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ABSTRACT

We address the subgraph enumeration problem: given an unlabeled
pattern graph ? and an unlabeled data graph⌧ , �nd all subgraphs
in ⌧ isomorphic to ? . Unlike labeled matching, the absence of
label constraints creates exponentially larger search spaces with
limited pruning opportunities. To address this challenge, we fol-
low tree decomposition (TD) approaches that break complex pat-
terns into smaller subgraphs (bags), compute matches for each
bag, and join them to obtain �nal results. However, existing TD
approaches su�er from suboptimal decomposition selection, incom-
plete symmetry-breaking usage, and expensive intermediate result
materialization. We present MDSE (Minimal Decomposition-based
Subgraph Enumeration) with three key contributions. We introduce
minimal fractional hypertree decompositions (M��FHD�) that en-
sure compact bags and an e�cient algorithm to explore all optimal-
width decompositions. We develop new symmetry-breaking inte-
gration using complete rule sets with systematic selection for max-
imum pruning e�ect. To reduce materialization costs, we design
MixJoin by embedding �nal result assembly within bag processing
and formulate an enhanced cost model for attribute orders, incorpo-
rating both intersection and materialization overhead. Evaluation
across 101 pattern graphs and 8 real-world datasets showsMDSE

substantially outperforms existing algorithms.
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1 INTRODUCTION

Given an unlabeled pattern graph ? and an unlabeled data graph
⌧ , subgraph enumeration �nds all subgraphs in ⌧ that are isomor-
phic to ? . As one of the fundamental graph analysis operations,
subgraph enumeration is widely used in real-world applications,
including motif discovery [68], fraud detection [50], graph com-
parison [54], and functional prediction [7]. Unlabeled subgraph
enumeration naturally arises in quantum computing compilation,
where a compiler must map virtual qubits to physically connected
qubits on quantum hardware. Since qubits are homogeneous and
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di�er only in connectivity, this mapping is solved as an unlabeled
subgraph matching problem [58], where multiple mappings must
be evaluated since di�erent mappings lead to di�erent costs.

Traditional approaches for subgraph enumeration rely on back-
tracking algorithms [64] or worst-case optimal join algorithms
(WCOJ) [45, 47, 65]. Sun et al. [61] show that these two algorithms
are essentially equivalent. When node labels are available, these
algorithms can be enhanced through sophisticated �ltering and
pruning techniques [3, 5, 6, 13, 22, 23, 32, 33, 42, 53, 61, 78]. The
surveys summarizing these methods can be found in [29, 60, 76].

However, these labeled matching techniques cannot be e�ec-
tively applied to unlabeled graphs due to the lack of label con-
straints. For unlabeled subgraph enumeration, researchers have de-
veloped various structural techniques to improve e�ciency. These
include symmetry-breaking methods that exploit automorphisms to
eliminate redundant enumerations [18], intermediate result reuse
strategies that cache neighbor set intersections across backtracking
branches [20, 21, 59], and independent set optimizations that avoid
unnecessary intersections whenmatching independent nodes in the
pattern graph ? [55, 56, 59]. Additionally, parallel and distributed
approaches have been explored to scale across multiple cores and
machines [34–36, 49, 51, 59, 71]. However, the performance im-
provements from these structural techniques remain limited for
complex patterns, as the fundamental exponential search space is
not substantially reduced.

To further reduce the search space, decomposition-based ap-
proaches have emerged as an alternative strategy. These methods
partition a complex pattern graph into multiple sub-queries or join
units {?8 } and assemble their results to obtain matches for the origi-
nal pattern ? . Early decomposition approaches used join units such
as stars [35, 62], cliques [36], and path sketches [75] that are sub-
graphs induced by selected paths of ? . However, these approaches
face a fundamental dilemma: either join unit processing is complex,
or assembly is complex. For cliques and stars, join unit processing
is e�cient since their sizes are bounded, but assembly becomes
expensive due to complex cyclic joins. Conversely, path sketches
enable simple assembly but may result in large subgraphs as join
units, making unit processing complex.

Tree decomposition (TD) [16] provides a more principled ap-
proach that does not restrict join units to a speci�c type. Given a
pattern ? , tree decomposition constructs a tree-structured repre-
sentation ) where each tree node (termed a bag) corresponds to
a subgraph of ? . The algorithm computes subgraph matches for
individual bags, materializes intermediate results as relations, and
joins these relations to produce �nal matches. Tree decomposition
o�ers key advantages: it bounds bag sizes by the tree width or frac-
tional hypertree width and guarantees that the assembly is a simple
acyclic join. Recent TD-based approaches have shown e�ectiveness
for subgraph counting and labeled subgraphmatching [2, 38, 39, 74].
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However, unlabeled subgraph enumeration presents signi�cantly
greater challenges than both subgraph counting and labeled match-
ing. The unlabeled setting generates exponentially more matches
due to the absence of label constraints, while enumeration tasks
require completematchmaterializationwithout the bene�t of aggre-
gation pushdown techniques available in counting. Consequently,
substantial improvements to the tree decomposition framework are
essential for e�ective unlabeled subgraph enumeration.

We identify three critical limitations in existing TD approaches.
¿ suboptimal decomposition selection: Existing approaches use brute-
force enumeration or adopt a new branch-and-bound algorithm [24]
to select the decomposition with the minimum fractional hypertree
width. However, they only consider a single decomposition with the
minimum width, while decompositions of identical width can ex-
hibit dramatically di�erent computational e�ciency. ¡ incomplete

symmetry-breaking integration: Integration of symmetry-breaking
with tree decomposition has been explored only in subgraph count-
ing [39], which only partially integrates symmetry-breaking with
tree decomposition, focusing on rules compatible with aggregation
pushdown. ¬ expensive materialization overhead: After comput-
ing bag relations, TD approaches must join them to produce �nal
results, which we term the global join. While subgraph counting
approaches [39, 74] integrate the global join within bag processing
via aggregation pushdown, subgraph matching approaches [2, 38]
employ separate processing phases that incur high materialization
costs to build complex data structures for all bags. Although existing
work [38] proposed techniques to reduce memory usage for storing
bag relations, it does not consider reducing the computational over-
head for constructing such data structures. Furthermore, for bag
attribute ordering, existing approaches rely on heuristics [2, 39, 74]
or consider only intersection costs [38], ignoring that materializa-
tion overhead also depends on attribute ordering.
Main Contributions: To address these limitations, we present
MDSE (Minimal Decomposition based Subgraph Enumeration)
with four key contributions. First, we introduce minimal fractional
hypertree decompositions (M��FHD�), whose bags cannot be re-
placed by smaller ones while preserving correctness, and develop
an e�cient enumeration algorithm that explores all high-quality
minimum-width decompositions rather than settling for a single
one, avoiding the scalability issues of brute-force methods. Second,
we integrate symmetry-breaking with tree decomposition for sub-
graph enumeration. For a given set of symmetry-breaking rules,
we show that subgraph matching can use all rules rather than only
a subset. Since di�erent rule sets vary in e�ectiveness, we select
the one that maximizes �ltering opportunities. Third, we propose
MixJoin, a novel algorithm that embeds the global join within bag
computation for subgraph matching. It reduces bag materialization
cost ignored by prior work. We also develop a cost model that
accounts for both intersection and materialization costs, enabling
better attribute-ordering decisions. Fourth, we conduct extensive
experiments on 101 pattern graphs and 8 large real-world datasets
against state-of-the-art subgraph enumeration algorithms.MDSE

consistently outperforms existing approaches, achieving up to 1-2
orders of magnitude speedup.
Organization: We give preliminaries and problem formulation
in Section 2. We introduce the tree decomposition framework in
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Figure 1: An example of subgraph enumeration

Section 3. In Section 4, we propose minimal fractional hypertree de-
compositions and present our e�cient enumeration algorithm. We
develop the systematic symmetry-breaking integration framework
in Section 5. We propose theMixJoin algorithm and our cost model
in Section 6. Section 7 discusses related work. We conduct compre-
hensive experimental studies and report the results in Section 8,
and conclude this paper in Section 9.

2 PRELIMINARIES

Following the notation in [39], we model a simple undirected graph
as ⌧ = (+ , ⇢), where + and ⇢ are the sets of nodes and edges in ⌧ ,
respectively. A graph ⌧ 0 = (+ 0, ⇢ 0) is a subgraph of ⌧ if + 0 ✓ +

and ⇢ 0 ✓ ⇢, and is an induced subgraph of ⌧ if ⇢ 0 contains all the
edges in ⌧ such that both endpoints belong to + 0. We call a graph
a :-node graph (or :-graph) if it has : nodes. The number of nodes
and the number of edges are denoted as = = |+ | and< = |⇢ |.
Subgraph Isomorphism: Let ⌧ = (+ , ⇢) be a data graph and
? = (+? , ⇢? ) be a pattern graph. A function 5 : +? 7! + is
called a homomorphism of ? if for each edge (D,D 0) 2 ⇢? , we have
(5 (D), 5 (D 0)) 2 ⇢, and a homomorphism 5 of ? is called a subgraph
isomorphism of ? if 5 is injective. That is, for any D,D 0 2 +? ,D < D 0,
5 (D) < 5 (D 0). A subgraph ⌧ 5 = (+5 , ⇢5 ) in a data graph ⌧ is an
iso-match of a pattern graph ? if 5 is a subgraph isomorphism.
Automorphisms and Orbits: For a given graph ⌧ = (+ , ⇢), an
automorphism is a bijective function W : + 7! + such that (E, E 0) 2
⇢ i� (W (E),W (E 0)) 2 ⇢. Here, an automorphism W maps⌧ to itself in
a structure-preserving manner. The set of automorphisms, denoted
asAut(⌧), forms a group called the automorphism group of⌧ . With
Aut(⌧), two nodes E, E 0 2 + are in an equivalence relation i� there
exists an automorphism W such that W (E) = E 0 (or E ! E 0) for W 2
Aut(⌧). Such equivalence relations partition nodes into equivalence
classes, where an equivalence class is called an automorphism orbit,
and is denoted as o .
Problem Statement: In this work, we study unlabeled subgraph
enumeration. Given an unlabeled pattern graph ? and an unlabeled
data graph⌧ , subgraph enumeration returns all distinct iso-matches
of ? in ⌧ . This di�ers from listing subgraph isomorphisms because
there are multiple subgraph isomorphisms for the same iso-match
due to automorphisms of ? .

Example 2.1: Fig. 1 illustrates the subgraph enumeration problem.
Given the pattern graph ? and the data graph ⌧ , we identify two
distinct iso-matches of ? in ⌧ , highlighted by green and purple
dashed lines respectively. For the green iso-match, there are two
di�erent subgraph isomorphisms: 51 = {D0 7! E0,D1 7! E1,D2 7!

E2,D3 7! E3,D4 7! E4,D5 7! E5,D6 7! E6} and 52 = {D0 7! E1,D1 7!

E0,D2 7! E2,D3 7! E3,D4 7! E4,D5 7! E5,D6 7! E6}. These arise due
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Algorithm 1: The tree decomposition framework

Input: pattern graph ? , data graph⌧

Output: subgraph matches of ? in⌧

1 )  select a tree decomposition with minimum width;

2 Select symmetry-breaking rules;

3 foreach bag g8 2 ) do

4 select a JAO of+ (g8 ) ;

5 Compute and materialize R(g8 ) ;

6 output Zg8 2) R(g8 ) ;

to pattern symmetry: ? has an automorphism that swaps D0 with
D1. Thus {D0,D1} forms an automorphism orbit.

Tree decomposition is a powerful tool to decompose and process
a pattern graph [16]. It is used for subgraph matching [2, 38], sub-
graph counting [39, 74] and theoretical approaches [15, 43]. The
tree decomposition framework is summarized in Algorithm 1.

Tree decomposition (line 1). A hypergraph is de�ned as
H = (V, E), whereV is a set of nodes and E is a set of hyperedges,
where a hyperedge 4 2 E is a subset of V . A pattern graph ? =

(+? , ⇢? ) is a special hypergraph where every hyperedge only has
two nodes. Given a hypergraph H = (V, E), a tree decomposition
is a tree ) = (+) , ⇢) ) where each tree node g8 2 +) maintains
a bag V(g8 ) ✓ V with which an induced subgraph of H can be
constructed, denoted as H(g8 ). The tree satis�es the following
conditions: (1) Every node and edge inH is covered by at least one
bag; (2) For any vertex E 2 V , bags containing E form a connected
subtree (running intersection property). We use +( (g8 ) to denote
the nodes in bag g8 that also appear in neighbors of g8 .

A fractional hypertree decomposition (FHD) is () , d) where
d assigns each bag g8 a fractional edge cover value d (g8 ) [19].
The width of () , d) is maxg8 2) d (g8 ), and the fractional hyper-
tree width fhtw(H) is the minimum width among all FHD�. For
a pattern graph ? , subgraph matching complexity is bounded by

$ ( |⇢ |fhtw(?) +$*) ) where$*) is the output size [2, 16]. Existing
works select decompositions with minimum fhtw(?).

Example 2.2: Fig. 2(a) shows an FHD )1 of the pattern graph ?

in Fig. 1(a). The decomposition )1 consists of three bags: g0, g1, g2,
each representing an induced subgraph of ? . The decomposition
satis�es all tree decomposition properties: every node and edge
of the pattern graph is contained in at least one bag, and for each
node, the bags containing that node form a connected subtree. For
bag g0, the shared nodes D4,D5 and D6 appear in multiple bags,
yielding +( (g0) = {D4,D5,D6}. The induced subgraph ? (g0) over
nodes {D5,D6,D2,D4} contains 5 edges, as illustrated in Fig. 2(a).
The fractional hypertree width of )1 is 2.5, which is the minimum
among all FHD� of ? , and fhtw(?) = 2.5.

Symmetry-breaking (line 2). Symmetry-breaking reduces
redundant iso-matches when pattern graphs contain automor-
phisms [18, 49, 55, 56, 59, 67]. For an automorphism orbit o =

{D1,D2, . . . ,D: }, a symmetry-breaking rule \ = {D1 < D2, . . . ,D1 <

D: } imposes ordering constraints. A subgraph isomorphism 5 is
valid if 5 (D1) < 5 (D8 ) for all D1 < D8 in \ . In Example 2.1, we
can apply a symmetry-breaking rule D0 < D1, which �lters the
redundant mapping 52.
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Figure 2: FHD, attribute tree and bag relations

Attribute order and attribute tree (line 4). A join attribute
order (JAO) de�nes a total order of pattern graph nodes. WCOJ

processes subgraph matching by incrementally extending partial
matches following JAO. Emptyheaded, DISC and SCOPE select
JAOs by heuristics. ASDMatch proposes an attribute tree )� where
the JAO of each bag g8 is represented as a root-to-leaf path, enabling
shared computation among overlapping attributes. It selects an at-
tribute tree by minimizing the cost for computing set intersections.

Join processing (lines 5-6). Tree decomposition approaches
store data graph ⌧ in edge table R6 where each undirected edge
(E, E 0) is stored as two tuples (E, E 0), (E 0, E) and interpret pattern ?

as a self-join on R6 . For each bag g8 , it computes matches of the
induced subgraph ? (g8 ) and materializes them in relation R(g8 ).
After materializing all bag relations, it joins all R(g8 ), which is
an acyclic join. DISC [74] and SCOPE [39] use binary joins with
aggregation pushdown, integrating this step into bag processing.
Emptyheaded [2] uses Yannakakis’ algorithm [72] with complexity

$ (�# +$*) ), where �# = $ ( |⇢ |fhtw(?) ) and $*) is the output
size. ASDMatch [38] uses WCOJ for practical e�ciency.

Example 2.3: Fig. 2(b) shows an attribute tree )� constructed
from the FHD )1 in Fig. 2(a). Each root-to-leaf path in )� repre-
sents a JAO for one of the bags. ASDMatch processes the three bag
relations following their respective JAOs while sharing computa-
tions for overlapping attribute sequences. For instance, the leftmost
path D5,D6,D2,D4 serves as the JAO for bag g0. R(g0) is computed
by executing the join R6 (D2,D4) Z R6 (D2,D5) Z R6 (D2,D6) Z

R6 (D4,D6) Z R6 (D5,D6) In the attribute tree )� , nodes D5,D6 are
shared among all three bags, whileD0,D1 are shared between g0 and
g1. By reusing intermediate results, the matches of ? ({D5,D6}) are
computed once and shared across all three bags, and the matches
of ? ({D5,D6,D0,D1}) are shared between g0 and g1. Using the data
graph ⌧ from Fig. 1(b), some tuples of bag relations are shown in
Fig. 2(c). For example, the tuple [E5, E0, E3, E6] in R(g0) represents
an iso-match of the induced subgraph ? (g0) in ⌧ . Finally, we com-
pute the join query R(g0) Z R(g1) Z R(g2) to obtain all subgraph
matches of ? in ⌧ .

Limitations of existing approaches. While tree decomposi-
tion is e�ective for labeled subgraph matching and subgraph count-
ing, existing approaches have three key limitations for unlabeled
subgraph enumeration. Limitation 1: suboptimal decomposi-

tion selection. Existing approaches compute only one decomposi-
tion with minimum fractional hypertree width [24]. However, de-
compositions with identical width can have vastly di�erent compu-
tational costs. For instance, consider the pattern graph ? in Fig. 1(a).

2305



Algorithm 2:MDSE (? , ⌧)

Input: pattern graph ? , data graph⌧

Output: subgraph matches of ? in⌧

1 ) ⇤
�
 ;,⇥⇤  ;,<8=⇠>BC  1;

2 T M��FHD� of ? with minimum width;

3 foreach) 2 T do

4 ⇥ SelectSymmetries(?,) ) ;

5 )�  select an attribute tree for) ,⇥ using our cost model;

6 if cost()�) <<8=⇠>BC then

7 ) ⇤
�
 )�,⇥

⇤  ⇥,<8=⇠>BC  cost()�) ;

8 MixJoin(?,) ⇤
�
,⇥
⇤
,⌧) ;

Table 1: Summary of tree-decomposition-based approaches

Algorithm
decomposition symmetry

global join
attribute

selection breaking order

Emptyheaded [2] brute-force 7 extra step heuristic
DISC [74] brute-force 7 within bag heuristic
SCOPE [39] brute-force some within bag heuristic

ASDMatch [38] branch-&-bound 7 extra step intersection cost

MDSE
minimal

all within bag
intersection and

elimination order materialization cost

On top of the FHD)1 in Example 2.2, there are two other tree decom-
positions)2 in Fig. 3(a) and)3 in Fig. 3(b) with the same width, and
their processing time varies between 119 seconds and 1,079 seconds.
Simply selecting one decomposition misses many potentially better
decompositions. Limitation 2: incomplete symmetry-breaking.

Most decomposition-based algorithms ignore symmetry-breaking
entirely, leading to redundant enumeration. SCOPE [39] applies
symmetry-breaking but only uses rules compatible with its aggre-
gation pushdown technique. For the pattern graph ? in Fig. 1(a),
nodes D0 and D1 are symmetric. However, for )2 in Fig. 3(a) and
)3 in Fig. 3(b), SCOPE cannot apply the symmetry-breaking rule
D0 < D1. Limitation 3: expensive materialization cost. Existing
matching algorithms process bag relations and global joins as sepa-
rate phases (lines 5-6 in Algorithm 1). Each bag relation R(g8 ) must
be fully materialized with indexing structures before the global join.
As shown in Example 2.3, this requires storing all tuples. The com-
putation cost for materializing the tuples into indexing structures
is overlooked in previous works.

3 AN OVERVIEW OFMDSE

To address the limitations identi�ed in Section 2, we present
MDSE (Minimal Decomposition-based Subgraph Enumeration).
Algorithm 2 shows our framework, and Table 1 summarizes our
improvements. Below we describe the technical challenges in
overcoming each limitation and our solutions.

To overcome Limitation 1, we need to explore multiple tree
decompositions. However, to our best knowledge, there is no ef-
�cient algorithm to enumerate multiple decompositions. Existing
brute-force methods [2, 39, 74] enumerate all possible node subsets
as potential bags and all combinations of bags to enumerate de-
compositions, which is computationally prohibitive. We introduce
minimal fractional hypertree decompositions (M��FHD�), where no
bag can be replaced by smaller bags while preserving correctness.
We show that M��FHD� achieve faster processing time and can be
characterized through elimination orders, which enables e�cient

enumeration. In Algorithm 2, line 2 enumerates all M��FHD�, and
lines 3-7 evaluate each candidate to select the best one.

To overcome Limitation 2, we need to fully apply the rules in a
selected symmetry-breaking rule set. Symmetry-breaking rules
come from symmetric (i.e. structurally equivalent by automor-
phism) nodes in ? . However, symmetric nodes of ? may not re-
main symmetric in ? (g) for a bag g , making some rules inapplicable
in SCOPE [39]. In our enumeration setting, we develop a predi-
cate pushdown mechanism that can use any complete symmetry-
breaking rule set, regardless of whether its symmetric nodes remain
symmetric in bags. In addition, di�erent symmetry-breaking rule
sets lead to di�erent predicate distributions, and evaluating which
rule set minimizes computation requires considering their �ltering
e�ects. Our scoring mechanism (line 4 in Algorithm 2) evaluates
each rule set based on the computational cost reduction at each
bag, selecting the optimal one.

To overcome Limitation 3, we need to reduce the computation
cost for building indexing structures for bag relations. Existing
approaches [2, 38] store each bag relation R(g8 ) in a sorted trie data
structure, whose irregular branching causes memory fragmenta-
tion and poor cache locality, making trie construction expensive.
However, it is challenging to reduce the materialization while pre-
serving the correctness and intersection e�ciency of the algorithm.
We propose theMixJoin algorithm with three techniques to reduce
materialization overhead. First, we use pre�x attributes that are pro-
cessed like standardWCOJ, while only materializing the remaining
attributes. This reduces trie levels without increasing intersection
costs. Second, we identify a containment condition to completely
avoid the materialization of the last bag to process. Third, we com-
pletely avoid building one-level tries. Our cost model (line 5 in
Algorithm 2) evaluates both intersection and materialization cost to
select the optimal attribute tree, and line 8 executesMixJoin with
the selected con�guration.

Remark. Although this paper focuses on unlabeled subgraph
enumeration, our techniques are orthogonal to label-based �ltering
and can be integrated with labeled matching methods. (1)M��FHD�

also apply in labeled settings because the decomposition structure
is independent of labels, and compact bags still reduce intermediate
results. (2) Labels may reduce but not eliminate pattern automor-
phisms, so our predicate pushdown can still exploit residual symme-
tries. (3) MixJoin and our cost model also improve join processing
in labeled matching, since materialization overhead remains.

4 MINIMAL DECOMPOSITIONS

To explore multiple high-quality decompositions e�ciently, we in-
troduce minimal fractional hypertree decompositions (M��FHD�).

De�nition 4.1: A minimal fractional hypertree decomposition
(M��FHD) of a hypergraph H is () , d) where ) is the tree de-
composition and d is the fractional edge cover function, and there
does not exist another FHD () 0, d 0), such that there is a function
5 : +) 7! +) 0 , where 8g8 2 ) , 5 (g8 ) ✓ g8 , and 9g 9 2 +) , 5 (g 9 ) ( g 9 .

Example 4.1: The FHD )1 in Fig. 2(a) is an M��FHD. Fig. 3(a) and
Fig. 3(b) show two non-minimal FHD� with identical fractional
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Figure 3: Di�erent FHD� of the pattern graph ? in Fig. 1(a)

hypertree width. In )2, bag g0 contains an additional node D0 com-
pared to)1, violating minimality. Similarly,)3 is non-minimal since
node D3 can be removed from bag g2 in Fig. 3(b).

M��FHD� achieve computational advantages by ensuring each
bag is fully utilized and cannot be replaced by smaller subsets. This
compactness leads to smaller sub-queries and reduced intermedi-
ate results. Empirically, on the ~C dataset, the three FHD� exhibit
substantially di�erent execution times: )1 completes in 119s, )2
requires 140s, and )3 takes 1,079s, with minimal FHD )1 achieving
the best performance. We focus on �nding an FHD that minimizes
computational cost. This objective involves addressing two key chal-
lenges: �nding FHD�withminimumwidth and ensuringminimality
where bags cannot be further compacted. The following lemma
establishes that an FHD satisfying both conditions exists—one that
is both minimal and achieves minimum width.

Lemma 4.1: Given a graph ? = (+? , ⇢? ), there exists a M��FHD

() , d) whose fractional hypertree width is fhtw(?).

The proofs in this paper are provided in the technical report [1].
Finding FHD� with minimum width has been addressed in [24].

We focus on handling the minimality condition. Direct enumeration
of allM��FHD� is computationally expensive since it requires ex-
ploring the exponential space of possible decompositions while en-
suring minimality conditions. To address this challenge e�ciently,
we establish a connection betweenM��FHD� and minimal trian-

gulations [25] in graph theory, and leverage the elimination order

technique to systematically enumerate allM��FHD�.
Triangulation and clique tree. A triangulation ?+ of ? is a graph
obtained by adding edges to ? , i.e., ?+ = (+? , ⇢? [ � ) where � is
a set of �ll-in edges such that ?+ is chordal. A graph is chordal if
every induced cycle in the graph is a triangle. A triangulation ?+

is called minimal if no proper subset of its �ll-in edges produces a
triangulation of ? .

A clique tree of a triangulated graph ?+c is a tree where each
node represents a maximal clique of ?+c , and the tree satis�es the
running intersection property: for any vertex E 2 +? , the set of
clique tree nodes containing E forms a connected subtree. The
chordal graph ?+c has at most |+? | maximal cliques. A standard way
to construct a tree decomposition of ? is to triangulate ? as ?+, and
then build a clique tree from the maximal cliques of ?+. Because
chordal graphs admit a clique tree whose nodes are the maximal
cliques and satis�es the running intersection property, taking each
maximal clique of ?+ as a bag and the edges of the clique tree yields
a valid tree decomposition for ? .

Example 4.2: Fig. 5(a) shows a minimal triangulation ?+
1
with �ll-

in edges � = {(D0,D1), (D5,D4)} (dashed red). The resulting graph
is chordal since no induced subgraph forms a cycle of length � 4.
Fig. 5(b) displays the clique tree where each tree node represents

a maximal clique of ?+
1
, corresponding to FHD )1 in Fig. 2(a). In

contrast, triangulation ?+
2
in Fig. 5(c) is non-minimal, corresponding

to FHD )2 in Fig. 3(a).

We show that the proposed M��FHD� can be found using mini-
mal triangulations.

Lemma 4.2: Given a pattern graph ? = (+? , ⇢? ) and an FHD () , d)

of ? , let ?+
)

= (+? , ⇢? [ {(E, E 0) | 9g8 2 ) , E, E
0 2 g8 , E < E 0}). The

FHD () , d) is anM��FHD if and only if ?+
)
is a minimal triangulation

of ? .

Having established the equivalence betweenM��FHD� and min-
imal triangulations, we now need a practical method to generate
all minimal triangulations.
Elimination order. Given a pattern graph ? = (+? , ⇢? ), an elim-

ination order c is a linear order of +? . For simplicity, we use c8
to represent a node E 2 +? as the 8-th vertex in the linear order
(c (E) = 8). With a given linear order, a sequence of |+? | + 1 graphs,

(?0c , ?
1
c , · · · , ?

|c |
c ), can be constructed for ?8c = (+ 8

c , ⇢
8
c ). Here,

?0c = ? . ?8c = elim(?8�1c , c8 ) where elim(?, E) is an elimination op-
eration that removes a vertex E from the input graph ? , adds �ll-in
edges ⇡ (?, E) = {(E 0, E 00) | E 0 2 #? (E), E

00 2 #? (E), (E
0
, E 00) 8 ⇢? }

into ? , and produces a new graph ? 0 = (+? \ {E}, ⇢? [⇡ (?, E)). The

last ?
|c |
c in the sequence is an empty graph.

Given an elimination order c , a triangulation ?+c can be produced

by the elimination process as ?+c = (+? , ⇢?[
– |c |�1

8=0 ⇡ (?8c , c8 )) [25].
An elimination order c is minimal if there does not exist another
elimination order c 0 such that ?+c 0 ( ?+c .

Example 4.3: Fig. 4 demonstrates an elimination orderD2,D3,D0,D1,
D4,D5,D6 for the pattern graph ? in Figure 1(a). First, we perform
the elimination operation elim(?,D2), which removes vertex D2
from ? and adds edges between all pairs of its neighbors that
are not already connected. Since D2’s neighbors are {D4,D5,D6}

and vertices D4 and D5 lack an edge, we add the �ll-in edge
⇡ (?0,D2) = {(D4,D5)}, yielding ?1 = (+?0 \ {D2}, ⇢?0 [ {(D4,D5)}).
Next, when eliminating D3, its neighbors in the remaining graph
are {D0,D1,D4,D5,D6}. Since D0 and D1 are not connected, we add
the �ll-in edge ⇡ (?2,D3) = {(D0,D1)}. The elimination process
continues until we reach ?7 = ;. This elimination order pro-
duces exactly the chordal graph ?+

1
shown in Figure 5(a), where

?+
1

= (+? , ⇢? [ {(D4,D5), (D0,D1)}). It is a minimal elimination
order.

The following theorem guarantees that we can build all minimal
triangulations as well as allM��FHD� using elimination orders.

Theorem 4.1: Given a pattern graph ? = (+? , ⇢? ), ?
+ is a minimal

triangulation if and only if there exists a minimal elimination order

of ? such that ?+ = ?+c [48].

Based on the established theoretical connections, we enumerate
M��FHD� with minimum width fhtw(?) using elimination orders.
We �rst compute fhtw(?) using [24], then enumerate all |+? |! per-
mutations as elimination orders and use the clique trees of the cor-
responding triangulations as tree decompositions. We �lter those
that are not minimal or do not achieve minimum width. Due to
automorphisms, there may exist decompositions ) ,) 0 whose bags
induce isomorphic subgraphs, i.e., there is a bijection 5 : +) 7! +) 0
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Figure 4: An elimination order D2,D3,D0,D1,D4,D5,D6 for the pattern graph ? in Fig. 1(a)
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Figure 5: Triangulations of ? in Fig. 1(a) and a clique tree

where 8g8 2 +) , ? (g8 ) is isomorphic to ? (5 (g8 )), although they
may not contain exactly the same pattern graph nodes. Since the
computations are identical for such decompositions, we only keep
one representative. Although exponential in |+? |, this is e�cient
since pattern graphs are typically small.

5 APPLYING SYMMETRY-BREAKING

Symmetry-breaking eliminates redundant matches when pattern
graphs contain automorphisms. For any given pattern graph, mul-
tiple symmetry-breaking rule sets exist and can be e�ciently enu-
merated using the recursive approach from [39]. However, SCOPE
can only use a subset of rules from the selected set that are com-
patible with its aggregation pushdown technique. In contrast, our
enumeration-based approach can utilize a complete rule set. We
treat symmetry-breaking rules as join predicates and partition them
into local predicates that can be pushed down to individual bags
and global predicates applied during �nal result assembly. Since
di�erent rule sets exhibit varying e�ectiveness due to di�erent
predicate distributions, we employ a scoring mechanism to select
the optimal rule set.

5.1 Predicate Pushdown on Bags

In unlabeled subgraph enumeration, there are two types of predi-
cates, i.e., injectivity predicates and symmetry-breaking predicates.
Injectivity predicates ensure that mappings of pattern graph nodes
are distinct, as required by subgraph isomorphism. As established
in Section 2, symmetry-breaking rules impose ordering constraints
on automorphism orbits to eliminate redundant matches. For an
automorphism orbit o = {D1,D2, . . . ,D: }, a symmetry-breaking
rule \ = {D1 < D2, . . . ,D1 < D: } ensures that mappings 5 satisfy
5 (D1) < 5 (D8 ) for allD1 < D8 in \ . We de�ne the complete predicate
set P as the union of injectivity constraints and symmetry-breaking
constraints:

P = {D8 < D 9 | 8 < 9,D8 ,D 9 2 +? } [
ÿ

\ 2⇥

{(D8 < D 9 ) | (D8 < D 9 ) 2 \ }

(1)
where ⇥ is the set of symmetry-breaking rules. We denote the
injectivity predicates as P8= 9

= {D8 < D 9 | 8 < 9,D8 ,D 9 2 +? }, which

remain �xed regardless of⇥. Our focus is on e�ciently handling the
symmetry-breaking predicates PB~<

=

–
\ 2⇥{(D8 < D 9 ) | (D8 <

D 9 ) 2 \ }. We use q8, 9 to denote an individual predicate in P whose
variables are D8 and D 9 . In the following, we discuss how to use a
symmetry-breaking rule set ⇥.

With this uni�ed predicate framework, subgraph enumeration
can be expressed as a join over edge relations:

Q(?,P) = fP

⇣
Z(D8 ,D 9 )2⇢? R(D8 ,D 9 )

⌘
(2)

where fP is the selection operator that �lters matches based on
predicates in P.

In the tree decomposition framework, this query can be rewritten
as:

Q(?,P) = fP
�
Zg8 2) R(g8 )

�
(3)

where R(g8 ) =Z(D: ,D; )2⇢? (g8 )
R(D: ,D; ) represents matches of sub-

graph g8 . Applying predicates P as global �lters after computing
Zg8 2) R(g8 ) is ine�cient, requiring materialization before �ltering
and producing exponentially large intermediate results. Instead,
we employ predicate pushdown [37, 69] to apply predicates early,
signi�cantly reducing intermediate relation sizes and computation
cost. We can partition the predicate set P into local predicates

P;>20; (g8 ) for each bag and global predicates P6;>10; for ) . Local
predicates are pushed down to individual bags. Global predicates
are those where no bag contains both variables D8 and D 9 .

P;>20; (g8 ) = {q 9,: 2 P | D 9 ,D: 2 g8 } (4)

P6;>10;
= P \

ÿ

g8 2)

P;>20; (g8 ) (5)

With the predicate pushdown, a bag g8 computes a relation RP (g8 )

that is smaller than R(g8 ).

RP (g8 ) = fP;>20; (g8 )

⇣
Z(D: ,D; )2⇢? (g8 )

R(D: ,D; )
⌘

(6)

This allows us to rewrite the overall query as:

Q(?,P) = fP6;>10;

�
Zg8 2) RP (g8 )

�
(7)

Note that if a predicate q8, 9 can be pushed down to multiple bags,
it is bene�cial to apply the predicate to all such bags.

Example 5.1: For the pattern graph ? in Fig. 6(a), where sym-
metric nodes are represented by the same color (blue and or-
ange), we construct the FHD ) shown in Fig. 6(b) with three
bags: g0 = {D2,D6,D4,D3,D5}, g1 = {D0,D6,D2,D3,D5}, and g2 =

{D1,D6,D4,D3,D5}. Consider the symmetry-breaking rule set ⇥ =

{D3 < D0,D3 < D1,D3 < D2,D3 < D4,D2 < D4,D5 < D6}. The �gure
illustrates how predicates in ⇥ can be pushed down to individual
bags, with gray dashed lines connecting each predicate to the bags
where it can be locally applied. For instance, the predicate D3 < D0
can be pushed down to g1 because both variables D3 and D0 are
present in bag g1.
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symmetry-breaking rule sets score Time(s)

D1 < D0,D1 < D2,D1 < D3,D1 < D4,D0 < D2,D5 < D6 [1, 6(2 ⇥ 3)] 18.9
D1 < D0,D1 < D2,D1 < D3,D1 < D4,D3 < D4,D5 < D6 [2, 4(1 ⇥ 4)] 12.3
D4 < D0,D4 < D1,D4 < D2,D4 < D3,D1 < D2,D5 < D6 [3, 3(1 ⇥ 3)] 10.9
D4 < D0,D4 < D1,D4 < D2,D4 < D3,D0 < D3,D5 < D6 [3, 6(2 ⇥ 3)] 10.0
D3 < D0,D3 < D1,D3 < D2,D3 < D4,D0 < D1,D5 < D6 [3, 9(3 ⇥ 3)] 9.6
D3 < D0,D3 < D1,D3 < D2,D3 < D4,D2 < D4,D5 < D6 [4, 9(3 ⇥ 3)] 7.3

(c) symmetry-breaking rule sets, scores and execution times

Figure 6: An example for pushing down and selecting SymRs

Remark. Although each match of ? is enumerated exactly once,
our predicate pushdown approach does not guarantee that each
match of ? (g8 ) is enumerated exactly once. A bag relation R(g8 ) may
lose some matches of ? (g8 ) when symmetry-breaking predicates
from PB~< are pushed down. For instance, in Fig. 6(b), D3 and D0
are not symmetric in g1, but we still apply D3 < D0. However, since
these matches cannot be extended to matches of Q(?,P), it is safe
to prune them early during bag computation. The counting-based
approach SCOPE in [39] can only use SymRs that are compatible
with its aggregation pushdown technique. A symmetry-breaking
rule set ⇥ can be used if for each bag g and each automorphism
orbit o in ⇥, either g \ o = ; or o ✓ g and o is an automorphism
orbit of ? (g). For example, for the pattern graph ? in Fig. 1(a) and
FHD )1 in Fig. 2(a), a predicate D0 < D1 can be used since D0 and
D1 are symmetric in ? (g1) and ? (g2), and are not present in g0. In
Fig. 6, none of the predicates D8 < D 9 in the table can be used by
SCOPE due to these constraints. We do not require aggregation
pushdown and can utilize any symmetry-breaking rule set.

5.2 Selecting Symmetry-breaking Rules

Algorithm 3 presents our scoring mechanism for selecting the opti-
mal symmetry-breaking rule set ⇥⇤ from all candidate rule sets. It
selects ⇥⇤ that maximizes the number of local symmetry-breaking
predicates for the most computationally expensive bags, thereby
minimizing the computational overhead during query processing.

The algorithm operates in several key phases. First, we establish
a canonical ordering of bags (line 1) by sorting them according to:
(1) fractional hypertree width in descending order, as bags with
larger width typically dominate computational cost; (2) for bags
with identical width, the number of edges in the induced subgraph
in ascending order, since fewer edges indicate more intermediate
results where early �ltering is more bene�cial. Next, we group bags
by graph isomorphisms to account for structural equivalence (line
3). For each candidate symmetry-breaking rule set ⇥8 , we extract
all binary comparison predicates P8 by �attening the partial orders
within each symmetry-breaking rule \ 2 ⇥8 (line 6), then compute
the local predicate count for each bag g 9 , measuring how many
predicates can be pushed down locally (lines 7-8). Within each
group, local predicate counts are compared using a multiplicative
scoring function to ensure predicates are distributed evenly across

Algorithm 3: SelectSymmetries (? , ) )

Input: pattern graph ? , tree decomposition) with bags

{g1, . . . ,g: }

Output: selected symmetry-breaking rule set ⇥

1 ⇥1, . . . ,⇥=  candidate symmetry-breaking rule sets of ? ;

2 gB>AC43  SortBags( {g1, . . . ,g: }) ;

3 6A>D?B  GroupByGraphIsomorphism(gB>AC43 ) ;

4 14BC(2>A4  (0, 0, . . . , 0) , ⇥⇤  ;;

5 foreach ⇥8 2 {⇥1, . . . ,⇥= } do

6 P8  
–

\2⇥8
{(D 9 < D: ) : (D 9 < D: ) 2 \ };

7 foreach g 9 2 gB>AC43 do

8 ;>20;⇠>D=C 9  | { (D: < D; ) 2 P8 : D: ,D; 2 g 9 } |;

9 B2>A48  ;;

10 foreach 6A>D? 2 6A>D?B do

11 6A>D?⇠>D=CB  {;>20;⇠>D=C 9 : g 9 2 6A>D? };

12 6A>D?%A>3D2C  
Œ

226A>D?⇠>D=CB 2 ;

13 append 6A>D?%A>3D2C to B2>A48 ;

14 if B2>A48 � 14BC(2>A4 then

15 14BC(2>A4  B2>A48 ;

16 ⇥
⇤  ⇥8 ;

17 return ⇥
⇤;

structurally equivalent bags, providing balanced computation re-
duction (lines 11-13). We compare score vectors in lexicographical
order and prefer ⇥8 that achieves higher scores for computationally
challenging groups (lines 14-16).

Example 5.2: Continuing from Example 5.1, Fig. 6(c) demonstrates
our algorithm’s e�ectiveness. We sort the bags by computational
complexity as g0, g1, g2, where ? (g1) and ? (g2) induce isomorphic
subgraphs and are grouped together during scoring. In Fig. 6(c),
we evaluate six candidate symmetry-breaking rule sets with score
vectors in the format [localCount(g0), groupProduct(g1, g2)], using
the wiki-vote data graph. For instance, the notation [1, 6(2 ⇥ 3)]

indicates that g0 can push down 1 predicate locally while g1 and g2
can push down 2 and 3 predicates respectively, yielding a group
score of 2 ⇥ 3 = 6. The experimental results demonstrate a strong
correlation between higher scores and superior performance. The
optimal rule set with score [4, 9(3⇥3)] achieves the fastest execution
time (7.3s), while the worst-scoring rule set [1, 6(2⇥ 3)] takes 18.9s,
yielding a 2.6⇥ speedup. This validates our scoring mechanism:
higher scores indicate more e�ective predicate pushdown, leading
to reduced intermediate result sizes and faster query execution.

6 QUERY PROCESSING AND PLANNING

Previous methods [2, 38] process the global join Zg8 2) RP (g8 )

separately after computing bag relations RP (g8 ), requiring expen-
sive materialization using complex data structures. Following AS-
DMatch [38], each bag relation RP (g8 ) is stored in a sorted trie to
support e�cient global joins. A sorted trie is a tree where each level
corresponds to an attribute in g8 , with each node storing multiple
values representing possible extensions from partial tuples encoded
by the root-to-node path. The irregular branching structure causes
memory fragmentation and poor cache locality, making trie con-
struction expensive. To reduce the materialization overhead, we
propose theMixJoin algorithm and a comprehensive cost model.
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Algorithm 4:MixJoin(? , )� , ⇥, ⌧)

Input: pattern graph ? , the attribute tree)� for a TD) with bags

{g1, . . . ,g: }, symmetry-breaking rules ⇥, data graph⌧

Output: Unique matches of ? in⌧

1 P  predicates by ⇥ and) ; Pushdown P on bags;

2 let path( be the rightmost path of shared attributes of)� ;

3 foreach 8 2 [1,: ] do prefix8  path8 \ path( ;

4 foreach 8 2 [1,: ], prefix8 = ; do

5 Compute and Materialize RP (bg8 )
6 let c1, · · · ,c; be the order of path( ;

7 TJoin(c1,+ (⌧) , ;, 1);

8 Procedure TJoin(c2 , �2 , 5 , 2)

9 while �2 < ; do

10 E  Inext(�2 ) ; �2  �2 \ {E };

11 5  5 [ {c2 7! E };

12 foreach 8 2 [1,: ], prefix8 = [c1, · · · ,c2 ] do

13 if 8 < : then

14 Compute and Materialize RP (bg8 ) ;
15 else if

–
g8 2)

+( (g8 ) ✓ g: then

16 foreach 5 0 2 RP ( bg: ) do
17 foreach 5 00 2 5 0 Zg 9 2) ,9<: RP (bg 9 ) do
18 output 5 [ 5 00;

19 else

20 Compute and Materialize RP ( bg: ) ;
21 foreach 5 0 2Zg 9 2) RP (bg 9 ) do
22 output 5 [ 5 0;

23 if 2 < ; then

24 �2+1  Intersect (c2+1, 5 );

25 TJoin(c2+1, �2+1, 5 , 2 + 1);

26 5  5 \ {c2 7! E };

6.1 Mixing Global and Local Joins

Algorithm 4 presents MixJoin to enumerate a pattern graph ? =

(+? , ⇢? ) over a data graph ⌧ = (+ , ⇢). It reduces materialization
overhead while preserving intersection operations unchanged. We
propose three techniques. First, we use some attributes at the front
of the JAO of each bag as pre�x attributes (prefix) and the remainder
as materialized attributes. Pre�x attributes are processed similarly
as WCOJ for a single query, while materialized attributes follow
the decomposition-based approach. Previous works [38, 39, 74]
studied prefix usage but focused on reducing memory usage and
their approaches increase intersection cost. We focus on reducing
materialization computation while keeping intersection operations
identical to cases without prefix. Second, we identify a containment
condition allowing processing the global join with the sub-query of
the last bag, avoiding materializing its sorted trie. Third, we avoid
materialization for bags with only one materialized attribute.

We use the notation bg8 = g8 \ prefix8 to denote materialized
attributes of bag g8 that require trie storage after processing pre�x
attributes. Correspondingly, RP (bg8 ) represents iso-matches for the
materialized portion of bag g8 .
Pre�x Selection. Suppose the processing order of bags in the
attribute tree is g1, · · · , g: . As discussed in [38], for a bag g8 , the ma-
terialized attributes are processed for every match of

–
98 prefix9 .

If
–

9<8 prefix9 ✓ prefix8 , then the materialized attributes are pro-
cessed for every match of prefix8 , ensuring that the intersections to

!! !"

!#

!(#!) !(#!)

Figure 7: An example for pre�x selection andMixJoin

compute g8 remain identical to the case without prefix. To �nd
such pre�xes, our algorithm identi�es the shared attributes in
the attribute tree and uses its rightmost branch, denoted as path(
(line 2), to set the pre�xes of each bag. Speci�cally, we compute
prefix8 = path8 \ path( for each bag g8 (line 3). This construc-
tion guarantees that

–
9<8 prefix9 ✓ prefix8 , preserving intersec-

tion behavior while maximizing the pre�x usage. For bags where
prefix8 = ; (lines 4-5), we immediately compute and materialize
RP (bg8 ) since no pre�x optimization applies.

The core computation is handled by the recursive TJoin pro-
cedure, which traverses the shared attribute path path( in order
c1, · · · , c; (line 6). For each attribute c2 and each candidate value E ,
the procedure extends the current partial mapping 5 and processes
bags whose pre�x matches the current path [c1, · · · , c2 ] (lines 12-
22). When reaching deeper levels (2 < ; ), the procedure recursively
continues with the next attribute c2+1 and its corresponding inter-
section results (lines 23-25). In lines 12-14, for a bag g8 that is not
the last one, we materialize RP (bg8 ), thus reducing |prefix8 | levels
of trie materialization overhead.

Example 6.1: Fig. 7 illustrates pre�x selection using attribute tree
)� from Fig. 2(b). The rightmost shared path path( = {D5,D6,D0,D1}

determines pre�x assignments: prefix0 = {D5,D6}, prefix1 =

{D5,D6,D0,D1}, prefix2 = {D5,D6,D0,D1}. For each pre�x match
{D5,D6} in bag g0, we compute partial relation R(bg0) and material-
ize it as a two-level sorted trie. Fig. 7 compares trie structures for
R(g0) and R(bg0) using the data graph in Fig. 1(b) and the results in
Fig. 2(c). The original trie requires 4 levels, while the optimized trie
needs only 2 levels. This approach reduces materialization cost by
limiting trie construction to non-pre�x attributes.

Avoiding materialization for g: . The global join Zg8 2) RP (g8 )

requires joining on
–

g8 2) +( (g8 ), i.e., all attributes that appear in
at least two bags, and traversing the remaining attributes. When
the �nal bag g: contains all join attributes (

–
g8 2) +( (g8 ) ✓ g: ),

we can eliminate the materialization of RP (bg: ) entirely. When
processing bag g: with a complete pre�x match, we check the con-
tainment condition (line 15). If satis�ed, we enumerate each tuple
5 0 in RP (bg: ) on-the-�y (line 16) and immediately join it with pre-
viously computed bag relations, outputting �nal results directly
(lines 17-18). This streaming approach avoids materializing RP (bg: )
entirely, eliminating the expensive trie construction step. When the
containment condition fails, we materialize RP (bg: ) (line 20) and
perform the global join separately. With prefix, part of the global
join Zg8 2) RP (g8 ) is processed during bag computations, requir-
ing joins only on attributes not in prefix. For unlabeled subgraph
enumeration with typically small pattern graphs, our empirical
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analysis shows that 98 out of 101 queries satisfy the containment
condition, making this optimization highly e�ective in practice.
Optimization for one-level trie. When |bg8 | = 1, the materialized
relation contains only one attribute, and we can reuse the inter-
section result �2 of that attribute without constructing an explicit
trie. Since we store the data graph⌧ using compressed sparse rows
(CSR) format with sorted consecutive arrays for neighbor lists, the
intersection operation naturally produces a sorted array �2 . When
|bg8 | = 1, the relation RP (bg8 ) represents exactly those data graph
nodes that can match the single remaining attribute given the cur-
rentmatch of prefix8 , corresponding directly to �2 . This optimization
eliminates 1-level trie construction.

Example 6.2: Continuing from Example 6.1, we demonstrate the
one-level trie optimization for bag g1 and the containment condition
optimization for bag g2. Bag g1 has only one materialized attribute.
In Algorithm 4, when we have matched {D5,D6,D0,D1} and process
g1 (line 14), we compute �2 for candidate matches of D3, which
is reused as the one-level trie for g1. The global join RP (g0) Z

RP (g1) Z RP (g2) requires joining on +( (g0) [+( (g1) [+( (g2) =
{D0,D1,D4,D5,D6}. Since these attributes are contained within �nal
bag g2, the containment condition

–
g8 2) +( (g8 ) ✓ g2 is satis�ed,

enabling streaming optimization. When processing bag g2 with
pre�x prefix2 = {D5,D6,D0,D1}, partial mapping 5 covers these
attributes while the remaining attribute bg2 = {D4} needs to be
processed. Without materializing RP (bg2), we enumerate matches
5 0 for {D4} on-the-�y and immediately join with precomputed
relations RP (bg0) and RP (bg1) to get matches of the pattern graph
? extending the match of prefix2. For each match of prefix2, we
generate new RP (bg0) and RP (bg1) and process the global join within
g2. In this way, we enumerate all matches incrementally.

6.2 The Cost Model

TheMixJoin algorithm enables various attribute trees with di�erent
pre�x selections andmaterialization strategies. To select the optimal
attribute tree among all candidates, we develop a comprehensive
cost model that considers both intersection operations and materi-
alization overhead. We �rst introduce the intersection cost for an
attribute in a JAO, which di�ers from [38, 46] since we also consider
symmetry-breaking e�ects. Given a partial match ?:�1 induced by
c [1..: � 1] for some : > 1, to match c: by extending c [1..: � 1]

to c [1..:], for each (c; , c: ) 2 ⇢? , where ; < : , we intersect the
neighbors of 5 (c; ). The intersection operation can be represented
as \(c; ,c: )2⇢?#⌧ (5 (c; )) where #⌧ (5 (c; )) are the neighbors of

the data graph⌧ . The neighbor list size is estimated as the average
degree of ⌧ if there are no symmetry-breaking constraints. When
symmetry-breaking constraints are applied, the neighbor list size
is reduced due to the ordering restrictions imposed by predicates
in P. Speci�cally, if there exists an ordering constraint between c;
and c: , the symmetry-breaking predicates will �lter out approxi-
mately half of the candidate neighbors. Therefore, we estimate the
neighbor list size for each ; < :, (c; , c: ) 2 ⇢? as:

`
c;
c: =

(
|⇢ (⌧) |/|+ (⌧) | if (c; < c: ) 2 P or (c: < c; ) 2 P,

2 ⇥ |⇢ (⌧) |/|+ (⌧) | otherwise.

(8)

Let R:�1 be a relation storing all partial iso-matches for c [1..: � 1]
that satisfy the predicatesP involving only variables {c1, . . . , c:�1},
and ` (R:�1) be the estimated cardinality ofR:�1. Then the intersec-
tions for c: are computed ` (R:�1) times. The cost for computing
each intersection is estimated as the total size of the sets. By multi-
plying the number of intersections, the cost is as follows.

i-cost(c: ) = ` (R:�1)
’

;<:,(c; ,c: )2⇢?

`
c;
c: (9)

The intersection cost for an attribute tree )� = (+�, ⇢�) is de�ned
as the sum of individual costs:

i-cost()�) =
’

D2+�

i-cost(D) (10)

The materialization cost. The materialization cost captures the
overhead of building sorted tries to store intermediate relations.
Di�erent JAOs lead to di�erent pre�x selections prefix8 , resulting in
varyingmaterialization costs. A bag g8 that is not the �nal bag (or the
�nal bag when the containment condition fails) needs to materialize
RP (bg8 ). For each match of prefix8 , the algorithm materializes one
instance ofRP (bg8 ). By summing over all matches of prefix8 , the total
number of tuples across all materialized relations RP (bg8 ) equals
` (RP (g8 )). The materialization cost depends on the number of trie
levels |bg8 |. We have shown that when |bg8 | = 1, the materialization
can be saved by reusing intersection results. For multi-level tries
(|bg8 | > 1), explicit materialization becomes necessary.

Therefore, the materialization cost is de�ned as:

m-cost(g8 ) =

(
0 if (g8 = g: ^

–
g 9 2) +( (g 9 ) ✓ g: ) _ |bg8 | = 1,

` (RP (g8 )) ⇥ |bg8 | otherwise.

(11)
The total cost of processing an attribute tree combines both

intersection and materialization costs:

cost()�) = i-cost()�) + U
’

g8 2)

m-cost(g8 ) (12)

We set the coe�cient U = 20 based on empirical evaluation and use
the subgraph cardinality estimation algorithm in [57].

Example 6.3: We demonstrate cost calculation using the attribute
tree )� from Figure 7. Consider computing intersection cost for
attribute D3 during enumeration. For each partial match 5 of
? ({D5,D6,D0,D1}), we compute candidate data graph nodes that
can extend the match to include D3 by intersecting neighbor
sets #⌧ (5 (D5)), #⌧ (5 (D6)), #⌧ (5 (D0)), and #⌧ (5 (D1)) to obtain
intersection result �2 in Algorithm 4. The number of such inter-
section operations equals ` (R(D5,D6,D0,D1)), which represents the
estimated cardinality of ? ({D5,D6,D0,D1}) after applying symmetry-
breaking constraint D0 < D1. Each neighbor list size |#⌧ (5 (D8 )) |

for 8 2 {0, 1, 5, 6} is estimated as
2 |⇢⌧ |
|+⌧ |

based on average degree in

the data graph. Therefore, intersection cost for D3 is computed as

i-cost(D3) = ` (R(D5,D6,D0,D1)) ⇥
8 |⇢⌧ |
|+⌧ |

. Intersection costs of other

attributes follow similar computations according to Equation (9).
For materialization cost analysis, bag g1 materializes only the

single attribute D3, yielding m-cost(g1) = 0. Bag g2 serves as the
�nal bag containing all shared attributes, enabling streaming op-
timization, so m-cost(g2) = 0. However, bag g0 requires explicit
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materialization since bg0 = {D2,D4} with |bg0 | = 2 > 1, resulting in
m-cost(g0) = 2 ⇥ ` (RP (g0)).

Query Planning. With the cost model established, we select the
optimal attribute tree from all valid candidates. The search space is
large as we must consider �nal bag choice, JAO for each bag, and
sharing opportunities among JAOs.We generate attribute trees from
a restricted candidate set. First, we select a �nal bag from candidates
that contain all shared attributes

–
g8 2) +( (g8 ); if no such bag exists,

we choose bags with largest |+( (g8 ) |. For each �nal bag choice, we
construct the shared upper portion of the attribute tree (attribute
nodes with � 2 children) by combining permutations of each+( (g8 )
and merging common pre�xes. Remaining attributes within each
bag are independent of other bags, with ordering following [7].
This process generates high-quality execution plans e�ciently.

7 RELATED WORK

Subgraph Matching and Graph Mining Systems. Extensive
research exists for subgraph enumeration on unlabeled graphs,
spanning single-machine approaches [18, 34, 59] and distributed
systems [35, 36, 49, 51, 71]. LIGHT [59] represents the state-of-the-
art single-machine algorithm, employing lazy materialization to
defer pattern node matching and reduce set intersection overhead.
Among distributed approaches, some works decompose patterns
into sub-structures before assembling their matches [35, 36, 49, 51].
HuGE [71] expresses queries as multi-way joins over clique and
star units, supporting �exible pushing/pulling modes to balance
memory and computational e�ciency. Graph mining systems [4, 8–
12, 20, 26, 27, 40, 55, 56, 63] extend to applications based on sub-
graph enumeration, such as subgraph counting and frequent sub-
graph mining. GraphSet [55] exempli�es this approach, leveraging
set properties to eliminate control �ow overhead. There is also
work studying subgraph matching for labeled graphs. Most fol-
low the classic �ltering-ordering-enumerating framework [60, 76].
Research e�orts have been devoted to pre-computing and �lter-
ing the search space [5, 6, 13, 22, 23, 32, 33, 61, 78], selecting
good matching orders [6, 22, 23, 32, 33, 46, 53, 61], pruning in-
valid search branches [3, 22, 42], reusing previous matching re-
sults [28, 32, 33, 41, 42], and developing new enumeration algo-
rithms [30, 38, 41, 77]. Recent surveys and experimental studies can
be found in [29, 60, 76].
Tree decomposition and Query Processing. Tree decom-
position has been widely used for constraint satisfaction prob-
lems [17], cyclic conjunctive queries [16] and their extensions [66].
The state-of-the-art approach to computing optimal FHD is
BB4FHD [24]. For applying tree decompositions to query pro-
cessing, CacheTrieJoin [31] uses tree decomposition to accelerate
WCOJ on input queries. EmptyHeaded [2] follows a classic two-
phase approach that computes bags �rst and then joins materialized
views of bags. ADJ [73] studies using the two-phase approach in
distributed systems. DISC [74] and SCOPE [39] study subgraph
counting by converting the count of ? to a linear combination
of the counts of other subpatterns and processing each count by
tree decomposition. ASDMatch [38] optimizes attribute ordering
and proposes an adaptive approach to improve e�ciency while
bounding memory usage.

Table 2: Data graphs

Category Dataset Name |+ | |⇢ | 3

Web Wiki-vote [70] FE 7,115 100,762 28.3
Collaboration Mico [14] <2 96,638 1,080,156 22.4
Social Youtube [70] ~C 1,134,890 2,987,624 5.3
Web eu2005 [52] 4D 862,664 16,138,468 37.4
Citation US Patents [70] D? 3,774,768 16,518,947 8.8
Social Livejournal [70] ; 9 4,846,609 42,851,237 17.7
Social Orkut [70] >: 3,072,441 117,185,083 76.2
Social Friendster [70] 5 B 65,608,366 1,806,067,135 55.1

u0 u1

u2 u3

LIGHT
queries

16 6-node
queries ...

78 7-node
queries ...

u0 u1

u2 u3

u0
u1 u2

u3 u4

u0
u1 u2

u3 u4

u0
u1 u2

u3 u4

u0
u1 u2

u3 u4
u5

u0
u1 u2

u3 u4
p1

Sandslash
queries

p2 p3 p4 p5 p6 p7

u0
u1 u2
u3 u4

u5

u0
u1 u2

u3 u4
u5

u0
u1 u2

u3 u4
u5

u0
u1 u2
u3 u4

u5

u0
u1 u2

u3 u4
u5

u0
u1 u2

u3 u4
u5

u0
u1 u2
u3 u4

u5

u0
u1 u2

u3 u4
u5

p8 p9 p10 p11 p12 p13 p14 p15

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

u0
u1 u2

u3 u4
u5 u6

p1 - p3

p24 p25 p26 p27 p28 p29 p30 p31

Figure 8: 101 pattern graphs

8 EXPERIMENTS

We conduct comprehensive experiments to evaluate the e�ective-
ness of our MDSE algorithm.

8.1 Experimental Setup

Algorithms:We compareMDSE against four state-of-the-art base-
lines for subgraph enumeration. LIGHT [59] represents the state-of-
the-art single-machine algorithm, employing a lazy materialization
technique that defers pattern node matching until necessary to re-
duce computational overhead from set intersections. GraphSet [55]
is a graph mining system. It incorporates sophisticated optimiza-
tion techniques including a cost model for attribute ordering and
symmetry-breaking selection inherited from GraphPi [56] and the
elimination of redundant control �ows via set properties. It does
not use query decomposition. GraphZero [44] is a graph mining
system that uses symmetry-breaking and generalizes orientation
optimization to arbitrary patterns. Sandslash [10] is a graph min-
ing system that automatically selects exploration order and data
representations given only a pattern speci�cation.
Datasets: We evaluate our approach on 8 large-scale real-world
graphs commonly used in previous subgraph enumeration studies.
Table 2 presents detailed statistics, including node counts, edge
counts, and average degrees. Our dataset collection spans diverse
graph types. The majority of datasets (FE , ~C , D? , ; 9 , >: , 5 B) are
sourced from [70], while<2 and 4D are obtained from [14] and [52]
respectively. Following standard preprocessing practices, we treat
all edges as undirected and remove isolated nodes and self-loops
from the original dataset graphs.
Pattern graphs: Our evaluation encompasses 101 pattern graphs
ranging from 4 to 7 nodes, as illustrated in Fig. 8. Due to their
specialized implementations, LIGHT and Sandslash support only
limited pattern sets. LIGHT handles ?1–?6, while Sandslash sup-
ports ?1–?3 and ?7. We omit clique patterns from LIGHT since tree
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Figure 9: Comparing minimal and non-minimal FHD�

Figure 10: E�ect ofMixJoin

Table 3: Performance of M��FHD enumeration (time in ms)

# nodes 6 6 6 7 7 7 7 7
# edges 11 12 13 15 16 17 18 19

pattern count 9 5 2 40 21 10 5 2

Brute-force [39] 24.1 15.7 0.9 1184 661 90.6 15.4 1.0
MDSE 2.2 2.1 1.5 11.1 7.1 5.3 5.2 2.2

decompositions provide limited advantages for these structurally
simple cases. LIGHT, Sandslash and our MDSE implement ad-hoc
optimizations for these speci�c patterns. GraphSet and GraphZero
support arbitrary pattern graphs, though existing evaluation [55]
covered only 6 patterns for subgraph enumeration. To ensure a com-
prehensive comparison, we conduct extensive evaluation against
GraphSet and GraphZero using 94 patterns without ad-hoc opti-
mizations. These patterns include 16 six-node patterns with 11-13
edges and 78 seven-node patterns with 15-19 edges. We exclude
patterns with very sparse edges, which generate prohibitively large
results, and cliques or cliques missing a single edge, as these algo-
rithms handle these cases with similar e�ciency.
Environment: All experiments are conducted on a computing
platform running CentOS 9.4, equipped with an Intel Xeon E7-
8891 v3 processor featuring 80 cores and 256 GB of memory. All
algorithms are implemented in C++ and compiled using g++ 11.4.1
with aggressive optimization (-O3) to achieve optimal performance.
For parallel execution, all algorithms use 64 threads.

8.2 MDSE Testing

M��FHD enumeration. We compare our elimination order-based
M��FHD enumeration against the brute-force method with prun-
ing optimizations from [39]. Our method achieves 194.8⇥ average
speedup across all 94 patterns. Critically, while the brute-force ap-
proach reaches 9,182.8 ms maximum time, which exceeds the total
execution time of many actual enumeration tasks, our approach
achieves a maximum time of only 35.5 ms, maintaining negligible
decomposition overhead. Table 3 shows detailedM��FHD enumera-
tion results grouped by pattern sizes. Our approach achieves 14.7⇥
speedup for 6-node patterns (16 instances) with average times of
2.1 ms vs. 18.6 ms, and 231.8⇥ speedup for 7-node patterns (78

Table 4: Average Speedup of optimal SymRs vs. alternatives

Approaches
Wiki-vote Youtube Patents

: = 6 : = 7 : = 6 : = 7 : = 6 : = 7

no SymRs 6.38⇥ 8.72⇥ 4.84⇥ 5.83⇥ 4.02⇥ 6.75⇥
partial SymRs 1.30⇥ 1.96⇥ 1.89⇥ 3.43⇥ 1.55⇥ 2.66⇥

slowest full SymRs 1.49⇥ 1.69⇥ 3.00⇥ 1.81⇥ 1.27⇥ 1.50⇥

instances) with average times of 8.7 ms vs. 798.2 ms. For the two
cases where brute-force is faster (6-node 13-edge and 7-node 19-
edge patterns), these patterns contain large non-decomposable
clique components. The brute-force method includes optimizations
that detect such cliques and directly solve the remaining smaller
subproblem, bypassing much of the enumeration. In contrast, our
approach still performs elimination order enumeration and trian-
gulation computation for these patterns. However, these cases are
acceptable, as the performance di�erence is small, and they are
simple to compute.
E�ciency ofM��FHD�. Fig. 9 compares minimal and non-minimal
FHD� for 94 patterns on two real-world datasets. For each pattern,
we evaluate all minimum-width decompositions and classify them
as minimal or non-minimal; 37 patterns have only one decompo-
sition and 57 have multiple decompositions. Patterns are ordered
by their fastest execution time. Minimal decompositions (trian-
gles) are generally faster than non-minimal ones (circles). This
trend is particularly evident in the lower regions of both plots,
where the fastest decompositions are mostly minimal. Quantita-
tively,M��FHD� achieve the fastest execution time in 86.2% of cases
on FE and 84.0% on ~C . When non-minimal decompositions are
faster, the gap is modest: the fastest M��FHD is on average 1.3⇥
faster than the fastest non-minimal FHD onFE and 2.6⇥ faster on
~C . Using the worst decomposition instead of the best M��FHD

causes larger slowdowns, 2.1⇥ onFE and 7.3⇥ on ~C , showing the
importance of careful decomposition selection. Some triangular
points still correspond to M��FHD� with exceptionally long execu-
tion time. This occurs because, for two minimum-width FHD� )1
and ) 0

1
, where )1 is minimal and ) 0

1
is obtained by enlarging bags

of )1, )
0
1
is usually slower than )1 but can be faster than another

M��FHD )2. The enlarged version ) 0
2
of )2 may be slower than )2

yet absent from the �gure because its width is larger. Thus, )2 can
appear as the slowest point despite being minimal. These cases are
rare, and our cost model (Algorithm 2) avoids bad M��FHD� by
selecting faster ones.
E�ect of symmetry-breaking pushdown and selection. Ta-
ble 4 compares our optimal symmetry selection against three
alternatives: no symmetry-breaking, partial symmetry-breaking
(as in [39]), and worst selection of full symmetry-breaking. Opti-
mal selection achieves substantial speedups: 4.02⇥–8.72⇥ vs. no
symmetry-breaking, 1.30⇥–3.43⇥ vs. partial symmetry, and 1.27⇥–
3.00⇥ vs. worst selection. This is because our predicate pushdown
technique allows each bag to utilize more SymRs than prior work,
and our scoring mechanism selects superior SymRs by maximizing
local symmetry-breaking predicates for the most computationally
expensive bags.
E�ect of MixJoin. Fig. 10 compares our MixJoin algorithm (Sec. 6)
against ASDJoin [38] across three datasets. The key di�erence is
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Figure 11: Evaluation on speci�c pattern graphs
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Figure 12: Evaluation on general pattern graphs

thatMixJoin processes the global join within the �nal bag computa-
tion while ASDJoin requires an extra step. Each scatter plot shows
execution times where the x-axis representsMixJoin time and the
y-axis represents ASDJoin time. Points above the diagonal ~ = G

indicate cases where MixJoin is better. The results demonstrate
overwhelming advantages for MixJoin, with the vast majority of
points positioned above the diagonal across all datasets. MixJoin

achieves remarkable average speedups of 11.6⇥ onFE , 9.2⇥ on D? ,
and 12.8⇥ on ~C . These results validate thatMixJoin’s integration
of global joins with bag computation signi�cantly reduces materi-
alization overhead while preserving set intersection e�ciency.

Additional experiments on per-pattern symmetry score impact,
the e�ect of materialization-aware cost modeling, and a detailed
ablation study are provided in the technical report [1].

8.3 Performance Evaluation

Evaluation on Speci�c Patterns. Fig. 11 compares all �ve al-
gorithms on speci�c patterns ?1–?7 across multiple datasets. The
y-axis shows execution time with a 6-hour timeout. LIGHT sup-
ports ?1–?6 and Sandslash supports ?1–?3 and ?7, while GraphZero,
GraphSet, and MDSE support all patterns. Among the baselines,
LIGHT is the most competitive. MDSE achieves competitive per-
formance with LIGHT on ?2 and demonstrates clear advantages on
other patterns, most notably 5.6⇥ average speedup for ?5 and 3.4⇥

for ?3. Against Sandslash, MDSE achieves 11.6⇥ average speedup.
On complex patterns ?1, ?3 and ?7, Sandslash times out on three
cases while MDSE completes all these instances. GraphZero and
GraphSet are relatively slow since they do not implement ad-hoc
optimizations for these speci�c patterns, andMDSE outperforms
them by more than two orders of magnitude. The speedups are
less signi�cant on D? , which is sparser and has a more uniform
degree distribution. As a result, large patterns (e.g., the full pattern)
have fewer matches in D? . Smaller patterns (e.g., pattern subgraphs
within bags) still have many matches, leading to a high material-
ization cost as we need to store them in complex data structures.
When the data graph is very sparse and subgraph matches are rare,
matching the full pattern directly (as the baselines do) is already ef-
�cient, and the advantage of �rst matching smaller bags and joining
results becomes less pronounced.

Evaluation on General Patterns. Fig. 12 presents a compre-

hensive comparison of GraphZero, GraphSet, and MDSE across
di�erent datasets and pattern graphs. The left part shows the run-
ning time. The timeout is 2 hours. The right part shows the number
of set intersections to enumerate all subgraph matches, a metric to
evaluate the cost of the set intersection computation in previous
works [29, 30, 38, 60, 61]. For a fair comparison, we collect this
count for instances where all three algorithms can �nish within
the time limit. The results demonstrate consistently strong MDSE

advantages. On 4D,MDSE �nishes six 6-node patterns while Graph-
Set cannot run any 6-node pattern in the time limit, and GraphZero
can only handle one pattern. In other cases, MDSE outperforms
GraphSet by 2.0⇥–7.7⇥ and outperforms GraphZero by 9.3⇥–156⇥.
MDSE also signi�cantly reduces the number of set intersections
by 1, 605⇥–4, 139⇥ compared to GraphSet and 185⇥–19, 424⇥ com-
pared to GraphZero. In our decomposition-based approach, we
enumerate ? (g8 ) rather than ? . When joining R(g1) ùû · · · ùû R(g: ),
we only need to join on attributes that are contained in multiple
bags. Therefore, MDSE can use fewer set intersections to compute
the results. This is the key reason why MDSE outperforms the
baselines. The di�erence in running time is less signi�cant than
that of the intersection count. Moreover, in some cases MDSE can
be slower than GraphSet. This is because tree decomposition-based
approaches inherently incur materialization cost. After computing
subgraph matches for each bag, intermediate results must be stored
as sorted tries before performing the global join (Section 6). In con-
trast, GraphSet and GraphZero directly enumerate matches without
constructing any intermediate data structures, and thus have no
materialization cost. When the materialization cost is large and
unavoidable, this overhead can outweigh the bene�ts of decompo-
sition, allowing GraphSet to outperformMDSE.

In our technical report [1], we also con�rm MDSE’s strong par-
allelizability through thread scaling experiments.

9 CONCLUSION

We propose a novel decomposition-based approach MDSE for un-
labeled subgraph enumeration. We introduce minimal fractional
hypertree decompositions (M��FHD�) and develop an e�cient elim-
ination order algorithm to enumerate all M��FHD� with minimum
width. We integrate symmetry-breaking with tree decomposition.
Additionally, we design the MixJoin algorithm to reduce materi-
alization overhead, and develop a comprehensive cost model that
considers both intersection and materialization costs for optimal
attribute ordering. Extensive experiments on eight data graphs
demonstrate thatMDSE consistently outperforms four state-of-the-
art algorithms. On 7 selected patterns, MDSE achieves over two
orders of magnitude speedup against GraphSet and GraphZero,
11.6⇥ against Sandslash, and up to 5.6⇥ against LIGHT. On 94 gen-
eral 6/7-node patterns, MDSE outperforms GraphSet by 2.0⇥–7.7⇥
and GraphZero by 9.3⇥–156⇥.
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