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ABSTRACT

Maximal clique enumeration is a fundamental graph mining task,

but its utility is often limited by computational intractability and

highly redundant output. To address these challenges, we introduce

d-dense aggregators, a novel approach that succinctly captures maxi-

mal clique structure. Instead of listing all cliques, we identify a small

collection of clusters with edge density at least d that collectively

contain every maximal clique.

In contrast to maximal clique enumeration, we prove that for all

d < 1, every graph admits a d-dense aggregator of sub-exponential

size, =$ (log1/d =) , and provide an algorithm achieving this bound.

For graphs with bounded degeneracy, a typical characteristic of

real-world networks, our algorithm runs in near-linear time and

produces near-linear size aggregators. We also establish a matching

lower bound on aggregator size, proving our results are essentially

tight. In an empirical evaluation on real-world networks, we demon-

strate signi�cant practical bene�ts for the use of aggregators: our

algorithm is consistently faster than the state-of-the-art clique enu-

meration algorithm, with median speedups over 2.5× for d = 0.1

(and over 300× in an extreme case), while delivering a much more

concise structural summary.
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1 INTRODUCTION

Finding maximal cliques is a fundamental graph mining task with

many applications in social network analysis [24, 43], community

detection [20, 51], bioinformatics [47, 53], analysis of �nancial net-

works [9, 10] among other areas. However, despite its wide ap-

plicability, its practical adoption is impeded by two signi�cant

challenges.
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Figure 1: A graph with 8 maximal cliques (each maximal

clique is a triangle), and an 0.8-dense aggregator ( = {(1, (2},
where (1 = {1, 2, 5, 6, 7} and (2 = {2, 3, 4, 5, 8}. 34=B8C~ ((1) and
34=B8C~ ((2) ≥ 0.8, and for every clique � in the graph, either

� ⊆ (1 or � ⊆ (2.

The �rst is computational feasibility. Finding the largest size

clique, or even approximating it within a factor of =1−n is NP-

hard [26, 29, 54], and for a given : , even detecting if a graph has

a clique of size : is W[1]-hard [18, 19]. Note that both of these

problems are trivially solved if one can list all maximal cliques.

Furthermore, the number of maximal cliques can grow exponen-

tially with the number of vertices, making complete enumeration

intractable for many graphs. A classic example is the Moon-Moser

graph, which contains 3=/3 maximal cliques. The in�uential work

of Eppstein, Lö�er and Strash [23] showed that maximal clique

enumeration is feasible in multiple real-world sparse graphs with

millions of edges. However, the problem’s di�culty is highly sensi-

tive to the graph’s structure and so it remains intractable for other

graphs of similar size and density.

The second challenge relates to the utility of the output. Even

when enumeration is computationally tractable, the resulting list

of maximal cliques may be highly redundant and fail to provide a

succinct structural summary. A single large, dense region in a graph

can give rise to a vast number of highly overlappingmaximal cliques

and a single vertex may be contained in hundreds of thousands or

even millions of maximal cliques. For applications, a more useful

output might be a single cluster representing the union of these

highly overlapping cliques, rather than an exhaustive and repetitive

list of all of them. Although numerous relaxations of cliques and

dense subgraph mining have been studied in the literature, these

methods typically su�er from poor scalability and do not guarantee

concise representation of all cliques [12, 14, 21, 27, 37, 38].

Our contributions. In this work, we address these limitations by

introducing a new problem that formalizes the idea of succinctly

capturing the maximal clique structure. Instead of listing every

maximal clique, we aim to �nd a small collection of dense clusters
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that collectively contain all of them. We formalize this notion using

the following de�nition.

De�nition 1.1. A d-dense aggregator is a set of clusters where

every maximal clique is fully contained within at least one cluster,

and every cluster has edge density of at least d .

De�nitin 1.1 is illustrated in Figure 1. Here, we consider the

normalized notion of edge density which for a subgraph ( is de�ned

as |� (() |/( |+ (( ) |
2

)

.

The problem we consider in this paper is how to �nd, for a given

density d , a small d-dense aggregator. Note that when the density

threshold is set to d = 1.0, our problem becomes equivalent to

maximal clique enumeration, as every cluster in the aggregator

must be a clique.

To illustrate the utility of our new formulation, consider the

extreme case of a Moon-Moser graph [35] – an = vertex graph that

has 3=/3 maximal cliques, each of size =/3. This graph is obtained

from a complete graph by removing = edges1. The output of max-

imal clique enumeration is both exponential in size, and highly

redundant, as two randomly chosen cliques have, in expectation,

=/9 vertices in common. Yet, the density of the entire graph is

1 − 2/(= − 1). So for any d ≤ 1 − 2/(= − 1) there exists a trivial
d-dense aggregator with a single cluster containing all vertices.

Theoretical guarantees: While the Moon-Moser graph is admit-

tedly very di�erent from real-world graphs, the fact that the aggre-

gator size is much smaller than the number of maximal cliques is a

more general phenomenon. Namely, we show that for any constant

d < 1 every graph admits a d-dense aggregator of sub-exponential

size upper bounded by =$ (log1/d =) . In fact, in Section 3 we also give

an algorithm for computing such an aggregator whose running

time satis�es the above bound.

We also show that the running time of our algorithm (and also

the maximum aggregator size) is almost-linear for graphs with

polylogarithmic degeneracy (Corollary 3.4). The degeneracy of a

graph � is the smallest number 3 , such that every subgraph of �

contains a vertex of degree at most 3 . It has been observed that

the degeneracy of real-world graphs is typically much smaller than

their maximum degree [32].

To show the tightness of our arguments, we also provide a lower

bound on the aggregator size. Namely, we show that for d ≥ 2/log=
(for some constant 2), there exist graphs where every d-dense aggre-

gator has size Ω∗ (=log=/log log=) where Ω∗ hides factors sublinear
in = (Theorem 4.1). This bound matches our upper bound up to

sublinear factors.

Empirical observations: We conduct an empirical evaluation of

our algorithm on sixteen real-world graphs and demonstrate the

e�ciency of our approach in comparison to �ickCliques [23],

the state-of-the-art algorithm for listing maximal cliques. Across

over 10 datasets we study, we observe that computing a 0.9-dense

aggregator is typically over 30% faster than listing maximal cliques.

For 0.1-dense aggregators, the median speedup is over 2.5×. In the

most extreme case, our clique aggregator is over 170 times faster

than the baseline, both at 0.1 and 0.9 density thresholds.

We also observe that the output size of the clique aggregator

is consistently smaller than the number of maximal cliques, on

1=/3 disjoint triangles to be precise.

average by almost 20× and 2× for the density thresholds of 0.1 and

0.9, respectively.

Finally, we also measure the maximum number of clusters a sin-

gle vertex is contained in and observe that in the solution produced

by our clique aggregator algorithm this quantity decreases by 66×,
and 5.2× for the density thresholds of 0.1 and 0.9, respectively.

Overall, our clique aggregator algorithm runs faster than the

state-of-the-art algorithm for enumerating maximal cliques, pro-

duces a smaller output, and signi�cantly reduces the maximum

number of clusters a single vertex is contained in.

To understand how common clustering formulations di�er from

the task of computing a clique aggregator, we also study how com-

mon clustering techniques, such as modularity clustering, perform

in terms of �nding dense clusters that contain all maximal cliques.

We �nd that, perhaps unsurprisingly, once we tune the methods

to �nd dense clusters, they perform poorly at the coverage task,

typically covering 20%–30% of maximal cliques. Finally, we also

provide a theoretical justi�cation for this observation. In Theo-

rem 4.2 we show that there exist graphs for which any clustering

into non-overlapping clusters of at least constant density fails to

cover almost all maximal cliques. This holds even if covering only a

constant fraction of a clique is su�cient. Theorem 4.2 formalizes an

intuitive fact that covering maximal cliques with dense clusters re-

quires overlapping clustering. Certain proofs and additional �gures

have been delegated to the arXiv version in the interest of space.

1.1 Related Work

Maximal clique enumeration has a long history, starting with the

seminal work of Bron–Kerbosch [11]. Their recursive enumera-

tion algorithm and its pivoting-enhanced variant [46] signi�cantly

improved the time required to enumerate maximal cliques, both

in theory and practice. More e�cient algorithms (and especially

output-sensitive algorithms) have since been developed for sparse

graphs, with near-optimal bounds relative to the number of maxi-

mal cliques [15, 22, 33]. More recent work has even further accel-

erated maximal clique listing by graph reduction [16] and hybrid

branching [50]. Recently, clique enumeration has been shown to

be �xed-parameter tractable for 2-closed graphs [25]. Despite these

advances, maximal clique enumeration remains computationally

challenging due to the potential exponential number of maximal

cliques, motivating alternative approaches.

One line of work addresses this challenge by observing that

many maximal cliques tend to be concentrated in dense regions

that resemble cliques with a few missing edges. They thus aim to

enumerate relaxations of cliques such as :-plexes, :-clubs, near-

cliques, quasi-cliques, etc. However, these methods do not scale well

for large values of : , particularly on large graphs [12, 14, 27, 37].

Approaches for enumerating all subgraphs exceeding a speci�ed

edge-density threshold have also been proposed [38, 48], but these

too are typically e�ective only within limited density regimes and

fail to scale to large graphs.

A line of work that explores coverage strategies and that has

inspired our algorithm is the combinatorics literature on the con-

tainer method. Introduced independently by Balogh, Morris, and

Samotij [3], and Saxton and Thomason [42], it allows for the ap-

proximation of large families of subgraphs using a much smaller
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collection of “containers” that cover all relevant subsets while satis-

fying bounded density properties. While foundational, this line of

work has been purely theoretical, focusing on combinatorial results

rather than practical algorithmic applications. Another line of work

explores clique summarization [21], outputting a “meaningful” sub-

set of cliques that preserve certain properties. However, by design,

they are lossy and can miss important cliques.

The rest of the paper is organized as follows. We start with some

notation and necessary de�nitions in Section 2. In Section 3 we

describe our algorithm for �nding clique aggregators and analyze

the performance of the algorithm in general graphs as well as in

bounded-degeneracy graphs. In Section 4we describe a lower bound

on the worst-case size of an aggregator. In Section 5 we discuss

the implementation of our algorithm and the optimizations that we

have applied. In Section 6 we describe the results of our experiments

on real-world graphs and demonstrate the e�ectiveness of our

algorithm.

2 PRELIMINARIES

Let � = (+ , �) be an undirected graph with = = |+ | vertices and
< = |� | edges. We will use #� (E) to denote the neighborhood

of vertex E in � . A cluster in � is a nonempty subset � ⊆ + and

a clustering of � is a collections of clusters. Note that we allow

clusters in a clustering to have nonempty overlap. A clustering in

which every vertex belongs to exactly one cluster is called non-

overlapping. For � ⊆ + , we will denote by � [�] the subgraph of �

induced by � , and where the meaning is clear from the context, we

will abuse notation slightly and use � and � [�] interchangeably.
We de�ne the density of a graph � to be</(=2

)

, or 1, if the graph

has only 1 vertex. We let 0 < d ≤ 1 represent a density threshold.

De�nition 2.1 ([44]). For a graph � = (+ , �), a degeneracy order-

ing of � is a permutation of + given as E1, E2, ..., E= such that: for

each 8 ≤ =, E8 is the minimum degree vertex in the subgraph in-

duced by E8 , E8+1, ..., E= (we can enforce uniqueness of the ordering

by breaking ties by vertex id). The degree of E8 in � |E8 ,...,E= is the

core number of E8 . The largest core number is called the degeneracy

of � , denoted U (�).
It is well known that there exists a linear time procedure to

calculate the degeneracy ordering [34] of � . The algorithm simply

removes the lowest degree vertex (and its adjacent edges) from the

graph iteratively, and the degeneracy ordering is the order in which

the vertices are removed from the graph.

De�nition 2.2. Let� = (+ , �) be an undirected graph. A d-dense

aggregator of � is a collection of clusters �1, . . . ,�: , such that:

(1) for any clique � in � , there exists a subset �8 , such that

� ⊆ �8 , and
(2) for any �8 , the density of � [�8 ] is at least d .

We will say that an aggregator ( is inclusion maximal if �(8 , ( 9 ∈ (
such that (8 ⊆ ( 9 .

Figure 1 gives the example of an inclusion-maximal d-dense

aggregator for d = 0.8 and a graph � .

3 MAIN ALGORITHM

In this section, we present our algorithm, Algorithm 1, that outputs

an aggregator whose size is subexponential in =. The algorithm

is a combination of the algorithm of Chiba-Nishizeki [13], which

uses backtracking with degeneracy ordering to recursively enu-

merate cliques, and the algorithm of Bron-Kerbosch [11], which

maintains a set of processed vertices to prune redundant branches.

The algorithm also draws inspiration from the graph containers of

Kleitman and Winston [30] studied in the context of independent

sets, which were recently generalized to hypergraphs [4] and used

algorithmically in several lines of work [5, 6, 28, 52].

We �rst give a high-level description of our procedure. We say

that a set of vertices  extends a set of vertices � ⊆ + (�) if  is a

clique that is disjoint from � , and every vertex of  is adjacent to

every vertex of � . We say that a clique  has been acquired by an

aggregator ( if there exists (8 ∈ ( such that  ⊆ (8 . Note that if a
clique  has been acquired by ( , then every clique that is a subset

of  has also been acquired by ( .

Our algorithm, Algorithm 1, similar to existing clique enumer-

ation algorithms, recursively grows clusters. Each recursive call

of our algorithm is associated with a clique � that the algorithm

has discovered and is aiming to grow, and a subset � ⊆ + (�) of
common neighbors of � which the algorithm can use to grow � .

The goal of the recursive call is to return a d-dense aggregator that

has acquired all the cliques in � [� ∪ � ].
If the density of� [� ∪� ] is at least d , we simply add the cluster

{� ∪� } to the aggregator, acquiring all cliques in� [� ∪� ]. If the
density of � [� ∪ � ] < d , then also the density of � [� ] < d (since

� is a clique and each vertex of � has an edge to each vertex of � ),

and so there exists a vertex E ∈ � of degree at most d · |� |. In this

case, we recursively acquire cliques of � [� ∪ � ] as follows.
(a) we make a recursive call with� := �∪{E} and� := #� (E),

the neighborhood of E in � , to �nd d-dense clusters of

� [� ∪ � ] that include E .
(b) we make a recursive call on � and � \ {E} to �nd d-dense

clusters of � [� ∪ � ] that do not include E .

Since problem (a) is smaller by a factor of d , we can derive a

much smaller bound on the size of the aggregator, compared to

the upper bound on the number of maximal cliques. Note that in

our pseudocode (and in practice), we perform (b) iteratively rather

than recursively for e�ciency. In Figure 2, we provide a worked

out recursive step on a small instance to show the two cases for

our aggregators.

To further improve the e�ciency of our algorithm and ensure

that it produces an inclusion maximal aggregator, we use the prun-

ing method introduced in the seminal work of Bron and Ker-

bosch [11]. The implementation of this pruning is marked in teal in

CliqeAggRec. In fact, evenwithout the pruning inCliqeAggRec

one can show the same running time and correctness guarantees

on the algorithm as with pruning, except that the output may not

be inclusion maximal anymore.

The algorithm maintains a set - of vertices that are all adjacent

to the clique � such that all cliques containing {G} ∪ � , ∀G ∈ -
have already been acquired by the aggregator (note that this implies

that all cliques contained in {G} ∪ � have also been acquired by

the aggregator). If at any recursive call there exists a vertex G ∈ -
such that � ⊆ #� (G), then every clique of � ∪ � is contained in

a clique of � that also contains G . Since all the cliques containing

�∪{G} have been acquired, it must be that all the cliques contained
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Algorithm 1 Computing an aggregator. The code in teal ensures

that the aggregator is inclusion-maximal

1: function Density(�,�,�)

return edge density of � [� ∪�]
2: function CliqeAggRec(�,�, d,�, - )

3: for each G ∈ - do

4: if � ⊆ #� (G) then return ∅
5: if Density(�,�,�) ≥ d then

6: return {� ∪ � }
7: ( := ∅, �̂ := �, -̂ := -

8: $A3 := DegeneracyOrdering(�̂ )
9: for each E ∈ �̂ according to $A3 do

10: �E := #�̂
(E)

11: �E := � ∪ {E}
12: -E := -̂ ∩ #� (E)
13: (E := CliqeAggRec (�,�E, d,�E, -E)
14: ( := ( ∪ (E
15: �̂ := �̂ \ {E}
16: -̂ := -̂ ∪ {E}
17: for each G ∈ -̂ do

18: if �̂ ⊆ #� (G) then return (

19: if Density(�, �̂,�) ≥ d then

20: return ( ∪ {� ∪ �̂ }
21: return (

22: function CliqeAgg(�, d) ⊲ � is a graph and d ∈ (0, 1]
23: ( := CliqeAggRec (�,+ (�), d, ∅, ∅)
24: return (

in� ∪� have also been acquired. In this case, the algorithm simply

returns, thus avoiding adding redundant clusters to the aggregator.

We formally prove the correctness and running time bound of

our algorithm below. We �rst show that CliqeAggRec maintains

some invariants.

Lemma 3.1. For every recursive call of CliqeAggRec

(�,�, d,�, - ) made by CliqeAgg, the following invariants hold:

(i) The for loop of line 9 maintains the invariant that� extends

-̂ ∪ �̂ .
(ii) �E extends -E ∪�E for every recursive call CliqeAggRec

(�,�E, d,�E, -E) made.

Proof. We will prove this using induction. Suppose the invari-

ants are true at the start of some recursive call CliqeAggRec

(�,�, d,�, - ). We have that �̂ = � and -̂ = - and by assumption,

� extends -̂ ∪ �̂ at the start of the for loop of line 9. The only

modi�cation the loop makes to �̂ and -̂ in each iteration is to move

a vertex (E) from �̂ to -̂ in lines 15 and 16 . Hence, at every iteration,

� extends -̂ ∪ �̂ and invariant (i) holds.

For Invariant (ii), suppose at the start of a recursive call

CliqeAggRec (�,�, d,�, - ), � extends - ∪ � . Then, by Invari-

ant (i), at every iteration of the for loop of line 9,� extends -̂ ∪ �̂ .

For a vertex E ∈ � ,�E = � ∪ {E},�E = #�̂
(E) and -E = - ∩#� (E).

�E is a clique and �E extends -E ∪ �E . Thus, invariant (ii) holds.

Since, for the initial call, CliqeAggRec (�,+ (�), d, ∅, ∅),� = ∅
and - = ∅, Invariants (i) and (ii) vacuously hold true for the initial

1

2

3

4

7

5

6

�, d = 0.8

CliqeAggRec�={1, . . . , 7}, �=-=∅
density < d ⇒ branch

E = 1: �1={2, 3}, �1={1}
- = {∅}⇒ add {1, 2, 3} to (

E = 2: �2 = {2}, -2={1}
�2 = {3} ⊆ # (1) ⇒ prune

After E = 2: �̂={3, . . . , 7}, -̂={1, 2}
density(�̂ ) ≥ d ⇒ add {3, 4, 5, 6, 7} to ( , return

Output: ( =

{

{1, 2, 3}, {3, 4, 5, 6, 7}
}

Figure 2: Illustrative execution of CliqeAgg with d = 0.8

on the graph � . The triangle {1, 2, 3} is discovered at the �rst

recursive branch, while the cluster {3, 4, 5, 6, 7} satis�es the
density check and leads to early termination.

call to CliqeAggRec and as a result, Lemma 3.1 is true for every

recursive call of CliqeAggRec made by CliqeAgg. □

We now prove our main claim that algorithm CliqeAgg out-

puts an inclusion-maximal d-dense clique aggregator of � . We use

induction on the number of vertices in the set � to demonstrate

that every recursive call of CliqeAggRec (�,�, d,�,- ) returns
an inclusion-maximal set ( of d-dense clusters such that every

clique  ∈ � ∪� is either acquired by a d-dense cluster (8 that is

added to ( , or extended by a vertex G from the set - . Since, for the

initial call to CliqeAggRec made by CliqeAgg, - = � = ∅ and

� = + (�), the ( returned by that call (and hence by CliqeAgg) is

an inclusion-maximal d-dense clique aggregator of � .

Theorem 3.2. CliqeAgg (�, d) outputs an inclusion-maximal

d-dense clique aggregator of � .

Proof sketch. We �rst show that for the set ( returned by any

recursive call CliqeAggRec (�,�, d,�, - ) made by CliqeAgg,

the following three properties hold:

(i) For every clique  in � [� ∪�], either ∃G ∈ - such that

 ∪ {G} is also a clique in � , or ∃(8 ∈ ( such that  ⊆ (8 .
(ii) For every (8 ∈ ( , � [(8 ] is d-dense.
(iii) ( is inclusion-maximal.

Note that these properties imply that the ( returned by CliqeAg-

gRec (�,+ (�), d, ∅, ∅) and hence by CliqeAgg (�, d) is an

inclusion-maximal d-dense clique aggregator for � .

Property (ii) follows directly from the conditions leading to

adding a cluster in lines 5 and 19. Towards Property (i), for a re-

cursive call CliqeAggRec (�,�, d,�, - ), we say that a clique  
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is a violating clique if  ⊆ � ∪ � , there exists no G ∈ - that ex-

tends  and no (8 ∈ ( = CliqeAggRec (�,�, d,�,- ) such that

 ⊆ (8 (i.e.  is not acquired by ( = CliqeAggRec (�,�, d,�, - )).
Then showing Property (i) is equivalent to showing that there is

no violating clique for CliqeAggRec (�,�, d,�,- ).
We prove this claim as well as Property (iii) by induction on

the number of vertices in � . The complete proof, which is con-

ceptually straightforward, but quite technical is included in the

supplementary material. □

We now bound the size of the aggregator output by CliqeAgg

and the running time of the algorithm.

Theorem 3.3. Algorithm CliqeAgg outputs a d-dense aggrega-

tor of size$ (= (1+log1/d =)/2) in time$ ((< +=)= (1+log1/d =)/2). For a
graph with degeneracyU , algorithmCliqeAgg outputs a d-dense ag-

gregator of size$ (= ·U (1+log1/d U )/2) in time$ (<U+=U (3+log1/d U )/2)
for d ∈ [1/=, 1).

We note that the assumption that d ≥ 1/= is not limiting. When-

ever d ≤ 1/=, there exists a trivial clique aggregator consisting of
the connected components of the graph.

Proof. Let us �rst bound the number of recursive calls of the

algorithm. In the proof, we consider a function ) : R≥0 → N,

which satis�es the following three properties. First,) (0) = ) (1) = 1.

Second, ) (8) is an upper bound on the number of recursive calls

of CliqeAggRec(�,�, d,�,- ) assuming that the size of � is 8 .

Third, ) is nondecreasing.

From the pseudocode and monotonicity of ) , we obtain

) (=) ≤
=
∑

8=1

) (d · (= − 8)) ≤ = ·) (d · =).

Using this property, we can prove by induction that

) (=) ≤ = (1+log1/d =)/2 .
Indeed,

) (=) ≤ = ·) (d · =) ≤ = · (d · =) (1+log1/d (d ·=) )/2

= = · (d · =) (log1/d =)/2 = = · =−1/2= (log1/d =)/2

= =
(1+log1/d =)/2 .

Thus, the algorithm makes at most = (1+log1/d =)/2 recursive calls.
We now bound the cost of each recursive call. We call the time

spent within a function, excluding the recursive calls it makes, the

non-cumulative running time.

Finding the degeneracy ordering, calculating the density, con-

structing the neighborhoods of the nodes, and maintaining the

set - can be done in $ (< + =) time by making a constant num-

ber of passes over the vertices and edges in the graph and count-

ing/adding them in the appropriate sets. Hence, the non-cumulative

time spent at every recursive call is $ (< + =). Since there are at
most$ (= (1+log1/d =)/2) recursive calls made, the total running time

of the algorithm is $ ((< + =)= (1+log1/d =)/2).
However, similar to [22] we can give a more �ne-grained bound

in terms of the degeneracy, U . For the sake of exposition, in Al-

gorithm 1, we have passed � to every recursive call, along with

the corresponding sets -,� and � . However, all the tasks that con-

tribute to the non-cumulative running time such as constructing

the neighborhoods of the nodes, and maintaining the set - can

be performed more e�ciently if we pass the subgraph � [� ∪ - ]
instead (in addition to �). This is because the vertices and edges

not in � [� ∪ - ∪�] are immaterial to constructing the inclusion-

maximal d-dense aggregator of � [� ∪�]. To process a vertex E in

CliqeAggRec then, it su�ces to look at E ’s neighbors in� [� ∪- ].
Consider the �rst call to CliqeAggRec made by CliqeAgg.

For any E ∈ + , the sets -E and �E , and the subgraph � [�E ∪ -E]
are constructed in time $ (U ( |�E | + |-E |) (Lemma 3 and Theo-

rem 2 in [22]). Thus, cumulatively, the �rst call to CliqeAggRec

takes time at most
∑

E (U ( |�E | + |-E |)) = <U to construct the

subgraphs � [�E ∪ -E] for all E ∈ + . Moreover, the use of de-

generacy ordering in CliqeAggRec implies that for each of the

recursive calls, � has size at most U . Hence, the size of the recur-

sion tree created by each recursive call is at most U (1+log1/d U )/2.
The non-cumulative time for every recursive call in these trees is

$ (< + =) = $ (=U). Thus, the total time of each recursion tree is

at most $ (=U · U (1+log1/d U )/2) = $ (=U (3+log1/d U )/2). Combining

with the $ (<U) taken by the �rst call of CliqeAggRec, the total

running time of Algorithm CliqeAgg is$ (<U + =U (3+log1/d U )/2).
□

We note that since U ≤ = − 1, Theorem 3.3 implies that a d-

dense aggregator of size quasi-polynomial in = always exists. This

is remarkable because the number of maximal cliques can be expo-

nential (Θ(3=/3) [11]) in the worst case.

Theorem 3.3 implies the following useful lemma.

Corollary 3.4. Let U = 2> (
√
log=) . For d = 1 − Ω(1), algo-

rithm CliqeAgg outputs a d-dense aggregator of size$ (=1+> (1) ) in
time $ (=1+> (1) ) and for d ≥ 2/log= for some constant 2 , algorithm

CliqeAgg outputs a d-dense aggregator of size =
$ ( log=

log log=
)
in time

=
$ ( log=

log log=
)
.

Proof. We note that U = 2> (
√
log=)

= => (1/
√
log=)

= => (1) and
logU = > (

√

log=). Hence, if d = 1 − Ω(1) then by substituting for

U and d in Theorem 3.3

U
(1+log1/d U )/2 = U$ (logU )

= (2> (
√
log=) )> (

√
log=)

= 2> (log=) = => (1) .
Similarly, when d ≥ 2/log=, the asymptotic running time and size

of aggregator are =
$ ( log=

log log=
)
. As we will show in Theorem 4.1, our

lower bound matches this upper bound up to constant factors. □

4 LOWER BOUND

In this section, we will show that there exist graphs for which clique

aggregators whose size is polynomial in = do not exist, and we give

a lower bound for the size of an aggregator for these graphs that

matches the upper bound of Corollary 3.4 up to sublinear factors.

Theorem 4.1. There exists a constant 2 and a family of graphs G
for which every d-dense clique aggregator for d ≥ 2/log= has size

Ω
∗ (=

3 log=
8 log log= ) (Ω∗ hides factors sublinear in =).
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Proof. We show this by obtaining a lower bound for the num-

ber of clusters required to acquire every maximum clique in the

graph. Since every maximum clique is also a maximal clique, clearly,

this is a lower bound for the size of the aggregator. Consider the

following family G of random graphs. + consists of = vertices par-

titioned into : vertex-disjoint subsets +1, . . . ,+: each consisting of

=/: vertices2 for : =
1
2

log=
log log=

. For each 8 = 1, . . . , : , the vertex set

+8 is independent. Edges between vertices D ∈ +9 and E ∈ +9 ′ for
distinct ( 9, 9 ′) are added independently with probability ? =

1
log=

.

Our proof now splits into two parts. We �rst show that any

cluster of at least log2 = vertices in a graph from G has density

smaller than 2/log= for some constant 2 with high probability (i.e.

with probability that (polynomially) goes to 0 as = goes to in�nity).

Then we show that a graph from G has Ω∗ (=
3 log=

8 log log= ) cliques of size
: =

1
2

log=
log log=

with high probability. Consequently, in almost every

graph from G, the maximum cliques must be covered by clusters

of size less than log2 =. Furthermore, each such cluster covers at

most (log2 =): = $ (=) maximum cliques. So our cover must use

Ω
∗ (=

3 log=
8 log log= ) clusters.

(A) Clusters of size at least log2 = have density $ (1/log=).
Consider a cluster� of ℓ vertices in a graph from G. The number

of edges in the subgraph induced by this cluster is a binomial

random variable - = �8=><80; (<, ?) where< =
(ℓ
2

)

. Clearly ` =

� [- ] =<? =
(ℓ
2

) 1
log=

. Fix d =
2

log=
for some large constant 2 . We

bound the probability of having at least B = d
(ℓ
2

)

= 2` edges in

� [�]. A standard tail bound on a binomial random variable gives

that for any X > 0:

Pr(- ≥ (1 + X)`) ≤ exp

(

− `X2

2 + X

)

.

Substituting X = 2 − 1 and using the fact that ` =
(ℓ
2

) 1
log=

, we get

that

Pr(- ≥ 2`) ≤ 4−
` (2−1)2

2+1 = 4
−
(ℓ2) 1

log=
(2−1)2

(2+1) .

There are
(=
ℓ

)

clusters of ℓ vertices. So by the union bound the

probably that at least one of them has density larger than 2
log=

is

at most
(

=

ℓ

)

4
−
(ℓ2) 1

log=
(2−1)2

(2+1) ≤ 4 (ln=) ·ℓ−
ℓ (ℓ−1) (2−1)2
2(2+1) log= .

For ℓ = Ω(log2 =) and a reasonably large 2 this is 4−$ (ℓ2/log=) . We

conclude that all clusters of size Ω(log2 =) have density smaller

than $ (1/log=) with high probability.

(B) The number of cliques of size : . By the structure of the

graph, these are maximum cliques. A cluster of : vertices could be

a clique only if each vertex is from a di�erent +8 . It follows that

there are B = ( =
:
): such clusters, �1, . . . ,�B . Let �8 , 8 ∈ [B], be an

indicator random variable of the event that �8 is a clique. We have

for all 8 ∈ [B]

Pr(�8 ) =
(

1

log=

) (:2)
.

2We assume that : divides =.

Let . =
∑

8∈[B ] �8 be the number of :-cliques in the graph. Then

� [. ] =
(=

:

):
Pr(�8 ) =

(=

:

):
(

1

log=

) (:2)

=

(=

:

):
2− log log=·: (:−1)/2 .

Substituting : =
1
2

log=
log log=

we get that

� [. ] ≈ = 3:
4 = =

3 log=
8 log log= ,

where this approximation is tight up to a polynomial factor smaller

than =.

To show that . is concentrated around its mean, we follow the

second moment method described in Alon and Spencer [1], and

bound the variance of . . By de�nition,

+0A [. ] = � [. ] +
∑

8≠9

�>E [�8 , � 9 ]

where

�>E [�8 , � 9 ] = � [�8� 9 ] − � [�8 ]� [� 9 ] .
Now, if �8 and � 9 are edge-disjoint then �>E [�8 , � 9 ] = 0. Other-

wise,

�>E [�8 , � 9 ] ≤ � [�8�� ] = Pr(�8 ∧� 9 ) .
We conclude that

+0A [. ] ≤ � [. ] +
∑

8∼9
Pr(�8 ∧� 9 ), (1)

where 8 ∼ 9 means that�8 and� 9 have at least one edge in common.

We can further write
∑

8∼9
Pr(�8 ∧� 9 ) =

∑

8

Pr[�8 ]
∑

9∼8
Pr[� 9 | �8 ] = � [. ]Δ∗, (2)

where Δ∗
=
∑

9∼8 Pr[� 9 | �8 ] - which is in fact independent of 8 by

symmetry. Fix �8 , there are
(:
2

)

(

=
:
− 1

):−2
clusters � 9 that share

two vertices (a single edge) with �8 . For each such cluster we have

Pr[� 9 | �8 ] =
(

1

log=

)

(

(:2)−1
)

.

Similarly we have
(:
3

)

(

=
:
− 1

):−3
clusters � 9 that share three ver-

tices with �8 . For each such cluster we have

Pr[� 9 | �8 ] =
(

1

log=

)

(

(:2)−3
)

.

In general for 1 < V < : we have
(:
V

)

(

=
:
− 1

):−V
clusters � 9 that

share V vertices with �8 . For each such cluster we have

Pr[� 9 | �8 ] =
(

1

log=

)

(

(:2)−(V2)
)

.

It follows that the total contribution of clusters � 9 such that |� 9 ∩
�8 | = V to Δ

∗ is
(

:

V

)

(=

:
− 1

):−V (

1

log=

)

(

(:2)−(V2)
)

.
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Dividing this by � [. ] we get
(:
V

)

(

=
:
− 1

):−V (

1
log=

)

(

(:2)−(V2)
)

(

=
:

): (

1
log=

) (:2)
≤ :V (log=) (V2)

(

=
:

)V

= :2V2log log=V (V−1)/2−log=·V .
Since V < : =

1
2

log=
log log=

we get that this ratio is at most

:2V2log= (V−1)/4−log=·V ≤ :2V=−
3V
4 ,

which is $ (=1−
3V
4 ). So for any 1 < V < : we conclude that Δ∗

=

> (� (. )). Combining this with Equations (1) and (2) yields

+0A [. ] = > ((� [. ])2) .
Recall that the Chebyshev Inequality says that for any Y > 0

Pr( |. − � [. ] ≥ Y� [. ]) ≤ +0A [. ]
Y2 (� [. ])2 ,

so it follows that

Pr( |. − � [. ] ≥ Y� [. ]) −→
=→∞ 0 ,

and . is within a constant factor of its mean with high probability.

□

4.1 Coverage of non-overlapping clustering

In this section we show that there exist graphs, for which any non-

overlapping clustering completely fails to capture the structure of

their dense subgraphs.

Let� be an undirected graph and C be a non-overlapping cluster-

ing of� . Also, let � be a clique in� . We say that C partially covers

� if there exists a cluster� ∈ C such that |� ∩� | = Ω( |� |), that is
there is a cluster containing a constant fraction of the vertices of � .

Theorem 4.2. For any su�ciently large =, there exists a graph

�= , such that for any non-overlapping clustering C of �= , only a

> (1)-fraction of all maximal cliques of�= are partially covered by C.
To prove the above theorem we are going to use a graph, whose

properties are given in the following lemma.

Lemma 4.3. For any su�ciently large = and any C ∈ [1, =0.1] there
exists an undirected graph �=,C with the following two properties.

(1) �=,C has = vertices, each of degree Θ(C).
(2) �=,C has no cycles of length ≤ 8.

To prove Theorem 4.2 we �x = and C and consider a graph �2
=,C ,

which is a square of �=,C . That is, �
2
=,C has the same vertex set as

�=,C but a di�erent set of edges. Namely, there is an edge DE in �2
=,C

if and only if there is a path of length 2 between D and E in �=,C .

The rest of the proof is described in the supplementary material.

5 IMPLEMENTATION AND OPTIMIZATIONS

In this section we describe our C++ implementation of the clique

aggregator algorithm and the optimizations that we have used.

Algorithm 2 gives the pseudocode of the algorithm that we imple-

ment, which, as we argue in this section, is equivalent to Algo-

rithm 1. The code is available at https://github.com/google/graph-

mining/tree/main/in_memory/clustering/clique_aggregator. The

main recursive function in Algorithm 2 is CliqeAggImpl.

Algorithm 2 Pseudocode of our C++ implementation The code in

teal ensures that the aggregator is inclusion-maximal

1: function Density(�,�)

return density of + (�) ∪� where � extends + (�)
2: function RecX({-1, . . . , -: }, E, ®�)
3: �E := # ®� (E) ⊲ The set we recurse on

4: ->DC := {-8∩�E | 1 ≤ 8 ≤ :}∪{# ®� (F)∩�E | F ∈ # 8=
®�
(E)}

5: if |�E | > 0 then

6: Remove empty sets from ->DC

7: return ->DC

8: function CliqeAggRecImpl(�, d,�,X)

9: for each -8 ∈ X do

10: if -8 = + (�) then return ∅
11: if Density(�,�) ≥ d then

12: return {� ∪+ (�)}
13: ( := ∅
14: $A3 := DegeneracyOrdering(�)
15: ®� := Direct(�,$A3)
16: for each E ∈ ®� according to $A3 do

17: �E := � [# ®� (E)], �E = � ∪ {E}
18: ( := ( ∪ CliqeAggRecImpl(�E, d,�E, RecX(X, E, ®�))
19: remove E from �

20: if Density(�,�) ≥ d then

21: if ∃- ∈ X s.t. + (�) ⊆ - then return (

22: % := vertices of ®� , who are not later than E in $A3

23: if ∃F ∈ % s.t. + (�) ⊆ # ®� (F ) then return (

24: return ( ∪ {� ∪+ (�)}
25: return S

26: function CliqeAggImpl(�, d) ⊲ � is a graph and d ∈ (0, 1]
27: ( :=CliqeAggRecImpl (�, d, ∅, ∅)
28: return (

Equivalence of Algorithms 1 and 2. We start by discussing how

Algorithm 2 works. In Algorithm 1, the main recursive function

CliqeAgg takes as arguments a graph � and a set of vertices

� ⊆ + (�) and operates on a graph � [� ]. In Algorithm 2 this

works a bit di�erently: each recursive call is simply given � [� ] as
an argument (in Algorithm 2 it is denoted by �). Materializing the

induced subgraph enables several optimizations that we discuss

later on.

However, this also requires some extra work of actually com-

puting the induced subgraph in Line 17. To this end, Algorithm 2

computes not only the degeneracy ordering, but also a directed ver-

sion ®� of G, where each edge is directed towards the endpoint that

comes later in the ordering. This orientation is a standard tool for

e�cient triangle listing, as �nding all triangles involving a vertex E

requires �nding all edges between its neighbors [13]. Note that this

is the exact operation needed to construct the induced subgraph

for the next recursive step.

In Algorithm 1, as vertices are processed in degeneracy order,

they are notionally removed from the graph. Consequently, any

subsequent operation on a vertex E only considers neighbors that

appear later in the ordering. Algorithm 2 achieves this e�ciently by
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using the directed graph ®� ; the relevant neighborhood of a vertex

E is simply its out-neighborhood # ®� (E). This approach avoids the

more complex operation of dynamically removing vertices from an

undirected graph and updating the adjacency lists of its neighbors.

The second di�erence is in how the set - used for pruning is

represented. In Algorithm 1, the pruning set - contains vertices

that have already been processed. Its only purpose is to check if

the current candidate set � is a subset of a previously processed

vertex’s neighborhood (i.e., � ⊆ #� (G)). Algorithm 2 makes this

check more direct. Instead of storing a vertex G in a set - , our

collection X contains the precomputed neighborhoods of such

vertices restricted to the current graph. Namely, instead of storing a

vertex G8 in - , Algorithm 2 stores a set -8 , where -8 = #� (G8 ) ∩� .

This allows us to check for inclusion directly without referencing

the original graph.

The set X is also computed a bit di�erently from - . When Algo-

rithm 1 recurses on the neighborhood of a vertex E , it considers a

set -̂ which is the union of two sets:

(1) Set - provided as an argument to CliqeAgg, and

(2) all vertices that came before E in the degeneracy ordering.

These are added to -̂ in Line 16 in Algorithm 1.

Then, this set is intersected with #� (E) to obtain the set - for the

recursive call. In Algorithm 2, this is achieved by the function RecX,

which computes an analogous setX. Speci�cally, {-8 ∩�E | 1 ≤ 8 ≤
:} is a direct counterpart of (1), while {# ®� (F) ∩�E | F ∈ # 8=

®�
(E)}

is responsible for (2). Observe thatF ∈ # 8=
®�
(E) is exactly the set of

vertices that come in the degeneracy ordering before E and have an

edge to E .

Optimized data representation. It has been previously observed

that set intersection is a dominant operation in maximal clique

enumeration [7]. Thus, we optimize our data representation in

order to support fast intersections.

We use two di�erent graph representations. For large graphs,

we simply put the neighbors of each vertex in a �at array

(std::vector). For small graphs, we use a bit matrix represen-

tation. That is, an =-vertex graph is represented with an = ×= array

� of bits, where�[8] [ 9] = 1 i� there is an edge from vertex 8 to 9 . We

store the rows of this array packed into 64-bit integers (uint64_t).

In our implementation we use the �at array representation in the

outermost recursive call, and the bit array representation in every

other call. This is because the size of the graph in each recursive

call is at most the graph degeneracy, which for real-world graphs

is typically small. For example, among over 80 datasets studied in

[23] the maximum degeneracy is 266. For graphs of this size, the

bit matrix representation uses at most �ve 64-bit variables to store

each adjacency list.

Let us now roughly compare the space usage of both represen-

tations. Consider an =-vertex graph with average outdegree is 10.

We use 4 bytes to store each neighbor, and so the total space usage,

ignoring the additional std::vector overhead is 40 · = bytes. For

the bit array representation, we get =2/8 bytes. Under these assump-

tions the bit array representation is smaller as long as = < 320.

The bit matrix representation allows us to e�ciently iterate

through the neighbors of a given node by using bit operations, i.e.,

�nding the index of the lowest nonzero bit. More importantly, it

allows us to e�ciently intersect two adjacency lists using bitwise

AND, which we use for example when computing the induced

subgraph in Line 17. We also use a bit array representation to

store elements of X. Observe that in our algorithm each element

of X is a subset of vertices of a graph, whose size is at most the

degeneracy of the input graph. Hence, a similar reasoning shows

that representing each element ofX uses at most a handful of 64-bit

integers. This combination of bit-level representations for the graph

and the elements of X allows us to very e�ciently compute set

intersection and set containment in lines 4, 10, 17, 21 and 23.

6 EMPIRICAL EVALUATION

In this section we present the result of a series of experiments

performed to study the performance of our algorithm. We use an

AMD EPC 7003 virtual machine with 32 vCPUs and 128 GB of RAM.

The github code in Section 5 points to the repository: the code was

compiled using GCC 12.2.0 with the O3 optimization. The imple-

mentation has some parameters: for the rest of this section, we treat

the default as the setting that does allow Bron Kerbosch pruning,

allows disconnected clusters and uses the bitmapped representation

discussed above. In Section 6.3, study how the running time of the

algorithm changes when some of these parameters are toggled.

Datasets. We carry out extensive experiments on 16 publicly

available graph datasets shown in Table 1. Fourteen of these datasets

come from the SNAP repository [31]. In order to choose challenging

datasets, we picked graphs for which the number of maximal cliques

is at least half the number of edges. In addition, we also use the

the hollywood and soc-twitter datasets, which were taken from

the network repository [40]. These graphs have higher degeneracy

than the graphs available in SNAP, which makes them particularly

hard for the task of listing maximal cliques.

All datasets were treated as undirected graphs, and were pre-

processed to remove parallel edges and self loops. In addition, for

the soc-twitter dataset, we use the 3-core of the original dataset,

that is, we (iteratively) remove vertices of degree at most 2. This

reduces the number of edges in the graph from 1.5 billion to about

256 million. We note that this preprocessing does not remove any

maximal clique of size at least 4.

We perform experiments to compare our method with several

baselines in terms of the running time, and the properies of the out-

put, speci�cally, the number of clusters, their density and the vertex

membership, that is the number of clusters a vertex is contained in.

For every run, we set a timeout of 5 hours.

6.1 Comparison with listing maximal cliques

We perform a comprehensive comparison of our algorithm with

maximal clique enumeration. We use CliqeAggImpl to refer to

the implementation of our algorithm described in Section 5 or

CliqeAggImpl (d) to refer to the algorithm run with a density

threshold of d . We use Eppstein et al.’s implementation of maximal

clique enumeration via the �ickCliqes package [23], and the

more recent RMCE algorithm [16]. We refer to these implementa-

tions as QC and RMCE for the rest of the text. For QC we use the

hybrid algorithm, which was typically the fastest, and we compare

with the sequential version of RMCE.
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Dataset Vertices Edges Degen.

euemail 1K 16K 34

Wiki-Vote 8K 101K 53

citHepTh 28K 352K 37

soc-Epinions1 76K 406K 67

Slashdot 82k 948k 55

web-BerkStan 685K 8M 201

hollywood 1M 56M 2208

youtube 1M 3M 51

pokec 2M 22M 47

skitter 2M 11M 111

wiki 2M 25M 99

WikiTalk 2M 5M 131

orkut 3M 117M 253

cit-Patents 4M 17M 64

livejournal 4M 35M 360

soc-twitter 21M 265M 1695

Table 1: Datasets used in our experiments, along with their

sizes and degeneracies. The soc-twitter dataset is the 3-core

of the publicly available twitter dataset.

Figure 3: Aggregator sizes as the density threshold increases;

we normalize the cluster count by the number of edges.

To the best of our knowledge, this is the most well-engineered

and popular (serial) maximal clique enumeration package which

is publicly available. We note that with the threshold d set to 1.0,

CliqeAggImpl produces maximal cliques, even though it is not

engineered to shine at this threshold.

6.1.1 Aggregator sizes. We �rst compare the size of the clique ag-

gregator computed by our algorithm (that is, the number of clusters)

by gradually decreasing the density threshold from 1.0 to 0.1. The

theoretical upper bound on the number of clusters computed by

CliqeAggImpl (d) for d ≤ 0.9 is much smaller than the number

of maximal cliques (quasi-polynomial vs exponential). The purpose

of this experiment is to verify whether a similar phenomenon is

also visible in real-world graphs.

In Figure 3 report aggregator sizes divided by the number of

edges—this normalization puts the numbers from the graphs we

studied on a similar scale.

We observe a sharp change in the number of clusters as the

threshold decreases. In several cases, there is an order of magni-

tude di�erence, even when the density decreases from 1.0 to 0.9.

Typically, at 0.1, the size of the aggregator is signi�cantly smaller

than the number of maximal cliques. The geometric means of the

reduction in aggregator sizes over the number of maximal cliques

(barring the datasets where maximal clique enumeration did not

terminate) is almost 25× for d = 0.1, and over 5× at 0.5. While for

d = 0.9 this reduction is not as pronounced, it is still over 2× on av-

erage. Even in a logarithmic scale, the sharp decrease for densities

< 1.0 is noticeable. Noticeably, for orkut and WikiTalk, even the

number of clusters in the 0.9-dense aggregator is just about 10% of

the number of maximal cliques.

Our results align with earlier �ndings that in multiple real-world

graphs the number of maximal cliques is far smaller than what the

exponential upper bound admits [22]. We observe that a similar

phenomenon extends to clique aggregators: the number of clusters

in the aggregator is much smaller than the theoretical upper bound.

The graphs we study admit a clique aggregator using many fewer

clusters than the number of maximal cliques.

6.1.2 Running time. We now compare the running time of

CliqeAggImpl with QC and RMCE to understand the scalability

of our algorithm and implementation. The results are presented

in Table 2. When measuring the running time of the algorithms,

we exclude the I/O time, that is the time needed to read the input

graph and to write the output to disk.

We consistently see that the time taken to produce aggregators

at low thresholds is often orders of magnitudes lower than the time

taken by QC to compute all maximal cliques. RMCE is conisderably

faster on some datasets, especially the orkut dataset, where neither

CliqeAggImpl not QC terminate in 5 hours but RMCE terminates

in just over half an hour. In several others, the gap is more modest,

but especially for the large graphs, CliqeAggImpl at a threshold

of 0.9 is typically faster than RMCE. At 0.1, the geometric mean

of the speedups is over 5×, and the arithmetic mean over 25×. We

note that when computing these speedups we assumed a running

time of 5 hours for each RMCE run which did not �nish within

this time limit, which means that the actual speedups are larger. In

an extreme case, of the livejournal dataset, CliqeAggImpl (0.9)
�nished in about 2 minutes, while RMCE did not �nish in 5 hours,

which corresponds to a speedup of at least 170×.
On the other hand, we observe that CliqeAggImpl (1.0) is usu-

ally slower than both QC and RMCE. The reason for this slowdown

is likely the fact that QC and RMCE are optimized for this exact

setting. Still, this observation can also be viewed positively. Namely,

it suggests that the speedups we observe for d < 1 should not be

attributed to implementation-level optimizations, but rather to the

algorithmic di�erence between the algorithms.

Overall, the results indicate that a clique aggregator can be ob-

tained much more e�ciently than listing maximal cliques. The most

notable improvement is for d = 0.9. We can produce aggregators of

extremely high density that are computed in minutes even when

maximal clique enumeration does not terminate in hours.
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Networks 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 QC RMCE S/U(0.1) S/U(0.9)
euemail 15ms 16ms 17ms 16ms 17ms 19ms 24ms 34ms 50ms 200ms 74ms 34 ms 2.3× 0.7×
Wiki-Vote 123 ms 124 ms 133 ms 154 ms 186 ms 225 ms 273 ms 397 ms 672 ms 2 s 860 ms 366 ms 3.0× 0.5×
citHepTh 319 ms 321 ms 345 ms 382 ms 423 ms 487 ms 582 ms 659 ms 906 ms 2 s 1 s 510 ms 1.6× 0.6×
soc-Epinions1 511 ms 485 ms 547 ms 615 ms 683 ms 795 ms 1 s 1 s 2 s 8 s 4 s 1 s 2.8× 0.7×
Slashdot 453 ms 508 ms 553 ms 575 ms 620 ms 627 ms 674 ms 702 ms 848 ms 5 s 2 s 714 ms 1.6× 0.8×
web-BerkStan 6 s 6 s 6 s 6 s 6 s 6 s 7 s 7 s 8 s 14 s 13 s 13 s 2.4× 1.6×
hollywood 3 min 4 min 5 min 6 min 8 min 12 min 22 min 62 min - - - - 88.6×+ -
youtube 3 s 3 s 3 s 4 s 4 s 4 s 4 s 5 s 5 s 7 s 6 s 4 s 1.3× 0.7×
pokec 33 s 34 s 38 s 39 s 41 s 43 s 45 s 46 s 51 s 58 s 1 min 39 s 1.2× 0.8×
skitter 11 s 11 s 12 s 13 s 14 s 15 s 17 s 19 s 26 s 13 min 2 min 46 s 4.2× 1.8×
wiki 34 s 37 s 41 s 44 s 47 s 49 s 53 s 57 s 1 min 1 min 2 min 1 min 2.1× 1.1×
WikiTalk 4 s 5 s 5 s 6 s 7 s 8 s 10 s 16 s 40 s 13 min 4 min 1 min 15.3× 1.63×
orkut 4 min 5 min 6 min 6 min 7 min 8 min 10 min 12 min 21 min - - 32 min 7.3× 1.5×+
cit-Patents 19 s 19 s 20 s 21 s 22 s 23 s 24 s 24 s 26 s 28 s 27 s 19 s 1.0× 0.7×
livejournal 51s 54 s 57 s 1 min 1 min 1 min 1 min 1 min 2 min - - - 350×+ 173.6×+
soc-twitter 22 min 31 min 43 min 70 min 168 min - - - - - - - 13.4×+ -

Table 2: The running time of CliqeAggImpl for di�erent density thresholds, compared to the running time of QC, and RMCE

The �nal two columns show the speedup of CliqeAggImpl over RMCE for d ∈ {0.1, 0.9}. The timing numbers are rounded, but

the speedups are calculated over the exact values. Entries marked with ‘-’ refer to methods that do not terminate in 5 hours,

and OOM refers to the case where the algorithm crashes due to memory constraints.

6.1.3 Cluster Membership. In this section we study the degree to

which the clusters overlap by considering two di�erent overlap

measures. The �rst one is membership distribution: the fraction of

vertices belonging to at most G clusters. While in a disjoint partition

all vertices belong to exactly one cluster, a vertex can be part of sev-

eral clusters when overlaps are allowed. Figure 4 compares themem-

bership distribution of maximal cliques (equivalent to CliqeAg-

gImpl (1.0)) with CliqeAggImpl (d) for d ∈ {0.1, 0.5, 0.9} for two
datasets. For the two datasets presented in 4 we observe that only

about 20% of vertices are contained in at most 1 maximal clique. In

contrast, the number of vertices contained in at most 1 cluster in

the result of CliqeAggImpl (0.1) is signi�cantly higher: almost

60% for skitter and over 40% for web-BerkStan.

We also observe that di�erence between the membership distri-

butions of the results of CliqeAggImpl (0.9) and CliqeAggImpl

(1.0) is quite small. What does di�er signi�cantly, however, is the

maximum number of cluster a vertex belongs to. To study this phe-

nomenon further, for any clustering C of the vertices of a graph

� = (+ , �), we de�ne the maximum membership of C as

M(C) = max
E∈+

∑

�∈C
1E∈� . (3)

Note that the maximum membership can be de�ned for any cluster-

ing and is exactly 1 for any non-overlapping clustering. To compare

our results to maximal clique enumeration we de�ne the relative

maximum membership at threshold d as

R"� (d) =
M(�;8@D4�66�<?; (d))

M("�) . (4)

We slightly abuse notation to refer to the clustering induced by

the respective methods on the RHS. In Table 3, we present relative

maximum membership for three di�erent density thresholds and

the maximum membership of maximal cliques. Datasets for which

we did not get the maximal clique count are excluded.

We note that in over half of the datasets we worked with, the

maximum membership at threshold of 0.1 is two orders of magni-

tude lower than the maximal membership of maximal cliques. Even

at threshold 0.9 this drop is still clearly visible, as the mean reduc-

tion is over 5.2×. Overall, the results show that a clique aggregator

indeed reduces the cluster overlap compared to maximal clique

enumeration. For d = 0.1 this is visible across the membership

distribution. For 0.9 the di�erence is less pronounced. However, the

maximum number of clusters a vertex belongs to is up to 100× less.

Dataset R"� (0.1) R"� (0.5) R"� (0.9) M (MC)
euemail 0.3% 1.8% 14.5% 16.0k
Wiki-Vote 0.3% 2.5% 29.3% 172k
cit-HepTh 6.3% 10.3% 43.2% 37.7k
soc-Epinions1 0.5% 3.0% 23.0% 518k
Slashdot 0.7% 1.6% 2.6% 322k
web-BerkStan 13.9% 54.2% 72.6% 801k
youtube 12.0% 24.5% 63.6% 237k
pokec 25.3% 34.9% 40.4% 57.8k
skitter 0.2% 0.5% 0.9% 15.6M
wiki 13.3% 56.1% 87.7% 1.79M
WikiTalk 0.3% 0.3% 4.7% 32.3M
cit-Patents 0.2% 0.7% 28.7% 345k

Table 3: The maximum membership of the maximal clique

induced clustering, and the relative maximum membership

of our aggregators at di�erent thresholds, in percentages.

6.1.4 Pseudocliques. A pseudoclique is a cluster that is almost a

clique, i.e., it may be missing a few edges. The exact de�nition of a

pseudoclique varies depending on the application. We attempted

to compare with the very recent FPCE algorithm by Rahman et

al. [39] which produces maximal subgraphs of density at least \ , a

user-speci�ed threshold. On the majority of datasets tested, FPCE

does not terminate in �ve hours, completing only on our smallest

graphs: euemail. Even in this tiny graph, FPCE producesmillions of

maximal pseudocliques at density 0.9; in comparison, the number

of maximal cliques is about 43 thousand. While it remains algorith-

mically interesting, this demonstrates that maximal pseudoclique

enumeration on real-world social networks is a prohibitively ex-

pensive task. We note that with the density threshold set to 1.0,

QC, CliqeAggImpl, and FPCE produce the same output. However,

as we decrease the threshold, the task solved by FPCE becomes
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Dataset #MC
CliqeAggImpl (0.1) CliqeAggImpl (0.5) CliqeAggImpl (0.9) Louvain LambdaCC AGM
#Cl. d̂ #Cl. d̂ #Cl. d̂ #Cl. %Cov’d d̂ #Cl. %Cov’d d̂ #Cl. %Cov’d d̂

euemail 43k 969 0.69 1301 0.76 11k 0.95 20 7% 0.40 246 46% 0.64 5 6% 0.20
Wiki-Vote 459k 7k 0.64 29k 0.84 187k 0.95 60 15% 0.71 3k 27% 0.48 2 82% 0.12
citHepTh 465k 27k 0.59 58k 0.79 215k 0.96 2k 53% 0.68 4k 26% 0.60 418 26% 0.12

soc-Epinions1 1.8M 75k 0.80 179k 0.85 651k 0.95 11k 51% 0.73 26k 58% 0.58 827 4% 0.09
Slashdot 890k 84k 0.65 311k 0.91 470k 0.96 8k 61% 0.71 21k 53% 0.50 609 8% 0.11

web-BerkStan 3.4M 689k 0.84 1.1M 0.86 2.7M 0.98 41k 27% 0.71 178k 12% 0.54 5k 26% 0.21
hollywood DNF 591k 0.68 14M 0.73 OOM OOM 41k - 0.97 130k - 0.82 16k - 0.53
youtube 3.3M 1.1M 0.84 1.7M 0.90 2.8M 0.96 172k 61% 0.74 479k 28% 0.59 6k 44% 0.04
pokec 19.4M 1.9M 0.49 11M 0.93 17M 0.97 22k 68% 0.78 316k 14% 0.48 1701 54% 0.13
skitter 37.3M 1.7M 0.65 3.7M 0.85 8.9M 0.96 90k 44% 0.67 520k 34% 0.63 8k 25% 0.08
wiki 27.2M 1.8M 0.45 11M 0.89 21M 0.97 5k 53% 0.68 417k 9% 0.51 2k 35% 0.09

WikiTalk 86.3M 2.4M 0.90 3M 0.91 8M 0.94 54k 3% 0.61 2.2M 88% 0.59 8k 3% 0.02
orkut DNF 8.6M 0.74 55M 0.87 238M 0.95 4k - 0.54 380k - 0.51 4k - 0.16

cit-Patents 14.8M 3.8M 0.57 7.1M 0.81 13M 0.96 432k 57% 0.58 680k 39% 0.46 25k 90% 0.04
livejournal DNF 4M 0.67 11M 0.87 24M 0.96 243k - 0.68 1M - 0.57 38k - 0.12
soc-twitter DNF 24.9M 0.74 149M 0.78 DNF DNF 2.3M - 0.76 7.1M - 0.57 DNF DNF DNF

Table 4: Comparison of CliqeAggImpl with Louvain, LambdaCC, and AGM: cluster count (#Cl.), fraction of covered cliques

(%Cov’d) and average density in output sets of size at least 3. #MC is the number of maximal cliques. Note that for CliqeAggImpl

we do not report the fraction of covered cliques, since it’s 100% in each case. DNF means that the computation did not �nish

within 5 hours. For the cases where we did not successfully compute the number of maximal cliques, we could not compute the

fraction of covered cliques (marked with an -). For hollywood, CliqeAggImpl (0.9) runs into an out of memory error on our

machine, marked with an OOM. For orkut, RMCE estimated over 2.2 billion cliques, and we were unable to compute individual

coverage numbers with the constraints on disk space and memory on our machine.

Figure 4: The number of clusters each vertex belongs to (de-

�ned as membership distributions in Section 6.1.3) in aggre-

gators of di�erent thresholds for two datasets: skitter (top)

and web-BerkStan (bottom).

harder, while computing a clique aggregator becomes signi�cantly

easier. This points to the advantages of our model over vanilla

enumeration techniques.

6.2 Comparisons with clustering techniques

In this section we study the di�erence between the commonly used

clustering approaches and the task of computing an aggregator.

Since clustering algorithms typically attempt to build dense clusters,

we want to understand how well they cover maximal cliques. We

consider three scalable clustering algorithms:

• Louvain [8]: An extremely popular clustering algorithm used

for community detection, which uses a local-search approach

maximize the celebrated modularity objective [36].

• LambdaCC [49]: An algorithm optimizing a generalized correla-

tion clustering objective called LambdaCC. Given a graph� and

a parameter _ > 0, the objective of a non-overlapping clustering

{�1, . . . ,�: } is:3
:
∑

8=1

|� (� [�8 ]) | − _
(

�8

2

)

.

The algorithm uses a similar local search to Louvain. The algo-

rithm provides a (soft) guarantee on edge density of each cluster.

Namely, for a given value of _, the objective of a cluster is posi-

tive i� the density of the cluster is > _. For the experiments, we

use a scalable parallel implementation [45].

• AGM [2]: The algorithm uses personalized PageRank to �nd

initial clusters, which are then combined to minimize edges

between them. This approach is for distributed computation,

allowing graph problems to be solved on separate machines with

reduced communication.

We use the default parameter settings for the Louvain algorithm

suggested in their high-performance implementation. For Lamb-

daCC, we set _ = 0.1, in order to obtain clusters of density at

least 0.1. For AGM, we set the parameter to be 1000; to the best

of our knowledge, there is no real analogue for density given the

drastically di�erent use case.

The results are presented in Table 4. We observe that the average

density of the clusters computed by CliqeAggImpl is much higher

3Note that for the purpose of this paper we can state a simpli�ed formula, since we
work solely with unweighted graphs.
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than the provided density threshold. For example, for d = 0.1

the average cluster density is at least 0.45 on each dataset. We

also observe that CliqeAggImpl uses orders of magnitude more

clusters than the clustering baselines. The clustering methods cover

on average 30% (Louvain or LambdaCC) or 20% (AGM) of all the

cliques. The lower coverage of AGM is despite the fact that it uses

very sparse clusters, which in addition may overlap.

The large gap in the number of clusters between our method

and the clustering baselines raises an interesting question whether

the aggregator sizes could be further reduced.

6.3 Ablation Studies

In this section, we evaluate the in�uence of di�erent components

of our algorithm on the performance. Namely, we focus on the

following two factors:

(1) Bron-Kerbosch Pruning: Our implementation supports a prun-

ing strategy, derived from the Bron-Kerbosch algorithm to en-

sure that the computed aggregator is inclusion-maximal. The

corresponding code is marked in teal in Algorithm 1 and Algo-

rithm 2. While pruning is standard in most clique enumeration

techniques, it can be turned o� without a�ecting correctness.

By default, it is turned on.

(2) Bitmap: As described in Section 5 our implementation by de-

fault uses a bit-matrix to represent graphs in the recursive calls

of the algorithm. We compare this setting a more standard ap-

proach of using a compressed sparse row representation [17, 41].

We keep this on by default.

To examine the e�ects of these, we perform an ablation study

and compare the time taken with and without each of these opti-

mizations. The results, averaged over all graphs (when completed)

and density thresholds d ∈ {0.1, 0.5, 0.9} using the geometric mean

are presented in Table 5.

Our experiments show that the bitmap representation makes the

biggest di�erence in our performance. The settings with the bitmap

o� and pruning turned on are the slowest: it is on average about

1.5 times slower than the default settings we choose. The setting

with both the bitmap and pruning turned o� typically takes a little

bit more than the default as well, but it is quite close.

Con�guration 0.1 0.5 0.9

Bitmap O�, Pruning On 1.35× (0.02) 1.45× (0.01) 1.67× (0.02)

Bitmap O�, Pruning O� 0.98× (0.03) 1.12× (0.01) 1.36× (0.02)

Bitmap On, Pruning O� 0.65× (0.01) 0.71× (0.00) 0.70× (0.01)

Bitmap On, Pruning On 1.00× 1.00× 1.00×
Table 5: The geometric mean of the relative slowdown at each

density threshold. In brackets, we include the variance over

these slowdown factors.

Quite surprisingly, Bron Kerbosch pruning makes our algorithm

slower. However, pruning e�ectively reduces the sizes of our ag-

gregators: this is particularly noticeable at the higher thresholds.

The geometric mean of the increase in aggregator sizes without

pruning (over settings that allow pruning) ranges from less than

2% of the size of the aggregator for d = 0.1, but it climbs to over

12% for d = 0.9. One notable exception is the hollywood dataset,

Figure 5: The increase in cluster count in our aggregators at

di�erent thresholds when pruning is turned o�.

where the number of clusters in the aggregator is over 80% higher

when there is no pruning at d = 0.1 and this gradually drops to

around 10%. We refer the reader to Figure 5 for a thorough analysis.

Barring hollywood, the gentle climb in the cluster count without

pruning is visible in most other datasets.

7 DISCUSSION AND FUTUREWORK

We introduced d-dense aggregators as a formulation for summariz-

ing the structure of maximal cliques and showed that, contrary to a

list of maximal cliques, clique aggregators of sub-exponential size

always exist. We gave an algorithm that �nds such aggregators and

demonstrated that it is signi�cantly faster than existing methods

for enumerating maximal cliques while reducing redundancy.

There are several interesting lines for further research. It would

be interesting to establish better bounds on the size of d-dense

aggregators for special graph families, in particular for families

that model social networks such as c-closed graphs [25]. On the

practical side a natural question is whether the aggregator size

could be further reduced, especially given that the average density

of the clusters computed by our algorithm is much higher than

the prescribed density threshold. Another challenge is to design

and analyze a parallel version of our algorithm and evaluate its

performance on real datasets. One can also study other forms of

clique aggregators, for example, by relaxing the requirement of

having a cluster that contains each clique, possibly just requiring a

large intersection with each clique or covering a substantial fraction

of the maximal cliques.
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