, %, *) belong to coverage groups
{(*,b1, %, %), (%, %, %,d1), (x,b1, %, d1) } and {(x, by, *, %), (x, %, %, d3),
(%, by, *,d2) }, respectively. Valid sibling pairs across these groups
yield additional paradoxes, such as ((x, %, *,d1), (*, %, % d2), A, Y1),
which are redundant to p. These can be directly included in the
same redundant paradox group without further evaluation. Fur-
thermore, instead of enumerating these paradoxes, the group can



Algorithm 4 Construction by sibling child equivalence

Algorithm 6 Finding non-redundant Simpson’s paradoxes

1: function CoNSTRUCTBYSIB(p, P /=cov)
2 Input: Simpson’s paradox p = (s1, 2, X, Y); coverage-based
partitioning P /=cov of populations

3 Output: Concise representation of a set of paradoxes
sibling-child-equivalent to p
4 Let &1, 82 € P /=cov be groups containing s; and sy, resp.;

return (up(&E1), low(E1), up(Ez), low(E2), {X}, {Y});

Algorithm 5 Extension by separator/statistic equivalence

1. function EXTENDBYSEPSTAT(P, p’)

2: Input: Concise rep. P for a sibling-child-equivalent paradox

group; new Simpson’s paradox p’ = (si, sé, X’,Y’") redun-

dant with respect to some paradoxes in P

Output: Updated P

(up(&1), low(E:), up(E2), low(E2), X, Y) P

return (up(&1), low(&E1), up(Ez), low(Ey),
XU{X'LYU{Y'});

be concisely represented by:

up(&€1) = {(xb1,%d1)},  low(E1) = {(x b1, % %), (x,%,%,d1)},
up(Ez) = {(x, b2, x,d2)},  low(Ez) = {(%, bz, %, %), (%, %, x,d2) },
X={A}, Y={n} O

Many paradoxes differ only by separator or label attributes but
are still redundant. Once a paradox p’ is identified as separator- or
statistic-equivalent to some p in a sibling-child-equivalent group P,
the separator and label attributes of p’ can be applied to all members
of P without enumeration (Algorithm 5).

PROPOSITION 4.8. Let P be a set of sibling-child-equivalent Simp-
son’s paradoxes with separator X and label Y. Suppose (si, sé, X' Y,
where X’ # X or Y’ # Y, is a Simpson’s paradox that is redundant
w.r.t. some paradox in P. Then for every p = (s1,s2,X,Y) € P, the AC
(s1,52,X’,Y") is also a redundant Simpson’s paradox w.r.t. p. O

Example 4.9 (Extension by separator and statistic equivalence).
Continuing from Example 4.7, suppose we have now identified
P’ = ((% % %,d1), (%, % d2),C, Y2) redundant to the sibling-child-
equivalent redundant paradox group P characterized by &1 X &3 X
{A} x {Y1}. Proposition 4.8 implies that all combinations from &;
and &; with separator C and label Y5 are also redundant paradoxes.
For example, ((x, by, *, %), (x, by, *, %), C, Y2) can be added directly.
The concise representation becomes &1 X X {A, C}x{Y1,Y2}. O

4.2.3 Complete Algorithm. Finally, we integrate these optimiza-
tions into a comprehensive algorithm (Algorithm 6). We iterate
only over coverage groups (using upper bounds), constructing a
sibling-child-equivalence redundant paradox group as soon as one
paradox is found, and extending groups with separator and statistic
equivalence when applicable. We maintain a hashmap I where each
key is S1G(p) (see Definition 4.10 below) and the value is the concise
representation of a redundant paradox group (though a group may
contain only a single paradox if no redundancy is observed).
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Input: P /=coy and sTATS as produced by Algorithm 2
Output: Hashmap I storing concise representations of redundant
paradox groups, keyed by Sic

1: Initialize I < 0;

2: for each coverage group & € P/=cov do

3 Let s < up(&) > use upper bound as representative

4: for each X; with s[i] = * do

5 for each pair v1,02 € Dom(X;) do

6: 51 s(Xirv1), 52— s(Xjr02);

7: for each X; # X; with s[j] = = do

8 for each label attribute Y do

9: p « (51,82, X, Y);» check first if p is in-
cluded in existing redundant paradox groups

10: if3(81,82,X,Y) €l:s1€E  NspeEA
L X;j € XAY €Y then continue

11: Evaluate p acc. Def. 2.1; compute S1G(p);

12: if p is a Simpson’s paradox then

13: if I(S16(p)) = 0 then

14: I(S16(p)) <«

CoNSTRUCTBYSIB(p, P /=cov);
15: else
16: L I(S16(p)) <
L L L EXTENDBYSEPSTAT(I(S1G(p)), D);
17: return |

Definition 4.10 (Signature). Given populations s; and sz, we de-
fine their joint signature with respect to label attribute Y as a triple:

JS1Gy (51, 52) = (cov(s1), cov(sz), sign(P(Y|s1) — P(Yls2))).
For an AC p = (s1,s2, X, Y), its signature S1G(p) is defined as:

(JS16y (51, 52), {JS16y (s1(X »0), 52(X »0)) [ v € Dom(X)} ). D

In implementation, coverage sets cov(-) are represented using
integer hashes, and S1G(-) becomes a vector of integer hashes and
sign values from {-1,0,+1}. By Lemma 4.11, redundant paradoxes
share identical signatures, so a paradox p belongs to an existing
redundant paradox group if S1G(p) is already a key in I.

LEMMA 4.11. Two Simpson’s paradoxes p and p’ are redundant if
and only if Si6(p) = Stc(p’). m]

These optimizations improve over the brute-force enumeration
by avoiding repeated work while producing concise representations.
We note below that finding all redundant paradox groups is #P-hard
(from #SAT reduction [46]), and provide a worst-case complexity
analysis in the artifact supplement.

THEOREM 4.12 (#P-HARDNESS). Finding all redundant paradox
groups in a multidimensional table is #P-hard. O

4.3 Threshold Selection

We provide brief guidance on choosing the pruning threshold and
interpreting the output. For the coverage threshold 6, if a user
requires each paradox to involve at least x% of the records, we
recommend setting 6 = x/(2d), where d is the maximum domain
cardinality of categorical attributes, since each paradox may involve



up to 2d populations. When runtime is a concern, 8 can be increased
gradually until the computation meets the desired time budget.
To interpret the concise representation, the upper bounds of
&1 and &, capture attribute values shared by all records in the
corresponding populations; the separator set X highlights attributes
that induce equivalent partitions (i.e., drill-down paths); and the
label set Y identifies outcome attributes that are strongly correlated.

5 EXPERIMENTAL RESULTS

we evaluate our framework for detecting redundant Simpson’s
paradoxes on both real-world and synthetic datasets, described in
Section 5.1. Our study is guided by three research questions (RQs):
RQ1 examines whether redundant Simpson’s paradoxes are rare in
practice (Section 5.2); RQ2 examines the scalability of our frame-
work (Section 5.3); and RQ3 examines the structural robustness of
the discovered redundant Simpson’s paradoxes (Section 5.4).

Overall, our results show that redundant Simpson’s paradoxes
prevail in real-world datasets, our method scales effectively, and
the paradoxes are structurally robust under data perturbation.

5.1 Experimental Setup

Experiments were conducted on the Duke Computer Science De-
partment’s computing cluster, using nodes equipped with Intel
Xeon Gold 5317 processors (3.0 GHz, 12 cores) and 64 GB of RAM.
We evaluate our methods on both real-world categorical data
and synthetic datasets generated with controlled parameters. The
real-world datasets allow us to measure the prevalence of redundant
paradoxes, while the synthetic datasets enable systematic assess-
ment of efficiency and scalability under controlled conditions.

5.1.1 Real-World Datasets. We select four representative real-
world datasets from diverse domains, covering a range of dimen-
sionalities (8 to 35 attributes) and dataset sizes (8K to 3M records):

e Adult: A census income dataset with 48,842 records, 8
attributes (e.g., education, occupation), and a binary label
indicating whether annual income exceeds $50K [4].
Mushroom: A dataset of 8,124 records describing mush-
rooms using 22 categorical attributes (e.g., cap shape, habi-
tat), with edibility as the binary label [1].

Loan: A large financial dataset? containing >3 million loan
applications, with 12 categorical attributes (e.g., loan pur-
pose, home ownership) and a label of loan approval.

CDC Diabetes Health Indicators: A healthcare dataset®
of 253,681 individuals, with 35 categorical attributes (e.g.,
demographics) and diabetes status as the binary label.

To evaluate our framework on multi-class and multi-label settings
(cf. Section 2.2), we include two additional datasets:

e CMC: A social science dataset? of 1,473 records with 9
categorical attributes and a 3-class label (no use, long-term,
short-term contraceptive method). We produce 3 binary
copies corresponding to 3 binarization of class labels.

https://www.kaggle.com/datasets/ikpeleambrose/irish-loan-data
Shttps://www.kaggle.com/datasets/alexteboul/diabetes-health-indicators-
dataset/data
“https://archive.ics.uci.edu/dataset/30/contraceptive+method+choice
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Table 4: Simpson’s paradoxes in real-world datasets. The
top rows report the number of paradoxes and groups, with a
breakdown by equivalence type. The bottom rows summarize
the most frequent separator attribute (% of all paradoxes),
the constrained attribute (% of redundant groups), and the
top correlated separator pair (% of separator equivalences).

Dataset Adult |Mushroom| Loan | Diabetes| CMC |CMC | CMC |Chicago
(no use) | (long) | (short)
#paradoxes 3,880 6,878 18,330 | 1,464,250 | 1,806 | 1,571 | 1,873 | 4,893
#groups 3,460 4,931 16,293 | 1,065,189 | 1,343 1,226 | 1,407 3,980
#standalone 3,094 3,590 14,354 809,388 940 921 991 3,249
#sib. child eq. 366 1,220 1,939 255,690 401 305 416 659
#separator eq. 0 146 0 340 2 0 0 0
#statistic eq. 0 0 0 0 0 0 0 126
Top sep. sex g-size term HighBP | media |media| work DAY
96% 57% 62% 23% 33% 32% | 37% 59%
Top constr. |country| g-space |interest| CholChk | w_rel |w_rel|w_rel| ALIGN
attr. 33% 43% 20% 49% 49% 43% | 52% 48%
Top corr. (g-size, (HighBP, | (w_rel,
sep. pair — s-shape) — Diffwk) | media) — — -
66% 16% 50%

e Chicago Traffic Crashes®: Contains 1,039,019 crash
records with 10 categorical attributes (e.g., weather) and 3
binary labels (crash type, injury, and damage).

5.1.2  Synthetic Datasets. To evaluate performance in a controlled
setting, we employ a synthetic data generator that accepts the
three key parameters: (i) n, number of categorical attributes; (ii) m,
number of label attributes; and (iii) d, number of values per attribute.

The generation process proceeds in two steps. First, it con-
structs individual instances of Simpson’s paradox. For a given AC
(s1,82,X,Y), the generator enforces a consistent trend across all
sub-populations and solves an optimization problem to distribute
labels that reverses aggregate association. Second, the framework
explicitly injects redundancy by modifying the generated records:
sibling child equivalence is induced by aligning sibling pairs to have
identical coverage, separator equivalence is enforced by mapping
domains of two separator attributes via a bijection, and statistic
equivalence is created by introducing a correlated label. We provide
the detailed procedures in the artifact supplements.

5.2 Q1: Are Redundant Paradoxes Rare?

Our analysis shows that redundant Simpson’s paradoxes are com-
mon in real-world datasets. As summarized in Table 4, a substantial
fraction of discovered paradoxes are redundant: 20.3% in Adult,
47.8% in Mushroom, 21.7% in Loan, and 44.7% in Diabetes. On CMC,
we binarize each of the three contraceptive-method classes indepen-
dently and observe 22-26% redundancy per class. Among the three
equivalence types, sibling child equivalence is the most prevalent
across all datasets. Separator equivalence, which requires one-to-
one correspondence between separator attributes, appears only
in higher-dimensional datasets—Mushroom (10.7%) and Diabetes
(0.1%). On Chicago Traffic Crashes, we observe 126 groups with
statistic equivalence. The remaining single-label datasets show zero
statistic equivalence, as expected.

Beyond prevalence, redundant paradoxes exhibit clear patterns
(Table 4, bottom rows). First, certain attributes frequently act as

Shttps://data.cityofchicago.org/Transportation/Traffic- Crashes-Crashes/85ca- t3if


https://www.kaggle.com/datasets/ikpeleambrose/irish-loan-data
https://www.kaggle.com/datasets/alexteboul/diabetes-health-indicators-dataset/data
https://www.kaggle.com/datasets/alexteboul/diabetes-health-indicators-dataset/data
https://archive.ics.uci.edu/dataset/30/contraceptive+method+choice
https://data.cityofchicago.org/Transportation/Traffic-Crashes-Crashes/85ca-t3if
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Figure 2: Distribution of the number of Simpson’s paradoxes
per redundant group in four primary datasets.
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Figure 3: Number of Simpson’s paradoxes and redundant
groups vs. pruning threshold 6 on four primary datasets.

Table 5: Pair-separator paradoxes in real-world datasets.

Dataset Adult |Mushroom| Loan Diabetes | CMC | CMC | CMC |Chicago
‘ ‘ ‘ (no use) | (long) | (short)
#paradoxes 1 69 375 278,831 8 14 14 15
#groups 1 57 372 247,193 7 12 11 12
#standalone 1 45 369 222,066 6 10 8 10
#sib. child eq. 0 8 3 25,127 1 2 3 2
#separator eq. 0 4 0 0 0 0 0 0
Top sep. pair | (race, | (g-space, | (term, |(HighBP, | (work, |(work, |(w_age,| (DAY,
sex) | s-shape) |interest)| Sex) media) |media) | media) | LIGHT)
100% 68% 48% 6.1% 57% 67% 36% 53%

separators; for example, sex appears in 96% of Adult paradoxes,
and term appears in 62% of Loan paradoxes. Second, we iden-
tify constrained attributes under sibling child equivalence, where
cov(s(X »#)) = cov(s(X»v)). In Diabetes, CholCheck appears in
49% of redundant groups, indicating strong correlation with other
health indicators. Third, in datasets exhibiting separator equiva-
lence (Mushroom and Diabetes), correlated separator pairs induce
identical partitions; for example, (g-size, s-shape) accounts for
66% of separator equivalences in Mushroom.

Figure 2 shows the distribution of redundant group sizes on the
four primary datasets. Most groups contain only 2-3 paradoxes,
but in higher-dimensional datasets such as Diabetes, groups can be
much larger—up to 32 paradoxes—due to combined effect of sibling
child and separator equivalences.

A natural question is whether these redundancy patterns persist
under pruning. Figure 3 shows that as 0 increases from 0% to 0.2%,
both the number of Simpson’s paradoxes and redundant groups
decrease steadily, with a sharp initial drop since many involve low-
coverage populations removed by even small thresholds. Notably,
the top separator attributes, constrained attributes, and correlated
separator pairs remain stable across 6.

We further evaluate multi-attribute separators (Definition 2.3) by
performing pair-separator (|X| = 2) discovery on all datasets. Per
Table 5, paradoxes are rarer due to the finer population partitioning.

We further study redundancy in synthetic datasets. With a fixed
number of records (Section 5.1.2), the number of non-redundant
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Table 6: Simpson’s paradoxes in organically generated syn-
thetic data under varying noise levels.

[ Noise() [ o[ 1 [ 2 [ 3 [ 5 [ 7 ] 10]
#paradoxes 506 | 32,904 | 31,584 | 35,795 | 53,924 | 61,212 | 76,480
#groups 41 | 31,803 | 31,504 | 35,649 | 53,603 | 60,637 | 76,089
#sib. child eq. 41 486 19 45 164 344 214
#separator eq. | 41 280 61 85 115 141 156
#statistic eq. 0 0 0 3 3 14 11
x10° x105 x106
- 3 2 2
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Figure 4: Effect of dataset parameters on the total number of
Simpson’s paradoxes (orange) and redundant paradox groups
(blue) in synthetic data.

paradoxes remains stable, so growth in total paradoxes reflects
increased redundancy. As shown in Figure 4, the total number of
paradoxes grows exponentially with the number of categorical
attributes n, increases then decreases with domain cardinality d,
and scales linearly with the number of label attributes m, as each
additional label generates statistic-equivalent paradoxes.

To test whether Simpson’s paradoxes and redundancies arise nat-
urally, we generate data (n = 8, d = 4, m = 4) via ancestral sampling
from a Bayesian network [20, 29] with planted inter-attribute corre-
lations (e.g., functional dependencies). We vary the noise level—the
only parameter—to progressively weaken these correlations. Ta-
ble 6 reports the results. At 0% noise, strong correlations yield few
distinct populations and thus few paradoxes (506), all of which are
redundant (41 groups). As noise increases, correlations weaken,
more populations are materialized, and more paradoxes emerge (up
to 76,480 at 10% noise), along with more redundancy (214 sibling
child, 156 separator, and 11 statistic equivalence groups).

5.3 Q2: Scalability

We evaluate the computational efficiency of our method on real-
world and synthetic datasets, yielding three main findings. (i) Our
base algorithm (Algorithms 2 and 6) achieves an average 6.72X
speedup over brute-force baselines (Algorithms 1 and 3) on real
datasets, enabled by DFS-based materialization and redundancy-
aware discovery. (ii) Population pruning, which removes popula-
tions covering fewer than 0.1% of records, provides an additional
50% reduction in run time and peak memory. (iii) On synthetic data,
run time and memory scale predictably with the total number of
Simpson’s paradoxes, as characterized in Section 5.2 (Figure 4).

5.3.1 Scalability on Real-World Datasets. Figure 5(left) compares
three methods: the brute-force approach of Xu et al. [53] (Algo-
rithms 1 and 3), our base algorithm without pruning, and our
base algorithm with 0.1% pruning. We use Xu et al. [53] as the
baseline, as other methods (e.g., [2, 14, 39]) only detect Simpson’s
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Figure 6: DFS vs. BFS materialization comparison w.r.t. 6. (a, b)
Mushroom dataset. (c, d) Diabetes dataset.

paradoxes at the root (x,..., *) of the population lattice (cf. Sec-
tion 2.1, Figure 1), whereas our framework discovers them across
all populations. Across the four primary datasets, the base algo-
rithm achieves an average 6.72x speedup over brute force. This
gain comes from two optimizations: DFS-based materialization (Al-
gorithm 2), which provides a 4.94x speedup by avoiding explicit
enumeration of intermediate populations, and redundancy-aware
discovery (Algorithms 4-6), which achieves a 20.24Xx speedup by
eliminating redundant evaluations. Applying 0.1% pruning further
reduces runtime by ~50%, making the approach practical even for
high-dimensional datasets such as Diabetes with 35 attributes.

Figure 5(middle) shows the effect of varying the pruning thresh-
old 6 from 0% to 0.2%. Even a small threshold (0.05%) reduces run-
time by an average of 41.2%, as many low-coverage populations are
pruned early. Gains diminish beyond 0.1%, where most such popu-
lations have already been removed. This non-linear trend reflects a
heavy-tailed distribution: most populations have small coverage,
so a small threshold eliminates them in bulk. Figure 3 shows the
same pattern for paradox and redundant group counts.

Figure 5(right) reports peak memory under the same 6 settings.
Memory follows a similar trend as runtime, since even small thresh-
olds remove most low-coverage populations.

Figure 6 compares materialization time and peak memory of our
DFS-based approach with a level-wise BFS variant on Mushroom
and Diabetes. DFS consistently outperforms BFS in both time (5-
7X) and memory (3-5X). DFS derives the upper bound of each
coverage group directly from its lower bound, skipping intermediate
populations whose statistics can be inferred (Property 2), and prunes
recursion when coverage falls below 8 (Section 4.1.3), whereas BFS
must materialize all populations at each lattice level.
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5.3.2  Scalability on Synthetic Datasets. Figure 7 reports run time
w.r.t. the number of categorical attributes (n), domain cardinality (d),
and label attributes (m), with default values n = 8,d = 8, and m = 4.
All three redundancy types are explicitly injected, and datasets with
up to 30 million records are generated to stress-test scalability. Each
plot reports both materialization and total time.

Run time trends closely follow the total number of Simpson’s
paradoxes in Figure 4, since materialization dominates computation
and depends on the number of populations. As n increases (from 2 to
40 in our experiments), the population lattice grows exponentially,
leading to exponential growth. For very large n (>100), the problem
becomes computationally prohibitive (cf. Theorem 4.12); population
pruning (cf. Section 4.1.3) and attribute selection (e.g., removing
correlated attributes) can help mitigate this. Increasing d initially
raises runtime but later reduces it, as larger domains decrease the
number of paradoxes and materialized populations. Increasing m
leads to linear scaling, since frequency statistics are computed for
the same populations under additional labels.

By contrast, paradox discovery time remains nearly constant
across all settings, because the number of redundant paradox groups
is fixed by construction in the synthetic data (Figure 4).

Figure 8 reports peak memory under the same parameters. Over-
all, memory follows the same trends as run time.

5.4 Q3: Are Redundant Paradoxes Robust?

Beyond demonstrating the prevalence of redundant Simpson’s para-
doxes, we now investigate whether these paradoxical reversals and
redundancies reflect genuine structural properties of the data or are
merely random artifacts introduced by noise or errors in data col-
lection. To this end, we adopt a perturbation-based framework to
test the robustness of paradoxes and redundancies.

At a high level, we measure tolerance: given an observed Simp-
son’s paradox (or redundancy), we quantify how much the data can
be perturbed before the paradoxical (or redundant) relationship dis-
appears. Robust patterns should persist under small perturbations,
whereas random artifacts should vanish quickly.

We evaluate two aspects: (1) the robustness of individual Simp-
son’s paradoxes under label and record perturbations; and (2) the
persistence of coverage redundancies under record perturbations.
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vs. pruning threshold across four primary datasets.

5.4.1 Robustness of Individual Simpson’s Paradoxes. We first exam-

ine whether Simpson’s paradoxes persist under perturbations. The

frequency statistic P(Y|s) is a weighted average of sub-population

statistics P(Y|s(X »v)), where the weights are determined by the

record distribution | cov(s{(X »0v))|/| cov(s)|. Simpson’s paradoxes

emerge from specific interactions between these two components.
For each p = (s1, 52, X, Y), we apply two perturbations:

e Label perturbation: Randomly flip labels of 5% of the
records in cov(sy) U cov(sz) to alter the frequency statis-
tics P(Y|s(X +v)). This tests whether paradoxical reversals
depend critically on exact label assignments.

Coverage perturbation: Randomly modify X for 5%
of records to change the weights | cov(s(X >v))|/| cov(s)|
across sub-populations. We then reassign labels in each sub-
population according to their original frequency statistics,
isolating the effect of record distribution.

Each perturbation is repeated 10,000 times, and robustness is
measured by the survival rate, defined as the percentage of trials in
which the paradox persists. Figure 9 reports robustness under label
perturbations. The fraction of robust paradoxes—those surviving at
least 95% of trials—increases with higher pruning thresholds. This
trend indicates that paradoxes supported by larger populations are
less sensitive to individual label flips, since their frequency statistics
P(Y | s) are computed over more records and thus have lower
variance. Across all four primary datasets, a pruning threshold
of 0.3% is sufficient to ensure that more than 70% of paradoxes
are structurally robust. Slight decreases at higher thresholds are
expected, as the total number of paradoxes declines when additional
populations are pruned due to insufficient coverage.

5.4.2  Robustness of Redundant Groups. Sibling child and separator
equivalence rely on populations with identical coverage, which can
be organized into convex coverage groups. Redundancy is therefore
robust if coverage identicality persists under perturbations. We test
robustness with two strategies:

e Sibling child equivalence (Lemma 3.1): For sibling-
child-equivalent paradoxes p = (s1,52,X,Y) and p’ =
(57,55, X,Y), we randomly alter one attribute value in 5%
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Figure 10: Fraction of robust redundant paradox groups vs.
pruning thresholds. The blue curves show redundancy due to
sibling child equivalence; the green curves show redundancy
due to separator equivalence.

of the records in cov(s;) U cov(sy). This tests whether
cov(sy) = cov(s;) and cov(sz) = cov(s;) remain intact.
Separator equivalence (Lemma 3.3): For separator-
equivalent paradoxes p = (s1,52, X, Y) and p’ = (s1, 52,
X',Y), we perturb 5% of records in cov(s1) U cov(sz) on
attributes other than X and X’. The one-to-one mapping
f X +— X’ is preserved, and we test whether equivalence
cov(s(X»v)) = cov(s(X" > f(v))) persists.

As before, each perturbation is repeated 10,000 times and ro-
bustness is measured by the survival rate. Figure 10 shows that the
fraction of robust redundant groups increases with higher pruning
thresholds, as sibling- and separator-equivalent paradoxes sup-
ported by larger populations are more tolerant to perturbations.
This robustness is structural: coverage equivalence persists unless
perturbations alter record values enough to break cov(s) = cov(s’).
In Mushroom and Diabetes, robustness of separator equivalence
(green curves) remains stable across thresholds due to the stricter
one-to-one correspondence required between separator attributes.

5.4.3 Sensitivity Analysis. Figure 11 reports robustness on Diabetes
under varying perturbation rates ¢ € {1%, 5%, 10%} and survival
thresholds 7 € {90%, 95%, 99%}. For individual Simpson’s paradoxes
(Figure 11(a)), increasing ¢ reduces the fraction of robust paradoxes,
as perturbations to cov(s;) Ucov(sy) are more likely to alter P(Y | s)
and flip the paradoxical sign. Similarly, increasing 7 (Figure 11(c))
enforces a stricter survival criterion, further reducing robustness.
In both cases, the increasing trend with 8 persists (Figure 11(e)).
For sibling child equivalence groups (Figure 11(b, d, f)), the same
patterns hold: larger ¢ increases the chance of breaking coverage
identicality, and larger 7 imposes stricter survival. Nevertheless,
the increasing trend with 6 remains consistent, indicating that our
findings are relatively insensitive to the choice of ¢ and 7.

5.5 Case Study: Redundancy in Diabetes Risk

We illustrate the practical value of redundancy detection and our
framework using a case from the Diabetes dataset.
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An Example Paradox. Consider individuals with income $20,000-
$25,000 and heavy alcohol consumption. In the aggregate, younger
individuals (s2, Age=8) exhibit lower diabetes prevalence than older
individuals (s;, Age=13), i.e., P(Diabetes | sz) < P(Diabetes |
s1). However, when partitioned by Diff Walk (difficulty walking;
0=no, 1=yes), this trend reverses in both subgroups: P(Diabetes |
s2(DiffWalk >v)) > P(Diabetes | s1(Diff Walk»0)), v € {0, 1}.

Redundancy. This paradox is redundant with 29 others due to:

(1) Sibling child equivalence (Lemma 3.1). The siblings
(HighBP = 1, HighChol = 1, ..., Age = 13) and (HighBP =
1,HighChol = 1,..., Age = 8) have the same coverage as
the siblings (HighBP = % HighChol = x,...,Age = 13)
and (HighBP = * HighChol = #,..., Age = 8). The sibling
pairs from &1 XEy generate 10 sibling-equivalent paradoxes.
Separator equivalence (Lemma 3.3). Diff Walk, Smoker,
and HeartDiseaseorAttack induce identical partitions.

()

Practical Implications. This redundancy exposes strong attribute
correlations in this high-risk cohort. HighBP and HighChol are
strongly associated among heavy alcohol consumers, causing sib-
ling child equivalence, while Diff Walk, Smoker, and HeartDiseaseo-
rAttack are correlated cardiovascular indicators, causing separator
equivalence. Our framework condenses these 30 paradoxes into a
single interpretable pattern: age and cardiovascular health jointly
shape diabetes risk among heavy alcohol consumers.

Summary. Our experiments show that redundant Simpson’s
paradoxes are common in real-world datasets, our framework scales
efficiently, and the discovered paradoxes and redundancies remain
stable under data perturbations. Our case study demonstrates that
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the concise representation condenses redundant paradoxes into in-
terpretable patterns that expose underlying attribute correlations.

6 RELATED WORK

To the best of our knowledge, we are the first to study redundancy
among Simpson’s paradoxes. Our work relates to paradox finding
in high-dimensional data and summarizing data populations.

Detecting Simpson’s Paradox. Since the introduction of Associa-
tion Reversal and Amalgamation Paradox [15, 40, 57], Simpson’s
paradox has been widely studied. Early methods relied on statisti-
cal modeling, such as Bayesian networks [14] and surprisingness
ranking [13]. Later approaches used statistical tests [2], correlation-
based methods for continuous and categorical data [39, 52], and
broader frameworks such as bias detection and query rewriting [35—
37] and confounder discovery [27]. Recent work includes neural
disaggregation [49], federated counterfactual learning [21], and
regression-tree-based methods [32].

Most methods focus on global analysis and overlook paradoxes
in localized sub-populations. The closest work is Xu et al. [53],
whose brute-force approach (Alg. 1 and 3) enumerates coverage-
equivalent populations and redundant paradoxes. Our DFS-based
materialization and redundancy-aware discovery avoid this redun-
dancy, achieving an average 6.72x speedup (Section 5.3.2).

Summarizing Data Populations. Our approach groups popula-
tions with identical coverage, which is closely related to data cube
research [11, 16, 31, 51]. Prior work studied efficient materializa-
tion [3, 33, 55] and cube condensation [41, 50]. Ours is closely
related to quotient cubes [23, 24], which partition the lattice into
equivalence classes; our coverage groups correspond to such cells,
which exhibit convexity (Property 1) and support reconstruction
(Property 2). Our pruning is also related to iceberg cubes [5, 18].

Unlike prior work that focuses on storage and query optimiza-
tion, we leverage population organization to efficiently identify and
summarize redundant Simpson’s paradoxes.

7 CONCLUSIONS

We studied redundancy in Simpson’s paradox and showed that
many paradoxes in multidimensional data are redundant due to
identical coverage or equivalent partitioning and label attributes.
We formalized three types of redundancy, proved that they form an
equivalence relation, and proposed a concise representation based
on the convexity properties of the population lattice. Building on
this, we developed efficient algorithms that combine depth-first
materialization, pruning, and redundancy-aware discovery to find
all non-redundant paradoxes. Experiments on real and synthetic
datasets demonstrate that redundancy is prevalent, that our meth-
ods scale efficiently, and the identified paradoxes are robust.
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