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ABSTRACT

Auditing algorithmic fairness is a critical challenge in high-stakes

domains like hiring and credit scoring, especially given the intrinsic

opacity of algorithmic decision-making systems. In this paper, we

tackle the following problem: given a ranking of individuals, how

can we assess whether the order is driven by protected attributes

(e.g., gender or race) rather than task-relevant features, under a

strict black-box assumption where the ranking mechanism cannot

be queried?

Building on kernel conditional independence and partial dis-

tance correlation, we introduce C�����, a model-agnostic audit

framework. C����� �rst residualizes the ranking and protected at-

tributes with respect to observables in a reproducing kernel Hilbert

space. It then quanti�es the remaining association via distance

correlation on the residualized embeddings, returning a normal-

ized e�ect-size score. This procedure captures general nonlinear

dependencies without assuming access to latent scores, requires no

hyperparameter �ne-tuning, and naturally accommodates mixed

continuous and categorical data. From C�����’s e�ect-size score,

we derive a hypothesis test for conditional independence. By com-

bining this test with an unconditional independence test, auditors

can achieve a comprehensive causal understanding of the protected

attributes’ in�uence.

We validate our proposal on real and semi-synthetic datasets

with controlled in�uence of the protected attributes on the ranking:

our method reliably detects the in�uence of protected attributes,

outperforming established statistical auditing baselines.
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1 INTRODUCTION

Algorithmic rankings govern high-stakes decisions in hiring, credit

scoring, and college admissions. Ensuring these rankings are not

unduly in�uenced by protected demographic attributes (e.g., gen-

der or race) is a critical requirement often mandated by fairness

regulations [30, 43, 64]. However, auditing these systems is com-

plicated by their opacity: auditors typically observe only the input

features and the output ranking, without access to the internal

scoring logic or training data. Several authors have explored this

black-box auditing challenge in various forms. Adler et al. [1] have

introduced a framework for detecting indirect in�uence in black-

box models using controlled perturbations and in�uence functions.

More recently, Cherian and Candès [9] have proposed a general

statistical testing framework for model-agnostic fairness auditing,

leveraging disparity metrics and bootstrapping techniques. In paral-

lel, methods based on counterfactual reasoning – such as [52] – aim

to explain individual predictions and identify fairness violations

through feature perturbation, even without access to internal model

parameters. Despite these advances, existing approaches tend to

focus either on binary classi�cation tasks or on testing speci�c

hypotheses (e.g., the presence or absence of group disparity), rather

than assessing whether a ranking depends on protected attributes.

In this paper, we tackle the problem of detecting whether an

observed ranking ' depends on protected attributes/ after account-

ing for legitimate, task-relevant attributes- (see Figure 1). Formally,

this requires testing the conditional independence hypothesis:

�0 : / ?? ' | -

To solve this problem, we introduce C����� (CONditional Distance-

cOrrelation for Rankings), a model-agnostic audit framework that

quanti�es the residual dependence of a ranking on protected at-

tributes (see Figure 1). Our primary contributions are:

(1) The C����� method: We combine kernel-based residual-

ization with distance correlation. By projecting the ranking and

protected attributes into a Reproducing Kernel Hilbert Space (RKHS;

see, e.g., [48]), we “regress out” the in�uence of task-relevant fea-

tures- . Measuring the association between the remaining residuals

using distance correlation yields the Protected Attribution Score

(PAS), a normalized e�ect size in [0, 1] capable of capturing complex

non-linear dependencies without hyperparameter tuning. We the-

oretically characterize the PAS showing that it ensures exact null

alignment under conditional independence and exhibits predictable

local sensitivity to emerging biases.
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Figure 1: C����� Pipeline and Causal Diagnostic Framework. (Left) We observe a dataset of = individuals with protected

attributes / and task-relevant features - , alongside an opaque ranking ' (§3). (Center) C����� audits this black box by

projecting ' and / into a Reproducing Kernel Hilbert Space (RKHS) to residualize (“regress out”) the legitimate in�uence of - .

Distance correlation on these residuals yields the Protected Attribution Score (PAS), which is then calibrated via a Conditional

Randomization Test to produce a robust p-value for the null hypothesis / ?? ' | - (§4). (Right) Pairing this conditional test

with an unconditional baseline (/ ? ') creates a 2 ⇥ 2 causal matrix, allowing auditors to distinguish between a passed audit (no

in�uence), indirect (mediated by task features) in�uence, and direct discrimination (§5).

As raw e�ect sizes depend heavily on dataset scale and variance,

PAS values across di�erent datasets are not directly comparable.

To provide a de�nitive binary verdict, C����� calibrates the PAS

against a “no residual e�ect” null hypothesis via a Conditional Ran-

domization Test (CRT), converting the score into an interpretable

one-sided p-value [12, 17, 35].

(2) Causal interpretation:By combining our conditional test (/ ??
' | - ) with an unconditional test (/ ?? '), we provide a causal

diagnostic framework. This allows auditors to distinguish between

cases where the audit is passed (no in�uence), and cases where

the protected attributes exert either a direct in�uence (violating

conditional independence) or an indirect in�uence (mediated by

task features) on the ranking.

(3) Empirical assessment: We validate C����� in three settings:

(8) Both input data and ranking are synthetic, so that we can con-

trol the extent to which the protected information in�uences the

ranking; (88) Real-world datasets and grey-box ranking obtained

by mixing a merit term with a tunable protected term, so the same

protected-signal strength parameter governs by design the share of

protected in�uence while preserving real-world feature distribu-

tions; (888) Real-world datasets with black-box ranking.

We compare our method against three established baselines:

a kernel-based conditional test (KCI [65]), a distance correlation

based technique (��C�� [53]), and an information-theoretic condi-

tional mutual information estimator (CMI – KSG :-NN [32]). Our

experiments con�rm the suitability of C����� as a conditional

independence test and its superiority over the baselines.

2 RELATED WORK

Besides the topic of black-box auditing, which we already covered

in Section 1, this work is related – on the technical level – to non-

parametric measures of conditional dependence, while – at a higher

level – it collocates within the literature about fairness in ranking.

Measures of conditional independence. Kernel-based tests of

conditional independence (e.g., KCI [65]) �rst residualize / and

' with respect to - in an RKHS via a regularized projection, and

then quantify the remaining association using the Hilbert–Schmidt

Independence Criterion [25], a kernel-based dependence measure

that equals zero under independence [26]. C����� draws inspi-

ration from this kernel-based framework but translates the ker-

nel–residualization idea of KCI into a distance–correlation setting,

thus producing a normalized e�ect size.

A complementary line relies on distance correlation �C��[54],

which characterizes independence for multivariate vectors; its par-

tial variant ��C�� [53] provides a closed-form, distance-based e�ect

size for residual association between ' and / after accounting for

- . Building on this line, C����� augments ��C�� with an RKHS
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residualization step and kernel–induced distances. This hybrid de-

sign preserves the geometric invariances and closed-form inter-

pretability of ��C��, while adding the conditioning strength of ker-

nel methods to capture complex (nonlinear, interaction) e�ects of

the observables. Other conditional independence approaches, such

as conditional distance correlation (CDCor) [57] and conditional-

mutual-information (CMI) estimators [33], yield measures that are

zero if and only if conditional independence holds, but they require

estimating conditional densities/expectations and introduce multi-

ple tuning knobs (kernels, bandwidths, neighborhood sizes), which

can be brittle in black-box audits.

Relative to these conditional independence tools, C�����

sidesteps the estimation of conditional objects altogether and lim-

its tuning to robust defaults (kernel family and a small ridge). In

practice, this yields a normalized e�ect size (PAS) that is more

sensitive to residual dependence than plain ��C�� when the in�u-

ence of the observables is nonlinear, and it accommodates mixed

continuous/categorical data through product kernels with stable

defaults.

Fair ranking. Fairness in algorithmic ranking has attracted grow-

ing attention [30, 36, 41, 43, 64]. Much of such literature frames

the problem as one of equitable resource allocation. With a few

exceptions that focus on individual fairness [5, 15, 46], or that

tackle individual and group fairness jointly [22, 63], the bulk of the

literature on fairness in ranking [4, 8, 24, 50, 60–62] and learning-

to-rank [16, 37, 51] deals with group fairness along the lines of

demographic parity [15] or equal opportunity [28]. This typically

requires de�ning a priori demographic groups that have to be pro-

tected from discrimination, as enforced by legal norms [18, 19].

This is typically cast as the problem of maximizing utility under

a group-fairness constraint, that requires a minimum fraction of

individuals from the protected group to be included in the top-:

positions [8, 50, 62]. Such methods are inherently prescriptive: they

aim to devise algorithms that produce fair rankings by balancing

utility and fairness, often relying on explicit models of attention,

such as the position-based discount functions used in Discounted

Cumulative Gain (DCG) [31]. They face key challenges in de�ning

the individual merit, the strength of group-fairness constraints, or

even which groups should be protected in the �rst place [40].

Our work adopts a fundamentally di�erent, descriptive posture:

we do not prescribe how to rank fairly but instead provide a post-

hoc, forensic tool to audit an existing, opaque ranking. The objective

is not to manage exposure allocation but to quantify the residual

in�uence of protected attributes on the observed ranking.

3 PRELIMINARIES

We are given = individuals each described by an attribute vector

v8 = (x8 , z8 ) for 8 2 {1, . . . ,=}, where x8 are observable task-relevant
attributes and z8 are protected demographic attributes. We are also

given a deterministic ranking of the = individuals: i.e., a bijective

function A : [=] ! [=], such that A (8) is the position of the in-

dividual 8 in the observed ranking, with A (8) = 1 being the top

(best) position. The positions in the ranking are hereafter viewed

as stacked into the vector r := (A (1), . . . , A (=))>. We represent

task-relevant and protected attributes by the matrices X 2 R=⇥3>
and Z 2 R

=⇥3? , whose 8-th rows are x>8 and z
>
8 , respectively. As

our target is a property of the underlying data-generating mecha-

nism, not of a single dataset, we adopt a population-level viewpoint,

i.e., we use random variables - ,/ ,' for task-relevant attributes,

protected attributes, and the ranking respectively, and study the

conditional–independence hypothesis �0 : / ?? ' | - .

For the sake of completeness and clarity of treatment, we next

recall the fundamental de�nition of a kernel function and its asso-

ciated spaces, which will be used in the next section, pointing the

reader to standard texts for comprehensive treatments [34, 48, 49].

D��������� 1 (K����� F�������). Let X be a non-empty set. A

function : : X ⇥ X ! R is a kernel if there exists a Hilbert space

H (a feature space) and a feature map q : X ! H such that for all

u, u
0 2 X, the kernel computes the inner product inH :

: (u, u0) = hq (u),q (u0)iH . (1)

In our setting, X can be, e.g., the space of task attributes R3> or

protected attributes R3? . To rigorously ground this feature space,

we de�ne a Reproducing Kernel Hilbert Space, which ensures that

point evaluations are well-behaved.

D��������� 2 (R���������� K����� H������ S���� (RKHS)).

Let H be a Hilbert space of functions 5 : X ! R. H is a Reproduc-

ing Kernel Hilbert Space if, for all x 2 X, the linear evaluation

functional !x : H ! R de�ned by !x (5 ) = 5 (x) is bounded. By the

Riesz representation theorem [34], this implies that for every x 2 X,

there exists a unique function :x 2 H (the representer of evaluation)

such that the reproducing property holds:

5 (x) = h5 ,:xiH, 85 2 H . (2)

By the Moore-Aronszajn theorem [48], every positive-de�nite

kernel : is associated with a unique RKHS where : (u, u0) =

h:u,:u0 iH . A standard choice for continuous variables or rankings

is the radial basis function (RBF) kernel:

: (u, u0) = exp

✓
� ku � u

0k2
2f2

◆
, (3)

where f > 0 is the bandwidth parameter. For categorical variables,

a common choice is the exponentiated Hamming kernel:

: (u, u0) = exp
��W · 3� (u, u0)

�
, (4)

where 3� (u, u0) is the Hamming distance and W > 0 is an inverse

width scaling parameter.

D��������� 3 (G���M�����). Given a kernel function : and a

dataset of = individuals with attributes {u1, . . . , u=} ✓ X, the Gram

matrix (or kernel matrix) K 2 R=⇥= is the symmetric, positive semi-

de�nite matrix de�ned by the pairwise kernel evaluations [49]:

K8 9 = : (u8 , u9 ) = hq (u8 ),q (u9 )iH, 88, 9 2 {1, . . . ,=}. (5)

Next, given a Gram matrix K, we de�ne the Ridge residualizer

matrix R 2 R=⇥= as:

R = I= � K(K + =YI=)
�1
, (6)

where Y > 0 is a regularization parameter and I= is the =⇥= identity
matrix. Furthermore, we de�ne the centering matrix H 2 R=⇥=
as:

H = I= �
1

=
11
>
, (7)

where 1 2 R= is the column vector of all ones.

Table 1 summarizes the main notations of the paper.
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4 CONDOR

We next present in detail the C�����method (Algorithm 1), which

builds upon both Partial Distance Correlation (��C��) [53] and

the residualization machinery of kernel-based conditional indepen-

dence tests, such as KCI [65].

Intuition. C����� begins by constructing Gram matrices (kernel

similarity matrices) that capture the pairwise similarities between

individuals regarding their task-relevant attributes (- ), protected

attributes (/ ), and the observed ranking (A ). It then residualizes

the ranking and protected attributes using a projection operator,

e�ectively “subtracting” the variation that is already explained

by the task-relevant attributes (- ). Next, it computes the distance

correlation between these residualized embeddings to produce a

Protected Attribution Score (���) 2 [0, 1], where higher values

indicate a residual dependence on protected attributes. Finally, it

performs a Conditional Randomization Test (CRT) to calibrate the

���, generating a ?-value to determine if the result is statistically

signi�cant against the null hypothesis �0 : / ?? ' | - .

Formalization. First, given positive semi-de�nite kernel functions

:- ,:/ ,:' , C����� computes the Gram matrices K- ,K/ ,K' as:

(K- )8 9 = :- (x8 , x9 ); (K/ )8 9 = :/ (z8 , z9 ); (K')8 9 = :'
�
A (8), A ( 9)

�
.

Then, it uses R- , the Ridge residualizer matrix derived from K- , to

remove the variation from K/ and K' that is already explained by

the task-relevant attributes - . This is achieved by left- and right-

multiplying K/ and K' by R- . Hence, the resulting matrices eK' =

R-K'R- and eK/ = R-K/R- represent the remaining pairwise

similarities once the e�ect ofX has been removed. These similarities

are transformed into pairwise distances, obtaining:

eD(A )
8 9 =

eK',88 + eK', 9 9 � 2eK',8 9 ,
eD(I )
8 9 =

eK/ ,88 + eK/ , 9 9 � 2eK/ ,8 9 .

Next, to ensure that comparisons depend only on relative

distances, C����� applies double-centering by left- and right-

multiplying by the centering matrix H:

D
(I )

= HeD(I )
H, D

(A )
= HeD(A )

H .

From these centered residual distances, we compute the distance-

correlation Protected Attribute Score (���):

��� := �C��
�
D
(A )

, D
(I ) � 2 [0, 1] ,

where �C�� is calculated as a normalized measure of association

between the two double-centered distance matrices D
(A )

and D
(I )

[54]. Formally, letting hA,Bi� =

Õ
8, 9 �8 9⌫8 9 denote the Frobenius

inner product, the sample distance covariance is computed via the

centered matrices as:

dCov(D(A )
,D

(I ) ) =

1

=2
hD(A )

, D
(I ) i� ,

and the corresponding distance variances are dVar(D(A ) ) =

dCov(D(A )
,D

(A ) ) and dVar(D(I ) ) = dCov(D(I )
,D

(I ) ). The dis-

tance correlation is then obtained as:

�C��
�
D
(A )

, D
(I ) �

=

dCov(D(A )
,D

(I ) )p
dVar(D(A ) ) dVar(D(I ) )

, (8)

which takes values in [0, 1]. C�����’s pseudocode is reported in

Algorithm 1.

Table 1: Notation

Notation Description

x8 , z8 Feature vectors for individual 8

X, Z Matrices of task-relevant and protected attributes

r Observed ranking vector

- ,/ ,' Population random variables

:- ,:/ ,:' Positive-semide�nite kernel functions

K- ,K/ ,K' Gram (similarity) matrices from :- ,:/ ,:'

R- Ridge residualizer matrix

eK',
eK/ Residualized kernel matrices (removing- in�uences)

eD(A )
,
eD(I ) Kernel-induced distance matrices from eK' and eK/

H Centering matrix, H = I= � 1
= 11
>

D
(A )

,D
(I )

Double-centered residual distance matrices

dCov, dVar Distance covariance and distance variance

�C�� Distance correlation metric

Algorithm 1 C�����

Input: Observed data X 2 R=⇥3> (task attributes), Z 2 R=⇥3? (protected

attributes), ranking map A : [=]! [=]

Output: ���2 [0, 1] — residual dependence of r on Z given X

1: Step 1: Build kernel matrices. Select positive-semide�nite kernels

:- ,:/ ,:' . Compute Gram matrices:

(K- )8 9 = :- (x8 , x9 ), (K/ )8 9 = :/ (z8 , z9 ), (K' )8 9 = :' (A (8 ), A ( 9 ) ) .

2: Step 2: Remove predictable variation (residualization).

Build the ridge residualizer in the RKHS of X:

R- = I= � K- (K- + =Y I= )
�1
,

with a small regularization parameter Y > 0 (default 10�3) to ensure

numerical stability. Apply it to K/ and K' :

eK/ = R-K/R- ,
eK' = R-K'R- .

These residual kernels retain only the variation in Z and r that cannot

be explained by X.

3: Step 3: Convert residual kernels into distances.

For all pairs 8, 9 , convert similarities to kernel-induced distances:

eD(I)
8 9 =

eK/ ,88 + eK/ ,9 9 � 2eK/ ,8 9 , eD(A )
8 9 =

eK',88 + eK',9 9 � 2eK',8 9 .

This expresses distance once the in�uence of X is removed.

4: Step 4: Double-center the distance matrices.

Let H = I= � 1
= 11

>. Apply centering on both sides:

D
(I)

= HeD(I)
H, D

(A )
= HeD(A )

H .

This operation removes global o�sets (location e�ects) so that depen-

dence is measured only through relative distances.

5: Step 5: Compute distance-correlation dependence. De�ne:

dCov =

1

=2

⌦
D

(A )
, D

(I) ↵
�
, dVarA =

1

=2

⌦
D

(A )
, D

(A ) ↵
�
,

dVarI =

1

=2

⌦
D

(I)
, D

(I) ↵
�
.

Then set:

PAS = �C��
�
D

(A )
, D

(I) �
=

dCovp
dVarA dVarI

2 [0, 1] .

6: return PAS.
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4.1 PAS Characterization

We next provide the intuition of two key properties establishing

the correctness of the PAS. For readability sake, the corresponding

theorems are provided in the Appendix.

Null Alignment: If the ranking does not use / beyond what -

already explains (i.e., under the null hypothesis / ?? ' | - ), the

population PAS score is exactly zero, and the sample estimate con-

verges to zero as= grows (Theorem 2 in the Appendix). This ensures

the score conceptually aligns with the conditional-independence

null tested by the CRT (see Section 4.2).

Local Sensitivity: When the ranking ' begins to leverage /

slightly beyond what - already explains, the population PAS de-

parts from 0 linearly in relation to the small signal (Theorem 3 in

the Appendix).

Taken together, these calibrated behaviors—at the null and under

weak e�ects—justify reading PAS as a simple, model-agnostic e�ect

size for the residual dependence of the ranking on / beyond - .

4.2 Statistical Calibration

To translate the PAS into a binary decision with �nite-sample error

control, we use conditional randomization [12, 17, 35] to test the

null hypothesis �0 : / ?? ' | - . This is how the Conditional

Randomization Test (CRT) works in practice. We �rst �x the ob-

served task attributes X and the ranking r, we regenerate protected

attributes under a model that enforces �0, and we ask how often

the resulting score exceeds the observed one. Concretely, given an

audit mapping PAS(X,Z, r) 2 [0, 1], compute Bobs = PAS(X,Z, r);

�t a conditional model b% (Z | X) (e.g., logistic/multinomial mod-

els, tree-based conditionals, or CTGAN [59]); draw ⌫ independent

resamples Z(1 ) ⇠ b% (Z | X) and form B (1 ) = PAS(X,Z(1 )
, r) for

1 = 1, . . . ,⌫. The one-sided Monte Carlo ?-value is

? =

��{1 : B (1 ) � Bobs }
��

⌫
. (9)

For a pre-set level U (e.g., U = 0.05), reject when ?  U ; oth-

erwise report “no evidence of residual use”. When benchmarking

multiple audits on the same dataset, reuse the same {Z(1 ) }⌫
1=1

to

reduce Monte Carlo variability and ensure fair comparison. Larger

⌫ increases ?-value resolution at linear computational cost; we used

⌫ = 1000 in the experiments. CRT is �nite-sample exact if % (Z | X)

is known; with an estimate b% , sample-splitting or cross-�tting im-

proves robustness [7]. The pseudocode of the CRT calibration is

provided in Algorithm 2.

Algorithm 2 Conditional–Randomization Test

Input: Observed (X,Z, r) , function PAS( ·) , number of resamples ⌫

Output: One–sided ?–value testing �0 : '??/ | -

1: Step 1: Compute observed score. Bobs  PAS(X,Z, r) .

2: Step 2: Generate null resamples. For 1 = 1, . . . ,⌫: sample Z(1) ⇠
b% (Z | X) (�tted from data), then compute B (1) = PAS(X,Z(1)

, r) .

3: Step 3: Compute empirical tail probability ? as in Equation 4.2

4: return (Bobs,? ) .

4.3 Computational Complexity

We analyze the time complexity of C����� w.r.t. the sample size

=, the dimension of task-relevant (3> ) and protected attributes (3? ),

and the number of bootstrap resamples ⌫ used for calibration.

Algorithm 1 - Step 1: Kernel Matrix Construction. Construct-

ing the Gram matrices requires computing pairwise similarities for

all = individuals.

• For the task-relevant attributes  - (using inputs - 2 R=⇥3> ),
the complexity is O(=23> ). Similarly, for the protected at-

tributes  / , the complexity is O(=23? ).

• For the ranking  ' , the complexity is O(=2).

Algorithm 1 - Step 2: Ridge Residualization. This step involves

two computationally intensive operations: Computing the ridge

residualizer '- = �= � - ( - +=n�=)
�1 requires inverting a dense

= ⇥ = matrix, which scales as O(=3); applying the residualizer to

obtain  ̃/ = '- /'- and  ̃' = '- ''- requires dense matrix-

matrix multiplication, scaling as O(=3) for each kernel.

Algorithm1 - Steps 3–5: DistanceConversion andCorrelation.

Converting kernel matrices to distances (⇡̃
(I )

, ⇡̃
(A )

), performing

double-centering via � , and computing the �nal distance correla-

tion involve element-wise operations on = ⇥ = matrices. The total

complexity for these steps is O(=2).

Statistical Calibration (Algorithm 2). CRT repeats the score

calculation for ⌫ resamples to generate a p-value. Since - and

the ranking A remain �xed throughout the permutation test, the

residualizer '- and the residualized ranking kernel  ̃' can be pre-

computed only once at the cost of O(=3 + =23> ). Then, for each

1 2 {1, . . . ,⌫} (bootstrap loop):

• Resampling (Step 1): Generating new protected attributes / (1 )

and building the corresponding kernel  / (1) takes O(=23? ).

• Projection (Step 2): The new protected kernel must be projected

into the residual space:  ̃/ (1) = '- / (1)'- . This matrix mul-

tiplication is the bottleneck of the loop, scaling as O(=3).

• Scoring (Steps 3–5): Re-evaluating the PAS takes O(=2).

Total Complexity.Aggregating the costs from Algorithm 1 and Al-

gorithm 2, the total time complexity is: O
�
=23> + ⌫ · (=3 + =23? )

�
.

While the algorithm scales linearly with the feature dimension

3? , 3> and the number of resamples ⌫, it is cubic with respect to

the sample size = due to matrix multiplications required during the

residualization of / .

Scalable Approximations. This O(=3) bottleneck can be e�ec-

tively circumvented using standard scalable kernel techniques. Re-

placing direct matrix factorizations with Krylov iterative solvers

(e.g., Conjugate Gradient or MINRES) [29, 38, 45] reduces the in-

version cost to a sequence of ) matrix-vector multiplications. By

further combining this with low-rank approximations, such as the

Nyström method or Random Fourier Features using< ⌧ = com-

ponents [13, 27, 58], the memory footprint drops from O(=2) to

O(=<). Correspondingly, the bottleneck time complexity reduces

to O()=<) or O(=<2) (where) is the number of solver iterations),

allowing C����� to scale e�ciently to large datasets without com-

puting the exact dense matrices.
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5 CAUSAL INTERPRETATION

C����� captures the residual dependence of the ranking on pro-

tected attributes, once task-relevant observables are accounted for.

As anticipated in Section 1, to have an e�ective audit we need to

adopt the formal language of causality [6, 20]. By combining the

conditional–independence test / ?? ' | - of C����� with an

unconditional test / ?? ', while properly taking into account the

causal assumptions at the basis of our setting, we obtain the 2⇥2
matrix in the right-most panel of Figure 1. We next prove that the

causal structures provided in the 2⇥2 matrix are correct.

First, let us observe that by the characteristics of our setting, we

have the following causal assumptions:

(1) - is a cause of ', (- ! '): whatever algorithm has been

used to produce ', it surely has seen as (part of the) input

the task-relevant attributes - , as there is no other type of

information available (besides the “forbidden” / ).

(2) ' cannot be a cause of- (' 6! - ): whatever is the decision-

making process, the output (') cannot be a cause of the

input (- ), as the input existed before the output.

(3) / does not have any ancestors (ö* : * ! / ): as is often

the case, we assume that the demographic attributes such

as gender or race are not determined by any cause.

Next, we recall that in a Structural Causal Model, which uses a

DAG (directed acyclic graph) to represent the causal relations, the

key notion of directional separation (see e.g., [23, 42]) determines

that two variables are conditionally independent if all informational

paths between them are “blocked”. Conversely, they are dependent

if there exists at least an “open path” between them.

D��������� 4 (3�����������). Let⇠ ✓ + be a set of variables we

condition on. Two nodes �,⌫ 2 + are said to be 3-separated by ⇠ if

every path (considered on the undirected version of the DAG) between

them is “blocked” by the conditioning set ⇠ . A path % is blocked by ⇠

if it satis�es any of the following conditions:

• Chain: % contains a chain � · · ·  "  · · ·⌫ or � · · · !
" ! · · ·⌫, and the middle node" is conditioned on (i.e.," 2
⇠).

• Fork: % contains a fork � · · ·  " ! · · ·⌫, and the middle

node" is conditioned on (i.e.," 2 ⇠).
• Collider: % contains a collider � · · · ! "  · · ·⌫, such that

the collision node " is not conditioned on (" 8 ⇠) and no

descendant of" is conditioned on (i.e., Desc(") \⇠ = ;).
We consider the following two statements:

S1: / is unconditionally independent of ' (/ ?? ');
S2: / is conditionally independent of ', given - (/ ?? ' |- ).

Our analysis of the four scenarios hinges on which paths are

open or blocked by default ((1) and which become open or blocked

after conditioning on - ((2).

T������ 1. Under the causal assumptions (1)-(3) above, based on

the truthfulness of (1 and (2 the following four cases hold:

(I) (1 ^ (2 =) / is unrelated to - ! '

(II) (1 ^ ¬(2 =) causally impossible

(III) ¬(1 ^ (2 =) / ! - ! '

(IV) ¬(1 ^ ¬(2 =) / ! '

P����. We prove the four mutually exclusive cases.

(I ) Satisfying S1 (/ ?? '): For / and ' to be unconditionally inde-

pendent, there must be no open paths between them. Given the

constraints (1)-(3), the absence of open paths requires: that / does

not cause ' directly (/ 6! '), and that / does not cause - (/ 6! - ),

otherwise the path / ! - ! ' would be open. Furthermore, no

fork due to a confounder * (/  * ! ' or /  * ! - ) is

possible due to constraint (3) (* cannot be ancestor of / ).

Satisfying S2 (/ ?? ' | - ): If no path exists between / and

', then conditioning on any set of variables, including - , cannot

create or open a path. Thus, independence holds trivially. Therefore,

the only viable causal structure is when / is isolated from - ! '.

(II ) There is no open path between / and ' ((1), but conditioning

on - creates an open path ((2). This requires - to be a collider on

a path % between / and ', or a descendant of such a collider.

• Case 1: - is the collider. The path is / ! -  '. This graph

violates constraint (2) which states ' 6! - .

• Case 2: - is a descendant of the collider (⇠ ! - ). The path

is / ! ⇠  ' with ⇠ ! - . Adding constraint (1), - ! ',

produces the structure ' ! ⇠ ! - ! ', which is a causal

cycle, violating the acyclicity assumption of causal structures.

Therefore, the case (1 ^ ¬(2, is causally impossible.

(III ) We seek a DAG where an open path exists between / and

' (¬S1), such that it is blocked by conditioning on - (S2). This

requires - to be a non-collider (chain or fork center) on every path.

Only two structures are possible:

• Chain: / ! - ! ', which satis�es all requirements;

• Fork center: /  * ! - ! ', which is not admissible due

to constraint (3) (* cannot be ancestor of / ).

(IV ) We seek a DAG where at least one path is open (¬(1), and at

least one path remains open after conditioning on - (¬(2). This im-

plies the existence of an unblocked path between/ and ' bypassing

- . Only three structures are, in principle, possible:

• Direct link bypass: / ! '.

• Direct link bypass + chain: besides / ! ' a second path / !
- ! ' might exist. However, from an auditing standpoint,

the second path is less relevant than the fact that / ! '.

• Confounding bypass: / ! - ! ' and /  * ! '

which is not viable due to constraint (3).

In both of the �rst two structures holds / ! ', which proves

case (IV ), concluding our proof. É

Connection to Interventional Fairness. Our causal diagnostic

framework is deeply connected to the concept of interventional fair-

ness [47]. A system is considered interventionally fair if changing

an individual’s protected attribute does not a�ect their outcome,

assuming all legitimate, task-relevant features are held constant.

While formally proving this requires knowing the system’s exact

internal causal rules, C����� provides a practical, observational

proxy. Under our causal assumptions, passing the C����� audit

provides strong empirical evidence that an opaque ranking mecha-

nism is interventionally fair, as it rules out direct discrimination.
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6 EXPERIMENTAL SETTINGS

This section describes the datasets (synthetic and real-world), the

baselines, and the speci�c unconditional dependence test that we

couple with C����� to provide the �nal causal interpretation.

6.1 Synthetic Data and Ranking Generation

We next present the process to generate synthetic data where we

can control the in�uence of / over - , and the in�uence of / and

- over r. We create cohorts of size =, with task-relevant features

X 2 R
=⇥3> , protected features Z 2 R

=⇥3? , and a ranking r. The

generation process proceeds as follows:

(1) Draw protected features Z from a Gaussian Cluster Gen-

eration process: :@ cluster centers are picked in 3? -dimensional

space, and = samples are drawn from Gaussian distributions

centered at a randomly assigned cluster mean.

(2) Draw latent features T 2 R=⇥3> using the same Gaussian

Cluster process as in step (1) above.

(3) Generate task-relevant features X combining latent fac-

tors and protected attributes, controlled by an entanglement

parameter W 2 [0, 1]: X = W T + (1 � W) Z0 + 9- where Z0 is
a projection of Z onto R

=⇥3> , and where the 8-th row of 9- is

9- ,8
i.i.d.⇠ N(0, ⌃- ). Here, W = 1 implies X ? Z (independence),

while W = 0 implies X is fully determined by Z.

(4) Generate underlying scores s as a convex combination of

task and protected components, controlled by an entanglement

parameter V 2 [0, 1]:

s = (1 � V) s- + V s/ + 9B , with 9B ⇠ N(0, f2B �=).

We use linear projections s- = Xw- and s/ = Zw/ (with

uniform weights w- 2 R
3> and w/ 2 R

3? ). V governs direct

bias: V = 0 yields scores dependent only on X, while V = 1 yields

scores dependent only on Z.

(5) Generate �nal ranking r: Individuals are sorted by s, and

ranks are normalized: A8 := (pos8 � 0.5)/=.
In our experiments, W and V vary across [0, 1]. Further speci�c

parametrizations are detailed in Section 7.

6.2 Real Data

We use �ve publicly-available real-world datasets:

• A����: Individuals with demographic and work informa-

tion [14] (individuals = = 48842, number of task-relevant

features 3> = 12, number of protected features 3? = 2). Task:

ranking for high income potential.

• C�����: Data on criminal defendants used to generate recidi-

vism risk scores [3] (= = 6172, 3> = 9, 3? = 2). Task: ranking

based on likelihood of recidivism.

• L�� S�����: Individuals with law school admission records

including LSAT and GPA [44] (= = 20798, 3> = 2, 3? = 2).

Task: ranking for law school success.

• S������ P����������: Students with demographic, social,

and school-related information from two Portuguese schools

[10] (individuals = = 1044, 3> = 30, 3? = 2). Task: ranking for

academic performance.

• S����� L����: Individuals with smartphone usage behavior,

sleep patterns, and productivity analytics [2] (= = 50000, 3> =

9, 3? = 2). Task: ranking for stress levels.

Real-world data allows us to test C����� in realistic scenarios

where complex relationships between - and / exist naturally in

the data (beyond our control). We exploit this in two di�erent ways.

Grey-Box Ranker. In Section 7.2, we assess performance with real-

world feature distributions and correlations while still maintaining

control over the in�uence of / and - over r. We �rst estimate

one-sided scoring functions from the observed data,

s- := 5- (X), s/ := 5/ (Z) .

When. is binary, we take s- =
bP(. = 1 | X) and s/ =

bP(. = 1 | Z)

from o�-the-shelf probabilistic classi�ers (e.g., logistic regression

or XGBoost) trained with 5-fold cross-validation. We then mix the

two components through a direct-in�uence knob V 2 [0, 1] and

add noise,

s = (1 � V) s- + V s/ + 9B , 9B ⇠ N(0, f2B �=),

and obtain the �nal ranking r by sorting s and normalizing the

ranks via

A8 := (pos8 � 0.5)/=.
This construction injects a controlled amount of / -driven signal

(through V) while preserving the empirical correlation structure

within X and between X and Z.

Black-Box Ranker. In Section 7.4, we use real-world features

and employ as ranker directly the “target” feature provided in the

dataset. This allows us to test C����� in a truly black-box setting

where we ignore the inner logic that produced the ranking.

6.3 Baselines

We consider three baseline methods to test for conditional indepen-

dence between ' and / given - .

KCI [65]. Kernel Conditional Independence estimates residual

dependence between Z and r after regressing out X in the RKHS

induced by a positive-de�nite kernel :- . De�ning

R- = I= � K-
�
K- + =Y I=

��1
,

the residualized kernel matrices are eK' = R-K'R- and eK/ =

R-K/R- . The empirical dependence is then measured by the

Hilbert–Schmidt covariance:

KCI= (r, z | x) =

1

(= � 1)2 tr
� eK' HeK/ H

�
,

which is then normalized by the kernel self-variances. The p-value

is then obtained generating the approximate null distribution with

Monte Carlo simulation by computing a weighted sum of chi-

squared samples [65]. We used the publicly available implementa-

tion from the Python library Causal-learn [66].

��C�� [53]. Partial distance correlation instead operates on

pairwise distances, projecting out the contribution of X at

the level of distance matrices. For centered distance matrices

D
(A )

,D
(I )

,D
(G )

—obtained by left- and right-multiplying each pair-

wise distance matrix by H = I= � 1
= 11
>—one computes

��C��(r, z | x) =
�C��A ,I � �C��A ,G �C��I,Gq
(1 � �C��2A ,G ) (1 � �C��2I,G )

, (10)
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where �C�� is de�ned as in Equation 8, �C��A ,I =

�C��(D
(A )

,D
(I )

), �C��A ,G = �C��(D
(A )

,D
(G )

), and

�C��I,G = �C��(D
(I )

,D
(G )

). This closed form yields a nor-

malized measure in [�1, 1], interpretable as the correlation

between residualized distance-embeddings of r and z. The p-value

is then computed via a non-parametric permutation test, as

provided in the Python library Hyppo [39].

CMI (Conditional Mutual Information) [11, 21, 32, 55]. Con-

ditional Mutual Information (CMI) is an information–theoretic

quantity that measures how much additional information the pro-

tected attributes Z provide about the ranking r once the observable

attributes X are known. Formally, it is de�ned as

� (';/ | - ) = E


log

? (A , I | G)

? (A | G) ? (I | G)

�
� 0,

and equals zero if and only if ' and / are conditionally indepen-

dent given - [11]. This makes CMI a natural population–level

analogue of our auditing null �0 : '??/ | - . We used the publicly

available Python library npeet [56] and we calibrated CMI via the

Conditional-Randomization Test, as done with C�����, to obtain

a ?–value assessing evidence against �0.

6.4 Unconditional Test

We adoptHSIC [26] as our test for unconditional independence,

' ?? / . HSIC corresponds to an unconditional version of KCI. In

more detail, let :A ,:I be positive–de�nite kernels on the domains

of A , I, again de�ne the = ⇥ = Gram matrices ( A )8 9 = :A (A8 , A 9 ),

( I)8 9 = :I (I8 , I 9 ), then HSIC is de�ned as:

HSIC(r, z) =

tr( A� I� )p
tr( A� A� ) tr( I� I� )

2 [0, 1] .

The p-value is then computed as in [65], using the open source

Python library Hyppo [39].

7 EXPERIMENT RESULTS

The goal of our empirical assessment is to answer the following

research questions:

RQ1: How accurately can C����� detect the in�uence of pro-

tected attributes / on ranking r in a fully controlled setting,

with varying levels of in�uence of / over - , and of / and

- over r?

RQ2: How does C����� perform when applied to real-world fea-

ture distributions with naturally occurring correlations?

Furthermore, does it reliably avoid false positives when

tested against spurious correlations (e.g., random noise as

a protected attribute)?

RQ3: When paired with an unconditional independence test, can

C����� e�ectively distinguish between the ideal scenario

of no in�uence of / on r, indirect in�uence mediated by - ,

and direct in�uence?

RQ4: How does C����� work as an audit in a purely black-box

setting?

RQ5: How does C����� compare to the baselines in terms of

run-time?

Figure 2: Heatmap of ?-values on synthetic data (==1000,

:G=:C=5). Top four heatmaps: 3>=5, 3?=2. Bottom four

heatmaps: 3>=10, 3?=5. Each panel corresponds to one scor-

ing rule; axes report the in�uence of - on / (W) and of / on

the ranking (V), and the red/white/blue scale marks respec-

tively strong evidence against, the U = 0.05 boundary, and

little evidence against �0 : ' ?? / | - .

7.1 Synthetic Data (RQ1)

We evaluate the performance of C����� and the baseline methods

in detecting conditional dependence �0 : ' ?? / | - . We present

the results as heatmaps of p-values, where red indicates strong

evidence against�0 (?  0.05), blue indicates little evidence against

�0, and white corresponds to boundary values. Figure 2 shows the

p-value heatmaps for two synthetic data settings, with di�erent

numbers of protected and task features. The x-axis (V) controls the

direct in�uence of the protected attribute / on the ranking score

( , while the y-axis (W ) controls the dependence between / and the

task-relevant features - .

The ideal audit tool should reject �0 (show red) for V > 0, as

this is when / has a direct in�uence on the ranking ' that is not

mediated by - . The result should be insensitive to W < 1, which
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Figure 3: C����� and A���� datasets. Heatmap of ?-values

on C����� and A���� rankings. Each row corresponds to

one dataset and each heatmap to a speci�c composition of

the protected features / . For each heatmap, the scoring rule

is reported on the row and on the columns the in�uence

of / on the ranking (V), and the red/white/blue scale marks

respectively strong evidence against, the U = 0.05 boundary,

and little evidence against �0 : ' ?? / | - .

only models the correlation between - and / (a potential source

of indirect discrimination, but not a violation of �0). Furthermore,

in the special case of W = 1, which indicates that - contains fully

/ (or all its information), a method should indicate the indepen-

dence between ' and / given - (blue), since conditioning on - is

removing all the information on / .

As shown in the �gure, C����� achieves this ideal behavior.

It reliably shows high p-values (blue) in the �rst column where

V = 0, correctly �nding no evidence of residual dependence. For

all columns where V > 0, it shows low p-values (red or white if

close to the boundary), successfully detecting the injected direct

bias, regardless of the value of W .

KCI, instead, fails in the case of W = 1 in the top heatmap of

Figure 2 and also over-rejects the null when V = 0, in two cases in

the bottom heatmap. CMI performs similarly to C����� on this

synthetic-data setting, however, as we will see in the rest of this

section, it does not perform as expected when dealing with the

complex relationships of real data. Finally, ��C�� over-rejects the

null hypothesis in all cases, except when V = W = 0.

7.2 Real Data with Grey-Box Ranker (RQ2)

Figure 3 presents the results from the C����� and A���� datasets

with generated rankings. Here, we only vary V , as the complex

real-world relationship between - and / is given by the datasets

themselves. We test using di�erent protected attributes / for each

dataset, and we also include a / = A0=3>< case as a sanity check,

where the protected attribute / is replaced with random noise and

no dependence should be found.

For the protected attributes, C�����, KCI, and ��C�� show sim-

ilar results, in particular, it is reasonable and correct that with the

increase of V the methods reject more and more the null hypothe-

sis, indicating the conditional dependence between the protected

attributes and the ranking. CMI, on the other hand, does not exhibit

this desired behaviour. In the / = A0=3>< control case, C�����

correctly reports high p-values (blue) for all V , con�rming it does

Figure 4: The four panels map the audit outcomes for the

C����� and A���� datasets onto the 2 ⇥ 2 causal matrix

introduced in Figure 1. Each marker represents an audited

ranking, with concentric dotted lines indicating the strength

of the injected direct bias (V). As the true bias V increases

(moving outward from the center), C����� correctly tracks

the transition from no in�uence (V ⇡ 0) to either “Direct

In�uence” or “Indirect In�uence” (V > 0), successfully diag-

nosing the causal structure of the opaque ranker.

not �nd spurious correlations. KCI and ��C��, instead, fail and

reject the null in this scenario.

7.3 Causal Interpretation (RQ3)

We now show how C����� can be combined with an unconditional

test to understand the possible causal relationships between the

protected attributes, the ranking, and the task features. As men-

tioned, we use HSIC as an unconditional test; however, in principle,

any other unconditional test can be used.

The empirical analysis is reported in Figure 4. In each �gure, the

four quadrants correspond to the four quadrants of the 2⇥ 2matrix

in Figure 1. Concentric circular lines represent di�erent values of

the parameter V , which controls the in�uence of / on ': recall that

V = 0 indicates that the ranking only depends on the task-relevant

features - , while V = 1 indicates that the ranking depends only

on the protected attributes / . It is worth recalling that, for both

datasets, this analysis is not directly on the datasets themselves,

but it represents an audit of the ranking produced according to the

procedure described in Section 6.2.

First, we can observe that the causally impossible remains right-

fully unpopulated in all the experiments, with the exception of

CMI which, however, already showed discordant behaviours in Sec-

tion 7.2. In the C����� dataset, we observe that, for both settings

of / , when the impact of / on the ranking is small (V < 0.5) all

the methods correctly report the �rst quadrant (/ (unrelated to)
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Figure 5: Causal interpretation of C�����’s audit on fully

black-box models.

- ! '). As V increases, all the methods start signaling / ! '.

When V is neither too strong nor too weak, we can observe some

in�uence of / on - , i.e., the quadrant / ! - ! '. In the A����

dataset, the in�uence of / on the original binary label of the dataset

is very strong, and thus it remains strong in the ranking we gen-

erated according to the procedure described in Section 6.2. That

explains why all the methods are concordant in producing / ! ',

with again the exception of CMI.

7.4 Complete Black-Box Setting (RQ4)

We now apply C����� as an auditor on fully black box and fully

empirical data, to reproduce a real-life application example.

Figure 5 maps various protected attributes (/ ) from �ve real-

world datasets (A����, C�����, L�� S�����, S������ P������

�����, and S����� L����) onto the four quadrants of the causal

interpretation matrix. Most protected attributes fall into the top-left

quadrant, indicating no in�uence. Conversely, the race attribute in

the A���� dataset falls into the bottom-right quadrant, revealing a

direct in�uence on the ranking.

7.5 Run-time Analysis (RQ5)

In Figure 6, we report the runtime of C����� and the baselines.

The linear growth of C����� in the log-log plot con�rms the

polynomial runtime, w.r.t. the input size =, proven in Section 4.3. As

expected, KCI, which has the same complexity as C�����, shows

the same asymptotic runtime. Also as expected, CMI is faster, while

��C�� is signi�cantly slower.

8 CONCLUSIONS

In this work, we introduced C�����, a model-agnostic framework

designed to audit opaque ranking systems for demographic bias. By

bridging reproducing kernel Hilbert space (RKHS) residualization

with distance correlation, C����� rigorously isolates and quanti-

�es the residual in�uence of protected attributes beyond legitimate,

task-relevant features. Beyond its practical utility, our framework is

backed by solid theoretical guarantees: we prove that the Protected

Figure 6: Runtime (in seconds) of each method as a function

of the sample size = on synthetic data with 3> = 3? = 5,

W = V = 0.5,  = 5 folds and ⌫ = 200 permutations per fold.

Both axes use a logarithmic scale. Experiments are run on a

CPU Intel Xeon Gold 6248R, with 172 GB of RAM, running

Ubuntu 24.04 LTS with Python 3.12.3.

Attribution Score ensures exact null alignment under conditional

independence and exhibits predictable local sensitivity to emerg-

ing biases. Furthermore, by pairing this conditional test with an

unconditional independence baseline, we provide a comprehen-

sive causal diagnostic tool capable of distinguishing between direct

discrimination and indirect, feature-mediated in�uence.

Our empirical evaluation con�rms that C����� is robust, na-

tively accommodates mixed data types, and reliably outperforms

established statistical baselines across both synthetic and real-world

scenarios. Ultimately, C����� equips auditors with a practical, sta-

tistically sound forensic tool to hold black-box systems accountable.

Moving forward, we plan to extend this framework toward pre-

scriptive auditing, translating statistical bias signals into concrete,

accountable rank interventions that restore conditional indepen-

dence under explicit utility budgets, and to broaden its scope to

encompass intersectional fairness guarantees.

A APPENDIX

T������ 2 (N��� ��������� ��� ������ �����������). As-

sume i.i.d. sampling of (',/ ,- ). Let q' : R ! H' and q/ : Z !
H/ be feature maps into separable Hilbert spaces, and assume

E

��q' (')
��4
H'

< 1, E

��q/ (/ )
��4
H/

< 1.
De�ne the population residual features

eq' := q' (') � E[q' (') | - ], eq/ := q/ (/ ) � E[q/ (/ ) | - ],
and adopt the normalization under which, for any Hilbert–valued

random elements* ,+ with �nite second moments,

�C��
2
¢
(* ,+ ) = kCov(* ,+ )k2HS .

If / ?? ' | - , then PAS¢ := �C��(eq', eq/ ) = 0.

Moreover, for each sample size = suppose there exist measurable

maps 5',=, 5/ ,= : R ⇥ Z ⇥ X ! H',H/ such that, for i.i.d. copies

{('8 ,/8 ,-8 )}
=
8=1 of (',/ ,- ),

beq
(8 )

' = 5',= ('8 ,/8 ,-8 ),
beq
(8 )

/ = 5/ ,= ('8 ,/8 ,-8 ), 8 = 1, . . . ,=,

and 5',= (',/ ,- ) ! eq', 5/ ,= (',/ ,- ) ! eq/ in !2 .

2149



Assume in addition that the fourth moments are uniformly bounded:

sup
=

E

��5',= (',/ ,- )
��4
H'

< 1, sup
=

E

��5/ ,= (',/ ,- )
��4
H/

< 1.

Let dPAS be the usual sample distance correlation (U– or V–statistic)

computed from
�
(
beq
(8 )

' ,

beq
(8 )

/ )
 =
8=1

. Then, under / ?? ' | - ,

dPAS P�! 0 as = !1.
P����. Population. Set* := q' (') 2 H', + := q/ (/ ) 2 H/ .

By the fourth–moment assumption we have Ek* k2
H'

< 1 and

Ek+ k2
H/

< 1, so the Bochner conditional expectations E[* | - ]

and E[+ | - ] and the tensor product * ⌦ + 2 H' ⌦H/ are well

de�ned. De�ne eq' := * � E[* | - ], eq/ := + � E[+ | - ], so

that E[eq' | - ] = E[eq/ | - ] = 0 a.s. The residual cross–covariance

operator is

⇠res
'/ := E

h
(* � E[* | - ]) ⌦ (+ � E[+ | - ])

i
2 H' ⌦H/ .

Expanding and using the tower property plus -–measurability of

the conditional expectations,

⇠res
'/ = E[* ⌦ + ] � E

⇥
E[* | - ] ⌦ +

⇤
� E

⇥
* ⌦ E[+ | - ]

⇤

+ E
⇥
E[* | - ] ⌦ E[+ | - ]

⇤

= E[* ⌦ + ] � E
⇥
E[* | - ] ⌦ E[+ | - ]

⇤
.

Under / ?? ' | - we have, a.s.,

E[* ⌦ + | - ] = E[* | - ] ⌦ E[+ | - ] .

Taking expectations yields

E[* ⌦ + ] = E
⇥
E[* | - ] ⌦ E[+ | - ]

⇤
,

and therefore ⇠res
'/

= 0. By the adopted normalization for distance

covariance on Hilbert–valued arguments,

�C��2
¢
(eq', eq/ ) = kCov(eq', eq/ )k2HS = k⇠res

'/ k2HS = 0.

Thus PAS¢ = �C��(eq', eq/ ) = 0, with the convention that �C�� =

0 if a distance variance vanishes.

Sample. Let {('8 ,/8 ,-8 )}
=
8=1 be i.i.d. copies of (',/ ,- ) and de�ne

*= := 5',= (',/ ,- ), += := 5/ ,= (',/ ,- ) .

By assumption, *= ! eq', += ! eq/ in !2, so in particular

*= ! eq' and += ! eq/ in !1, and

sup
=

Ek*= k2H'
< 1, sup

=
Ek+= k2H/

< 1.

The same uniform fourth moment assumption implies

sup
=

Ek*= k4H'
< 1, sup

=
Ek+= k4H/

< 1.

As in the population case, the covariance of Hilbert–valued vari-

ables is continuous with respect to !2: from*=,+= ! eq', eq/ in !2,

it follows that Cov(*=,+=) �! Cov(eq', eq/ ) in Hilbert–Schmidt

norm. By continuity of the norm,

�C��2
¢
(*=,+=) = kCov(*=,+=)k2HS �!

kCov(eq', eq/ )k2HS = �C��2
¢
(eq', eq/ ) = 0.

An analogous argument with *= = += yields the convergence of

the distance variances associated with *= and += towards those of
eq' and eq/ .

For each =, the pairs

⇣beq
(8 )

' ,

beq
(8 )

/

⌘
=

⇣
5',= ('8 ,/8 ,-8 ), 5/ ,= ('8 ,/8 ,-8 )

⌘
, 8 = 1, . . . ,=,

are i.i.d. with the same distribution as (*=,+=). The sample distance

covariance and the sample distance variances are �nite–order U–

or V–statistics constructed from these pairs via a kernel ⌘ which is

a polynomial in the distances k* (8 )
= �* ( 9 )

= k, k+ (8 )
= �+ ( 9 )

= k. From
the uniform fourth moment assumptions on*= and += , it follows

sup
=

E
⇥
⌘2

⇤
< 1,

i.e., the kernel has a second moment uniformly bounded in =. The

usual variance bounds for U– and V–statistics then give

V��
⇣
ö�C��2

¢

�beq',
beq/

� ⌘  ⇠
=
, V��

⇣
ö�V��¢

�beq•
� ⌘  ⇠

0

=
,

for some constants ⇠,⇠0 independent of = and for • 2 {',/ }. In

particular,

ö�C��2
¢

�beq',
beq/

� � �C��2
¢
(*=,+=)

P�! 0,

ö�V��¢
�beq•

� � �V��¢(*=)
P�! 0,

and similarly for += .

Combining these convergences with those of the population

functionals (two applications of Slutsky’s theorem), we obtain

ö�C��2
¢

�beq',
beq/

� P�! �C��2
¢

�eq', eq/
�
= 0,

ö�V��¢
�beq•

� P�! �V��¢
�eq•

�
,

for • 2 {',/ }. If �V��¢(eq') �V��¢(eq/ ) > 0, the continuity of

(0,1, 2) 7! 0/
p
12 and the continuous mapping theorem imply

dPAS = ö�C��
�beq',

beq/
� P�! �C��(eq', eq/ ) = 0.

If one of the limit distance variances is 0, we adopt the same con-

vention at the sample level (setting ö�C�� = 0 when an estimated

distance variance is zero), and the convergence to 0 remains valid.

In all cases dPAS P�! 0 as = !1. É

T������ 3 (�������� ����������� �� ������ PAS �����

��������� �������). Assume bounded kernels :- ,:',:/ with �nite

second moments; :',:/ are characteristic and distance-induced. As-

sume the local submodel 'X = i (6(- ) + X ⌘(/ ) +[) is DQM at X = 0

with score ( , and i 2 ⇠1 has strictly positive bounded derivative

on the support. Assume realizability for the RKHS !2 residualiza-

tion:<' (G) := E[q' (') | - = G] 2 G' and</ (G) := E[q/ (/ ) |

- = G] 2 G/ . Assume moreover [ ?? / | - , E[[ | - ,/ ] = 0,

V��([ | - ,/ ) > 0 a.s., / is nondegenerate, and ⌘(/ ) is nonconstant

given - on a set of positive P- –measure.

Explicit non-degeneracy condition. Let P0 be the null distribution

(i.e., at X = 0), and de�ne the residualized features under P0:

eq0' := q' ('0)�E0 [q' ('0) | - ], eq0/ := q/ (/ )�E0 [q/ (/ ) | - ] .
Equivalently, E0 [· | - ] is the !2 (P0) orthogonal projection onto the

closed subspace of f (- )-measurable Hilbert-valued functions. Set

� := E0

⇥
(( eq0') ⌦ eq0/

⇤
+ E0

⇥eq0' ⌦ (( eq0/ )
⇤
2 H' ⌦H/ ,

and assume

k�kHS > 0
⇣
equivalently E0

⇥
⌘0 (,1,,2) ((1 + (2)

2
⇤
> 0

⌘
,
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where, = (',/ ,- ), (8 := ( (,8 ), and

⌘0 (,1,,2) :=
⌦eq0' (,1), eq0' (,2)

↵
H'

⌦eq0/ (,1), eq0/ (,2)
↵
H/

.

Then, after residualization w.r.t. - ,

PAS
2
¢
(X) = 2 X2 + > (X2), 2 > 0.

P����. We work at the population level. In the local submodel,

only ' depends on X ; (/ ,- ) do not depend on X .

For arbitrary X , de�ne the residualized features

eq' (X) := q' ('X )�EX [q' ('X ) | - ], eq/ := q/ (/ )�E0 [q/ (/ ) | - ] .
We also �x population-centering at the null: let:c

'
,:c

/
be the kernels

centered under P0, so that E0 [eq' (0)] = 0 and E0 [eq/ ] = 0.

Let the residual cross-covariance operator be

⇠res
'/ (PX ) := EX

⇥eq' (X) ⌦ eq/
⇤
.

With distance-induced kernels, �x the normalization so that 23 = 1

in the �C��–RKHS equivalence:

 (PX ) := �C��2
¢

�eq' (X), eq/
�
=

��⇠res
'/ (PX )

��2
HS

.

By realizability and null alignment, under �0 : / ?? ' | - (i.e.,

X = 0) we have ⇠res
'/

(P0) = 0; hence the sample counterpart is a

symmetric order-2 U-statistic with �rst Hoe�ding projection equal

to zero (order-1 degeneracy). De�ne, for each X , the order-2 kernel

induced by the residualized features:

⌘X (,1,,2) :=
⌦eq' (X ;,1), eq' (X ;,2)

↵
H'

⌦eq/ (,1), eq/ (,2)
↵
H/

,

so that  (PX ) = EX [⌘X (,1,,2)]. By !2-continuity of X 7! eq' (X)
at 0 and boundedness of the kernels,

EX [⌘X (,1,,2)] � EX [⌘0 (,1,,2)] = > (X
2).

Therefore,  (PX ) = EX [⌘0 (,1,,2)] + > (X
2) .

Consider the local parametric submodel {PX : X 2 (�X0, X0)} that
is DQM at X = 0 with score ( (, ). Applying the second-order Le

Cam expansion to the linear functional X 7! EX [⌘0 (,1,,2)] (with

respect to the product measure P⌦2
X

), order-1 degeneracy removes

the �rst-order term and yields

EX [⌘0 (,1,,2)] =
X2

2
E0

⇥
⌘0 (,1,,2) (( (,1) + ( (,2))

2
⇤
+ > (X2).

Hence  (PX ) =
X2

2 E0

⇥
⌘0 (,1,,2) (( (,1) + ( (,2))

2
⇤
+ > (X2) .

By Lemma 1, E0
⇥
⌘0 (,1,,2) ((1 + (2)

2
⇤
=

1
2 k�k2HS. Therefore,

 (PX ) =
1
4 X

2 k�k2
HS

+ > (X2). By the explicit non-degeneracy con-

dition, k�kHS > 0. Set 20 :=
1
4 k�k2HS > 0, so

 (PX ) = 20 X
2 + > (X2).

Since i 2 ⇠1 with strictly positive bounded derivative and mo-

ments are �nite, X 7! q' ('X ) is !2-continuous; consequently the

residual distance variances

E' (X) := �C��¢
�eq' (X), eq' (X)

�
, E/ (X) := �C��¢

�eq/ , eq/
�

are continuous at 0. Moreover, E/ (0) > 0 because / is nondegen-

erate, and E' (0) > 0 under V��([ | - ,/ ) > 0. By de�nition of

PAS,

PAS2
¢
(X) =

 (PX )

E' (X) E/ (X)
=

20

E' (0) E/ (0)
X2 + > (X2) .

Finally, set 2 := 20/{E' (0) E/ (0)} > 0,

which completes the proof. É

L���� 1 (P����������� �������� ��� �������� RKHS ����

�����). Let , = (',/ ,- ) ⇠ P0, and let (H', h·, ·iH'
) and

(H/ , h·, ·iH/
) be separable Hilbert spaces. Consider measurable fea-

ture maps q' : R! H' and q/ : Z! H/ with E0kq' (')k2H'
<

1 and E0kq/ (/ )k2H/
< 1. De�ne

eq0' := q' (') �E0 [q' (') | - ], eq0/ := q/ (/ ) �E0 [q/ (/ ) | - ] .
Assume (null alignment) E0 [eq0' ⌦ eq0

/
] = 0 in H' ⌦ H/ . Let ( 2

!2 (P0) be real-valued and assume the integrability condition

E0

⇥
(1 + ( (, )2) keq0' (, )kH'

keq0/ (, )kH/

⇤
< 1.

For i.i.d. copies,1,,2 of, , de�ne

⌘0 (,1,,2) :=
⌦eq0' (,1), eq0' (,2)

↵
H'

⌦eq0/ (,1), eq0/ (,2)
↵
H/

.

Write (8 := ( (,8 ) and eq0,8• := eq0• (,8 ). Then

E0

⇥
⌘0 (,1,,2) ((1 + (2)

2
⇤
=

1
2 k�k2HS,

where we use the canonical isometric identi�cation H' ⌦ H/ '
HS(H/ ,H'), and � := E0 [(( eq0

'
) ⌦ eq0

/
] + E0 [eq0' ⌦ (( eq0

/
)].

P����. All expectations are under P0.

Integrability. By independence of (,1,,2) and Cauchy–

Schwarz,

E0 |⌘0 (,1,,2) |  E0

⇥
keq0,1

'
kH'
keq0,1

/
kH/
keq0,2

'
kH'
keq0,2

/
kH/

⇤

=

⇣
E0 [ keq0' kH'

keq0/ kH/
]
⌘2
 �

E0keq0' k2H'

� �
E0keq0/ k2H/

�
< 1,

so ⌘0 2 !1. Moreover, independence gives

E0

⇥
|⌘0 | (

2
1

⇤
 E0

⇥
(2 keq0' kH'

keq0/ kH/

⇤
E0

⇥
keq0' kH'

keq0/ kH/

⇤
< 1,

and similarly for (22 . Hence the tower property and Fubini–Tonelli

(Bochner) apply. In particular,

) := E0 [( eq0' ⌦ eq0/ ] 2 H' ⌦H/

is well de�ned.

Preparation. With the canonical identi�cation,

⌘0 (,1,,2) =
⌦eq0,1

'
⌦eq0,1

/
,

eq0,2
'
⌦eq0,2

/

↵
HS

.

(i) First-order degeneracy. Using the previous identity and

E0 [eq0' ⌦ eq0
/
] = 0,

E0

⇥
⌘0 (,1,,2) |,1

⇤
=

⌦eq0,1
'
⌦eq0,1

/
, E0 [eq0'⌦eq0/ ]

↵
HS

= 0,

and symmetrically for |,2. Therefore

E0 [⌘0 (
2
1] = E0

⇥
E0 [⌘0 |,1] (

2
1

⇤
= 0, E0 [⌘0 (

2
2] = 0.

(ii) Cross term. By independence of (,1,,2) and Fubini–

Tonelli (Bochner),

E0 [⌘0 (1(2] =
⌦
E0 [( eq0'⌦eq0/ ], E0 [( eq0'⌦eq0/ ]

↵
HS

= k) k2HS .
(iii) Conclusion. Hence

E0

⇥
⌘0 (,1,,2) ((1 + (2)

2
⇤
= 2E0 [⌘0 (1(2] = 2 k) k2HS .

Since ( is scalar, � = 2E0 [( eq0
'
⌦ eq0

/
] = 2) , so k�k2

HS
= 4 k) k2

HS
and therefore

E0

⇥
⌘0 (,1,,2) ((1 + (2)

2
⇤
= 2 k) k2HS =

1
2 k�k2HS,

which completes the proof. É
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