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ABSTRACT

Denial Constraints (DCs) form a highly expressive integrity rule

language that subsumes many used formalisms such as keys and

functional dependencies, making them widely adopted in applica-

tions that require the manipulation of rich sets of data constraints.

This expressiveness has motivated the development of numerous

algorithms for automatically discovering DCs from data, with par-

ticular emphasis on the discovery of approximate DCs to improve

robustness to erroneous data. However, existing DC discovery algo-

rithms exhibit computational costs that are quadratic in the number

of tuples and exponential in the number of attributes, and most

cannot accommodate changes in the data. Moreover, they often

produce thousands of uninformative DCs. These limitations make

current DC discovery algorithms di�cult to use e�ectively on very

large and dynamic databases. In this paper, we present LIMA, an

approximate DC discovery algorithm that e�ciently discovers DCs

on very large and dynamic databases. LIMA uses statistical methods

to infer properties of DCs from reduced samples, and introduces

a novel discovery framework that exploits a more restrictive de�-

nition of DC validity to substantially reduce the cost of searching

for valid DCs. We experimentally demonstrate that LIMA achieves

signi�cantly better scalability than current algorithms with respect

to both rows and attributes, while also discovering higher-quality

sets of DCs with precisions several orders of magnitude higher than

the state of the art, both in static and in dynamic datasets.
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1 INTRODUCTION

Integrity Rules (IRs) are a fundamental form ofmetadata in databases,

as they formally describe semantic relationships among attributes

that must hold in valid data instances. Classical examples include

Functional Dependencies (FDs), Order Dependencies (ODs), Unique

Column Combinations (UCCs), and Conditional Functional De-

pendencies (CFDs). The expressive power of an IR language is

determined by the types of relationships it can specify, as no single

formalism is su�cient to capture all relevant semantic dependencies.

Denial Constraints (DCs) were introduced as a unifying framework

that generalizes a wide range of IR languages [1, 2]. Informally, a DC

i states the impossibility of a set of predicates being simultaneously

true for any pair of tuples in the data. The expressiveness of DCs

stems from the �exibility in de�ning their predicates, allowing them

to subsume constraints, such as FDs, UCC, and ODs, as illustrated

in Table 1 and introduced more formally in Section 2. For example,

DCs can express complex rules like “no two tuples share the same

Social Security Number (SSN)” or “it is forbidden for one tuple

to have a lower salary but a higher tax than another tuple”. DCs

can represent many relationships beyond those expressible in any

particular IR language, making them suitable for applications that

require reasoning over rich sets of IRs, including data cleaning [1],

integration [3], database design [12], and query optimization [20].

The discovery of DCs from raw data has attracted signi�cant

attention due to the great value of identifying the DCs intrinsic to a

dataset. Existing algorithms typically follow a three-stage pipeline:

(1) build the predicate space, (2) build a data structure, called evi-

dence set, mapping predicate sets to supporting tuple pairs, and (3)

enumerate the DCs traversing the space of candidate DCs using the

evidence set [5, 7, 9, 14–19]. While these algorithms are e�ective

on small datasets, they face severe scalability challenges: the cost

of building the evidence-set grows quadratically with the number

of tuples [5, 7, 15, 16], and DC enumeration grows exponentially

with the number of attributes [5, 7, 15, 16, 19]. Most of these algo-

rithms assume static datasets and evaluate the validity of DCs using

point estimates, providing limited reasoning about uncertainty and

DC persistence as datasets evolve. As a result, state-of-the-art al-

gorithms become impractical for dynamic datasets, and for static

datasets exceeding a million rows or twenty attributes. Further-

more, several studies highlight the limited quality of discovered

DCs, as algorithms often generate thousands of constraints that do

not correspond to meaningful rules in the data [7, 9, 10, 15, 16].
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We tackle all aforementioned scalability and quality challenges

by completely redesigning the DC discovery process, from themeth-

ods used to determine which DCs should be or not be discovered

to the framework used to search through the space of candidate

DCs. Speci�cally, we introduce the following contributions:

• First, we present an statistical inference method to estimate the

distribution of joint predicate probabilities from a reduced sample

of tuple pairs, o�ering improved reliability than current methods.

• Second, we introduce a new structure for DC discovery that de-

parts entirely from the traditional three-stage pipeline, named

Lattice InformationMaximizationAlgorithm (LIMA). LIMA

uses the aforementioned statistical method to make decisions

about candidate DCs without building full evidence sets, signi�-

cantly reducing the computational cost of DC discovery. LIMA

iteratively re�nes its knowledge of the joint probability distri-

butions of predicate sets by concentrating computation on the

operations expected to yield the highest information gain.

• Third, at any point in time, LIMA also exploits the statistical

method to determine which predicate sets are supported by suf-

�cient statistical evidence to be considered valid DCs for the

given data. As a result, LIMA is suitable not only for static DC

discovery, but also for dynamic DC discovery, since updates to

the data naturally translate into already supported updates of

the joint probability distributions.

We experimentally validate the improved scalability of LIMA com-

pared to the state of the art algorithms. Our results show that LIMA

scales signi�cantly better in both execution time and memory foot-

print for datasets with large numbers of rows and columns, making

it well suited for the discovery of approximate DCs on very large

databases. We also demonstrate that, by adopting a more restrictive

de�nition of DC validity [10], the quality of the DCs discovered

by LIMA is substantially improved, achieving precisions several

orders of magnitude higher than the state of the art with a negligi-

ble impact on recall. Finally, we highlight LIMA’s ability to update

the set of valid DCs as data evolves, showing that the algorithm

is also applicable to DC discovery in dynamic environments with

performances superior than the state of the art.

The remainder of this paper is organized as follows: Section

2 reviews DCs, the discovery problem, and related work. Section

3 introduces our statistical framework for modeling DC validity.

Section 4 presents LIMA, detailing its lattice structure, scheduling

engine, and sampling strategies. Section 5 reports experimental

results on scalability, quality, and incremental discovery. Section 6

concludes and presents future directions.

2 BACKGROUND

This section provides a comprehensive overview of Denial Con-

straints, including their formal de�nition and the formulation of

the DC discovery problem. It also presents a review of existing

algorithms proposed in the literature that aim to solve this problem,

highlighting their key approaches, strengths, and limitations.

2.1 DCs

Denial Constraints (DCs) express the exclusivity of certain com-

binations of predicates over pairs of distinct tuples (CG , C~) from a

Language IR DC Representation

UCC {((�} ¬(CG .((� = C~ .((�)

UCC {�;84=C, %A>3D2C} ¬(CG .�;84=C = C~ .�;84=C

∧ CG .%A>3D2C = C~ .%A>3D2C)

FD �8C~ → (C0C4 ¬(CG .�8C~ = C~ .�8C~

∧ CG .(C0C4 ≠ C~ .(C0C4)

OD {)0G, (0;0A~} ¬(CG .(0;0A~ < C~ .(0;0A~

∧ CG .)0G > C~ .)0G)

Table 1: Examples of integrity rule languages representable

by DCs.

relation '. A predicate % is any boolean function de�ned over these

tuple pairs. Formally, a DC i is expressed as:

∀CG , C~ ∈ ',¬(%1 ∧ %2 ∧ · · · ∧ %: )

This formalism is highly expressive, capable of representing a

wide variety of integrity rules. Table 1 illustrates how di�erent types

of common integrity constraints can be represented using DCs. Fol-

lowing the literature [5, 7, 9, 15, 16, 19], we consider predicates

taking the form % (CG , C~) = CG .�qC~ .�, with q being an operator

among the set {=,≠, ≥, ≤, >, <} and � and � attributes of relation

� . This greatly reduces the complexity of the language whilst main-

taining its ability to represent widely used Integrity Rule languages,

including but not limited to Keys, Functional Dependencies, Condi-

tional Functional Dependencies or Order Dependencies.

2.2 DC Discovery Problem

The space of constraints that can be expressed using DCs is ex-

tremely large. The objective of the DC discovery problem is to

identify the subset of this space that corresponds to actual rules in

the data. To this end, the �rst work on DC discovery introduced a

set of rules to determine when a DC i = ¬(%1 ∧ %2 ∧ · · · ∧ %: ) is

considered valid [7].

The most fundamental property of any valid DC is that it must

hold on the data. The �rst DC validity rule ensures this property:

• Satis�ed: Let ? (i) be the proportion of tuple pairs that satisfy all

predicates in i , and thus violate the DC. A DC is satis�ed when

? (i) = 0. This condition can be relaxed to allow approximate

DCs by introducing an approximation factor n , and considering

a DC satis�ed when ? (i) < n .

However, not all satis�ed DCs correspond to meaningful rules in

the data. It is possible to add any number of additional predicates

to a satis�ed DC and still obtain a new, satis�ed DC. To prevent the

discovery of an exponentially large number of such derivative DCs,

a second rule was introduced:

• Minimal: Removing any predicate from i results in a DC that

is no longer satis�ed.

Even if a DC is both satis�ed and minimal, it may still fail to

represent a real-world constraint. For example, tautological forms

like ¬(% ∧ ¬%) are always satis�ed regardless of the data. To �lter

out such cases, a third rule was added:

• Non-trivial: The DC is not satis�ed by every possible dataset.

These three rules form the original de�nition of DC validity used

by all existing DC discovery algorithms. However, this de�nition
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still accepts many DCs that do not correspond to meaningful con-

straints of the data [7, 9, 10, 15]. To address this, an additional rule

has been introduced to further re�ne the notion of validity [10]:

• Sound: The satisfaction of the DC is not arti�cially achieved

through independent predicates.

This �nal rule ensures that valid DCs are satis�ed because they

capture genuine relationships in the data, instead of being agglom-

erations of independent predicates that hold by chance.

The goal of the DC discovery problem is to enumerate all DCs

that satisfy the DC validity de�nition. Traditionally, this meant

reporting all DCs that are satis�ed, minimal, and non-trivial. Given

the improved quality of results when incorporating the �nal rule,

our algorithm is designed to also exclude DCs that are not sound.

2.3 DC Discovery Overview

All static DC discovery algorithms published before follow a com-

mon three-stage structure [5, 7, 9, 14–16, 19]:

Predicate Space Building. Given a dataset ' with attributes

�1, �2, . . . , �; , this stage aims to enumerate all possible predicates

that may form the discovered DCs, known as the predicate space

% . The computational cost of this stage is typically negligible, as it

mainly involves iterating over all pairs of columns sharing the same

domain and generating predicates according to their data types.

Evidence Set Building. Given the predicate space % , the goal

of this stage is to construct the evidence set. The evidence set is

a data structure that stores, for every subset of predicates % ′ ⊆ % ,

the number of tuple pairs (CG , C~) ∈ ' × ' that satisfy exactly those

predicates. All prior studies that include experimental analyses of

DC discovery consistently highlight this step as the most compu-

tationally expensive [5, 7, 15, 16]. These experiments show how

the cost of building the evidence set tends to be quadratic over the

number of tuples in the data, reaching up to an hour of execution

time for datasets of over a million tuples. This makes it di�cult for

these algorithms to scale to large databases.

Denial Constraint Enumeration. Given the evidence set, this

stage aims to enumerate all sets of predicates that form valid DCs

over '. The enumeration consists on traversing the space of can-

didate DCs i ∈ 2
% , using the evidence set to e�ciently com-

pute ? (i). If the joint probability of a set of predicates does not

exceed the approximation factor n , the corresponding DC is ac-

cepted, and the search space is pruned to prevent the generation

of non-minimal DCs. Several traversal strategies have been pro-

posed [5, 7, 9], though their di�erences in performance are generally

minor [16]. Although evidence set construction typically dominates

the total runtime, experimental results have shown that the time

required to enumerate DCs from the evidence set still grows expo-

nentially with the number of columns in the dataset [5, 7, 15, 16, 19],

quickly surpassing an hour on our experiments with over 20 at-

tributes in Section 5. As before, this exponentially increasing cost

with respect to the number of attributes makes it di�cult for these

algorithms to scale to large databases.

2.4 Related Work

Static DC Discovery: The �rst algorithm designed to solve the

DC discovery problem was FastDC [7]. It performs a depth-�rst

search over the space of candidate DCs, halting at satis�ed DCs to

ensure minimality. To compute the exact number of tuple pairs that

satisfy a given set of predicates i , FastDC introduced the evidence

set, described in Section 2.3. The e�ciency of this design was �rst

improved in BFastDC [14] by operating with bit operations. Amajor

improvement was introduced by DCFinder [15] through the use of

Position List Indices (PLIs). These data structures store, for each

distinct value in a given attribute, the tuples that have this value.

PLIs signi�cantly accelerate the construction of the evidence set

by making it trivial to identify the tuple pairs that satisfy a given,

highly selective, predicate. Further enhancements were proposed

in [16] with the introduction of the Evidence Context Pipeline

(ECP). This method allows the identi�cation of the exact set of

tuple pairs that satisfy a given combination of predicates without

the need to reference each pair individually, greatly speeding up

the construction of the evidence set.

A di�erent approach to the DFS-based DC enumeration used by

the previous algorithms was explored in Hydra [5], named Evidence

Inversion. This algorithm maintains a set of candidate exact DCs,

which is expanded as new evidence implies they are not satis�ed.

While this algorithm is designed exclusively for exact DC discov-

ery, it was generalized for approximate discovery in FastADC [19].

The study of alternative approximation functions to quantify DC

satisfaction was studied in [4], in addition to proposing ADCMiner,

which enumerates DCs using the MMCS algorithm [11].

Incremental DC Discovery: DC discovery algorithms were

originally designed to discover DCs from static datasets. However,

real-world datasets are often dynamic, with both the data and its

underlying relationships evolving over time. The �rst work to ad-

dress incremental DC discovery was presented in [18], introducing

dynamic indices that can be updated as new data arrives, allow-

ing the tracking of modi�cations to the set of valid DCs. Another

algorithm designed for dynamic datasets was proposed in [17],

which instead tracks and corrects changes to the evidence set using

evidence contexts from [16].

DC Quality:While individual algorithms introduce novel op-

timizations to accelerate the search, they all share the same ob-

jective: to enumerate all DCs that are satis�ed, minimal, and non-

trivial. As a result, the quality of the discovered constraints has

remained largely consistent across algorithms. Many publications

have noted the limited quality of the results produced by these

methods [4, 7, 10, 15], with some explicitly stating that improving

the precision of DC discovery is necessary for these algorithms to

reach their full potential [10, 19]. To address this, an additional rule

for DC validity, called Soundness, was introduced in [10] to greatly

improve the precision of the discovered DCs.

3 MODELING DC VALIDITY

As described in Section 2.2, we consider a DC to be valid if it is

satis�ed, minimal, nontrivial, and sound. Given a set of predicates

i forming a DC, its validity depends solely on the joint probability

of all predicates being true simultaneously, ? (i). Traditional DC

discovery systems estimate ? (i) using empirical violation counters

derived from the evidence set, as discussed in Section 2.3. While

straightforward, these approaches do not capture the full informa-

tion about ? (i) present in the data in an e�cient manner. First,

they require evaluating all predicates in i on every pair of tuples,
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an operation whose impact on the e�ciency of DC discovery is dis-

cussed in Section 4. More importantly, relying on a point estimate

for ? (i) discards information about the con�dence in this estimate,

as well as the likelihood of alternative values of the probability.

In this section, we present a fundamentally novel approach to

determining DC validity, representing a signi�cant departure from

the point-estimate-based methods used in the state of the art. We

develop a statistical analysis method to model the distribution of

? (i), enabling more informed decisions than those obtained from

a simple point estimate of this probability. Building on this model,

we develop statistical tests to determine whether a DC is satis�ed

and sound based solely on the evaluation of i over an arbitrarily

sized sample of tuple pairs. These novel proposals serve as a more

robust and e�cient framework for determining DC validity.

3.1 Statistical inference of p(i)

We treat p(i) as a random binary variable and model its evaluation

on a random tuple pair i (CG , C~) as a Bernoulli experiment [10].

Consequently, evaluating i over = random, uniformly drawn tu-

ple pairs results in : pairs satisfying all predicates, distributed as

: ∼ �8=><80; (=, ? (i)), where the likelihood of observing exactly

: successes out of = trials is:
(

=

:

)

? (i): (1 − ? (i))=−:

This expression is usually read as the likelihood of obtaining :

successes out of = independent trials, given probability ? (i). Con-

versely, it can also be interpreted as the likelihood of ? (i) taking a

particular value, given that : of = tuple pairs satisfy i . The ? (i)

that maximizes this likelihood is := , which is the estimate for the

joint probability ? (i) used by current methods, with the drawbacks

described above. This estimation method ignores the likelihood of

alternative values for ? (i), which directly re�ects the con�dence

in the estimated probability. By normalizing the likelihood over all

possible values of ? (i), we obtain a probability density function

for ? (i) conditioned on the evaluation of i over = tuple pairs:

? (i) ∼ �4C0(: + 1, = − : + 1) (1)

This probability distribution for i captures richer information than

a simple maximum-likelihood point estimate because it also re-

�ects the uncertainty around its value. This additional information

leads to more predictable discovery behavior and allows DC dis-

covery systems to operate e�ectively even under sampling or in

heterogeneous datasets.

Directly comparing probabilities becomes numerically unstable

when ? (i) is very small, which is common in DC discovery where

predicates sets tend to be highly selective. For numerical stability

and precision, we instead work with ;=(? (i)). The distribution of

this logarithm has known moments, uniquely determined by = and

: , and can be accurately approximated as:

;=(? (i)) ∼ #>A<0; (`, f2)

With:

` = k (: + 1) −k (= + 2)

f2 = k1 (: + 1) −k1 (= + 2)

Wherek andk1 are the digamma and trigamma functions [8, 10].

3.2 Determining DC satisfaction

As described in Section 2.2, a DC i is satis�ed if and only if:

? (i) ≤ n

That is, a DC i is satis�ed if the proportion of tuple pairs that

violate it (i.e., satisfy all predicates in i) is below the approximation

factor n . Current methods verify this by evaluating i on the entire

dataset and checking whether the estimated ? (i) falls below n . In

contrast, leveraging the distribution of ? (i) allows us to assess

satisfaction without exhaustively evaluating all tuple pairs. For any

number of evaluated tuple pairs, we compute an upper bound for

;=(? (i)) with con�dence level U , as:

` + fIU

Where IU is the (U) quantile of the standard normal distribution.

If ln(n) > ` + fIU , then with con�dence level U , we conclude that

? (i) ≤ n , and therefore the DC i is satis�ed.

3.3 Determining DC soundness

A similar reasoning applies when determining whether a DC is

sound. As de�ned in [10], a DC i is sound if and only if:

? (% | i \ {%}) < ? (% | i ′ \ {%}) ∀i ′ ⊂ i,∀% ∈ i ′

Each of these inequalities can be rewritten as a ratio:

? (% | i \ {%})

? (% | i ′ \ {%})
< 1

Taking logarithms gives a linearized form:

;=(? (% | i \ {%})) − ? (% | i ′ \ {%}) < 0

Using the identity ? (% | i \ %) · ? (i \ %) = ? (i), this condition can

be expressed in terms of joint probabilities of predicate sets:

;=(? (i)) − ;=(? (i \ {%})) − ;=(? (i ′)) + ;=(? (i ′ \ {%})) < 0

Since we know the distribution of each probability term, we can

derive upper bounds for the full expression as done in the previous

section. If the upper bound is strictly below 0 for all inequalities,

the DC is sound.

4 LATTICE INFORMATION MAXIMIZATION
ALGORITHM (LIMA)

As discussed in Section 2.3 and corroborated by our experiments

in Section 5, existing DC discovery algorithms do not scale to

databases with more than a million rows or more than 20 attributes.

Additionally, most of them are unable to update their results as new

data is ingested or updated. More importantly, a large fraction of

the discovered DCs fail to capture meaningful semantic relation-

ships in the data, and instead are an agglomeration of independent

predicates that happen to hold in a speci�c dataset [10]. In light of

this, we propose a novel algorithm named Lattice Information

Maximization Algorithm (LIMA) for discovering approximate

DCs that addresses these challenges:

• Quality: Our algorithm ensures that discoveredDCs are sound [10],

guaranteeing that they capture statistically signi�cant relation-

ships among predicates.
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Current Lattice Information1

Current Lattice

(a) Lattice state displaying the

number of tuple pairs ful�lling all

predicates ini , (i ) , out of a sam-

ple of size N, # (i ) , used to statis-

tically infer DC validity for each

i ∈ Ω.

Scheduling Engine

Schedule Node Updates2

Static discovery Incremental  discovery

(b) Schedule indicating by how

many tuple pairs # ′ (i ) each sam-

ple must increase and their source,

both chosen to maximize informa-

tion gain and preserve statistical

relevance.

Sampling Engine

Evaluate Scheduled Nodes3

(c) Sampled schedule from Fig-

ure 1b with the number of tuple

pairs  ′ (i ) satisfying each i ∈ Ω

out of the scheduled # ′ (i ) , sam-

pled from the scheduled source.

Update Lattice Information4

New Lattice

(d) Lattice state displaying the new

values of  (i ) and # (i ) for each

i ∈ Ω, obtained by adding the

new information from the sam-

pled schedule  ′ (i ) and # ′ (i ) .

Figure 1: LIMA, a novel statistical-based algorithm for DC discovery. The diagram summarizes the role of each component

within the core loop of the algorithm. The main data structure, the lattice, is iteratively updated to maximize the information

available about the distributions of the joint probabilities of predicate sets. The scheduling engine selects the updates that are

expected to yield the greatest information gain, and the sampling engine executes these updates.

• Row Scalability: Our algorithm operates on a representative

sample of the data. Unlike the sampling scheme proposed in [9],

which samples individual tuples, our algorithm samples pairs of

tuples. This enables the use of statistical inference techniques

to estimate the distribution of ? (i) and determine DC validity

without evaluating all tuple pairs. As a result, the computational

complexity of DC discovery becomes independent of the dataset

size and depends solely on the chosen approximation factor.

• Column Scalability: Our algorithm explores a signi�cantly

smaller space of candidate DCs by avoiding the inclusion of

independent predicates during the search of sound DCs. This

improves e�ciency on datasets with many attributes.

• Dynamic Data: Our algorithm updates the estimated distribu-

tion of ? (i) as the data changes, allowing modi�cations in the

dataset to directly propagate to the validity of the DCs.

LIMA is subdivided into three main components, illustrated

in Figure 1: a lattice data structure, a scheduling engine and a

tuple-pair sampling engine. We detail each component over this

section, but in summary, the lattice is the main data structure of

the algorithm, which stores, for each considered set of predicates

i , the distribution of ? (i) as �4C0(: + 1, = − : + 1). The scheduling

engine is a component that determines which nodes i1, i2, . . . , i=
of a given lattice state should have their distributions re�ned, to

maximize the expected increase in information of the lattice in static

discovery, or to guarantee uniformity of the sample in incremental

discovery. Finally, the sampling engine is the component that selects

the optimal strategy to evaluate each i8 over the required number

of tuple pairs, given a set of nodes scheduled for updates and the

current lattice state.

The algorithm operates by iteratively alternating between sched-

uling and sampling stages, progressively re�ning our knowledge

about each predicate set i in the lattice.

4.1 Lattice

Let % = %1, %2, . . . , %: be the predicate space, and let Ω = 2
% denote

the set of candidate DCs. This set is partially ordered by the ⊂

operator, forming a lattice whose Hasse diagram is sketched in

Figure 2. For each predicate set i ∈ Ω, we record the number  (i)

of tuple pairs satisfying i within a random sample of # (i) tuple

pairs. As described in Section 3, the values of  (i) and # (i) are

su�cient to model our knowledge of the joint probability of i as

? (i) ∼ �4C0( (i) + 1, # (i) −  (i) + 1) (See equation 1). This

probabilistic characterization of ? (i) is central to our approach, as

it enables e�cient decisions about properties of a DCi and provides

a formal method to quantify the certainty of those decisions.

Let # : Ω → Z
+ and  : Ω → Z

+ be mappings that provide

# (i) and  (i) for each i ∈ Ω. We denote the pair ! = (#, ) as

a lattice state. For any lattice state, we can determine which DCs

i ∈ Ω are satis�ed and sound with con�dence U , using the tests

described in Sections 3.2 and 3.3.

Additionally, for any i ∈ Ω, we de�ne an information measure

� (i) equal to the Fischer information of the sample size # (i) in

the distribution of ? (i). This measure re�ects how informative the

distribution is: it takes low values when the true value of ;=(? (i))

is uncertain, and high values when the distribution of ;=(? (i)) is

concentrated. We de�ne the information of the entire lattice as the

sum of the information of all predicate sets, � (!) =
∑

i∈Ω � (i).
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4.2 Scheduling Engine

The goal of the scheduling engine is to determine how to update

a lattice state ! to obtain a new state !′ with higher information:

� (!′) > � (!). Formally, it takes as input a lattice state ! = (#, )

and a dataset � = {C1, C2, . . . }, and produces a schedule ( = (# ′,) )

with # ′ : Ω → Z and ) ⊆ � × � .

The schedulemaps each candidate DCi to# ′ (i), indicating that

the sampling engine must evaluate i on # ′ (i) randomly drawn

tuple pairs from ) .

The behavior of this component di�ers depending on whether

static or incremental DC discovery is being performed.

Static DC discovery. In static DC discovery, the lattice ! =

(#, ) starts empty, with # (i) = 0 for all i ∈ Ω, and is itera-

tively re�ned. To determine which predicate sets i should have

their distribution ? (i) updated, the scheduling engine performs a

two–stage process: First, the current lattice state is used to infer

which predicate sets should be scheduled for re�nement. To mini-

mize wasted computation, the properties of DC validity presented

in Section 2.2 restrict the search to predicate sets for which there is

evidence in the current lattice that they may be informative:

• Minimal: A predicate set i is considered for updates only if all

its subsets show signs of not forming satis�ed DCs in the current

lattice state, i.e.,
 (i ′ )
# (i ′ )

> n ∀i ′ ⊂ i. 1

• Non-trivial: Predicate sets containing logical implications are

excluded from updates, since they can only yield trivial DCs.

• Sound: As discussed in Section 3, a DC is sound only if the mar-

ginal distributions of its predicates are conditioned on the others.

To avoid exploring sets of independent predicates, a predicate

set i is considered for updates only if at least one of its subsets

is already known to be sound.

Second, each predicate set selected for updates i is assigned a

number of tuple pairs# ′ (i) to be drawn from) = {(CG , C~) | (CG , C~) ∈

� × �, G ≠ ~} by the sampling engine. This will be added to the

current sample of # (i) to produce a more informative lattice state.

To ensure computation is allocated optimally, # ′ (i) is set to be

proportional to the gradient of the information gain with respect

to # (i). Figure 3 shows the schedule that would be generated for

the lattice state displayed in Figure 2, with the left grid showcasing

how the tuple pairs will be sampled uniformly.

Any lattice state enables the identi�cation of predicate sets

whose sampling would increase the overall information, implying

that the re�nement process could, in principle, continue inde�-

nitely. To ensure termination, the scheduler ignores updates for

nodes whose information gradient falls below a threshold Δ�min.

This threshold is derived from the information measure � , set to

the largest value that guarantees exclusive sets of predicates i for

which ? (i) = 0 are proven satis�ed once the gradient of � (i) with

respect to # (i) drops below this Δ�min. When the scheduler �nds

no predicate set eligible for update, the algorithm terminates, as all

considered satis�ed predicate sets have already been found.

Dynamic DC discovery. In dynamic DC discovery, we as-

sume the existence of a lattice state ! = (#, ) obtained from

static discovery with a subset of the data �′ ⊂ � , and aim to

1In practice, satisfaction tests are performed using the statistical framework presented
in Section 3, as it is more robust.

construct a new lattice state !′ that is statistically representa-

tive for � . To do so, a schedule is created so that all # (i) in-

crease by the same proportion, sampling tuple pairs from the set

) = {(CG , C~) | (CG , C~) ∈ � × � \ �
′ × �′, G ≠ ~}. The right grid of

Figure 3 illustrates how newly sampled tuple pairs are selected so

that the overall sample becomes uniformly distributed.

2 1.5 1 0.5 0
0

1

2

3

4

5

Lattice

Distribution of

Figure 2: Lattice state ! = (#, ) for predicate space % = {�, �},

with visualizations of the distributions of ln(? ({�})) and

ln(? ({�})) estimated with the available # and  . Their in-

formation measures � are also shown, with their derivatives

with respect to the sample size � ′, illustrating how informa-

tive these distributions are, and how much additional infor-

mation is expected from increasing the sample.

Scheduling Engine

Static Incremental

Figure 3: Schedule detailing the number of tuple pairs to

be evaluated # ′ (i) for each i in Figure 2 so as to maximize

the expected information gain, and in blue the tuple pairs

that will be used to sample the schedule. In static discovery,

these tuple pairs are sampled from the full set of available

tuple pairs and added to the current sample, in green. In

incremental discovery, they are sampled from the newly

introduced tuple pairs to ensure that the distributions remain

statistically representative after the dataset grows.
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4.3 Sampling Engine

The goal of the sampling engine is to determine the optimal way

to sample a schedule. Formally, given a schedule ( = (# ′,) ), the

sampling engine produces a lattice state ! = (# ′,  ′), where  ′ (i)

is the number of tuple pairs among the # ′ (i) drawn from ) that

satisfy all predicates in i . Figure 4 shows the result of sampling

the schedule illustrated in Figure 3, and provides visualizations

of the di�erent algorithms we propose for executing a schedule.

While these algorithms are developed as part of our framework for

discovering DCs, the contents of this section are relevant to all DC

discovery methods for several reasons:

• We provide experimental evidence (Observation 4.1) demonstrat-

ing that a key assumption shared by all existing DC discovery

algorithms fails to hold for large datasets, making most meth-

ods unsuitable for discovering DCs on datasets with more than

twenty attributes.

• We introduce an alternative way to leverage the evidence set

to compute  ′ (i), which is orders of magnitude faster than the

state of the art for certain predicate spaces.

Initially, we assume:

# ′ (i) =

{

# ′ (() if i ∈ Ω′

0 otherwise

meaning that the number of tuple pairs to be sampled, # ′ (i), is

uniform across all nodes scheduled for update, i ∈ Ω′ ⊂ Ω, with a

�xed value # ′ ((). Section 4.3.1 details how to uniform schedules

are sampled, and Section 4.3.2 shows how to sample any schedule

by reducing it to uniform schedule sampling.

4.3.1 Sampling uniform schedules. We now present several meth-

ods for sampling uniform schedules, highlighting their strengths

and weaknesses.

Node sampling.A straightforwardway to sample ( = (# ′ ((),) )

is shown in Algorithm 1. It begins by drawing # ′ (() tuple pairs

uniformly from ) , forming a subset ) ′ ⊆ ) with |) ′ | = # ′ ((). For

each sampled pair (CG , C~) ∈ )
′, we then evaluate all predicates

%8 ∈ i on that tuple pair: %8 (CG , C~).  
′ (i) is set to the number

of tuple pairs out of the # ′ (i) that ful�ll all predicates in i . The

temporal complexity of performing node sampling of Ω′ on ) ′ is

$ ( |) ′ |
∑

i∈Ω′ |i |).

Algorithm 1 Node Sampling

Input:

Ω
′ ← {i8 , i 9 , . . . } Candidate DCs to sample

) ′ ← Sample of # ′ (() tuple pairs (CG , C~)

Output:

 ′ ← Number of tuple pairs in ) ′ that satisfy each i ∈ Ω′

1: procedure NodeSampling(i,) ′)

2: )i ← ) ′

3: for %8 ∈ i do

4: )i ← {(CG , C~) | (CG , C~) ∈ )i , %8 (CG , C~)}

5:  ′ (i) ← |)i |

6: for i ∈ Ω′ do NodeSampling(i,) ′)

Sampling Engine

0/100

0/1

Figure 4: Result of sampling the schedule of Figure 3, show-

ing the number of tuple pairs  ′ (i) that ful�ll i out of the

uniformly drawn # ′ (i), and visualizations of di�erent sam-

pling algorithms.

Path sampling. Node sampling can be trivially optimized by

interpreting the evaluation of i on) ′ as tracing a path in the lattice

from {} to i , as shown in Algorithm 2. At each step, the set ) ′ is

re�ned by keeping only tuple pairs that ful�ll the added predicate.

Assuming the path taken is Ω′ = ({}, {%81 }, {%81 , %82 }, . . . , i), the

cost of sampling i is reduced to$ (
∑

i∈Ω′  
′ (i)). For any i , there

exist |i |! possible paths that may be traced to reach i in the lattice.

By using the current lattice state ! = (#, ), we can estimate the

path that will minimize the cost by starting at the root and at each

step moving towards the adjacent node i ′ with smallest
 (i ′ )
# (i ′ )

.

If |Ω′ | > 1, sampling nodes independently may lead to the

recomputation of partial results shared by nodes with overlapping

paths. This can be avoided by traversing Ω
′ in a depth-�rst search,

passing through each i ∈ Ω′ exactly once. Let %0A4=C : Ω′ → Ω
′

map each node i to its parent %0A4=C (i) in a tree spanning Ω
′. In

our case, given the current lattice state ! = (#, ), %0A4=C (i) = i ′

is de�ned as the i ′ ⊂ i with smallest
 (i )
# (i )

. This tree de�nes a

unique path from the root to eachi that may be traversed in a depth

�rst search to compute  ′ (i) for all i ∈ Ω′ with minimal cost. The

temporal complexity of performing path sampling of Ω′ on ) ′ is

$ (
∑

i∈Ω′ | 
′ (%0A4=C (i)) |), with a required bu�er of $ ( |) ′ |) to

maintain the DFS stack.

Evidence set sampling. As discussed in Section 2.4, previous

research highlighted the redundancy of operating on individual

tuple pairs [7]. This motivated the use of the evidence set. An

evidence set � : Ω
′ → 2

) ′ maps each set of predicates i ∈ Ω
′ to

the set of tuple pairs that satisfy exactly those predicates, denoted

� (i). Algorithm 3.1, from [7], shows how to generate � from a

predicate space % and a set of tuple pairs) ′, with cost$ ( |% | · |) ′ |).2

This data structure provides an alternative way to compute  ′ (i).

Instead of �ltering tuple pairs one by one, it processes all tuple

pairs that satisfy the same predicates together. Building on the

approach in [7], Algorithm 3.2 presents a version of Algorithm 2

2In practice, it is enough to know the number of tuple pairs that satisfy a given set of
predicates, i.e., |� (i ) | .
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Algorithm 2 Path Sampling

Input:

%0A4=C ← Parent of each i ∈ Ω′ forming a tree in Ω
′

) ′ ← Sample of # ′ (() tuple pairs (CG , C~)

Output:

 ′ ← Number of tuple pairs in ) ′ that satisfy each i ∈ Ω′

1: procedure PathSampling(i,)i , %0A4=C )

2:  ′ (i) ← |)i |

3: for %8 ∈ {%8 |%0A4=C (i ∪ {%8 }) = i} do

4: i=4GC ← i ∪ {%8 }

5: )i=4GC ← {(CG , C~) | (CG , C~) ∈ )i , %8 (CG , C~)}

6: PathSampling(i=4GC ,)i=4GC , %0A4=C)

7: PathSampling({},) ′, %0A4=C)

that �lters the evidence set rather than the set of tuple pairs. The

temporal complexity of performing evidence set sampling of Ω′ on

) ′ is $ (
∑

i∈Ω′, |� (i ) |>0 2
|i | ), plus the overhead from computing

the evidence set $ ( |% | · |) ′ |).

Algorithm 3.1 Evidence Set Building

Input:

% ← Predicate space {%1, %2, . . . }

) ′ ← Sample of # ′ (() tuple pairs (CG , C~)

Output:

� (i) ← Tuple pairs in ) ′ ful�lling exactly i ⊆ %

1: procedure BuildEvidenceSet(%,) ′)

2: � ←Map with default empty value.

3: for (CG , C~) ∈ )
′ do

4: i ← {}

5: for %8 ∈ % do

6: if %8 (CG , C~) then

7: i ← i ∪ {%8 }

8: � (i) ← � (i) ∪ {(CG , C~)}

9: BuildEvidenceSet(%,) ′)

We denote the size of the evidence set |� | as the number of

i ∈ Ω
′ with nonzero |� (i) |. Prior work [5, 7, 15] assumes that

the evidence set is typically much smaller than the set of tuple

pairs |) ′ | from which it is built. Consequently, computing  ′ (i)

with Algorithm 3.2 should be orders of magnitude faster than with

Algorithm 2. The assumption |� | ≪ |) ′ | underlies all DC discovery

algorithms that rely on the evidence set [5, 7, 9, 14–16, 19]. However,

for large databases with numerous predicates, the combinatorial

explosion of predicate signatures ensures that the evidence set is

dense, invalidating the assumption |� | ≪ |) ′ |. Figure 5 presents ex-

perimental evidence showcasing that this assumption breaks down

for large datasets, as the upper bound for |� | grows exponentially

with |% |, easily surpassing |) ′ |. This aligns with the experimen-

tal �ndings of [5, 7, 15, 16, 19], which report that the cost of DC

enumeration over evidence sets grows exponentially with the num-

ber of predicates. We summarize this behavior in the following

observation:
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Figure 5: Size of the evidence set |� | evolution as the number

of tuple pairs |) ′ | from the Flights dataset used to generate

it increases � = BuildEvidenceSet(%,) ′), for multiple sizes

of the predicate space |% |. The trend showcases how the as-

sumption that |� | ≪ |) ′ | only holds true for small predicate

spaces, which cannot be guaranteed for large databases.

Observation 4.1. An evidence set � built for a predicate space %

on a large dataset will be dense: |� | = $ (2 |% | ).

This observation has profound implications to all those DC dis-

covery algorithms that rely on the assumption of sparse evidence

sets. In the context of our algorithm, it implies that an evidence

set built from a reduced sample of tuple pairs is not bound in size,

and may therefore be as large as the sample itself. We summarize

the consequence of this fact with for evidence set sampling in the

following observation:

Observation 4.2. For large predicate spaces, evidence-set-based

sampling degenerates to path sampling while incurring the additional

overhead of constructing and storing the evidence set.

Algorithm 3.2 Evidence Set Sampling

Input:

Ω
′ ← {i8 , i 9 , . . . } Candidate DCs to sample

%0A4=C ← Parent of each i ∈ Ω′ forming a tree in Ω
′

) ′ ← Sample of # ′ (() tuple pairs (CG , C~)

Output:

 ′ ← Number of tuple pairs in ) ′ that satisfy each i ∈ Ω′

1: procedure EvidenceSetSampling(i,Ωi , �, %0A4=C )

2:  ′ (i) ←
∑

i ′∈Ωi
|� (i ′) |

3: for %8 ∈ {%8 |%0A4=C (i ∪ {%8 }) = i} do

4: i=4GC ← i ∪ {%8 }

5: Ωi=4GC ← {i
′ | i ′ ∈ Ωi , %8 ∈ i}

6: EvidenceSetSampling(i=4GC ,Ωi=4GC , �, %0A4=C)

7: % ←
⋃

i∈Ω′ i

8: � ← BuildEvidenceSet(%,) ′)

9: EvidenceSetSampling({},Ω′, �, %0A4=C)
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Dense evidence set sampling. We present a dynamic pro-

gramming algorithm that signi�cantly reduces redundant com-

putations for dense evidence sets. The key contribution is that

our algorithm computes  ′ (i) from a dense evidence set faster

than evidence set sampling, whilst attaining no additional memory

footprint. The algorithm is based on the zeta transform for subset

sums of functions from [6]. For any set of predicates i , the target

 ′ (i) can be expressed as a sum of elements of the evidence set

 ′ (i) =
∑

i ′⊇i � (i
′). Informally, the number of tuple pairs that

satisfy a set of predicates  ′ (i), equals the number of tuple pairs

that exactly ful�ll i , � (i), plus the ones that exactly ful�ll i and

any other predicates: � (i ∪ {%8 , % 9 , . . . }).

We denote as � (i, % ′) the set of tuple pairs that exactly ful�ll

i plus any subset of % ′ ⊆ % . If % ′ = {}, � (i, % ′) is the evidence

set � (i), and if % ′ = % , |� (i, % ′) | equals  ′ (i). Additionally, the

following recursive rule can be established:

� (i, % ′ + %8 )

{

� (i, % ′) if %8 ∈ i

� (i, % ′) ∪ � (i + %8 , %
′) otherwise

Algorithm 4 implements a bottom up dynamic programming

approach to use this recurrence to compute each  ′ (i). Table 2

illustrates the full execution of this algorithm for a predicate space

% = {�, �,�}. It shows that, at the end of each iteration, |� (i, % ′) |

exactly equals the number of tuple pairs that satisfy precisely the

predicates in i together with any predicates in % ′. The time com-

plexity of performing dense evidence set sampling over Ω′ on ) ′

is $ (
∑

i∈Ω′, |� (i ) |>0 |i |), plus the overhead of constructing the ev-

idence set $ ( |% | · |) ′ |), and an additional $ ( |Ω′ |) bu�er to store

intermediate results.

Algorithm 4 Dense Evidence Set Sampling

Input:

Ω
′ ← {i8 , i 9 , . . . } Candidate DCs to sample

) ′ ← Sample of # ′ (() tuple pairs (CG , C~)

Output:

 ′ ← Number of tuple pairs in ) ′ that satisfy each i ∈ Ω′

1: % ←
⋃

i∈Ω′ i

2: � ← BuildEvidenceSet(%,) ′)

3: for i ′ ∈ Ω′ do

4:  ′ (i) ← � (i)

5: for %8 ∈ % do

6: for i ′ ∈ Ω′ do

7: if %8 ∉ i then

8:  ′ (i) ←  ′ (i) +  ′ (i + %8 )

4.3.2 Sampling general schedules. Table 3 summarizes the tempo-

ral and spatial complexities of the sampling algorithms described

previously for uniform schedules. For any uniform schedule to be

sampled ( = (# ′ ((),) ), the sampling engine estimates the cost

of each method with the information available in the current lat-

tice state ! = (#, ). The method with lowest estimated temporal

cost that also �ts into memory is chosen as the optimal sampling

strategy for this uniform schedule.

i |� (i, {}) | |� (i, {�}) | |� (i, {�, �}) | |� (i, %) |

{} 0 0+4=4 4+4=8 8+6=14

{�} 4 4 4+1=5 5+3=8

{�} 3 3+1=4 4 4+2=6

{�} 2 2+2=4 4+2=6 6

{�, �} 1 1 1 1+1=2

{�,�} 2 2 2+1=3 3

{�,�} 1 1+1=2 2 2

{�, �,�} 1 1 1 1

Table 2: Iterations of Dense ES sampling over a predicate

space % = {�, �,�} assuming 4 tuples only satisfy �: � ({�}) =

4, 3 tuples only satisfy �: � ({�}) = 3, only 1 tuple satis�es

both � and � but not �: � ({�, �}) = 3, and so on.

Method Time Memory

Node $ ( |) ′ |
∑

i∈Ω′ |i |) $ (1)

Path $ (
∑

i∈Ω′ | 
′ (%0A4=C (i)) |) $ ( |) ′ |)

ES $ (
∑

i∈Ω′, |� (i ) |>0 2
|i | ) +$ ( |% | · |) ′ |) $ ( |� | · |% |)

Dense ES $ (
∑

i∈Ω′, |� (i ) |>0 |i |) +$ ( |% | · |)
′ |) $ ( |Ω′ |)

Table 3: Computational complexities of uniform schedule

sampling strategies.

Finally, sampling a schedule ( = (# ′,) ) can be reduced to sam-

pling a collection of uniform schedules. This is done by partitioning

the predicate sets to be sampled:

Ω
′
= {i | # ′ (i) > 0},

into buckets, where Each subset Ω′8 is then processed as an inde-

pendent uniform schedule (8 = (2
8 ,) ), as:

Ω
′
8 = {i | #

′ (i) ∈ [28 , 28+1)}.

In practice, this may cause some i to be evaluated on more tuple

pairs than originally scheduled by up to a factor of two. This only

results in a more informative lattice state than expected, which is

never an undesirable byproduct.

After the schedule has been sampled, yielding !′ = (# ′,  ′),

the newly obtained information is incorporated into the current

lattice state !8 = (#8 ,  8 ) to produce the updated lattice state !8+1 =

(#8+1,  8+1), as:

#8+1 (i) = #8 (i) + #
′ (i)

 8+1 (i) =  8 (i) +  
′ (i) .

As discussed in Section 3, for our statistical method to be valid

and unbiased,  8 (i) and #8 (i) must always correspond to the

evaluation of i on a uniformly drawn sample of tuple pairs. By

induction, we assume that the current lattice state is based on

uniformly drawn samples. Since the additional values  ′ (i) and

# ′ (i) are also obtained fromuniformly drawn samples, the updated

quantities  8+1 (i) and #8+1 (i) likewise correspond to a uniformly

drawn sample. Thus, LIMA guarantees that, at any point in time,

its estimated distributions are unbiased, with their information

monotonically increasing as more uniform samples are introduced.
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5 EXPERIMENTAL RESULTS

In this section, we evaluate the performance of our algorithm and

compare it with state-of-the-art methods [9, 15–19]3. We evaluate

the scalability of static DC discovery algorithms by performing

DC discovery on a large dataset while progressively increasing its

dimensions, following the experimental methodology of [5, 7, 15,

16, 19]. For this experiment, we use the largest dataset commonly

employed in the DC discovery literature4. The quality of the discov-

ered DCs is evaluated by comparing them against manually curated

sets of golden DCs for several datasets used in the DC discovery

literature, as done in [4, 7, 10, 13, 15]. Finally, we assess the ability

of our algorithm to adapt to incremental data by measuring the time

required to update the discovered DCs after adding new data slices

of varying sizes, also for several datasets used in the DC literature,

following the methodology of [17, 18].

5.1 Scalability

As described in Section 2.3, existing DC discovery algorithms dis-

play sharp increases in computational cost as datasets grow large.

Experimental results in the literature show that the cost of DC

discovery scales quadratically with the number of tuples due to

the construction of the evidence set [5, 7, 15, 16]. Additional exper-

iments demonstrate that the cost also grows exponentially with

the number of attributes, due to the large size of the candidate DC

space [5, 7, 15, 16, 19]. Together, these factors render DC discovery

infeasible on large datasets.

To experimentally evaluate the scalability of DC discovery algo-

rithms, we follow the standard approach in the literature and run

each algorithm while progressively increasing the number of rows

or columns provided as input. The only dataset used in prior work

that enables scalability analysis on large datasets is the Flights

dataset, which, after aggregating data from multiple time periods,

contains over ten million tuples and more than 60 attributes. While

some of the DC discovery algorithms evaluated allow for paral-

lelization using appropriate hardware, our goal is to measure the

raw computation each algorithm requires to perform DC discovery.

To this end, experiments in this section are run on a single core,

ensuring execution times directly correlate to the computational

complexity of each algorithm.

First, we evaluate row scalability by discovering DCs on slices

of the Flights dataset with an increasing number of tuples, while

�xing the set of attributes to those used in prior work on the Flights

dataset [9, 15, 16]. Figure 6a summarizes the execution times for DC

discovery. The results are consistent with the literature and show

that existing algorithms scale quadratically with the number of

tuples in the data [5, 7, 15, 16]. In contrast, the computational cost

of LIMA depends solely on the approximation factor n . Figure 6b

reports the corresponding memory footprints. These results also

align with prior work, indicating that when the number of attributes

is small, the size of the evidence set remains bounded. Since LIMA

does not build the full evidence set, it maintains lower memory

footprint even for smaller datasets.

3All experiments were conducted on an Intel Xeon E5-2660 v3 (10 cores, 20 threads and
2.6GHz clock) running Ubuntu-based GNU-Linux (24.04.1 LTS) and 16GB of DRAM.
4Carrier on-time performance dataset, available at https://www.transtats.bts.gov, and
commonly referred to as the Flights dataset in the DC discovery literature.

Next, we evaluate column scalability by discoveringDCs on slices

of the Flights dataset with an increasing number of attributes,

while �xing the number of tuples to 5000. Figure 6c summarizes the

execution times for DC discovery. The results are consistent with

the literature and show that existing algorithms scale exponentially

with the number of attributes [5, 7, 15, 16, 19]. In contrast, the

computational cost of LIMA is much less a�ected by this increase,

as it does not require exploring the full space of predicate combi-

nations. Figure 6d reports the corresponding memory footprints.

These results also align with our �ndings in Figure 5, indicating

that as the number of attributes grows, the evidence set that must

be stored in state-of-the-art algorithms increases exponentially in

size, making them impractical. By contrast, LIMA avoids storing the

full evidence set, making it well suited for large predicate spaces.

5.2 Quality

As shown before, LIMA has signi�cantly lower computational re-

quirements to perform DC discovery. However, this is achieved by

limiting the analyzed data and the space of candidate DCs explored.

Hence, it is imperative to ensure that the quality of the DCs discov-

ered by LIMA is not signi�cantly degraded by these optimizations.

In order to assess the quality of the discovered DCs, we follow the

literature in comparing the discovered DCs to a set of manually

generated golden DCs, which are representative of the overall DCs

of the data [7, 9, 10, 15]. We use the publicly available set of golden

DCs from [10] to measure the precision and recall.

Table 4 summarizes the precision of the results, de�ned as the

proportion of discovered DCs that belong to the set of golden DCs.

The results for traditional DC discovery algorithms are consistent

with the literature, showing that these algorithms typically discover

many more DCs than the true number of constraints in the data,

which results in low precision [7, 10, 15]. This behavior has been

attributed to the agglomeration of independent predicates by DC

discovery algorithms [10]. In contrast, LIMA relies on a more re-

strictive de�nition of DC validity that requires soundness, meaning

that DCs must represent some statistically signi�cant relationship

among its predicates. This results in signi�cantly higher precisions

due to rejecting any DC constructed using independent predicates.

Table 5 summarizes the recall of the results, de�ned as the pro-

portion of golden DCs contained in the set of discovered DCs. These

results are also consistent with the literature, as the large number of

DCs produced by traditional approaches makes it likely for golden

DCs to appear among the discovered ones, resulting in high re-

call values [7, 10, 15]. In contrast, LIMA substantially reduces the

space of candidate DCs that is explored, and most importantly, the

number of discovered DCs. Despite this restriction, the observed

recall remains comparable to that of existing algorithms. This is

an encouraging result, as it shows that our soundness-based explo-

ration strategy signi�cantly lowers the computational cost of DC

discovery without missing a substantial number of valid DCs.

5.3 Incremental DC Discovery

While LIMA is primarily designed for static DC discovery, its novel

approach to computing and representing ? (i) enables e�cient up-

dates as the data evolves. We evaluate this capability by comparing

our algorithm for updating the set of DCs valid on a dataset � ,
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(a) Execution times for DC discovery on the Flights dataset with 20 attributes and increasing rows. Approximation factors with negligible

di�erences are grouped for clarity. The results show that the cost of DC discovery grows quadratically with the number of tuples in the data,

whereas the complexity of our algorithm depends solely on the desired approximation factor n , enabling DC discovery on datasets with a large

number of rows.

(b) Memory footprints for DC discovery on the Flights dataset with 20 attributes and increasing rows. Approximation factors with negligible

di�erences are grouped for clarity. As shown in Figure 5, when the number of attributes (and thus the number of predicates) is small, the size

of the evidence set remains bounded and small enough to �t into memory.

(c) Execution times for DC discovery on the Flights dataset with 5000 rows and an increasing number of attributes (and thus predicates).

Approximation factors with negligible di�erences are grouped for clarity. The results show that the cost of DC discovery grows exponentially

with the number of attributes, due to the need to explore most predicate combinations. In contrast, our algorithm avoids this expensive

exploration by leveraging the soundness property, substantially reducing the computational cost of DC discovery.

(d) Memory footprints for DC discovery on the Flights dataset with 5000 rows and an increasing number of attributes (and thus predicates).

Approximation factors with negligible di�erences are grouped for clarity. As shown in Figure 5, when the number of attributes grows, the size

of the evidence set is unbounded and grows too large to be stored.

Figure 6: Experimental results demonstrating the improved scalability of our algorithm compared to the state of the art, in

terms of both row and column time and memory scalability.
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n
Dataset

Airport Flights Food Hospital Ncvoter Tax

A
lg
o
ri
th
m

D
C
Fi
n
d
er 10

−8
0.011 0.0081 0.077 0.21 0.043 0.008

10
−6

0.026 0.0074 0.068 0.18 0.037 0.007

10
−4

0.020 0.0070 0.072 0.16 0.031 0.003

10
−2

0.035 0.0049 0.080 0.04 0.051 0.009

A
D
C
M
in
er 10

−8
0.009 0.0011 0.076 0.21 0.041 0.002

10
−6

0.024 0.0002 0.071 0.16 0.027 0.001

10
−4

0.013 0.0003 0.077 0.16 0.030 0.002

10
−2

0.018 0.0006 0.078 0.03 0.044 0.011

Fa
st
A
D
C 10

−8
0.009 0.0011 0.076 0.21 0.041 0.002

10
−6

0.024 0.0002 0.071 0.16 0.027 0.001

10
−4

0.013 0.0003 0.077 0.16 0.030 0.002

10
−2

0.018 0.0006 0.078 0.03 0.044 0.011

E
C
P
-I
N
C
S 10

−8
0.012 0.0081 0.076 0.21 0.040 0.008

10
−6

0.021 0.0069 0.072 0.18 0.029 0.008

10
−4

0.020 0.0069 0.074 0.17 0.031 0.006

10
−2

0.018 0.0047 0.080 0.04 0.055 0.011

L
IM

A

10
−8 0.80 0.96 0.93 0.92 0.85 0.82

10
−6 0.66 0.89 0.78 0.86 0.85 0.76

10
−4 0.60 0.76 0.66 0.82 0.74 0.61

10
−2 0.25 0.73 0.60 0.43 0.61 0.22

Table 4: Precision of the sets of discovered DCs, showing how

the large number of false positives is mitigated by adopting a

more restrictive DC validity. Best per dataset and n in bold.

n
Dataset

Airport Flights Food Hospital Ncvoter Tax

A
lg
o
ri
th
m

D
C
Fi
n
d
er 10

−8 1 0.984 0.875 1 1 1

10
−6 1 0.968 0.75 0.91 1 0.765

10
−4 1 0.927 0.5 0.63 0.9 0.411

10
−2 0.5 0.806 0.375 0.27 0.9 0.176

A
D
C
M
in
er 10

−8 1 0.984 0.875 1 1 1

10
−6 1 0.946 0.75 0.93 1 0.790

10
−4 1 0.901 0.5 0.69 0.9 0.406

10
−2 0.5 0.806 0.375 0.29 0.9 0.189

Fa
st
A
D
C 10

−8 1 0.984 0.875 1 1 1

10
−6 1 0.946 0.75 0.93 1 0.790

10
−4 1 0.901 0.5 0.69 0.9 0.406

10
−2 0.5 0.806 0.375 0.29 0.9 0.189

E
C
P
-I
N
C
S 10

−8 1 0.984 0.875 1 1 1

10
−6 1 0.968 0.75 0.91 1 0.765

10
−4 1 0.946 0.5 0.63 0.9 0.442

10
−2 0.5 0.823 0.375 0.27 0.9 0.176

L
IM

A

10
−8 1 0.976 0.875 1 1 1

10
−6 1 0.937 0.75 0.93 1 0.778

10
−4 1 0.901 0.5 0.69 0.9 0.428

10
−2 0.5 0.812 0.375 0.27 0.9 0.176

Table 5: Recall of the sets of discovered DCs, showing how

our optimizations do not lead to a noticeable increase in false

negatives. Best per dataset and n in bold.

Dataset Properties |Δ� | = 0.1% · |� | |Δ� | = 1% · |� | |Δ� | = 10% · |� | |Δ� | = 30% · |� |

Name #Cols #Rows 3DC IncDC LIMA 3DC IncDC LIMA 3DC IncDC LIMA 3DC IncDC LIMA

Airport 11 55K 0.71 28.50 0.09 0.80 84.56 0.15 0.25 786.17 0.81 0.76 – 1.66

Hospital 15 115K 0.05 23.48 0.06 0.11 24.35 0.08 0.59 51.29 0.24 1.94 – 0.86

NCVoter 15 675K 1.26 253.67 0.15 4.88 292.17 0.62 44.83 – 4.25 183.77 – 11.61

Tax 15 100K 0.13 40.57 0.06 0.42 123.82 0.20 2.57 – 0.95 7.97 – 2.82

Flight 17 500K 0.72 – 0.14 4.67 – 0.55 47.63 – 5.09 182.44 – 14.31

Table 6: Times (s) to update the set of valid DCs after increasing the data by Δ� , showing that our algorithm preserves the

scalability bene�ts observed in Figure 6 when adapting the set of valid DCs. Best per dataset and Δ� in bold. Timeouts show -.

starting from the DCs valid on a subset � − Δ� , against the only

two existing incremental DC discovery algorithms [17, 18]. We

compare them to LIMA executed with n = 10
−8, which has been

shown to produce comparable results to exact DC discovery [10].

We compare running times of LIMA to the experimental results

published in [17] obtained with comparable hardware.

Table 6 summarizes these results. It shows that LIMA’s ability

to update the set of valid DCs as the data grows is comparable to

the state of the art 3dc on small datasets. For larger datasets, the

results follow the same trend observed in Figure 6a, demonstrating

that the reduced computational cost of LIMA on datasets with

many rows also carries over to the incremental setting. This is

because extending the sample used to infer ? (i) is signi�cantly

less expensive than evaluating all newly formed pairs of tuples.

6 CONCLUSIONS

This paper presented the Lattice Information Maximization

Algorithm (LIMA) for discovering approximate DCs on large

databases. By leveraging statistical methods to model the distri-

bution of the joint probabilities of predicate sets, LIMA can make

decisions about DC validity from a reduced sample of tuple pairs.

We experimentally demonstrated how this enables the discovery of

approximate DCs with signi�cantly lower computational require-

ments than the state of the art, greatly improving both row and

column scalability. Furthermore, LIMA adopts a more restrictive

de�nition of DC validity, which reduces the number of false pos-

itives by orders of magnitude while having a negligible impact

on false negatives. Finally, although the algorithm is primarily de-

signed for static DC discovery, its probabilistic modeling of joint

predicate probabilities supports e�cient updates as data evolves,

making LIMA well suited for incremental DC discovery.
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