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ABSTRACT

Key-value (KV) caching is a widely used technique for boosting
performance in database and storage systems. It keeps frequently
accessed data in fast storage to minimize redundant data fetching
and improve throughput. This same idea has been adopted in Large
Language Models (LLMs), where it avoids recomputing the key and
value states of previous tokens in attention heads during autore-
gressive decoding, thereby greatly accelerating inference. However,
the KV cache in LLMs faces a significant challenge due to the sub-
stantial memory required to store these KV pairs in the inference
process. This issue arises because each attention head in the LLM
stores its own KV cache for all context tokens, leading to the cache
size that grows linearly with sequence length. This has spurred
research into efficient management of the KV cache of LLMs.

One of the promising directions is KV cache budget allocation,
with several approaches proposing head-level allocation as they
recognize that different attention heads play distinct roles. How-
ever, these methods assess each head in isolation, overlooking their
cooperative contributions within the model, which results in a devi-
ation from their true impact. To address this limitation, we propose
CoKYV, a novel method that efficiently manages the KV cache in
LLM inference by modeling the cooperation among attention heads
as a cooperative game. By attributing the contribution of each head
within the model in advance, CoKV can more effectively allocate
the global KV cache budget in KV cache optimization techniques
such as eviction and quantization. Extensive experiments demon-
strate the effectiveness of CoKV on long-context benchmarks (e.g.,
LongBench, NIAH, and RULER) and mathematical reasoning bench-
marks (e.g., GSM8K and MATH) across multiple model families,
including Qwen, Llama, and Mistral.
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1 INTRODUCTION

A key-value (KV) cache is a data storage structure that organizes
intermediate computation results, enabling efficient retrieval and
reducing redundant computations. In database systems, key-value
cache techniques are essential for improving data access perfor-
mance. For instance, query result caching employs KV structures
to store SQL query results as pairs, eliminating redundant execu-
tions [41]. Row/page-level caching leverages KV mappings to re-
duce disk I/O in transactional systems [43]. Furthermore, distributed
metadata caching utilizes KV stores to manage high-speed metadata
access, such as Hitmap [44] and MetaHive [18]. Recently, as Al ap-
plications have grown to serve millions of users and are now widely
deployed across various domains such as content generation [26],
automated services [5], and decision support systems [17], the un-
derlying infrastructure has become critically important. Caching
design techniques from database systems have become valuable for
optimizing Al infrastructure, particularly for managing key-value
caches in large language model inference. However, the unique
computational patterns and memory access characteristics of LLM
attention mechanisms require tailored solutions rather than direct
application of existing database techniques.

The text generation process in LLMs primarily relies on auto-
regressive decoding, where each new token is predicted based on
all preceding tokens. This process heavily depends on the self-
attention mechanism, which computes a weighted sum of values
(V) for each token, with weights derived from the compatibility
between its query (Q) and the keys (K) of all tokens in the sequence.
During auto-regressive decoding, a naive implementation requires
recalculating the key and value states for all previous tokens for
each new token generated, leading to significant redundant com-
putation. To eliminate this overhead, the KV cache mechanism is
employed, which stores computed KV states to avoid recomputa-
tion, thereby greatly accelerating the decoding process. However,
the total KV cache size becomes excessively large when processing
long sequences or a large number of inputs, as it is proportional to
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the number of attention heads and sequence length. This inevitably
strains GPU memory and substantially raises deployment costs
for large-scale applications. For example, Qwen3-32B processing
a single 120k token input would require up to 80GB of memory
for the KV cache, which significantly surpasses the 64GB memory
required for the model parameters.

To address this challenge, research efforts have advanced in sev-
eral directions by leveraging the unique characteristics of the KV
cache in LLM to improve its efficiency and reduce memory cost.
Some studies have explored methods to rank the importance of
tokens within a single attention head, retaining only the top-k most
significant ones. For example, methods like H20, StreamingLLM,
and SnapKYV prioritize tokens within attention head by summing
attention weights, discarding middle segments, or pooling attention
scores within local windows, respectively [28, 49, 57]. In parallel,
several studies [21, 39] have also investigated strategies for op-
timizing KV quantization to reduce KV cache costs, focusing on
employing reduced bit-width representations to store KV states.
Recent research has shown that attention heads exhibit highly
heterogeneous behaviors, with some attending narrowly to a few
critical tokens and others distributing attention more broadly across
the context. This behavioral diversity has led to approaches that
dynamically allocate the KV cache budget across heads. Specifically,
DuoAttention [48] uses a reinforcement learning-based algorithm
with synthetic data to identify retrieval heads and then assign a
larger KV budget to these heads. AdaKV [12] assigns less cache to
heads with highly concentrated attention distributions, as they can
be approximated with fewer tokens, and more cache to heads with
broader distributions to prevent information loss. HeadKV [13]
evaluates a retrieval-reasoning score for each head by measuring
its tendency to assign higher attention weights to critical tokens,
and then allocates cache proportionally to these scores.

Motivation. While prior work has made significant advancements
in adaptive KV cache management, a key limitation remains unre-
solved: existing methods lack a global view for measuring attention
head importance. Treating attention heads as independent units,
these approaches fail to capture the reality that their true utility
emerges from heads’ interaction in LLM. This independent eval-
uation can lead to suboptimal global cache allocation, as it may
undervalue heads that play a critical supporting role in a collabora-
tive context. To address this, we propose CoKV (Cooperation-based
Key-Value Cache), a novel method that evaluates the contribution
of all attention heads based on their cooperative utility within the
model. Leveraging principles from game theory, CoKV dynamically
allocates KV cache budgets according to this evaluation.

We are inspired by the Shapley value [38], a seminal concept
in cooperative game theory that offers a mathematically rigorous
framework for fair contribution allocation. The Shapley value of a
player p; measures the expected marginal contribution that p; pro-
vides to a coalition of players. In this work, each attention head can
be treated as a player, with its importance assessed via its Shapley
value. The marginal contribution is defined as U (S U {p;}) —U(S)
where S is a coalition of players excluding i and U is the utility
function. A simple intuition for computing the Shapley value of
each head in LLMs is to define U as the model performance metric.
The Shapley value can capture each head’s expected contribution
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to model utility across all possible subsets of retained heads, which
is a coalition-aware notion that aligns naturally with KV cache allo-
cation, where a head’s priority should reflect its collaborative gain
to the global inference performance. This is a #P-hard [10] problem
as there are an exponential number of coalitions and corresponding
marginal contributions, thus requiring an enormous number of
model inferences. Although many studies [23, 33] have explored
approximating the Shapley value to reduce computational costs,
evaluating the importance of heads in LLMs remains prohibitively
expensive.

The computational bottleneck in calculating the Shapley value
arises from the fact that each sample of the marginal contribution
can only be applied to a single player. Fortunately, Shapley value
can be expressed as the expectation of the weighted complementary
contribution, defined as U(S) — U(N \ S), where N represents
the set of all players [53]. Complementary contribution has an ad-
vantage over the marginal contribution in that U(S) - UN \ S)
can be used to update the Shapley values for all players in S. By
expressing the Shapley value in terms of complementary contribu-
tions, we can interpret it as an expectation over these contributions
computed at different coalition sizes |S|. However, in the LLM set-
ting, the cost of computing the complementary contributions in
all coalition sizes is still prohibitively high. We observe that the
average complementary contribution of a single player at differ-
ent coalition sizes exhibits a strong correlation in Section 6.4. This
insight allows us to approximate attention head importance by
computing complementary contributions at only a few selected
coalition sizes, rather than evaluating all possible sizes (i.e., from
1 to |N|). By focusing on a few representative coalition sizes, we
can significantly reduce the computational cost of estimating the
contributions of heads. Additionally, we provide a theoretical error
bound of this approach and demonstrate its efficiency. Moreover,
CoKYV eliminates cold start costs through a “one-time computation,
shared usage" paradigm, allowing model providers to precompute
importance scores offline on generic validation sets and distribute
them alongside model weights for immediate adoption without
additional overhead.

CoKV is a simple yet effective method and can integrate well with
other inference optimization techniques. We integrate CoKV with
widely used methods, including FlashAttention [9] and group query
attention (GQA) [1]. CoKV achieves state-of-the-art performance
in LongBench [3] using Qwen3-32B [51], Llama-3-8B-Instruct [11]
and Mistral-7B [24] models. For Qwen3-32B, CoKV achieves 98.83%
of the performance of the full KV when retaining an average of
1024 KV pairs. Additionally, we evaluate all methods within the
token range up to 61k in the Needle-in-a-Haystack test and the
RULER dataset [22], which are widely recognized benchmarks for
evaluating long-text processing capabilities of LLMs, where CoKV
also demonstrated the best performance. Experiments on mathe-
matical reasoning datasets also demonstrate that CoKV possesses
strong cross-task capabilities. Beyond efficiency-oriented inference,
CoKV also has the potential to support LLM safety analysis by
quantifying how attention heads contribute to risks such as prompt
leakage [29], model extraction [30], memorization [47], incomplete
unlearning [50], and robustness degradation under token compres-
sion [56].

We briefly summarize our contribution as follows.



o We identify the limitations of existing methods that assess
attention heads independently. For the first time, we lever-
age cooperative game theory to measure the collaborative
utility of the heads for a more efficient KV cache allocation.
We introduce an efficient algorithm that estimates head con-
tributions by reformulating the Shapley value and sampling
key coalition sizes, achieving a drastic complexity reduction
with a proven error bound for feasible LLM evaluation.
Extensive experiments on multiple models and benchmarks
show that CoKV significantly outperforms baselines, demon-
strating strong practicality and cross-task generalization.

2 RELATED WORKS

In modern data centers, key-value caches are indispensable for de-
livering low-latency data access [45]. This has spurred significant
research into enhancing cache efficiency within databases, focusing
on areas such as cache replacement policies [54] and resource allo-
cation [2]. Concurrently, the growing complexity of AI models has
driven advancements in specialized optimization systems [58], cre-
ating new applications for traditional data management techniques.
Among these, the key-value cache has emerged as a particularly
prominent and beneficial component in Al systems [14, 27]. We now
review KV cache compression techniques for LLMs and cooperative
game theory, which are the primary focus of this work.

KV Cache Compression. The memory overhead of storing key-
value (KV) pairs for LLM has motivated extensive research on KV
cache compression. StreamingLLM [49] preserves the initial and
recent tokens, which empirically exhibit higher informativeness
during generation. Similarly, Scissorhands [31] proposes the persis-
tence of importance to identify and retain pivotal tokens. H20 [57]
employs a heavy-hitter oracle to drop tokens with low attention
scores. SnapKV [28] uses the attention scores of the recent to-
kens to retain critical tokens. CCA-LLM [7] groups input tokens,
compressing each group into a core token, which is then com-
bined with recent tokens for attention computation. DGA-LLM [55]
aggregates less important tokens while preserving important to-
kens. While these methods reduce memory usage and accelerate
inference, they implicitly assume uniform importance across atten-
tion heads, limiting their applicability. Recent works address head
diversity through layer-wise and head-wise optimizations. Pyra-
midKV [4] implements a hierarchical allocation strategy, assigning
larger cache budgets to lower layers based on the observed atten-
tion patterns across layers. FastGen [15] is an adaptive KV cache
compression method that reduces LLMs’ memory usage by profiling
attention modules and constructing caches adaptively. RazorAtten-
tion [42] and Duoattention [48] divide attention heads into retrieval
heads(critical for long-context processing [46]) and non-retrieval
heads, apply full KV cache to retrieval heads and compressed KV
cache to non-retrieval heads. ArkVale [6] proposes a page-based
KV cache manager that asynchronously copies filled pages into
external memory (e.g., CPU memory) as a backup and supports the
recall of important tokens that were previously evicted. AdaKV [12]
dynamically adjusts cache budgets across heads based on their con-
centration degrees and HeadKV [13] calculates head importance
scores to allocate cache budget before inference. In addition to KV
cache eviction methods, KV cache quantization is also one of the
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mainstream approaches for KV cache compression [32, 52]. How-
ever, while eviction methods can be used to retain less than 1%
of the cache, KV cache compression cannot be applied to such an
extent because it must preserve at least 1 bit. Nevertheless, existing
methods lack a global assessment of attention head importance and
allocate cache budgets accordingly

Cooperative Game Theory. Cooperative game theory offers a
principled framework for understanding how multiple players
jointly contribute to system performance. Shapley value [38], a
classic solution, allocates benefits based on marginal contributions,
though exact calculation is costly. Extensive research has optimized
this through approximation [16, 34] and complementary contribu-
tions [40, 53]. In the context of LLMs, recent works have applied
game theory to analyze attention heads from different perspectives.
For instance, Held and Yang [19] employ Shapley values to identify
and prune interference-inducing heads for multilingual model adap-
tation, while Qu et al. [36] leverage Harsanyi dividends to quantify
cooperative and competitive interactions within head groups for
attention calibration. However, these methods are primarily de-
signed for model adaptation and structural refinement rather than
inference-time KV cache management. Specifically, they rely on
standard marginal contributions that require evaluating each head
independently, leading to computational complexity that scales
linearly with the number of heads. This becomes prohibitively ex-
pensive for long-context inference, where head importance must
be estimated efficiently across thousands of tokens and multiple de-
coding steps. Moreover, their objectives, which focus on structural
pruning and interaction analysis, do not produce the continuous,
per-head importance scores needed for fine-grained cache budget
allocation. To address this, we propose the Sliced Shapley value,
which samples only a subset of coalition sizes based complemen-
tary contribution. This approach not only accelerates computation
to practical levels but also accurately reflects individual head con-
tributions for fine-grained cache allocation.

3 PRELIMINARIES

In this section, we begin by formalizing the problem of key-value
caching in multi-head attention (MHA). Then we review two strate-
gies for KV cache compression. Finally, we present the Shapley
value, a foundational concept from cooperative game theory.

3.1 Key-Value Caching in MHA

We consider a transformer-based LLM built from stacked layers
that integrate multi-head attention mechanisms, and each layer
consists of n heads H = {hy,-- - , by }. Let X € R™*9model he an input
sequence consisting of m embedded tokens of dpodel dimensions
each. The attention output of head h; is given by

0; = A;V; = Softmax(Q;K] //dy)V,,

Qi = XWZ K; = XWK v, = XW} € R™%

where dj, = dode1 /1 is the dimensionality of each head. Wl.Q, Wf< ,
\4 d, xd, ; :

W/ € RfmodelX% represent the mapping matrices for the query, key,

and value, respectively. Note that A; is also known as the attention

weights.



The objective of KV caching in MHA is to store all previously
computed K; and V; pairs, thereby avoiding redundant recomputa-
tion during subsequent decoding stages. Upon the arrival of a new
generated token x € R!*dmodel | one can first obtain its correspond-
ing query, key, and value as follows:

qi = XWiQ, k; = fo, v; = leV,

then update K; and V; by appending the newly generated k; and
v;, respectively

Ki = Cat[Ki,ki], Vi = Cat[V,‘,V,‘]. (l)

The attention output vector of head h; for the new token is
computed as

0; = Softmax(qul—T/\/d_h)Vi.
The output of MHA for the new token, y € R'*“model is then ob-

tained by concatenating the output vectors of all heads and applying
a linear transformation:

o=_Cat[oy,---,0,], y= oW?O,

where WO € RmodelXdmodel denotes the weight matrix.

3.2 KV Cache Compression

As the attention heads process an increasing number of tokens,
the KV cache expands proportionally, leading to higher memory
consumption and computational overhead. To address this while
maintaining model performance, we introduce two compression
strategies, namely eviction and quantization.

KV Cache Eviction. KV cache eviction methods aim to discard
KV pairs whose contributions to the final outputs are marginal.
For example, H20 [57] ranks tokens based on the sum of their
attention weights across preceding tokens, retaining only those
with the highest cumulative scores. Let K; € Rs*9 and V; € RS%dn
denote the compressed KV caches, where s < m is the number
of retained tokens. Then the attention output of h; is given by
0; = Softmax(q,»IA(iT/\/d_h)V,», and K;, V; can be dynamically updated
following Eq. (1).

Traditional approaches typically apply uniform cache budgets
across all attention heads. However, recent research reveals that
attention heads exhibit highly heterogeneous behaviors, with vary-
ing importance and functionality. This observation has motivated
adaptive cache allocation strategies that dynamically assign differ-
ent cache budgets to different heads based on their characteristics.
Our work follows this direction by proposing a cooperative game-
theoretic approach to evaluate the attention head importance and
determine optimal cache allocation across heads.

KV Cache Quantization. The uniform quantization to the KV
cache process is shown as follows. For each head h; with bit-width
b;, and for each token position ¢, we compute a per-token dynamic
range along the head dimension. Define the integer range as:

Gmax (bi) = max (1, 2bi=1 1), b > 1

and the scale as:
_ max |[K;,|
qmax(bi) ’

max |V; |
U = —————
b qmax(bi)

Si,t
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Uniform quantization maps float element K;; ;(1 < j < dp) to
integers via:
V..
(round ( LbJ
Si,t
it

Vv,
(round( ),_qmax(bi)a qmax(bi))
Uit

The dequantization process restores the values by:

Ki,t,j = Cllp

) 5 _Qmax(bi)’ qmax(bi))

and for values:

Vi,t,j = Cllp

Kitj =Kiej X sit,  Vigj=Vigj Xuig

Similarly, the compressed KV caches K;, V; can be updated ac-
cording to Eq. (1), and the attention output of A; is then computed
as 0; = Softmax(q,-f(;r /Nd,)V;. Since we only cache the quantized
matrices K; and V;, which use b; bits for storing each element, it can
significantly reduce memory usage during model inference. Our
approach can extend this by allowing different attention heads to be
assigned different bit-widths based on their importance, enabling
more fine-grained memory optimization.

3.3 Shapley Value

Consider a set of players N = {p1,..., pn}. A coalition S is a subset
of N that cooperates to complete a task. A utility function U(S) is
the utility of coalition S for the task. The marginal contribution of
player p; with respect to a coalition S is U (S U {p;}) —U(S), and
the Shapley value of p; measures its expected marginal contribution

SV, =1 Uusv {ii_}R ~US) "
(\S|)

" schipi)

It is evident that the exact computation of SV; requires evalu-
ating the utility of all possible coalitions, with player-specific mar-
ginal contributions that cannot be reused. As a result, the computa-
tional cost grows exponentially with the number of players. To over-
come this challenge, Zhang et al. [53] proposed using the comple-
mentary contribution of a coalition S, denoted as U(S) —U(N\S),
and demonstrated that SV; can be approximately given by

UGS U{pi}) —UNN (S U{pi})

(Ts)) '
S|

Note that the complementary contributions can be shared among

all players in S, reducing redundant calculations and enhancing

the efficiency of Shapley value computation. In the context of KV

caches in MHA, attention heads are treated as players for evaluating

their importance to each specific task. ¢ (S) is defined as the model

accuracy when the attention heads in N\ S are masked. We retain
only the KV pairs within the local window for masked heads.

1
SVi=-
" Sscipi)

®)

4 IMPORTANCE-AWARE KV CACHE
COMPRESSION VIA SLICED SHAPLEY VALUE

Effectively assessing the importance of attention heads is crucial for
effective KV cache compression. However, existing methods treat
heads independently, ignoring their collaborative nature. While
the Shapley value offers a principled solution, its exact compu-
tation is intractable for LLMs due to the exponential number of
head coalitions. To address these challenges, we propose a two-step
method for efficient KV caching in MHA. We first precompute the



importance scores for each attention head based on the Shapley
value. These scores are subsequently utilized for KV cache com-
pression during inference for model application. The overview of
our approach is illustrated in Figure 1.

4.1 Head Importance Evaluation
Given a set of heads H = {hy,...,h,} and i,j € [1,n]. We first
introduce two key concepts that underpin our method.
e j-coalition: a subset of H containing exactly j heads;
o (i, j)-coalition: a j-coalition that includes a specific head
hi.

Let G;; £ {SU {m}|S € H \ {h;},|S| = j — 1} denote a set of
(i, j)-coalitions. Following Eq. (3), the Shapley value associated with
head h; corresponds to its expected complementary contribution
over all possible (i, j)-coalitions, that is,

SVi== 3 SV,
=
sy, & Y USUOLS)

(21
While leveraging complementary contributions can enhance the ef-
ficiency of Shapley value approximation, the computation of SV ;
for every coalition size j € [1, n] remains prohibitively expensive
when n is large.

Our approach is grounded in the key insight that the distribution
of 8V, across all attention heads remains statistically consistent
as the coalition size j varies, as shown in Section 6.4. This obser-
vation suggests that the importance of heads can be effectively
captured without exhaustively enumerating all coalition sizes, but
by considering only a selected subset. We refer to this subset as a

slice of the coalition size space, denoted by L C [n], and define the
sliced Shapley value (SSV) as follows.

Se;

DEFINITION 1. (Sliced Shapley Value)
The sliced Shapley value of head h; with respect to £ is defined
as the expected complementary contribution over j-coalitions for

jeL:

1 <& L
SSVE=N'sv,; - 114, 5
F =1 JZ TR ©)
where ]I;_C is an indicator function that returns 1 if j € £ and 0
otherwise.

The intuition of why such stability arises across different coali-
tion sizes is that complementary contribution evaluates binary
budget assignments. Varying coalition size j primarily induces a
global utility baseline shift, where preserving more heads retains
more information, without altering the relative importance of indi-
vidual heads. Since head-specific sensitivities (e.g., reliance on long-
range vs. local context) are intrinsic and independent of j, changing
coalition size shifts overall contribution levels but preserves impor-
tance rankings. This ensures SSV approximations remain reliable
across different choices of j. It can be proven that the error be-
tween SS(VI.L and SV; for any attention head h; is bounded by

0] (\/1/|£|)» as shown in Theorem 1 below. The detailed proof is
provided in Section 5.1.
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Algorithm 1: Head Importance Evaluation in LLMs.

input :The set of heads H = {hy,..., h,}; the set of
selected coalition sizes £, number of samples M

output: The approximate sliced Shapley value SS(Vf for

each head h;.
1 fori=1tondo
2 SS(ViL «— 0;

for j=1tondo
L S(Vi)j — O; ml-,j — 0;

for k =1toM do

7k

« a random permutation of {1,...,n};

J < a coalition size randomly selected from £;

S — {zF[1],..., 721}

HN\S — {a*[j+1],...,72%[n]};

// U(S) is the model performance when heads in H \ S are masked
and vice versa for U(H\ S).

u—US)—UHN\S);
foreach i € S do
L SrVi,j +=1U;

m,»)j += 1;
fori=1tondo

L SSVE = 57 20, SV j/mis

10

11

12

13

14

15

16 return SS(VIC, .. ,SS(V,{.

THEOREM 1. Assume SV, € [a,b] for alli, j € [n]. For any
§ € (0,1), we have

(n—=|L]+1)In(2/6)
2|Ln ’

ISV —SSVE < (b~ a)\/

with probability at least 1 — 6.

Although S§V IL greatly reduces the number of coalitions to be
considered, the precise calculation of SV ; for each j € £ remains
intractable, as the cardinality of &; ; expands exponentially with
the total number of heads. To alleviate this, we adopt a Monte Carlo
approach that iteratively estimates the expected complementary

contribution of each (i, j)-coalition, denoted as SV ;. This enables

us to further obtain an approximate sliced Shapley value SS(ViL
for each attention head h;, as outlined in Algorithm 1. We recom-
mend selecting coalition sizes via a simple interpolation strategy
under a fixed compute budget, e.g., L = {n/2}, L = {n/2,n/4},
or L ={n/2,n/3,n/6}, where n is the total number of (KV) heads.
If more precomputation is available, one can further enlarge L by
adding more coalition sizes. We use interpolation-style selection
because adjacent coalition sizes are highly redundant in practice
that the estimated head-importance distribution changes smoothly
with coalition size, and nearby j values tend to produce very simi-
lar rankings. Therefore, evaluating many closely spaced coalition
sizes usually provides limited additional information relative to its
computation cost, while a few well-spaced sizes can already capture
the main trend effectively.
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Figure 1: Overview of our proposed method: (1) Head Importance Evaluation (Upper Part): For a 4-layer x 4-head model, we measure
head importance using the sliced Shapley value (SSV). To approximate SSV, we sample M different sets of masked heads and compute their
complementary contributions. The average complementary contribution of each head is its estimated SSV. (2) KV Cache Compression
(Lower Part): Using the 4 heads in Layer 3 and the KV cache eviction method as an example, each head stores KV pairs for a small local
window of recent tokens. Heads with higher SSV (represented by darker areas in the heatmap) are allocated more cache size to retain KV
pairs prior to the local window. For adaptive KV cache quantization, we can assign heads with higher SSV more bits, while heads with

lower SSV receive fewer bits.

Description of Algorithm 1. At k-th iteration, we sample a ran-
dom permutation 7k of {1, ..., n}, which specifies a random order-
ing of the heads. We then randomly choose a coalition size j € £
and construct the set of selected head indices S, which includes
the first j elements in 7, ie, S = {7*[1],...,7%[j]}. Next, we
mask all heads with indices in H \ S and evaluate the resulting
model accuracy, denoted as U(S). Similarly, we obtain U (H \ S)
by masking all heads with indices in S (Lines 3-6). Subsequently,
we update the Shapley value estimate SV; ; and the count value
m; j for each i € S (Lines 7-10). After M iterations are completed,

we calculate the approximated sliced Shapley value SS"VI.L for all
heads by averaging the complementary contributions.
As demonstrated in Theorem 2, our algorithm achieves an (e, §)-

approximation with time complexity O (W), signifi-

Tnln(2n/8)
€2

cantly improving over the O ( ) complexity required for

the Shapley value approximation. The detailed proof can be found
in Appendix C.

THEOREM 2. Algorithm 1 returns an (€, §)-approximation of sliced

7| £/ 24 )
|£]1n 75 ) where T is the

Shapley value with time complexity O(————
time cost of evaluating a complementary contribution which is the
time to inference on the validation dataset of each task in our setting.
Tnln %‘
)
€2

In contrast, Shapley value requires the time complexity of O(
to achieve an (e, §)-approximation.

4.2 KV Cache Compression

In this section, we present how our proposed head importance eval-
uation method can be effectively applied to KV cache compression,
with two primary techniques, including KV cache eviction and
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KV cache quantization. Our contributions focus on the eviction-
based approach. It preserves strong model performance with an
extremely small cache, such as one with an average of only 128 KV
pairs. In contrast a 2-bit quantization method still requires 12.5% of
the KV cache and delivers much worse performance. Nevertheless,
we demonstrate that the same importance scores can be seamlessly
integrated into quantization frameworks and that this application
shows the generality of our method.

KV Cache Eviction Budget Allocation. An intuitive approach
suggests that the least important heads, which contribute minimally
or even negatively to the model performance, may not require
cache allocation. Let o represent the number of such heads, which
serves as the sole hyperparameter in our allocation scheme. For
the remaining n — a heads, we employ a normalization method
to normalize their importance scores and allocate the cache size
proportionally based on their normalized scores.

Specifically, we normalize their contributions using min-max
normalization for the n — a heads:

SSVE — min*(SSV¥)
max(SSVY) - min*(SSVE)’
where min®(-) and max(-) extract the a-th smallest and maximum
value, respectively. For the o heads with the smallest sliced Shap-
ley values, we set the normalized score as 0. This ensures that all
normalized scores lie in the range [0, 1].

Next, the cache size c; allocated to head h; is determined by the
local window size s and linearly distributing the remaining shared
cache size B based on the normalized scores:

NSVE
o oL +s.
NSV

NSVE =

(6)

Ci =



Algorithm 2: Token Eviction Using CoKV.
input :Shared budget size B, local window size s, tokens in
local window X" € R$*¢ KV in local window
{Kl.m", vy in} KV outside local window
t t
{Kout, your) o
output:Retained KV Cache {K;, V;}
1 Qlwin =XwinwiQ;
// Compute attention weights of queries in local window and prefix Keys.
A; = Softmax(Q}""K] );
3 A; = Ki.maxpooling(dim =1).mean(dim = 0);
// Calculate token scores outside the local window.

Get the cache size c; using Algorithm 1 and Equation 6;

[N}

'S

indices = Ki.topk(ci).indices;

Select {K, V;} from {K*, Vo“'} according indices;
{Ki., Vi} = Cat({Ky, Vi, {K}™, V"));

// Keep top c¢; KV pairs in the cache.

return Retained KV Cache {K;, V;}.

«

a

=

®

Our method uses Sliced Shapley values as a proxy to guide allo-
cation. This approach works well in practice for two reasons: (i) By
definition, a head with low Shapley value indicates that compress-
ing or removing the head’s KV cache has minimal impact on model
utility. (ii) Over-allocating budget to important heads incurs limited
inefficiency compared to the performance degradation caused by
under-allocating them. As long as critical heads are protected (i.e.,
ensured to receive sufficient KV budget), overall model performance
is largely preserved.

Algorithm Description. The detailed KV cache eviction steps for
a single head are outlined in Algorithm 2. First, we allocate the KV
cache size for each head based on their normalized sliced Shapley
values. Next, we rank the importance of KV pairs within each head
following SnapKV. Specifically, the most recent tokens within local
windows guide the KV cache selection. Attention scores from these
local windows to the remaining tokens are aggregated via pooling,
with higher-scoring tokens retained in the cache for each head.

KV Cache Quantization. The head importance scores derived by
our method are not limited to eviction and can be directly applied to
guide non-uniform quantization strategies. Specifically, our scores
enable an adaptive bit allocation scheme where more important
heads are assigned higher precision. This principle can complement
advanced quantization techniques like Kvquant [21], allowing for a
head-aware quantization policy that operates on top of their sophis-
ticated per-channel methods. In our experiments, we demonstrate
that a simple integration, which allocates bits proportionally to
our importance scores, consistently outperforms baselines that use
alternative head importance metrics under the same average bit-
width. This validates the general utility of our cooperation-based
evaluation framework across different compression paradigms.

Compatibility with Paged Attention.

CoKV operates at the logical level of KV cache management (de-
termining per-head retention budgets), which is orthogonal to the
physical page-based memory layout in systems like vLLM. CoKV’s
budget decisions translate directly to page allocation counts, and

its eviction policy functions independently of memory contigu-
ity, enabling seamless integration with paged attention without
modifying core paging mechanisms.

5 PROOFS

This section provides the proof of Theorem 1. The proof of Theo-
rem 2 can be found in Appendix C due to the limited space.

5.1 Proof of Theorem 1

Without loss of generality, we assume SV, ; € [a,b] for j € [n].
The sum of SV, forall j € [n] is

n
U= ZS(VU =n- S(V,
j=1
For a randomly sampled coalition size subset £ C [n] of size
| £| drawn without replacement, the sum of SV; ; for all j € L is

Z=3 8V =1Ll -SSVE.
jeLl
Let R = b — a. By applying Serfling’s inequality for sampling
without replacement (Corollary 1.1 in Serfling [37]), we have that
for any € > 0,

|£]

p(z-=.
n

2
Uz |[L]e) < exp [_ 2|L|e’n ]

(n—|L]+1)R?
Dividing both sides of the probability event by | L|, we obtain

2|L|e*n
P L_8V,>¢) < e d L
(SSV;-8V;>€) <exp [ Ty 1)R2]
By symmetry, we have
2| L|e*n
P L_8SVi|>e) <2 S e L
(ISSV; -8Vil 2 ¢) exp [ =1L+ 1)R2]

Setting the right-hand side to § and solving for e:

2|L|e*n 3
2exp [‘(n— 1L+ 1)R2] =0

2|L|e?n

(CEVIET

In(2) -

R? 2
2-_ 2 (p-— z
€ —2| |n(n |£|+l)ln(6).

Thus, with probability at least 1 — §:

(n—=1L]+1)1In(2/6)
2|L|n ’

ISV - SSVE < R\/

It is clear that w < 1as L > 1. Therefore, we have

In(2/6)
2L

ISV - SSVE| <R

By omitting the constants, we obtain the asymptotic error bound
O(\/Zl/ILI). This completes the proof.



6 EXPERIMENTS

This section presents a comprehensive evaluation of CoKV, demon-
strating its advantages over baselines in KV cache eviction across
multiple datasets. We further evaluate decoding latency and mem-
ory usage in Section 6.7; additional KV quantization and precom-
putation results are provided in Appendix B, which is included in
the full version of our paper available on GitHub.

6.1 Experiment Settings

Datasets and Models. We evaluate our methods on five open
benchmark datasets: LongBench [3], Needle In A Haystack [25],
RULER [22], GSMSK [8], and MATH [20] using Qwen3-328 [51],
Llama-3-8B-Instruct [11] (hereafter L1ama3-8B) and Mistral-7B-
Instruct-v0.2 [24] (hereafter Mistral-7B) models. Due to the page
limit, details of all experimental datasets are provided in the appen-
dix.

Baselines and Settings. We compare our CoKV against four
KV cache compression methods. For fair comparison, all methods
are implemented using the same underlying components, i.e., the
grouped-query attention (GQA) [1] architecture and the FlashAt-
tention [9] kernel, with an identical total cache size. Notably, within
the GQA design, a group of heads shares a common KV cache.

e SnapKV [28] uses the last several tokens as local windows.
Attention scores from these windows to the remaining to-
kens are pooled to guide the KV selection in each head.
PyramidKYV [4] allocates more KV caches to lower layers
to retain key information while reducing the budget for
higher layers where information is already aggregated.
Ada-KV [12] dynamically allocates budgets to heads within
each layer based on their concentration degrees, and can
be combined with SnapKV or PyramidKV. Ada-SnapKYV is
used as the baseline due to its superior performance over
Ada-PyramidKV.

HeadKV-R2 [13] allocates budgets to heads based on their
retrieval-reasoning score, and uses SnapKV to rank the
importance of KV pairs within each head. For compatibility
with GQA, we instead compute the importance score of
each group by averaging the retrieval-reasoning scores of
its constituent heads.

Following standard practices in Ada-KV and HeadKV-R2, we
perform cache eviction after the prefilling phase of each layer for
consistent comparison. When evaluating HeadKV-R2, we compute
head scores for the Qwen3-32B model using the maximum context
length supported by an H100 96G GPU server. For L1ama3-8B and
Mistral-7B, we use the head scores reported in the original pa-
per [13]. Furthermore, in all L1ama3-8B experiments, only the first
and last 4k tokens are used if the test data exceeds the maximum
input length of the model.

CoKYV Settings. Given the adoption of the GQA architecture, we
treat each group of heads as a player in the cooperative game to
evaluate their sliced Shapley value. We set L = {32, 64, 96, 128} for
both L1ama3-8B and Mistral-7B which have 256 groups (32 layers,
8 groups in each layer), and set £ = {256} for Qwen3-32B which has
512 groups (64 layers, 8 groups in each layer). Our ablation experi-
ments of L in Section 6.3 show that CoKV with only one coalition
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size works well, but more slices will enhance CoKV. Following
HeadKV-R2, we set the local window size s = 8. We randomly con-
structed a validation set by selecting 20 data instances from each
task of LongBench to compute the sliced Shapley value of each task,
with the remaining data serving as the test set. We use the average
sliced Shapley value of all tasks on Longbench as a general head im-
portance score to assess model performance on the LongBench test
set and four other datasets of long context retrieval and math reason-
ing, which confirms the strong generalizability of our approach. The
optimal hyperparameter a for Qwen3-32B is determined through a
grid search over the candidate values {5, 10, 15, 20, 30, 40, 50} on the
validation dataset, while the candidate values for L1ama3-8B are
{2,4,6,8,10,12, 14}. The optimal hyperparameter « for L1ama3-8B
and Qwen3-32B, determined through grid search, is 8 and 40, respec-
tively. Detailed results are provided in Section B.1 in the appendix.
We also test a task-specific variant, termed CoKV-Task, which uses
the sliced Shapley value computed on each task’s own validation
data. This approach allows CoKV to be adapted to domain-specific
scenarios with less reliance on validation data.

6.2 KV Cache Eviction Results

LongBench Results. Longbench is a widely adopted benchmark
for evaluating model performance. It comprises 16 tasks from di-
verse domains, with context lengths ranging from 1k to 18k tokens.
In our study, we compared various KV cache eviction methods
under the same constrained KV cache budget. A well-designed
eviction method is capable of retaining most of the model’s perfor-
mance even when storing only a very small portion of KV pairs.
For instance, experimental results with CoKV on the L1ama3-8B
model demonstrate that by keeping 128 KV pairs per cache, which
represents only an average 1.6% of the full cache size, the model still
achieves 96.13% of the performance attained with the full KV cache.
The complete benchmark results are presented in Tables 16 and 17
in the appendix. We include a simplified table (Table 1), showing
the performance of L1ama3-8B and Qwen3-32B when keeping 64
KV pairs on average for L1ama3-8B and 128 KV pairs on average for
Qwen3-32B. The results demonstrate that CoKV consistently out-
performs all baseline methods. The superior performance of CoKV
arises from its ability to effectively evaluate the importance of each
cache within a group while considering the cooperation among all
groups. CoKV-Task outperforms CoKV on the L1ama3-8B model.
We attribute this superiority to its task-specific hyperparameter
optimization and the model’s smaller size, which simplifies head
importance assessment. However, for the larger and more complex
Qwen3-32B model, CoKV’s multi-task evaluation demonstrates su-
perior performance by offering a more robust measure of overall
head importance.

Since both HeadKV-R2 and CoKV provide importance scores
for each group, we conduct an experiment to compare their effec-
tiveness without introducing any hyperparameters for fair evalu-
ation. In this experiment, we mask groups based on their impor-
tance scores assigned by each algorithm. Specifically, we mask
the highest-ranked (top) and lowest-ranked groups (low) for both
methods. Table 2 presents the simplified results of masking groups
of Qwen3-32B and L1ama3-8B, and the complete results are shown
in Tables 18, 19 and 20 in the appendix. The results show that



Table 1: Comprehensive KV Cache Eviction Results on LongBench

Method Single-Doc. QA Multi-Doc. QA Summarization Few-shot Learning Synthetic Code Avg
R T T R T T T T S S
v 3 @ O < % S % < “ %, %,
¥ 47@7 o «Oo/z K2 %, °, 23 “
Llama3-8B model with KV size=64
Full Cache 2337 30.82 40.25 429 33.03 22.04 2846 23.07 268 750 90.41 4194 3.11 71.67 56.82 52.68 41.39
DuoAttention(12.5%) 19.27 11.55 28.59 36.69 28.22 17.43 18.01 21.55 1640 4899 89.14 36.25 3.07 7275 5424 50.77 35.01
SnapKV 18.81 12.28 29.72 3732 2858 17.93 17.45 21.86 17.07 49.44 88.77 359 3.0 71.67 5412 5092 34.67
Pyramid 19.64 14.06  33.0 38.6 26.16 1852 18.01 21.88 18.57 6278 87.46 36.76 331 7139 53.06 49.4  35.78
Ada-SnapKV 18.7 14.03 3296 39.51 29.58 18.14 18.15 21.53 187 60.56 89.07 3574 3.61 7093 5325 5179 36.01
HeadKV-R2 19.46 16.14 36.67 34.83 2532 19.09 1870 21.80 20.18 64.93 88.15 37.76 294 71.67 57.08 5590 36.92
CoKV-Task 20.02 19.40 3571 4276 33.02 20.59 17.92 2231 1849 70.0 90.16  37.96 3.98 71.67 5592 56.28 38.51
CoKV 19.92  23.67 32.14 4233 33.8 17.27 16.26  22.67 16.16 68.89 89.34 37.19 389 7194 5181 49.68 37.30
Qwen3-32B model with KV size=128
Full Cache 37.14 45,51 49.17 58.2 5474 3836 329 2372 25.08 72.78 72,57 37.95 17.78 100.0 62.72 70.08 49.92
SnapKV 30.18 3254 4196 552 47.04 3431 2274 21.19 19.0 47.22 67.89 36.77 17.22 98.89 5852 50.48 42.65
Pyramid 27.17 3211 4093 30.13 37.2 3443 2201 2095 18.71 381 6843 3555 9.52 100.0 56.48 51.29 40.19
Ada-SnapKV 2274 3211 40.02 3242 4044 2797 2343 21.67 1898 46.67 6843 3893 9.52 100.0 57.9 49.71 3943
HeadKV-R2 29.78 3339 4151 5185 52.06 36.17 24.17 21.04 19.03 4889 6798 36.44 18.02 99.44 56.88 52.47 43.07
CoKV-Task 28.73 37.56 4480 53.48 53.07 35.17 23.89 21.34 19.28 5444 69.35 3823 19.22 100.0 57.13 56.87 44.53
CoKV 31.19 3784 46.1 57.13 49.04 37.68 23.77 22.04 2098 5444 77.6 34.9 13.89 100.0  64.7 56.4 4548
Table 2: Comprehensive Masking Top Important Heads Results on LongBench
Method Single-Doc. QA Multi-Doc. QA Summarization Few-shot Learning Synthetic Code Avg
Yy G, Tk, W, T, %, O T, B % %y G R @ %
0 o %, %, % p G, % I 5 % ®
i € W Yy % T, % 3 @ 2 %
&4 Q U %, k4 %
Masking Top 16 heads with the L1ama3-8B model
Full Cache 23.37 30.82 40.25 429 33.03 22.04 28.46 23.07 26.8 75.0 90.41 4194 311 71.67 56.82 52.68 41.39
Random 20.27 28.69 3238 4236 20.02 2146 28.18 2338 26.19 750 90.45 4046 3.52 713 4871 41.11 38.34
HeadKV-R2(low) 20.99 14.11 3245 2881 275 13.19 2758 2342 2686 750 90.38 4186 3.98 70.69 36.39 38.61 3573
HeadKV-R2(top) 18.62 11.64 27.87 3141 17.77 1517 19.86 2258 22.04 68.89 87.19 358 394 6831 27.83 28.1 31.68
CoKV(low)-Task 22.72 33.84 4149 46.15 395 20.7 29.13 2298 2749 750 90.81 4252 3.89 70.57 63.17 6196 43.24
CoKV(top)-Task 6.17 9.54 9.3 9.84 1255 5.39 569 17.04 443 4278 69.21 22.75 358 3424 11.84 1834 17.66
CoKV(low) 22.54 34.66 41.88 45.62 39.59 2233 282 2298 2686 750 90.14 4139 389 62.41 4862 488 40.93
CoKV(top) 1594 6.16 144 10.62 11.39 4.56 8.13 214 1514 7278 77.07 3406 349 4344 2089 22.01 23.84
Masking Top 64 heads with the Qwen3-32B model

Full Cache 37.14 4551 4917 582 5474 3836 329 2372 2508 7278 7257 3795 17.78 100 62.72  70.08 49.92
Random 30.13  44.81 50.07 56.51 54.06 39.24 2733 2332 2482 7278 7112 37.72 1294 100.0 22.71 23.79 43.21
HeadKV-R2(top) 28.38 34.55 32.15 47.25 45.26 2533 20.14 2217 1398 5556 56.69 21.18 8.69 9833 1444 1847 3391
CoKV(low)-Task 22.72 33.84 4149 46.15 39.5 20.7  29.13 2298 2749 750 90.81 4252 3.89 70.57 63.17 6196 43.24
CoKV(top)-Task  28.85 2855 1891 251 19.78 12.69 1348 2297 23.8 3556 2643 1041 8.04 17.22 5.2 5.05 18.88
CoKV(low) 34.64 46.54 5431 56.15 55.69 4236 2211 2467 2498 69.7 7474 3828 1515 100.0 21.95 26.42 44.23
CoKV(top) 12.07 1696 7.72 1981 16.13 4.72 1447 12.14 472 3434 2201 858 1414 1.01 1576 1437 13.68

when masking the top-ranked groups identified by each method,
the performance of CoKV degrades more significantly than that of
HeadKV-R2. This suggests that CoKV is more effective at evaluating
group importance, as it better distinguishes between critical and
non-critical caches. Conversely, the results in the full tables show
that when masking the unimportant groups (low), the performance
of CoKV declines more gradually than HeadKV-R2. When masking
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the 64 most important heads of Qwen3-32B, CoKV achieves an av-
erage accuracy of only 13.68%, while HeadKV-R2 maintains 33.91%.
Surprisingly, the results of masking 16 most unimportant groups
of L1ama3-8B in Table 2 outperformed the FullKV approach. This
further demonstrates that CoKV can identify attention head groups
that have a negative impact on the model. By removing the KV
pairs from these groups, the model inference not only optimizes



Table 3: Qwen3-32B with KV size = 128 on GSM8K and MATH

Dataset  Full Cache  SnapKV ~ Pyramid AdaKV ~ HeadKV-R2  CoKV
GSM8K  93.47 70.71 69.56 68.69 79.44 82.10
MATH 52.53 39.10 37.58 41.02 43.65 46.17

Table 4: Mask Top Important Heads on GSM8K and MATH

Dataset ~ Method 16 heads 32 heads 64 heads 96 heads
Random 92.24 91.73 89.57 88.15

GSM8K  HeadKV-R2(top)  91.24 90.38 72.15 36.85
CoKV(top) 86.57 19.40 3.77 1.89
Random 52.15 51.06 46.97 42.39

MATH HeadKV-R2(top)  51.41 36.54 32.83 10.61
CoKV(top) 45.45 21.37 2.92 1.70

storage and decoding speed but also enhances overall performance.
Results for Mistral-7B are available in the appendix.

Mathematical Reasoning Evaluation. To assess the mathemat-
ical reasoning capability of CoKV, we evaluate it on the widely
used GSM8K and MATH datasets using Qwen3-32B. The used head
importance scores are still the average scores across all tasks in
LongBench. We perform experiments involving both KV cache evic-
tion and head masking, using 5 shots in all the experiments. As
shown in Table 3, CoKV outperforms all other compression base-
lines, achieving the highest accuracy on both GSM8K and MATH.
Furthermore, Table 4 demonstrates that masking the top heads
identified by CoKV results in a more severe performance drop, fur-
ther validating its precise assessment of head importance. Most
importantly, the fact that the head importance scores computed
from the LongBench validation set effectively transferred to mathe-
matical reasoning tasks strongly demonstrates CoKV’s capability
to identify universally important heads across different domains.
This validates the practical utility of CoKV.

Needle-in-a-Haystack and RULER Results. A critical concern
regarding KV cache eviction methods is their stability in super-long-
context retrieval tasks. To evaluate the stability of our proposed
CoKV method under such conditions, we conducted tests using
the Needle-in-a-Haystack benchmark and RULER, employing both
the Mistral-7B and Qwen3-32B models. Notably, the Llama3-8B
instruct model is omitted due to its limited 8k context length. We
used the head scores computed on LongBench, which demonstrates
that CoKV provides a general ability to measure head importance
across different tasks. With the average KV cache size 128, we sys-
tematically insert target texts (needles) at ten equidistant positions
(11%, 22%, ..., 100%) across varying context lengths ranging from
1,000 to 31,000 tokens (in 1,000-token increments) for Mistral-7B,
as its context length is 32k. As shown in Table 5, CoKV outperforms
other baseline methods, achieving an average score of 95.89% - the
closest performance to the FullKV baseline. We further extend our
evaluation to the Qwen3-32B model under the same KV cache bud-
get (average size = 128). Needles are inserted at the same ten relative
positions across context lengths ranging from 1,000 to 61,000 tokens
(in 4,000-token increments). CoKV again demonstrates superior
performance, attaining an average accuracy of 73.86%—the highest

2163

Table 5: KV Compression Methods with KV size = 128 on NIAH for
Different Models

Model Full Cache  SnapKV ~ Pyramid AdaKV  HeadKV-R2 CoKV
Mistral-7B 99.65 92.38 93.14 93.20 95.78 95.89
Qwen3-32B  100.0 55.11 52.33 61.69 73.18 73.86

among all compressed methods and the closest to the FullKV bench-
mark. The detailed evaluation results for both models are provided
in Figure 15 in the appendix.

RULER generates examples to evaluate long-context language
models with configurable sequence length and task complexity.
RULER includes four task categories, and we select the representa-
tive task from each category for our assessment. We set the mask-
ing group size to 64 and test performance across various context
lengths (8k, 16k, and 31k). We compare CoKV with HeadKV-R2
because HeadKV-R2 is not only the strongest baseline method but
also provides per-head importance scores. We use Mistral-7B and
Qwen3-32B in this experiment, which supports a 32k-token context
window. As shown in Table 6, our method shows significant advan-
tages over baseline approaches: masking critical groups (top) leads
to substantially larger drops in performance compared with other
methods. We present detailed results in Table 14 including masking
less important groups (low) in the appendix. These results indicate
that CoKV reliably differentiates between heads that are essential
for long-context comprehension and those that are irrelevant.

Table 6: Evaluation results of masking 64 groups on the RULER
benchmark

Method Retrieval ~Tracing Aggregation QA
niah vt fwe qal qa2
Mistral-7B 31k Context Length
Full Cache 100.0 86.08 89.2 71.4 534
Random 0.8 59.6 54.4 53.6 194
Headkv-R2(top) 0.0 0.48 0.0 28.6 13.8
CoKV(top) 0.0 0.12 0.0 128 7.0
Mistral-7B 16k Context Length
Full Cache 100.0 90.44 94.73 76.8 54.6
Random 0.2 6.92 71.67 63.8 524
Headkv-R2(top) 0.0 0.56 0.0 29.2 170
CoKV(top) 0.0 0.76 0.27 154 7.2
Qwen3-32B 31k Context Length
Full Cache 98.0 99.0 90.0 83.0 67.0
Random 73.68 10.0 44.67 72.0 58.0
Headkv-R2(top) 0.0 7.4 1.33 11.0 140
CoKV(top) 0.0 0.0 0.0 20 4.0
Qwen3-32B 16k Context Length
Full Cache 93.0 100.0 94.0 86.0 65.0
Random 88.0 88.4 29.33 80.0 59.0
Headkv-R2(top) 0.0 3.6 0.33 19.0 18.0
CoKV(top) 0.0 0.0 0.0 50 9.0




6.3 Ablation Study

We analyze the number of coalition sizes in £ using the L1ama3-8B
model. We conducted experiments by masking the 16 most im-
portant attention heads (top) and the 16 least important heads
(low) based on their significance scores. This approach eliminates
the need for hyperparameter tuning, ensuring a fair comparison
between CoKV and HeadKV by removing potential fluctuations
caused by parameter selection. We compare the results for £ =
{32, 64, 96,128} with £ = {128}. The results show that using the
expected complementary contribution of a single coalition size can
still outperform the baselines, and CoKV is more effective with a
larger number of coalition sizes. The results are shown in Table 7.
In particular, the single-slice setting already identifies high-impact
heads whose removal causes a clear performance drop, indicating
that a representative coalition size carries a strong importance sig-
nal. Using multiple slices averages this signal across budget regimes,
improving robustness to coalition-size selection with only modest
additional precomputation cost.

6.4 Coalition Distribution of SSV

In Appendix Figures 19 and 20, we present the distributions of
the expected complementary contributions of heads in L1ama3-8B
model on the hotpotqga dataset (multi-document question answer-
ing) and the lcc dataset (code generation), with coalition sizes of
{32, 64, 96, 128,160, 192, 224}. We observe strong correlations in the
distributions across all coalition sizes. Additionally, the distribu-
tions of the expected complementary contributions for coalition
sizes S and n—|S| are nearly identical. These observations provide a
justification for our approach of computing complementary contri-
butions using only a small subset of coalition sizes, as it effectively
captures the contributions of the heads.

As showing all the distribution of all datasets costs too much
pages, we conduct additional experiment analysis comparing the av-
eraged complementary contributions of small coalitions (j=32,64,96)
and large coalitions (j=160,192,224) by measuring the overlap rate of
top-contributing heads between them in 16 datasets in LongBench.
Specifically, we computed the percentage of shared heads in their
respective top-k lists (k=32,64,128). The results show consistently
high overlap rates (averaging over 85%) across all 16 datasets and
two different LLMs, confirming that the distributional similarity is
not model- or dataset-specific. This pattern suggests an underlying
structural property of attention heads in transformer-based LLMs,
where the complementary contribution of heads remains stable
across different coalition scales. The results are shown in Tables 8.

Furthermore, we perform pairwise comparisons between the
average importance vectors computed at different coalition sizes
J € {32,64, 96,128}, using (i) Spearman rank correlation and (ii) Top-
25 head overlap. We observe consistently positive and moderate-to-
high Spearman correlations across coalition sizes. For LLaMA-8B,
Spearman p ranges from 0.48 to 0.92 across all coalition-size pairs
(with the highest correlation between j = 96 and j = 128, p = 0.92).
For Mistral-7B, Spearman p ranges from 0.52 to 0.78. Moreover, Top-
25 overlaps are substantial: 0.48-0.76 for LLaMA-8B and 0.48-0.80
for Mistral-7B. These results provide direct empirical evidence that
head-importance rankings and top-head sets are relatively stable
with respect to coalition-size selection, supporting the robustness
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of our SSV-based approximation and reducing sensitivity to the
choice of L.

6.5 SSV Stability Analysis

We evaluate whether precomputed head importance remains stable
during decoding and across tasks using Qwen3-32B. Using reference-
continuation teacher forcing, we compute step-wise SSV scores at
steps {1, 5, 10, 20, 40}. As shown in Fig. 9 in the appendix, adjacent-
step Spearman correlations range from 0.67-0.90, and Top-100 over-
lap exceeds 55% as shown in Fig. 14, indicating that the relative
ordering of important heads is largely preserved. We further com-
pare head-importance vectors across tasks. Instead of relying only
on rank-level agreement, we validate cross-task stability through
downstream transfer. Although task-specific deviations exist, aver-
aging SSV scores preserves reusable head-importance signals and
yields robust performance on out-of-domain GSM8K, Math, NIAH,
and RULER datasets. This suggests that CoKV captures a shared
structural prior over head utility, enabling practical task-agnostic
deployment without per-request re-estimation. Due to limited space,
we put the detailed stability analysis including setting and results
in the appendix section B.2.

6.6 Head- and Layer-wise Budget Allocation

we analyze how CoKV allocates KV-cache budgets across heads and
layers using Qwen3-32B and the precomputed LongBench head-
importance scores. We consider a head is non-trivial if its allocated
cache budget exceeds the uniform allocation. Under average = 1024
KV, the number of head-groups (out of 64 X 8 = 512) with budget
> 1024 is 243, i.e., about 47.4% of heads receive above-uniform bud-
gets. Although many heads retain non-zero budgets, the allocation
is clearly concentrated on high-importance heads. On average, the
top-100 head-groups (about 19.5% of 512) account for 37.4% of the
total allocated budget. Similarly, top-20 account for 10.1% and top-
60 account for 24.9%. This provides an interpretable view of how
CoKV progressively prioritizes a subset of important heads as the
budget tightens. We further summarize layer-wise allocation by ag-
gregating token budgets within each layer and counting how many
head-groups per layer exceed the uniform baseline. We observe
that CoKV tends to allocate relatively more budget to deeper layers
(e.g., layers around 50-60 show higher average allocated tokens
and higher above-uniform counts), indicating a non-uniform depth
structure that differs from layer-only heuristics. These statistics
explicitly characterize how CoKV behaves as a structured cache
allocator that it maintains broad coverage while concentrating ad-
ditional capacity on a smaller set of important heads and deeper
layers.

6.7 Decoding Latency and Memory Usage

We conduct experiments using the Qwen3-32B model, which sup-
ports a maximum context window of 128k tokens with YaRN [35],
with FlashAttention enabled as the default setting. All compressed
methods are executed on a single H100 96GB GPU, whereas FullKV
requires two H100 96GB GPUs for the longest context setting. We
set the average KV cache size to 128 tokens for all KV cache eviction
methods.



Table 7: Ablation Study on LongBench with L1ama3-8B
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Top 64 heads 0.77 0.81 0.88 0.88 0.91 0.91 0.67 0.72 0.66 0.88 0.77 0.80 0.98 0.98 0.83 0.86 0.83
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Figure 2: Peak GPU memory usage and decoding latency on
Qwen3-32B.

Peak Memory Usage. Under a fixed generation length of 1 token,
we measure peak GPU memory usage, including model parameters
and runtime states, across input contexts from 1k to 120k tokens. As
shown in Figure 2, CoKV reduces memory usage by 38.4% compared
with FullKV at 120k input length. Notably, CoKV can accommo-
date 120k-token inputs on a single H100 GPU, whereas FullKV
supports fewer than 60k tokens in this setting. We use 1-token
generation because KV cache eviction occurs after prefill, meaning
the peak memory usage of CoKV is reached before the first token
is generated.

Decoding Latency. With a fixed input context length of 120k
tokens, we measure decoding latency, including both prefilling
time and decoding time, across generation lengths from 1 to 2048
tokens. While CoKV maintains a time-to-first-token comparable
to baselines that do not evict KV cache after prefill, it significantly
reduces per-token decoding latency and thus overall generation
time. As shown in Figure 2, CoKV uses less than 25.14% of the total
latency of FullKV, with negligible differences among compressed
methods under different KV budgets.
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ference cost due to the excessive memory and latency overhead
associated with the growing size of the KV cache. Existing adap-
tive KV cache methods lack a global perspective on attention head
importance, overlooking how their utility arises from interactions
within the LLM. To this end, we introduce CoKV, a novel method de-
signed to evaluate the collaborative importance of attention heads
and dynamically allocate cache sizes based on sliced Shapley value.
Our experimental results demonstrate that CoKV achieves state-of-
the-art performance across 16 LongBench datasets, as well as on the
NIAH, RULER, and math reasoning benchmarks. CoKV provides a
scalable and practical solution for enhancing the efficiency of LLMs
in real-world applications. In future work, we plan to extend CoKV
to jointly optimize KV cache budget allocation and model safety by
integrating safety-aware importance metrics into the sliced Shapley
value framework. This extension will explicitly account for criti-
cal safety considerations, including robustness against adversarial
prompts, and effective mitigation of hallucinations.
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