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ABSTRACT
Frequent subgraph mining (FSM) in a single large graph remains
challenging because pervasive embedding overlap exposes a gap
between rigor and tractability: MIS-style supports enforce strict de-
duplication but are NP-hard and enumeration-dependent, whereas
MNI-style supports are polynomial-time yet systematically inflate
frequency under distributed overlap. We propose MinimumDensity
Support (MDS), a coverage-based measure that minimizes coverage
density over vertex subsets, uniformly penalizes redundant overlap,
and preserves anti-monotonicity. MDS is theoretically bounded
between MIS and MNI and can be computed in polynomial time
via submodular minimization. We further develop MDS-FSM with
orbit compression, separability, and progressive bound tightening to
avoid exhaustive embedding enumeration. Experiments on six real
graphs show that MDS reduces overestimation and cross-topology
estimation bias while scaling to million-node graphs.
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1 INTRODUCTION
Graphs naturally model complex relational systems such as social
networks [21, 37], biological systems [31], and knowledge graphs [4,
32]. Frequent subgraph mining (FSM) [15, 30] identifies recurring
patterns in a single large graph. These patterns serve as reusable
structural evidence, making FSM a core graph data management
workload with applications in biological interaction analysis [25],
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fraud and risk monitoring [33], cyber-attack forensics [40], and
knowledge graph exploration [18].

Defining what it means for a pattern to be “frequent” in a single
large graph is nontrivial. A pattern often has many overlapping
embeddings [17]. Simply counting embeddings is therefore unsuit-
able: it does not satisfy anti-monotonicity [2], ruling out principled
pruning and scalable mining. Semantically, treating all embeddings
as equally contributive is problematic: embeddings that largely
overlap with existing ones provide less new structural evidence
than those that cover previously unexplained regions.

A classical notionMIS [35] counts onlymutually non-overlapping
occurrences, so each realization contributes distinct structural evi-
dence. This matches the intuition that frequency should reflect how
much structure a pattern accounts for. However, computing MIS is
NP-hard [9] and tied to embedding enumeration. Subsequent relax-
ations and approximations [8, 36] reduce the cost, but largely retain
MIS’s binary treatment of overlap and reliance on embeddings.

To achieve scalability, modern single-graph FSM systems [1, 6,
43] turn to image-based or locality-based supports, most notably
Minimum Node Image (MNI) [5].MNI avoids explicit embedding
enumeration by measuring frequency through candidate image-set
sizes of pattern vertices, making it efficient and anti-monotone in
practice. However, this design induces structural bias. SinceMNI
measures frequency purely through local image multiplicity, it re-
wards regions where many embeddings repeatedly reuse nearly
the same graph part. In such cases, support increases even though
these embeddings contribute little new structural coverage. Con-
sequently, when overlap is common,MNI systematically inflates
frequency, reflecting local combinational richness rather than how
extensively the pattern is realized across the graph.

Example 1: Figure 1 illustrates this on a user–issue social network.
The chain pattern (c) has MNI support 3 because {𝑣5, 𝑣6, 𝑣7} are
repeatedly reused as images of𝑢2 within one dense region, whereas
the star pattern (b), whose embeddings span different regions with-
out such reuse, has support only 2. Thus, although multi-region
patterns are often more representative than those repeated within
one dense cluster,MNI favors the latter by counting overlapping
embeddings from the same region. Under heavy overlap, MNI may
therefore reflect repeated generation from one dense region rather
than broad realization of the pattern. □
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Figure 1: MNI Support Bias on a Social Network Example.

These observations show that the challenge in single-graph FSM
goes beyond handling overlaps efficiently. The core difficulty is con-
ceptual: existing support definitions implicitly assume that more
embeddings always imply stronger frequency, while in reality dif-
ferent embeddings contribute unequally to structural evidence. Em-
beddings that repeatedly rely on the same dense region reflect local
redundancy, whereas embeddings that appear across different net-
work regions represent broader and more meaningful realization
of the pattern. This reveals a tension betweenMIS-style supports,
which emphasize independent realizations but are computationally
expensive, and MNI-style supports, which enable efficient mining
but may inflate frequency under heavy overlap.

To tackle this problem, we revisit frequency from a global cov-
erage perspective rather than counting occurrences. Rather than
asking how often a pattern can be instantiated, we ask how much
of the graph it covers when all embeddings are considered together.
Under this perspective, different embeddings no longer contribute
equally: embeddings that extend the covered region make a mean-
ingful contribution, whereas embeddings that mostly fall within
already covered regions add little. Redundant overlaps are therefore
discounted, without requiring the strict disjointness enforced by
MIS, while benign overlaps remain harmless.

Building on this view, we propose a coverage-based support
measure that evaluates frequency by how extensively a pattern
is realized in the graph, rather than by how many embeddings
can be formed. Using vertex image-set coverage as the basis for
frequency, the measure consistently accounts for both concentrated
and distributed overlap, avoiding inflation from repeatedly reusing
the same graph regions. It preserves anti-monotonicity. Although
its definition appears combinatorial, we show that it is polynomial-
time computable via a submodular formulation; we introduce orbit-
based compression, overlap separability, and progressive bound
tightening to make computation practical in real mining workloads.

Contributions & Organizations. From a data management per-
spective, this work contributes new semantics, theory, and algo-
rithms for scalable single-graph frequent subgraph mining:

(1) A coverage-based support measure (Section 3). We formalize
Minimum Density Support (MDS), a support notion that penalizes
redundant overlap and reflects how extensively a pattern is realized
in the graph. MDS is theoretically bounded between MIS and MNI,
preserves anti-monotonicity, and is shown to be polynomial-time
computable via a submodular formulation.

(2) A Top-𝑘 mining framework (Section 4). We develop MDS-FSM, a
Top-𝑘 single-graph FSM framework that computesMDS without
explicit embedding enumeration. The framework incorporates orbit-
based compression, overlap separability, and progressive bound
tightening to achieve efficient pruning and scalable computation.

(3) Extensive empirical validation (Section 5). Experiments on six
real-world graphs show that MDS improves support quality: it
reduces frequency overestimation by 37% on average, decreases
cross-topology estimation bias by 39%, and improves downstream
graph-index query performance with 43.2% higher average prun-
ing ratio and 12.2% lower average query time than the strongest
baseline. MDS-FSM also maintains competitive runtime, scales to
graphs with up to five million nodes, and remains competitive even
whereMNI-based mining already performs well, while providing
more reliable, less biased support estimation.

Related Work. We categorize related work as follows.

Support Measures for Single-Graph FSM. Existing support notions
fall into two families: (1) embedding-enumeration-based supports.
MIS [35] defines frequency as the maximum number of pairwise
non-overlapping embeddings, but computing it requires solving a
maximum independent set problem, which is NP-complete [9] and
impractical on large graphs. Refinements such as the HO-support
relaxation [8] and edge-disjoint variants [36] do not change this:
both MIS and HO-support remain NP-complete, and edge-disjoint
formulations are NP-hard. Therefore, MIS-style supports still rely
on (near-)explicit embedding reasoning and a binary notion of
overlap, counting only strictly disjoint embeddings. (2) Image-based
supports.MNI [5] counts the minimum vertex image-set size and
is the de facto standard in practical graph mining because it is
polynomial-time computable. Subsequent refinements relieve but
do not eliminate it:MImerges symmetric pattern nodes into coarse-
grained subsets [24] yet fails under cross-orbit overlap; a later MNI-
based hypergraph variant further accounts for harmful overlap [23]
while remaining MNI-based, and FS uses one-hop neighborhood
expansion [43] but remains local.

Our work instead defines Minimum Density Support, a coverage-
based notion that uniformly penalizes both centralized and dis-
tributed overlap. Unlike MIS, it remains polynomial-time com-
putable via a submodular formulation; unlike MNI and its variants,
it reflects how extensively a pattern is realized in the graph rather
than how often it can be instantiated.
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Single-Graph FSM Systems. Early systems such as SUBDUE [14]
optimize an MDL objective rather than define frequency semantics.
Although many support notions have been proposed, MIS-style
definitions are NP-hard and impractical at scale, while image-based
variants mostly refineMNI within the same paradigm. Accordingly,
scalable single-graph FSM systems largely rely on MNI [1, 6, 19,
29, 41, 43], differing mainly in pruning, search strategy, or parallel
execution. GraMi [6] formulates FSM as a CSP and employs arc-
consistency pruning.Minting [19] develops tight bounds for best-
first Top-𝑘 exploration. ScaleMine [1], T-FSM [43], FSMBUS [41],
and SSiGraM [29] focus on parallel and distributed execution via
approximate-then-exact processing, work-stealing, and distributed
or shared-memory architectures. Approximate approaches such as
MaNIACS [28] (sampling-based) and learning-based estimation [42]
trade accuracy for scalability, but still evaluate frequency under
existing support definitions.

Unlike most prior systems, which speed up single-graph FSM
through stronger pruning, exploration strategies, or parallelization,
our work departs at the mining-technique level. We introduce a
coverage-driven paradigm that reasons over embeddings collec-
tively, yielding different pruning signals, search dynamics, and
patterns with stronger global structural support.

2 PRELIMINARIES
We first review the basic notation used in this paper. Let Σ be a
finite vertex label set. Unless otherwise stated, this paper considers
simple, undirected, vertex-labeled graphs.

Data Graph. A data graph is an undirected vertex-labeled graph𝐺 =

(𝑉 , 𝐸, 𝐿), where (1) 𝑉 is a finite vertex set; (2) 𝐸 ⊆ {{𝑢, 𝑣} | 𝑢, 𝑣 ∈
𝑉 , 𝑢 ≠ 𝑣} is a set of undirected edges represented as unordered
pairs of distinct vertices (hence no self-loops or multi-edges); and
(3) 𝐿 : 𝑉 → Σ assigns each vertex 𝑢 ∈ 𝑉 a label 𝐿(𝑢) ∈ Σ.
Pattern Graph.Apattern graph is an undirected vertex-labeled graph
𝑄 = (𝑉𝑞, 𝐸𝑞, 𝑓𝑣) defined over the label alphabet Σ, where (1) 𝑉𝑞 is
the vertex set; (2) 𝐸𝑞 ⊆ {{𝑢, 𝑣} | 𝑢, 𝑣 ∈ 𝑉𝑞, 𝑢 ≠ 𝑣} is the edge set;
and (3) 𝑓𝑣 : 𝑉𝑞 → Σ assigns each vertex 𝑢 ∈ 𝑉𝑞 a label 𝑓𝑣 (𝑢) ∈ Σ.
Subgraph Isomorphism. A subgraph isomorphism match (embed-
ding) of pattern 𝑆 into data graph 𝐺 is an injective mapping 𝑓 :
𝑉𝑆 → 𝑉 satisfying: (1) for all 𝑢 ∈ 𝑉𝑆 , 𝐿𝑆 (𝑢) = 𝐿(𝑓 (𝑢)) (label-
preserving); (2) for all (𝑢, 𝑣) ∈ 𝐸𝑆 , (𝑓 (𝑢), 𝑓 (𝑣)) ∈ 𝐸 (adjacency-
preserving) [34]. The set of embeddings is denoted Emb(𝑆,𝐺). We
use realization interchangeably with embedding to emphasize that
each embedding is one occurrence of the pattern in the data graph.

Embedding Overlap. Two embeddings 𝑓1, 𝑓2 ∈ Emb(𝑆,𝐺) are over-
lapping if 𝑓1 (𝑉𝑆 ) ∩ 𝑓2 (𝑉𝑆 ) ≠ ∅; otherwise they are non-overlapping.

Image Set. For pattern vertex 𝑢 ∈ 𝑉𝑆 , its image set is defined as
Img(𝑢; 𝑆) = {𝑓 (𝑢) | 𝑓 ∈ Emb(𝑆,𝐺)} [5, 6]. When the pattern 𝑆 is
clear from context, we write Img(𝑢) for brevity. Intuitively, Img(𝑢)
is the set of all data vertices that can play the role of𝑢 in at least one
valid embedding. For example, in the chain pattern of Figure 1(c),
Img(𝑢2) = {𝑣5, 𝑣6, 𝑣7}, as each of these vertices appears as the image
of 𝑢2 in some valid embedding.

DomainSet. The collection of all image sets is called the DomainSet,
denoted Dom(𝑆) = {Img(𝑢; 𝑆) : 𝑢 ∈ 𝑉𝑆 }.

Automorphism Group. The automorphism group Aut(𝑆) of 𝑆 con-
sists of all vertex permutations 𝜋 : 𝑉𝑆 → 𝑉𝑆 that preserve both
adjacency and labels [22]: (1) for all (𝑢, 𝑣) ∈ 𝐸𝑆 , (𝜋 (𝑢), 𝜋 (𝑣)) ∈ 𝐸𝑆 ;
(2) for all 𝑢 ∈ 𝑉𝑆 , 𝐿𝑆 (𝜋 (𝑢)) = 𝐿𝑆 (𝑢).
Orbits.The action of Aut(𝑆) on𝑉𝑆 partitions the vertices into a set of
orbits {𝑂1, . . . ,𝑂𝑚} [10]. Vertices in the same orbit are structurally
equivalent under automorphisms and thus play symmetric roles in
all embeddings.

For example, in Figure 1(c), there exists an automorphism that
swaps 𝑢1 and 𝑢3. Hence, 𝑢1 and 𝑢3 belong to the same orbit 𝑂1 =

{𝑢1, 𝑢3}, and 𝑢2 forms a separate orbit 𝑂2 = {𝑢2}.
MIS Support. TheMaximum Independent Set support [35] is defined
as MIS(𝑆,𝐺) = max{|𝐼 | : 𝐼 ⊆ Emb(𝑆,𝐺), ∀𝑓 ≠ 𝑓 ′ ∈ 𝐼 , 𝑓 (𝑉𝑆 ) ∩
𝑓 ′ (𝑉𝑆 ) = ∅}. ComputingMIS is NP-hard [9].

MNI Support. The Minimum Node Image support [5] is defined
as MNI(𝑆,𝐺) = min𝑢∈𝑉𝑆 | Img(𝑢; 𝑆) |. MNI can be computed in
polynomial time [6].

Submodular Function. A set function ℎ : 2𝑋 → R defined on a
finite ground set 𝑋 is submodular if for any 𝐴 ⊆ 𝐵 ⊆ 𝑋 and any
𝑥 ∈ 𝑋 \ 𝐵, ℎ(𝐴 ∪ {𝑥}) − ℎ(𝐴) ≥ ℎ(𝐵 ∪ {𝑥}) − ℎ(𝐵) . This property
reflects a diminishing-returns behavior: the marginal gain of adding
an element decreases as the context grows.

3 MINIMUM DENSITY SUPPORT
This section presents a single-graph support measure, Minimum
Density Support (MDS), which evaluates frequency from a global
coverage perspective and penalizes redundant embedding overlap.

3.1 MDS Definition.
To precisely characterize the degree of overlap among image sets
of vertex subsets, we first introduce the concept of coverage size.

Definition 3.1:[Coverage Size] Given a pattern 𝑆 and a non-empty
subset𝑈 ⊆ 𝑉𝑆 of its vertices, the coverage size of𝑈 is defined as

𝐹𝑆 (𝑈 ) =
|︁|︁|︁|︁|︁⋃︂
𝑢∈𝑈

Img(𝑢; 𝑆)
|︁|︁|︁|︁|︁ , (1)

i.e., the cardinality of the union of image sets of all vertices in 𝑈 .
Intuitively, 𝐹𝑆 (𝑈 ) counts the distinct data nodes covered by𝑈 . □

Definition 3.2:[Minimum Density Support] Let 𝑆 be a pattern
graph and 𝐺 a data graph. Define

𝜌∗ (𝑆,𝐺) = min
∅≠𝑈 ⊆𝑉𝑆

𝐹𝑆 (𝑈 )
|𝑈 | .

The Minimum Density Support of 𝑆 in 𝐺 is defined as MDS(𝑆,𝐺)
whereMDS(𝑆,𝐺) = ⌊𝜌∗ (𝑆,𝐺)⌋.

□

Intuitively, coverage density measures how broadly embeddings
of a pattern are distributed across the graph. A high density indi-
cates support from distinct regions, whereas a low density suggests
embeddings are concentrated in a limited portion of the graph.
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Discussion. The minimum-density formulation adopts a worst-case
view of coverage, where frequency is determined by the least well-
distributed subset of vertices, enforcing consistent structural cov-
erage across the pattern. This choice is not arbitrary: it both con-
trols overlap-induced inflation and preserves anti-monotonicity,
enabling efficient mining. While this formulation is well suited for
tasks that favor non-redundant coverage, in applications such as
motif analysis or community detection, overlap may itself carry
structural significance, and alternative variants (e.g., average-based
or orbit-weighted measures) may be more appropriate.

Example 2: Recall the chain pattern 𝑆𝑐ℎ𝑎𝑖𝑛 in Figure 1(c), where
MNI = 3 andMIS = 1.We computeMDS: here Img(𝑢1) = Img(𝑢3) =
{𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7} and Img(𝑢2) = {𝑣5, 𝑣6, 𝑣7}. For the full vertex set
𝑉𝑆 = {𝑢1, 𝑢2, 𝑢3}, the union coverage is still {𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7}, so the
coverage density is 5/3, yieldingMDS(𝑆𝑐ℎ𝑎𝑖𝑛,𝐺) = ⌊5/3⌋ = 1. This
matches MIS, showing that MDS correctly identifies the complete
overlap thatMNI misses. □

Anti-Monotonicity Properties. Anti-monotonicity is the theoret-
ical base of Apriori-style search strategies: if MDS(𝑆) < 𝜃 , then all
super-patterns of 𝑆 are infrequent, and the entire search branch can
be safely pruned. We show thatMDS satisfies anti-monotonicity.

Theorem 1:[Anti-Monotonicity] If 𝑇 is a super-pattern of 𝑆 ( i.e.,
𝑇 ⊇ 𝑆), then MDS(𝑇 ) ≤ MDS(𝑆). □

Proof: Let 𝑇 ⊇ 𝑆 , i.e., 𝑇 is obtained from 𝑆 by adding vertices or
edges. Since the extension operation strengthens matching con-
straints, we have Emb(𝑇,𝐺) ⊆ Emb(𝑆,𝐺).

For any 𝑢 ∈ 𝑉𝑆 , by the relation of embedding sets, we have

Img(𝑢;𝑇 ) = {𝑓 (𝑢) : 𝑓 ∈ Emb(𝑇,𝐺)}
⊆ {𝑓 (𝑢) : 𝑓 ∈ Emb(𝑆,𝐺)} = Img(𝑢; 𝑆). (2)

Furthermore, for any non-empty subset𝑈 ⊆ 𝑉𝑆 ,

𝐹𝑇 (𝑈 ) =
|︁|︁|︁|︁|︁⋃︂
𝑢∈𝑈

Img(𝑢;𝑇 )
|︁|︁|︁|︁|︁ ≤

|︁|︁|︁|︁|︁⋃︂
𝑢∈𝑈

Img(𝑢; 𝑆)
|︁|︁|︁|︁|︁ = 𝐹𝑆 (𝑈 ).

Therefore 𝐹𝑇 (𝑈 )/|𝑈 | ≤ 𝐹𝑆 (𝑈 )/|𝑈 |. Taking the minimum over
all non-empty𝑈 ⊆ 𝑉𝑆 , we getMDS(𝑇 ) ≤ MDS(𝑆). □

Computational Complexity. TheMDS definition involves enu-
meration over 2 |𝑉𝑆 | − 1 non-empty subsets, which appears to have
exponential complexity. However, we reveal that theMDS computa-
tion problem can be reduced to submodular function minimization,
thereby achieving polynomial-time solvability. We first establish
that the coverage function is submodular.

Lemma 2:[Submodularity of the Coverage Function] For a pattern 𝑆 ,
define

𝐹𝑆 (𝑈 ) =
|︁|︁|︁ ⋃︂
𝑢∈𝑈

Img(𝑢; 𝑆)
|︁|︁|︁, 𝑈 ⊆ 𝑉𝑆 .

Then 𝐹𝑆 is a monotone submodular set function over 𝑉𝑆 . □

Proof: Let𝐴 ⊆ 𝐵 ⊆ 𝑉𝑆 and 𝑥 ∈ 𝑉𝑆 \𝐵. The marginal gain of adding
𝑥 to𝐴 is 𝐹𝑆 (𝐴∪{𝑥})−𝐹𝑆 (𝐴) =

|︁|︁|︁ Img(𝑥 ; 𝑆) \⋃︁𝑢∈𝐴 Img(𝑢; 𝑆)
|︁|︁|︁. Since

𝐴 ⊆ 𝐵, we have
⋃︁
𝑢∈𝐴 Img(𝑢; 𝑆) ⊆ ⋃︁

𝑢∈𝐵 Img(𝑢; 𝑆), hence 𝐹𝑆 (𝐴 ∪

{𝑥}) − 𝐹𝑆 (𝐴) ≥ 𝐹𝑆 (𝐵 ∪ {𝑥}) − 𝐹𝑆 (𝐵) . So 𝐹𝑆 satisfies diminishing
marginal returns and is submodular. □

Intuitively, the function 𝐹𝑆 (𝑈 ) measures how many distinct ver-
tices are covered by the image sets of nodes in 𝑈 . When adding a
new node 𝑢, its marginal contribution corresponds to the number
of new vertices introduced by Img(𝑢; 𝑆). As𝑈 grows, more of these
vertices are already covered, and thus fewer new ones can be con-
tributed. This diminishing overlap directly leads to submodularity.

Theorem 3:[Polynomial-Time Computability of MDS ] Given the
image sets {Img(𝑢; 𝑆)}𝑢∈𝑉𝑆 , MDS(𝑆) can be computed exactly in
polynomial time. □

Proof: We compute 𝜌∗ (𝑆) via a reduction from optimization to
decision. For a given integer 𝑘 ≥ 0, consider the decision problem
of whether 𝜌∗ (𝑆) < 𝑘 . Observe that 𝜌∗ (𝑆) < 𝑘 holds if and only if
there exists a non-empty set𝑈 ⊆ 𝑉𝑆 such that 𝐹𝑆 (𝑈 )

|𝑈 | < 𝑘 , which is
equivalent to 𝐹𝑆 (𝑈 ) − 𝑘 |𝑈 | < 0.

To test this condition, define ℎ𝑘 (𝑈 ) = 𝐹𝑆 (𝑈 ) − 𝑘 |𝑈 | for𝑈 ⊆ 𝑉𝑆 ,
with ℎ𝑘 (∅) = 0. Then 𝜌∗ (𝑆) < 𝑘 if and only if min𝑈 ⊆𝑉𝑆 ℎ𝑘 (𝑈 ) < 0.

Since 𝐹𝑆 is submodular (Lemma 2) and |𝑈 | is modular, ℎ𝑘 is
submodular. Thus, each such decision can be solved by minimizing
a submodular function in polynomial time [26].

Since 0 ≤ 𝜌∗ (𝑆) ≤ |𝑉 (𝐺) |, we recover 𝜌∗ (𝑆) via binary search
over 𝑘 ∈ [0, |𝑉 (𝐺) |], which requires only 𝑂 (log |𝑉 (𝐺) |) decision
calls. Therefore,MDS(𝑆) is computable in polynomial time. □

Support Ordering Property. LetMIS(𝑆,𝐺) denote the classical
MIS support, i.e., the maximum number of pairwise vertex-disjoint
embeddings of 𝑆 in 𝐺 .MDS has the following ordering property.

Theorem 4:[Theoretical Bounding Property ofMDS ] For any pattern
𝑆 and data graph 𝐺 ,MIS(𝑆,𝐺) ≤ MDS(𝑆,𝐺) ≤ MNI(𝑆,𝐺) . □

Proof: For the lower bound, let MIS(𝑆,𝐺) = 𝑘 and let 𝑓1, . . . , 𝑓𝑘
be pairwise vertex-disjoint embeddings. For any non-empty𝑈 ⊆
𝑉𝑆 , define 𝐴𝑖 = {𝑓𝑖 (𝑢) | 𝑢 ∈ 𝑈 }. Then |𝐴𝑖 | = |𝑈 |, the sets 𝐴𝑖

are pairwise disjoint, and 𝐴𝑖 ⊆
⋃︁
𝑢∈𝑈 Img(𝑢; 𝑆). Hence 𝐹𝑆 (𝑈 ) ≥|︁|︁|︁ ⋃︁𝑘

𝑖=1 𝐴𝑖

|︁|︁|︁ = 𝑘 |𝑈 |, so 𝐹𝑆 (𝑈 )/|𝑈 | ≥ 𝑘 for all𝑈 ≠ ∅. Thus 𝜌∗ (𝑆,𝐺) ≥
𝑘 , implying MDS(𝑆,𝐺) ≥ MIS(𝑆,𝐺). For the upper bound, for any
𝑢 ∈ 𝑉𝑆 , 𝜌∗ (𝑆,𝐺) ≤ 𝐹𝑆 ({𝑢})/1 = | Img(𝑢; 𝑆) |. Minimizing over 𝑢
gives 𝜌∗ (𝑆,𝐺) ≤ MNI(𝑆,𝐺), and hence MDS(𝑆,𝐺) ≤ MNI(𝑆,𝐺).

□

This establishes that MDS never underestimates the number
of structurally independent realizations of a pattern (in the spirit
of MIS), while never exceeding the widely adopted MNI measure.
Here independent realizations correspond to occurrences of the
pattern that rely on largely distinct sets of graph vertices, rather
than repeatedly reusing the same local neighborhood.

3.2 MDS Computation Optimization.
The previous subsection proves that MDS can be computed ex-
actly in polynomial time via submodular minimization. This es-
tablishes a strong theoretical guarantee: unlike MIS, MDS is not
intrinsically NP-hard. However, polynomial-time solvability in
theory does not automatically imply practical efficiency. Known
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strongly polynomial algorithms for submodular function minimiza-
tion exhibit high-degree complexity and substantial constants (e.g.,
𝑂 (𝑛5 ·𝐸𝑂+𝑛6) [26]), and in our fractional setting additional paramet-
ric iterations are required. Thus, while submodular minimization
provides important theoretical tractability, it is far from lightweight
and unsuitable as a practical evaluation mechanism.

Therefore, rather than invoking submodular optimization, we
exploit MDS-specific structure. Our goal is not merely “polyno-
mial solvability”, but scalable and efficient computation in real
mining workloads. We develop two complementary techniques,
orbit compression and subset separability, together with tight
upper–lower bounds to shrink the search space and avoid exact
evaluation whenever possible.

Orbit Properties. Vertices in a pattern graph often exhibit strong
structural symmetry. Under graph automorphisms, symmetric ver-
tices always play equivalent structural roles and therefore induce
identical behavior in candidate image sets. Such symmetry natu-
rally partitions the vertex set into equivalence classes, called orbits,
where all vertices in the same orbit are structurally identical from
the perspective of pattern matching. We formalize it as follows.

Theorem 5:[Orbit Image Set Invariance] Let Aut(𝑆) be the automor-
phism group of pattern 𝑆 , which induces an orbit partition {𝑂1, . . . ,𝑂𝑚}
over 𝑉𝑆 . If two vertices 𝑢 and 𝑣 belong to the same orbit 𝑂𝑖 , then
Img(𝑢; 𝑆) = Img(𝑣 ; 𝑆). □

Proof: Let𝑢, 𝑣 ∈ 𝑂𝑖 . Then there exists 𝜋 ∈ Aut(𝑆) such that 𝜋 (𝑢) =
𝑣 . For any𝑤 ∈ Img(𝑢; 𝑆) there exists 𝑓 ∈ Emb(𝑆,𝐺) with 𝑓 (𝑢) = 𝑤 .
Define 𝑓 ′ = 𝑓 ◦ 𝜋−1. Since 𝜋 preserves labels and adjacency, 𝑓 ′
is also an embedding. Moreover 𝑓 ′ (𝑣) = 𝑓 (𝜋−1 (𝑣)) = 𝑓 (𝑢) = 𝑤 ,
hence 𝑤 ∈ Img(𝑣 ; 𝑆). Thus Img(𝑢; 𝑆) ⊆ Img(𝑣 ; 𝑆). The reverse
inclusion follows symmetrically. □

Thus, all vertices in an orbit contribute the same image set. We
next show that including only part of an orbit is never beneficial.

Theorem 6:[Orbit Block Optimality] Let {𝑂1, . . . ,𝑂𝑚} be the orbits
of pattern 𝑆 . For any non-empty subset𝑈 ⊆ 𝑉𝑆 , define its orbit closure

𝑈 ′ =
⋃︂

𝑖:𝑈∩𝑂𝑖≠∅
𝑂𝑖 ,

i.e., the union of all orbits that intersect 𝑈 . Then the coverage density
cannot increase after completing the subset to full orbits:

𝐹𝑆 (𝑈 ′)
|𝑈 ′ | ≤

𝐹𝑆 (𝑈 )
|𝑈 | .

Consequently, the minimum density of theMDS objective is always
attained by a subset that contains entire orbits. □

Proof: For any orbit 𝑂𝑖 with 𝑈 ∩ 𝑂𝑖 ≠ ∅, pick 𝑢0 ∈ 𝑈 ∩ 𝑂𝑖 . By
Theorem 5, all vertices in 𝑂𝑖 have identical image sets, so⋃︂

𝑢∈𝑈∩𝑂𝑖

Img(𝑢; 𝑆) =
⋃︂
𝑢∈𝑂𝑖

Img(𝑢; 𝑆).

Thus
⋃︁
𝑢∈𝑈 Img(𝑢; 𝑆) =

⋃︁
𝑢∈𝑈 ′ Img(𝑢; 𝑆) and 𝐹𝑆 (𝑈 ) = 𝐹𝑆 (𝑈 ′).

Since |𝑈 ′ | ≥ |𝑈 |, it follows that
𝐹𝑆 (𝑈 ′)
|𝑈 ′ | ≤

𝐹𝑆 (𝑈 )
|𝑈 | .

Thus, the minimum is attained by a subset of complete orbits. □

From Theorem 6, the minimum in the MDS definition is always
attained by a subset consisting of complete orbits. Hence the enu-
meration space reduces from 2 |𝑉𝑆 | − 1 to 2𝑚 − 1, where𝑚 is the
number of orbits. For highly symmetric patterns the reduction is
dramatic: e.g., all vertices of an 𝑛-cycle form a single orbit (𝑚 = 1),
and an 𝑛-star decomposes into two orbits (center vs. leaves,𝑚 = 2),
yielding constant enumeration complexity.

Subset Separability. Even after orbit compression, embeddings
associated with different orbits may cover largely disjoint regions
of the data graph. In this case the contributions of these orbits
become independent in theMDS objective: combining them cannot
produce a density smaller than that of either subset individually.

Theorem 7:[Separable Computation Theorem] Let𝑈1,𝑈2 ⊆ 𝑉𝑆 sat-
isfy the disjoint image condition:(︂ ⋃︂

𝑢∈𝑈1

Img(𝑢; 𝑆)
)︂
∩
(︂ ⋃︂
𝑣∈𝑈2

Img(𝑣 ; 𝑆)
)︂
= ∅.

Then
𝐹𝑆 (𝑈1 ∪𝑈2)
|𝑈1 ∪𝑈2 |

≥ min
{︃
𝐹𝑆 (𝑈1)
|𝑈1 |

,
𝐹𝑆 (𝑈2)
|𝑈2 |

}︃
.

□

Proof: By disjointness, 𝐹𝑆 (𝑈1 ∪𝑈2) = 𝐹𝑆 (𝑈1) + 𝐹𝑆 (𝑈2). Let 𝜌1 =

𝐹𝑆 (𝑈1)/|𝑈1 | and 𝜌2 = 𝐹𝑆 (𝑈2)/|𝑈2 |, and assume 𝜌1 ≤ 𝜌2. Then
𝐹𝑆 (𝑈1 ∪𝑈2)
|𝑈1 ∪𝑈2 |

=
|𝑈1 |𝜌1 + |𝑈2 |𝜌2
|𝑈1 | + |𝑈2 |

,

which is a weighted average between 𝜌1 and 𝜌2, hence at least 𝜌1.
□

Corollary 8: Construct an overlap graph on the set of orbits, where
two orbits are connected if their image sets intersect. Let {𝐶1, . . . ,𝐶ℓ }
denote the connected components of this graph. Then the MDS objec-
tive decomposes across these components:

MDS(𝑆) = min
1≤ 𝑗≤ℓ

MDS𝐶 𝑗
(𝑆) .

HereMDS𝐶 𝑗
(𝑆) denotes the minimum density obtained by restricting

the subset𝑈 to vertices whose orbits belong to component 𝐶 𝑗 . If the
largest component contains𝑚′ orbits, the resulting enumeration cost
becomes 𝑂 (ℓ · 2𝑚′ ). □

Together, orbit compression and subset separability bridge the
gap between theoretical polynomial-time computability and prac-
tical mining efficiency, eliminating most redundant subsets and
enabling lightweight evaluation.

4 ALGORITHMS
We consider the Top-𝑘 single-graph frequent subgraph mining
problem under theMDS support.

Problem Formulation. Given a data graph𝐺 and an integer 𝑘 > 0,
let 𝜎 (·) denote the MDS support of a pattern in 𝐺 , and P denote
the set of all connected, non-isomorphic patterns in 𝐺 . The Top-𝑘
MDS-based frequent pattern mining problem is to compute

Top-𝑘 (𝐺) = arg top-k
𝑆∈P

𝜎 (𝑆),
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i.e., the subset of P consisting of the 𝑘 patterns with the largest
MDS support in 𝐺 .

4.1 MDS Evaluation
Evaluating MDS(𝑆) requires computing possible embeddings of
the pattern 𝑆 in the data graph 𝐺 . As explicitly enumerating all
embeddings is computationally expensive, we instead work with a
compact approximation based on candidate vertices, which over-
approximates the set of valid embeddings. We adopt the candidate
space representation 𝐶𝑆 (𝑆) [16] for this purpose.

We first introduce the candidate space representation and the
candidate verification primitive, then present the progressive eval-
uation framework, followed by orbit-level reductions and optimiza-
tion, and finally describe the complete evaluation algorithm.

Candidate Space Representation. We adopt the candidate space
representation 𝐶𝑆 (𝑆) [16], which stores candidate data vertices for
each pattern vertex together with the structural relations induced
by the pattern edges. The candidate space over-approximates the
set of valid embeddings of 𝑆 in 𝐺 . For each pattern vertex 𝑢, the
candidate space maintains two auxiliary state sets: the confirmed
candidates 𝐶𝑢 and the remaining candidates 𝑅𝑢 . Initially 𝐶𝑢 = ∅
and 𝑅𝑢 = 𝐷𝑢 , where𝐷𝑢 denotes the candidate domain of𝑢 in𝐶𝑆 (𝑆).
If 𝑆 consists of a single edge, all candidates are trivially verified, i.e.,
𝐶𝑢 = 𝐷𝑢 and 𝑅𝑢 = ∅.

Let Img(𝑢; 𝑆) denote the true image set of 𝑢 in embeddings of 𝑆
in 𝐺 . The candidate state maintains the invariant

𝐶𝑢 ⊆ Img(𝑢; 𝑆) ⊆ 𝐶𝑢 ∪ 𝑅𝑢 .

Candidate Verification. Candidate verification progressively re-
fines this approximation. To verify a candidate 𝑣 ∈ 𝑅𝑢 , we perform
a DAF-based backtracking search with failing sets [13] to find an
embedding of 𝑆 in 𝐺 that maps 𝑢 to 𝑣 . The search stops after the
first embedding and prefers embeddings that cover unverified can-
didates so that multiple nodes can be validated simultaneously. If
such an embedding exists, the verification succeeds. The discovered
embedding is then used to update candidate states of related pattern
vertices, and the updates are propagated to vertices in the same
automorphism orbit. Otherwise, 𝑣 is removed from 𝑅𝑢 .

Progressive Evaluation Framework. Computing MDS(𝑆) di-
rectly would require examining all subsets of pattern vertices and
their image-set overlaps. Instead we evaluateMDS progressively
using bounds. The framework maintains

𝐿𝐵(𝑆) ≤ MDS(𝑆) ≤ 𝑈𝐵(𝑆)

where
𝐿𝐵(𝑆) = min

𝑈≠∅
| ∪𝑢∈𝑈 𝐶𝑢 |
|𝑈 |

𝑈𝐵(𝑆) = min
𝑈≠∅

| ∪𝑢∈𝑈 (𝐶𝑢 ∪ 𝑅𝑢 ) |
|𝑈 | .

The lower bound assumes that only confirmed candidates partici-
pate in embeddings, while the upper bound assumes that remaining
candidates may still participate. Candidate verification refines these
sets incrementally: successful verification moves a candidate from
𝑅𝑢 to𝐶𝑢 , increasing 𝐿𝐵(𝑆), while unsuccessful verification removes
it from 𝑅𝑢 , decreasing𝑈𝐵(𝑆). Evaluation terminates once either (1)

𝐿𝐵(𝑆) = 𝑈𝐵(𝑆), yielding the exact MDS value, or (2) 𝑈𝐵(𝑆) ≤ 𝜏 ,
where 𝜏 is the current Top-𝑘 threshold.

Orbit-Level Reduction. Although the progressive framework avoids
explicit embedding enumeration, evaluating bounds at the vertex
level can still be expensive. We therefore lift the evaluation domain
from vertices to automorphism orbits of the pattern.

Let 𝑂1, . . . ,𝑂𝑚 denote the automorphism orbits of 𝑆 . By Theo-
rem 5 and Theorem 6, density minimization can be restricted to
subsets of entire orbits, reducing the search space from vertices to
a smaller orbit space.

Bounds are then computed over orbit subsets. For each orbit
𝑂𝑖 , its candidate domain 𝐷 (𝑂𝑖 ) is the intersection of the candidate
domains of its vertices,𝐶 (𝑂𝑖 ) contains candidates confirmed for its
vertices, and 𝑅(𝑂𝑖 ) = 𝐷 (𝑂𝑖 ) \𝐶 (𝑂𝑖 ).

𝐿𝐵(𝑆) = min
𝑈≠∅

| ∪𝑂𝑖 ∈𝑈 𝐶 (𝑂𝑖 ) |∑︁
𝑂𝑖 ∈𝑈 |𝑂𝑖 |

𝑈𝐵(𝑆) = min
𝑈≠∅

| ∪𝑂𝑖 ∈𝑈 (𝐶 (𝑂𝑖 ) ∪ 𝑅(𝑂𝑖 )) |∑︁
𝑂𝑖 ∈𝑈 |𝑂𝑖 |

.

As a result, the enumeration cost decreases from 𝑂 (2 |𝑉𝑆 | ) at the
vertex level to 𝑂 (2𝑚) at the orbit level.
Orbit-Aware Optimization. A remaining bottleneck inMDS evalu-
ation is the computation of coverage densities over orbit subsets.
Although orbit-level reduction significantly decreases the search
space, enumerating all orbit subsets may still be expensive when
the pattern contains multiple orbits.

To reduce the cost of bound computation, we leverage the separa-
bility property established in Theorem 7. Specifically, we construct
an orbit intersection graph, where two orbits are connected if their
candidate image sets overlap. Let 𝑃1, . . . , 𝑃ℓ denote the connected
components of this graph. Corollary 8 implies that the density min-
imization can be performed independently within each component
𝑃 𝑗 , rather than over the entire orbit set. The evaluation algorithm
in Algorithm 1 implements this strategy. For each component 𝑃 𝑗 ,
the algorithm enumerates only the orbit subsets 𝑈 contained in
that component and evaluates their coverage densities

𝐿𝐵(𝑃 𝑗 ) = min
𝑈≠∅∧𝑈 ⊆𝑃 𝑗

| ∪𝑂𝑖 ∈𝑈 𝐶 (𝑂𝑖 ) |∑︁
𝑂𝑖 ∈𝑈 |𝑂𝑖 |

𝑈𝐵(𝑃 𝑗 ) = min
𝑈≠∅∧𝑈 ⊆𝑃 𝑗

| ∪𝑂𝑖 ∈𝑈 (𝐶 (𝑂𝑖 ) ∪ 𝑅(𝑂𝑖 )) |∑︁
𝑂𝑖 ∈𝑈 |𝑂𝑖 |

.

Moreover, once the density drops below the current Top-𝑘 threshold
𝜏 , the enumeration terminates early, since no further subset can
affect the result. As a result, the enumeration cost is reduced to𝑂 (ℓ ·
2𝑚
′ ), where𝑚′ is the number of orbits in the largest component.

Evaluation Algorithm. The evaluation of MDS is performed
in two stages. Algorithm 1 first invokes the auxiliary procedure
InitializeBounds to compute initial bounds based on the current
candidate states, and then invokes RefineBounds to progressively
tighten these bounds through candidate verification.

Initialization. The procedure InitializeBounds first computes the
automorphism orbits {𝑂1, . . . ,𝑂𝑚} of the pattern 𝑆 and derives the
corresponding orbit-level candidate domains 𝐷 (𝑂𝑖 ),𝐶 (𝑂𝑖 ), 𝑅(𝑂𝑖 ).
The orbit intersection graph G is then constructed and decomposed
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into connected groups 𝑃1, . . . , 𝑃ℓ . Based on these structures, the
initial bounds 𝐿𝐵(𝑂𝑖 ),𝑈 𝐵(𝑂𝑖 ) for each orbit and 𝐿𝐵(𝑃 𝑗 ),𝑈 𝐵(𝑃 𝑗 )
for each group are computed. The pattern-level bounds 𝐿𝐵 and𝑈𝐵

are finally derived from the group bounds.

Iterative Verification. The procedure RefineBounds progressively
refines the MDS value through candidate verification. At each
iteration, the algorithm selects a group 𝑃𝑠 and an orbit 𝑂𝑏 ∈ 𝑃𝑠
whose bounds are most critical to the current pattern bounds. The
selection is guided by the verification success rate 𝜌 , defined as the
ratio of successful verifications to the total number of verifications.
When 𝜌 is low (e.g., below 50%), a Lower-UB strategy is adopted,
selecting the group with the smallest upper bound and the orbit
with the smallest upper bound within that group. Otherwise, an
Upper-LB strategy is used, selecting the group with the smallest
lower bound and the orbit with the smallest lower bound.

A candidate vertex is then selected from 𝑅(𝑂𝑏 ), preferring ver-
tices that lie in intersections of candidate domains of multiple orbits.
The selected candidate is verified using a subgraph matching proce-
dure. If verification fails, the vertex is removed from 𝑅(𝑂𝑏 ); other-
wise, the discovered embedding is used to update candidate states
of related pattern vertices. Consequently, the sets 𝐶 (𝑂𝑖 ) and 𝑅(𝑂𝑖 )
are updated for affected orbits, and the corresponding orbit and
group bounds are recomputed. If candidate-domain intersections
change, the orbit intersection graph G is updated accordingly.

The process terminates when the pattern becomes prunable
(𝑈𝐵 ≤ 𝜏) or the exactMDS value is determined (𝐿𝐵 = 𝑈𝐵), corre-
sponding to the stopping condition of the loop. The algorithm then
returns the exact MDS value or reports pruning.

Selection Strategy Discussion. The adaptive selection strategy aims
to quickly narrow the gap between the bounds. Failed verifications
tend to reduce the upper bound, whereas successful verifications in-
crease the lower bound. When the success rate is low, the algorithm
prioritizes candidates that may reduce the upper bound; when it is
high, it prioritizes candidates that may increase the lower bound.

Example 3: Figure 2 illustrates the MDS evaluation process. The
pattern 𝑆 contains four vertices with labels A-A-B-C. Due to the
automorphism 𝑢1 ↔ 𝑢2, the pattern vertices are partitioned into
three automorphism orbits: 𝑂1 = {𝑢1, 𝑢2}, 𝑂2 = {𝑢3}, and 𝑂3 =

{𝑢4}. Thus the enumeration space is reduced from 24 − 1 = 15
vertex subsets to 23 − 1 = 7 orbit subsets. Moreover, since the three
orbits have distinct labels, their candidate domains are disjoint.
Consequently, the orbit intersection graph contains three singleton
groups, each consisting of a single orbit. The initial bounds are
𝐿𝐵 = 0 and𝑈𝐵 = min{5/2, 2/1, 3/1} = 2.

The algorithm then iteratively verifies candidates. In the first
round, the success rate 𝜌 = 0, so the Lower-UB strategy is used.
The group with the smallest upper bound is selected, and orbit
𝑂1 is chosen. The candidate 𝑣1 ∈ 𝑅(𝑂1) is verified (Figure 2(d)).
Since no embedding maps 𝑂1 to 𝑣1, the verification fails and 𝑣1 is
removed from 𝑅(𝑂1). In the second round, the success rate remains
𝜌 = 0, so the Lower-UB strategy is again applied. Orbit 𝑂2 is
selected and candidate 𝑣5 ∈ 𝑅(𝑂2) is verified (Figure 2(e)). This
verification succeeds and the discovered embeddings update the
candidate states accordingly. In the third round, the success rate
becomes 𝜌 = 1/2, and the algorithm switches to the Upper-LB

Algorithm 1: EvaluateMDS

Input: Pattern 𝑆 , data graph𝐺 , candidate space𝐶𝑆 (𝑆 ) , and threshold 𝜏 .
Output: MDS(𝑆 ) or −1 if 𝑆 is pruned.
1. InitializeBounds (𝑆,𝐶𝑆 (𝑆 ) ) ;
2. RefineBounds (𝑆,𝐺, 𝜏 ) ;

Procedure InitializeBounds(S,CS(S) )
1. {𝑂1, . . . ,𝑂𝑚 } ← automorphism orbits of 𝑆 ;
2. 𝐷 (𝑂𝑖 ) ←

⋂︁
𝑣∈𝑂𝑖

𝐷𝑣 , for all 𝑖;
3. 𝐶 (𝑂𝑖 ) ← ∅; 𝑅 (𝑂𝑖 ) ← 𝐷 (𝑂𝑖 ) , for all 𝑖;
4. construct orbit intersection graph G over {𝑂𝑖 };
5. {𝑃1, . . . , 𝑃ℓ } ← connected components of G;
6. for each orbit𝑂𝑖 do
7. 𝐿𝐵 (𝑂𝑖 ) ← |𝐶 (𝑂𝑖 ) |/|𝑂𝑖 |;𝑈𝐵 (𝑂𝑖 ) ← |𝐷 (𝑂𝑖 ) |/|𝑂𝑖 |;
8. for each group 𝑃 𝑗 do
9. update bounds 𝐿𝐵 (𝑃 𝑗 ) and𝑈𝐵 (𝑃 𝑗 ) from all orbit subsets;
10. 𝐿𝐵 ← 0;𝑈𝐵 ← min𝑃 𝑗

𝑈𝐵 (𝑃 𝑗 ) ;
11. return 𝐿𝐵,𝑈𝐵;

Procedure RefineBounds(S,G, 𝜏 )
1. 𝜌 ← 0; 𝑠𝑢𝑐𝑐 ← 0; 𝑡𝑜𝑡 ← 0;
2. repeat
3. if 𝜌 < 0.5 then
4. 𝑃𝑠 ← arg min𝑃 𝑗

𝑈𝐵 (𝑃 𝑗 ) ;𝑂𝑏 ← arg min𝑂𝑖 ∈𝑃𝑠 𝑈𝐵 (𝑂𝑖 ) ;
5. else
6. 𝑃𝑠 ← arg min𝑃 𝑗

𝐿𝐵 (𝑃 𝑗 ) ;𝑂𝑏 ← arg min𝑂𝑖 ∈𝑃𝑠 𝐿𝐵 (𝑂𝑖 ) ;
7. pick 𝑣 ∈ 𝑅 (𝑂𝑏 ) (prefer intersection candidates);
8. if VerifyCandidate (𝑆,𝑂𝑏 , 𝑣,𝐺 ) then
9. 𝑠𝑢𝑐𝑐 ← 𝑠𝑢𝑐𝑐 + 1;
10. update candidate states using discovered embedding;
11. else 𝑅 (𝑂𝑏 ) ← 𝑅 (𝑂𝑏 ) \ {𝑣};
12. 𝑡𝑜𝑡 ← 𝑡𝑜𝑡 + 1; 𝜌 ← 𝑠𝑢𝑐𝑐/𝑡𝑜𝑡 ;
13. update affected𝐶 (𝑂 ), 𝑅 (𝑂 ), 𝐿𝐵,𝑈𝐵 and intersection graph G;
14.until𝑈𝐵 ≤ 𝜏 or 𝐿𝐵 = 𝑈𝐵;
15. if𝑈𝐵 ≤ 𝜏 then return −1;
16. else return 𝐿𝐵;

strategy. Orbit 𝑂1 is selected and candidate 𝑣6 ∈ 𝑅(𝑂1) is verified
(Figure 2(f)). This verification succeeds, causing the lower and upper
bounds to converge to 2. The algorithm terminates and returns
MDS(𝑆) = 2. □

4.2 Mining Algorithm
Instead of enumerating all patterns and filtering afterwards, our
algorithm adopts a best-first exploration paradigm driven by MDS
support. At every step, the search focuses on the pattern that has
the highest potential to yield a large MDS value, so high-quality
patterns are discovered early and immediately tighten the Top-𝑘
threshold, enabling aggressive pruning of the remaining space.

Best-First Top-𝑘 Search. To realize this strategy, we maintain
two priority structures. An answer heap 𝐻𝑎𝑛𝑠 stores the current
Top-𝑘 patterns ranked by their exact MDS scores. A candidate
heap 𝐻𝑐𝑎𝑛𝑑 stores unexplored patterns ordered by theirMDS upper
bounds, representing the maximum support they can still achieve.
A dynamic threshold 𝜏 is defined as the 𝑘-th largest MDS value in
𝐻𝑎𝑛𝑠 and increases monotonically as better patterns are discovered.
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Figure 2: MDS Evaluation Process Illustration.

The search is initialized using all distinct edge patterns in𝐺 . For
each edge pattern 𝑒 , its exactMDS score is computed and the Top-𝑘
edge patterns are inserted into 𝐻𝑎𝑛𝑠 . The initial threshold 𝜏 is then
set to the 𝑘-th largestMDS value in 𝐻𝑎𝑛𝑠 . All canonical one-edge
extensions of these edge patterns whose upper bounds exceed 𝜏

are inserted into 𝐻𝑐𝑎𝑛𝑑 .
During the search, the algorithm repeatedly extracts from 𝐻𝑐𝑎𝑛𝑑

the pattern with the highest upper bound and evaluates its exact
MDS score via RefineBounds. If the score exceeds 𝜏 , the pattern
is inserted into 𝐻𝑎𝑛𝑠 , 𝜏 is updated, and its canonical one-edge ex-
tensions whose upper bounds exceed 𝜏 are inserted into 𝐻𝑐𝑎𝑛𝑑 .
Otherwise the candidate is discarded.

To avoid duplicate generation, we follow the canonical DFS-code
ordering used in frequent subgraph mining (e.g., gSpan), where
only extensions that preserve the canonical DFS code of a pattern
are explored, ensuring that each pattern is generated exactly once.

Since MDS support satisfies anti-monotonicity and the upper
bound applies to all descendants of a pattern, pruning remains
sound regardless of exploration order. Therefore, best-first explo-
ration preserves completeness: any pattern whoseMDS could enter
the Top-𝑘 result will eventually be evaluated unless safely pruned by
the bound. The algorithm terminates when 𝐻𝑐𝑎𝑛𝑑 becomes empty
or its largest upper bound is no greater than 𝜏 , since no remaining
pattern can enter the Top-𝑘 result.

The complete procedure is summarized in Algorithm 2, with the
auxiliary procedure ExpandPattern shown below the main routine.

4.3 Correctness and Complexity

Correctness Analysis. We justify the correctness of the proposed
framework from two aspects: (i) the MDS values computed by the
evaluation procedure are exact (soundness), and (ii) the mining
algorithm does not miss any true Top-𝑘 pattern (completeness).

Algorithm 2:MDS − FSM
Input: Data graph𝐺 and an integer 𝑘 .
Output: Top-𝑘 patterns 𝐻𝑎𝑛𝑠 with the highest MDS scores.
1. E ← all edge patterns in𝐺 together with their candidate spaces;
2. for each 𝑒 ∈ E do
3. 𝑂 ← automorphism orbits of 𝑒 ;

4. 𝑚𝑑𝑠𝑒 ←
⌊︃

min
∅≠𝑈 ⊆𝑂

|⋃︁𝑜∈𝑈
⋃︁
𝑣∈𝑜 𝐶𝑣 |∑︁

𝑜∈𝑈 |𝑜 |

⌋︃
;

5. 𝐻𝑎𝑛𝑠 ← top-𝑘 from E by𝑚𝑑𝑠 ; 𝜏 ← the 𝑘-th score in 𝐻𝑎𝑛𝑠 ;
6. 𝐻𝑐𝑎𝑛𝑑 ← ∅;
7. for each 𝑒 ∈ E with𝑚𝑑𝑠𝑒 ≥ 𝜏 do
8. P ← CanonicalExtensions(𝑒 ) ; ExpandPattern (P) ;
9. while 𝐻𝑐𝑎𝑛𝑑 ≠ ∅ and 𝐻𝑐𝑎𝑛𝑑 .top.𝑈 𝐵 > 𝜏 do
10. 𝑆 ← 𝐻𝑐𝑎𝑛𝑑 .pop( ) ;
11. 𝑚𝑑𝑠 ← RefineBounds(𝑆,𝐺, 𝜏 ) ;
12. if𝑚𝑑𝑠 > 𝜏 then
13. insert 𝑆 into 𝐻𝑎𝑛𝑠 ; update 𝜏 ;
14. P ← CanonicalExtensions(𝑆 ) ; ExpandPattern (P) ;
15. return 𝐻𝑎𝑛𝑠 ;

Procedure ExpandPattern(P)
1. for each 𝑆 ∈ P do
2. InitializeBounds (𝑆,𝐶𝑆 (𝑆 ) ) ;
3. if𝑈𝐵 (𝑆 ) > 𝜏 then insert 𝑆 into 𝐻𝑐𝑎𝑛𝑑 ;
4. return 𝐻𝑐𝑎𝑛𝑑 ;

Soundness. During evaluation, each candidate domain 𝐷𝑢 is split
into confirmed candidates 𝐶𝑢 and remaining candidates 𝑅𝑢 , main-
taining 𝐶𝑢 ⊆ Img(𝑢; 𝑆) ⊆ 𝐶𝑢 ∪ 𝑅𝑢 . The lower and upper bounds
are computed from 𝐶𝑢 and 𝐶𝑢 ∪ 𝑅𝑢 , respectively, thus ensuring
𝐿𝐵 ≤ MDS(𝑆) ≤ 𝑈𝐵. Furthermore, Theorem 6 shows that the mini-
mum density is achieved by complete orbit subsets, and Corollary 8
ensures that density minimization can be performed independently
within orbit-intersection components. Hence the orbit-level and
component-wise evaluation computes the exactMDS value.
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Completeness. Completeness follows from the anti-monotonicity of
MDS (Theorem 1). If 𝑈𝐵(𝑆) ≤ 𝜏 , then every superpattern of 𝑆 has
MDS ≤ 𝜏 , making pruning safe. Our mining algorithm performs a
best-first search in decreasing order of upper bounds. Therefore any
pattern with MDS(𝑆) > 𝜏 will be evaluated before the threshold
drops below 𝜏 , ensuring that no Top-𝑘 pattern is missed.

Complexity Analysis. Let 𝑛 = |𝑉𝑆 | be the pattern size,𝑚 the num-
ber of automorphism orbits of 𝑆 , and𝑚′ the number of orbits in
the largest orbit-intersection component. Let 𝐷 =

∑︁
𝑢 |𝐷𝑢 | denote

the total candidate size over all pattern vertices. In the initialization
stage, computing automorphism orbits takes 𝑂 (𝑛2) time, and con-
structing candidate domains via label and neighborhood filtering
costs𝑂 ( |𝑉𝐺 | + |𝐸𝐺 |). Building the orbit intersection graph requires
checking intersections between orbit domains and costs 𝑂 (𝑚2𝐷)
in the worst case. Computing the initial orbit and group bounds
requires enumerating orbit subsets within each component and
costs 𝑂 (ℓ · 2𝑚′ ). In the iterative evaluation stage, each candidate
is verified at most once, yielding at most 𝐷 verifications, each per-
formed via subgraph matching with one pattern vertex fixed and
costing at most 𝐶match. After each verification, candidate states,
orbit intersections, and affected bounds are updated in𝑂 (𝑚𝐷+2𝑚

′ )
time. The overall cost of evaluating a single pattern is therefore
𝑂
(︁
|𝑉𝐺 | + |𝐸𝐺 | + 𝐷 (𝐶match +𝑚𝐷 + 2𝑚

′ )
)︁
.

5 EXPERIMENTAL EVALUATION
Using real-life and synthetic datasets, we evaluate (1) the effective-
ness of MDS in reducing overlap, (2) the efficiency and scalability
of MDS-FSM, (3) an ablation study on MDS-FSM, and (4) a case
study on biological networks.

Experimental Setting.We start with the experimental setting.

Table 1: Dataset Statistics.

Dataset Type |𝑉 | |𝐸 | |Σ|
Yeast PPI 3,112 12,519 71
Human PPI 4,674 86,282 44
WCGoals Event 49,078 158,114 11
Mico Social 100,000 1,080,298 29
DBLP Coauthor 317,080 1,049,866 15
Patent Citation 2,745,761 13,965,409 37

Datasets.We used six real-life datasets, as summarized in Table 1.
Yeast [39] and Human [27] are clustered protein–protein interac-
tion networks;WCGoals [44] andMico [6] are social/event graphs
dominated by chain and star patterns; DBLP [20] and Patent [12]
are co-authorship and citation graphs, respectively.

For synthetic datasets, we generated synthetic graphs using
NetworkX [11] with three topology models: Barabási-Albert (BA,
𝑚 = 5) [3] for scale-free networks via preferential attachment,
Erdős-Rényi (ER) [7] for random graphs, and Watts-Strogatz (WS,
𝑘 = 10, 𝛽 = 0.1) [38] for small-world networks. All synthetic graphs
had average degree 𝑑 ≈ 10, and vertex labels were sampled from
|Σ| = 30 labels following a power-law distribution (𝛼 = 0.8) to
simulate realistic skewed label frequencies. Under this common
setting, we additionally instantiated smaller 1K-node BA/ER/WS

graphs for exact-MIS validation, and generated larger graphs with
|𝑉 | ranging from 10K to 5M for scalability evaluation.

Baselines. We compare MDS against representative support mea-
sures and mining systems. For support, we evaluate (1) MNI [5]
as the mainstream single-graph support measure, (2) FS [43] as an
image-based refinement that distributes fractional weights among
overlapping embeddings to mitigate vertex reuse, and (3) MIS [35]
as a representative reference based on independent embeddings.
For systems, we compare MDS-FSM with three widely established
FSM engines. (1) GraMi [6] serves as the representative classical
single-graph FSM engine and has been widely adopted as a stan-
dard reference system in the literature. (2) T-FSM [43] represents
the parallelization direction of single-graph FSM and provides a
strong engineering baseline for scalable mining; we evaluate both
T-FSM-MNI and T-FSM-frac to cover its two officially supported
configurations. (3)Minting [19] represents the Top-𝑘 best-first min-
ing paradigm. (4) MIS-Greedy [8] serves as a practical heuristic
baseline that estimatesMIS-based coverage by greedily selecting
non-overlapping embeddings.Minting andMDS-FSM both natively
support Top-𝑘 mining and are compared under identical 𝑘 settings.
GraMi and T-FSM are threshold-based systems; to ensure fair com-
parison, we use the smallest support threshold that yields at least 𝑘
frequent patterns. Mining is then performed under this threshold to
enumerate all frequent patterns, which are finally sorted by support
to retain the Top-𝑘 results.

Evaluation Metrics. ForMDS effectiveness, we examine how closely
a support measure aligns with independent embedding coverage.
Since computing exact MIS is computationally expensive on large
graphs, we use AIC, computed via a greedy heuristic, as a practical
approximation to MIS. Prior work [8] has shown that such heuris-
tics often yield values close to exact MIS in practice. The metric,
denoted as OER (under AIC), is then defined as

OER(𝑆) = 𝜎 (𝑆) − AIC(𝑆)
𝜎 (𝑆)

where 𝜎 (𝑆) is the support value returned by the support measure
for pattern 𝑆 . OER represents the signed relative deviation of the
support value from the AIC reference: positive values indicate over-
estimation, while negative values indicate underestimation.

For efficiency, we report the total runtime of all algorithms.

Implementation. MDS-FSM and MIS-Greedy are implemented in
C++, whileMinting, T-FSM, and GraMi are evaluated using their
official C++ implementations (GraMi from the T-FSM artifact). All
experiments run on a Linux server with dual Intel Xeon Gold 6142
CPUs (32 cores, 2.60GHz) and 512GB RAM. Each configuration is
run three times and the results are averaged. The timeout for each
run is set to 2000 seconds.

Experimental Results.We next report our findings.

Exp-1: Effectiveness of MDS. We evaluate MDS in terms of
support accuracy, structural impartiality, and downstream utility,
with Top-𝑘 set to 50 by default.

Support Accuracy. Since exact MIS computation is infeasible on
large graphs, we evaluate support accuracy on small synthetic
graphs (1K nodes) using three standard models, BA, ER, and WS,
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Table 2: OER under AIC and Exact MIS on Synthetic.

Method BA ER WS
AIC MIS AIC MIS AIC MIS

MNI 56.38% 56.38% 69.00% 68.90% 51.32% 51.27%
FS 53.60% 53.45% 69.85% 69.57% 30.68% 30.61%
MDS 21.42% 21.42% 12.48% 12.41% 15.89% 15.84%

where exact MIS can be computed. For the Top-20 patterns, we
report OER under both AIC and exact MIS, and summarize the
results in Table 2. (1) Across all graph families, the OER values
computed under AIC and under exactMIS are nearly identical for
all support measures. This provides empirical evidence that AIC is
a reliable practical proxy for MIS. (2) Under both references, MDS
consistently yields substantially smaller OER than MNI and FS,
indicating that it aligns more closely with independent-realization
semantics. Under exact MIS, the average OER of MDS is about
16.6%, compared to 58.9% for MNI and 51.2% for FS.

Table 3: OER Statistics on Real Datasets.

Dataset Support Mean (%) Std. P50 (%) P90 (%)
Yeast MNI 96.88 4.17 98.27 99.13
Yeast FS 88.35 13.90 92.01 94.07
Yeast MDS 46.87 19.86 54.61 62.04
Human MNI 96.42 1.95 96.26 98.97
Human FS 94.31 13.55 96.32 97.31
Human MDS 58.97 30.71 74.79 85.37
Mico MNI 95.47 6.91 98.69 99.25
Mico FS 85.78 12.98 93.21 96.97
Mico MDS 42.78 18.25 50.77 55.50
WCGoals MNI 18.55 12.19 26.32 27.75
WCGoals FS 20.49 14.76 14.38 25.03
WCGoals MDS 9.24 10.33 11.24 26.32
DBLP MNI 26.19 14.92 19.36 57.95
DBLP FS 11.01 18.72 -2.80 50.28
DBLP MDS 19.19 0.44 19.25 19.62
Patent MNI 14.37 1.28 14.55 15.69
Patent FS -5.21 5.73 -5.93 -4.67
Patent MDS 14.37 1.28 14.55 15.69

Table 3 further reports OER statistics on real datasets. (1) On
datasets where image-based supports exhibit severe overestimation
(Yeast,Human, andMico), the meanOER decreases from 96.26% for
MNI to 49.54% forMDS on average, and extreme deviations are also
reduced (e.g., Yeast P90: 99.13% vs. 62.04%). (2) OnWCGoals, where
overlap is more localized, the mean OER decreases from 18.55%
to 9.24%. (3) On sparse large-scale graphs (DBLP and Patent), the
difference becomes smaller: MDS produces a much lower extreme
deviation onDBLP (P90 19.62% vs. 57.95% forMNI), while matching
MNI on Patent (mean 14.37%). (4) Negative OER values occur only
for FS on a few datasets (e.g., DBLP and Patent), as its fractional
sharing heuristic may overly penalize reused vertices. Overall,MDS
provides the largest benefit when embedding overlap is substantial,
while remaining competitive when overlap is sparse.

Structural Impartiality. A desirable support measure should behave
consistently across different structural patterns rather than favor-
ing particular topologies in practice. To examine this property, we
group mined patterns from six real datasets into five topology fam-
ilies (paths, trees, cycles, cliques, and stars) and compare their OER
statistics. As shown in Table 4,MNI and FS exhibit strong structural
bias. They severely overestimate highly overlapping structures such
as cycles and cliques (OER > 90%), while producing smaller devi-
ations on trees and stars. In contrast, MDS consistently reduces
OER across all topology families, with the largest improvements
observed on cycles and cliques (−31.7% and −43.4%). Even on paths
and stars, where image-based supports are relatively stable,MDS
still yields noticeable reductions. Moreover,MDS achieves much
lower cross-topologyOER variance (8.92 vs. 14.72 forMNI), indicat-
ing more uniform evaluation behavior. Overall, these results show
thatMDS substantially improves structural impartiality across di-
verse graph patterns.

Downstream Utility. We evaluate whether the mined patterns im-
prove downstream query processing by using the Top-𝑘 patterns
as indexes for query verification. On each dataset, we generate 30
query graphs (3–6 edges) and vary 𝑘 from 10 to 50. All methods
use the same query workload and candidate generation procedure.
We report the candidate pruning ratio, i.e., the fraction of query
candidates eliminated before verification, together with the overall
average end-to-end query time.

Figure 3 reports the results. (1)MDS achieves the highest pruning
ratio. Averaged over the six datasets and all 𝑘 values, its average
pruning ratio is 0.3604, outperformingMNI (0.2517) and FS (0.1779)
by 43.2% and 102.6%, respectively. (2) The stronger pruning also
reduces the end-to-end query time.MDS lowers the average end-to-
end query time to 441.5 s, compared with 503.1 s forMNI and 530.3
s for FS, i.e., reductions of 12.2% and 16.7%. (3) The gains are largest
on the PPI networks (Yeast, Human), where embedding overlap is
substantial, while the bibliographic graphs (DBLP, Patent) show
smaller but consistent improvements.

Exp-2: Efficiency of MDS-FSM. We compare the runtime of
MDS-FSM with existing FSM systems by varying 𝑘 from 10 to 50;
the results are shown in Figure 4.MIS-Greedy is included only as
an accuracy reference and becomes impractical even at small 𝑘 .
(1) On dense-overlap graphs (Yeast, Human, Mico), MDS-FSM is
substantially faster. For example, on Yeast at 𝑘 = 50, MDS-FSM
finishes in about 1.1s while GraMi and T-FSM require around 103s.
On Human,MDS-FSM runs in about 1s compared with 102–103s
for image-based FSM systems. (2) On sparse graphs (DBLP, Patent),

Table 4: Per-Topology Average OER Comparison (%).

Topology MNI FS MDS Improvement
Path 74.4 79.7 48.4 -26.0
Tree 60.8 69.6 55.9 -4.9
Cycle 97.5 94.6 65.8 -31.7
Clique 92.0 84.1 48.6 -43.4
Star 63.9 63.6 39.0 -24.9
Cross-Topology Std. 14.72 10.89 8.92 -39.4
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Figure 3: Downstream Performance.
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Figure 4: Efficiency Performance.

the gap becomes smaller but MDS-FSM remains consistently com-
petitive. For instance, on DBLP at 𝑘 = 50, MDS-FSM takes about
5s versus roughly 15s for GraMi. (3)WCGoals is the only dataset
whereMinting is faster (about 5s vs. 32s forMDS-FSM), which is
consistent with its star-dominated structure that is already well cap-
tured by image-based supports. Overall,MDS-FSM scales smoothly
with 𝑘 and avoids the runtime escalation observed in image-based
FSM approaches in practice.

Exp-3: Scalability of MDS-FSM. We further evaluate scalability
on synthetic graphs under skewed label distributions.

Varying |𝑉 |. Figure 4(g) reports runtime as |𝑉 | increases from 10K
to 5M. Runtime increases consistently as graph size grows. ER and
WS graphs complete successfully even at 5M vertices, finishing in
about 104s. BA graphs are consistently more expensive due to their
hub-dominated topology, which produces larger candidate sets.

Varying 𝑘 . Figure 4(h) evaluates sensitivity to𝑘 by fixing |𝑉 | = 100K
and varying 𝑘 from 5 to 100. Runtime increases with 𝑘 and reaches
about 254s at 𝑘 = 100, showing that the system remains practical
even when more patterns are required.
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Ablation Study.We conduct ablations to evaluate the impact of
the efficiency optimizations (orbit decomposition and upper-bound
pruning) and the minimum global density formulation of MDS.

Table 5: Efficiency Ablation Results.

Dataset Time (s)
MDS-FSM SFM NoSep Vertex NoLB

Yeast 0.42 21.81 0.54 0.62 0.75
Human 0.74 31.00 1.01 1.65 1.91
Mico 175.67 1524.91 253.82 279.61 669.76
WCGoals 32.50 723.36 41.25 155.30 1312.23
DBLP 3.14 3.21 3.14 3.18 3.13
Patent 27.39 27.53 27.05 27.31 27.67

Evaluation Strategy Study. We evaluate the contribution of each
component using five variants:MDS-FSM (full), SFM (direct solver),
NoSep (without separability), Vertex (vertex-level evaluation), and
NoLB (without lower-bound tightening). Table 5 reports the re-
sults. Overall, MDS-FSM achieves the best performance. Replacing
bound-based evaluation with SFM increases runtime by about 9.7
times on average, suggesting that the polynomial-time formulation
is computationally expensive in practice without optimization. Re-
moving decomposition (NoSep and Vertex) incurs moderate over-
head (36.3% and 95.0% on average), indicating that separability
and orbit-level reduction reduce redundant evaluation. In contrast,
disabling lower-bound tightening (NoLB) leads to the largest slow-
down (about 8.4 times), as it weakens pruning during mining and
forces many patterns to be fully evaluated.
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Figure 5: Global Density Minimization Ablation.

MDS Variants. We compare three variants: MDS-full (minimum
density),MDS-average (average density), andMDS-MNI (equiva-
lent to MNI). Figure 5 reports average OER. (1) Across all datasets,
MDS-MNI yields the largest OER, while both MDS-full and MDS-
average substantially reduce it, especially on high-overlap graphs
(Yeast,Human,Mico). (2) Among the two global variants,MDS-full
consistently achieves the lowest OER; for example, on DBLP it re-
duces OER to about 19% compared with 24% for MDS-average and
26% forMDS-MNI. Overall, global density reasoning is essential for
accurate support estimation, and worst-case minimization provides
the most stable results.

Exp-4: Case Study. To illustrate the qualitative effect of differ-
ent support measures, we analyze representative Top-𝑘 patterns

Rank MNI FS MDS

1
support = 529 support = 302 support = 264

2
support = 264 support = 267 support = 191

3
support = 393 support = 262 support = 183

4

support = 373 support = 261 support = 176

5

support = 368 support = 241 support = 172
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Figure 6: Representative Top-𝑘 Patterns on Yeast.

discovered on the Yeast PPI dataset. Figure 6 reports the Top-5
patterns with their support values. UnderMNI and FS, the patterns
are almost identical and are dominated by homogeneous backbone
motifs with label “2–2”, which receive very large support values due
to heavy embedding overlap. UnderMDS, these backbone motifs
obtain much smaller supports and no longer dominate the ranking.
Instead, MDS surfaces structurally different motifs (e.g., involving
labels “0–2” and “2–3”) that do not appear in the results under
MNI and FS. Overall, by mitigating overlap inflation,MDS changes
the ranking of frequent patterns and reveals additional motifs that
would otherwise be suppressed by backbone structures.

Summary.MDS substantially improves both support behavior and
mining outcomes. Across datasets, MDS (1) reduces OER by up to
55% (37% on average), with absolute reductions of up to 52.7% points
on densely overlapping graphs; (2) lowers cross-topology OER vari-
ation from 14.7% to 8.9% (a 39.4% reduction), indicating much more
stable structural evaluation; (3) significantly improves downstream
graph-index query performance, achieving 43.2% higher average
pruning ratio and 12.2% lower average end-to-end query time than
the strongest baseline; and (4) scales smoothly to graphs with mil-
lions of nodes while maintaining competitive runtime.

6 CONCLUSION
We propose Minimum Density Support (MDS), a coverage-based
frequencymeasure for single-graph FSM based on global subset den-
sity minimization.MDS is anti-monotone and provably bounded
between MIS and MNI, offering a tractable alternative to FSM.
Leveraging orbit-block optimality and subset separability, we design
an efficient MDS-FSM algorithm. Experiments on six real-world
graphs show that MDS reduces overestimation by 37% on aver-
age, decreases cross-topology OER variance by 39%, and improves
downstream graph-index query performance, while maintaining
competitive efficiency and scaling to million-node graphs. Future
work includes extendingMDS to dynamic or streaming graphs and
integrating it with approximate frameworks for scalability.
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