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ABSTRACT

Data valuation, the task of quantifying the contribution of indi-
vidual data points to model performance, has emerged as a funda-
mental challenge in machine learning. Game-theoretic approaches,
such as the Banzhaf value, offer principled frameworks for fair
data valuation; however, they suffer from exponential computa-
tional complexity. We address this challenge by developing efficient
algorithms specifically tailored for computing Banzhaf values in k-
nearest neighbor (kNN) classifiers. We first establish the theoretical
hardness of the problem by proving that it is #P-hard. Despite this
intractability, we exploit the locality properties of kNN classifiers
to develop practical exact algorithms. Our main contribution is a
dynamic programming framework that achieves significant compu-
tational improvements: we present a pseudo-polynomial algorithm
with O(Wkn?) time complexity for weighted kNN classifiers, where
W is the maximum sum of top-k weights, and a specialized algo-
rithm for unweighted kNN that achieves O(nk?) time complexity,
that is, linear in the number of data points. We also offer efficient
Monte Carlo estimation methods. Extensive experiments on real-
world datasets demonstrate the practical efficiency of our approach
and its effectiveness in data valuation applications.
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1 INTRODUCTION

Data valuation has emerged as a fundamental problem in machine
learning, addressing the critical question of how to quantify the con-
tribution of individual data points to model performance [10, 17, 34].
As machine learning systems increasingly rely on large datasets
assembled from diverse sources, understanding the relative im-
portance of different data points becomes essential for various
applications, such as enabling practitioners to make informed de-
cisions regarding data acquisition, identifying low-quality or re-
dundant data, and ensuring fair compensation for data providers
in collaborative-learning scenarios.

Cooperative game theory [7] provides a principled framework
for addressing data-valuation tasks. By modeling the data valua-
tion problem as a cooperative game where data points are players
and the model performance represents the value function, we can
leverage established solution concepts from cooperative game the-
ory to assign fair and meaningful values to individual data points.
Among the various solution concepts, the Shapley value [33] and
the Banzhaf value [2] have gained particular attention due to their
desirable axiomatic properties. In particular, the Banzhaf value has
been adopted as a measure of voting power in the analysis of voting
in the Council of the European Union [38].

Both values are based on the idea of quantifying the marginal
contribution of a particular data point to the performance of the
model. Arguably, the simplest way that leverages the same idea
to quantify the value of a data point z in a dataset D is the leave-
one-out (LOO) value, which measures the difference in the model
performance before and after the data point is removed from the
dataset, that is, LOO(z) = 0(D) — v(D \ {z}), where v : 2N
is the value function that represents the model performance, for
example, the accuracy of a model. However, the LOO value is not
informative in the presence of data redundancy [23]. Besides, the
impact of a single data point given the remaining large amount of
data is often negligible [3, 13].

The Shapley and Banzhaf values further develop the idea by
aggregating the marginal contributions of a data point to all possible
subsets of the dataset. For example, the Banzhaf value of a data
point z is defined precisely as the average marginal contribution of
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z to all possible subsets S € D \ {z} of the dataset, that is,

B =r S la(SU () —o(S)].

n
SCD\{z}

The Shapley value is also defined similarly, but with a different
weighting scheme over those subsets. Therefore, these two values
give a more comprehensive view of the contribution of a data point
to the model performance.

Critically, the Shapley value has been mathematically proved to
be the unique solution that satisfies the axioms of efficiency, symme-
try, null player, and additivity [33], while the Banzhaf value satisfies
the same axioms except efficiency. These axioms are valuable prop-
erties that make both Shapley and Banzhaf values natural choices
for fair and reliable data valuation. Among the axioms, efficiency
requires that the value of the entire dataset is equal to the sum of
the values of all data points, i.e.,

o(D) —0(0) = > $(2),
zeD

where ¢(z) is the Shapley value of data point z. The raw Banzhaf
values do not satisfy the efficiency axiom, but this can be remedied
by normalizing the raw Banzhaf values, a common post-processing
step used in practice [36]. It is worth mentioning that though intu-
itively appealing, efficiency is not essential in many ranking-based
applications, including dataset curation and data cleaning, where
the focus is on the relative order of data-point values rather than
their exact magnitudes. For these applications, Banzhaf can be a
practical choice: it often yields sparser values and can be less af-
fected by duplicate or noisy points. More broadly, the Banzhaf
values can be more robust in certain scenarios [2, 19, 24, 39].

We illustrate the major differences between different values in
Fig. 1. The values of all data points in a 2D dataset (Fig. 1a) are
computed with respect to a boundary test point (square) and a test
point that is far from the boundary (triangle). Only three training
data points have non-zero LOO values. After duplicating the dataset
by creating a copy of each original data instance, all LOO values
become zero. In contrast, most non-zero game-theoretic values
remain non-zero and informative after duplication. This simple ob-
servation suggests that LOO values are less informative, especially
in the presence of data redundancy [3, 13, 23].

Next, we compare the Shapley and Banzhaf values to illustrate
why they can behave differently and be preferable in different ap-
plications. There are three key observations in Fig. 1. First, the
Banzhaf values are sparser than the Shapley values, while the Shap-
ley values remain far from zero even for data points that are very
far from the test point (Fig. 1b). This sparsity property can be very
helpful in some applications, such as exemplar-based interpretabil-
ity [31]. Second, for a test point (triangle) that is surrounded by a
majority of data points of its own class, the Banzhaf values of these
neighboring points are close to zero (Fig. 1c). Intuitively, this means
that removing any of these neighboring points has little impact
on the prediction of the test point. Thus, the Banzhaf values can
not only highlight more concentrated relative importance of the
data points to a boundary point, but also indicate whether the test
point has been well-supported, and there is no need for further
data enhancement. Third, the Banzhaf values are more robust to
the noise in the dataset (Fig. 1d), where additional random-label
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training data points are injected (upper-left corner). The Banzhaf
values of the noise are all zero, and the values of the original data
points remain unchanged. In contrast, the total Shapley value of
the original data points drops by over 25% due to the non-zero
Shapley values of the noise data. The fragility of the Shapley values
originates from its overallocation of values to extreme subsets; see
definition in Eq. (3). Robustness is crucial in adversarial settings
where malicious parties may inject useless or mislabeled data to
dilute the value of legitimate contributors and siphon off monetary
rewards in data marketplaces, or in environments with noisy data.

Despite the theoretical appeal of these game-theoretic approaches
to data valuation, their practical application faces a significant
obstacle: computational complexity. Computing exact Shapley or
Banzhaf values requires evaluating the value function over all pos-
sible subsets of the dataset, leading to exponential complexity. In
general, it has been proved that both Shapley and Banzhaf val-
ues are #P-hard to compute [6]. This computational burden be-
comes prohibitive for real-world datasets, which often contain thou-
sands or millions of samples. Consequently, most existing work
has focused on approximation methods, such as sampling-based
approaches [1, 4, 8, 26, 28, 45], which trade accuracy for efficiency.

In this paper, we address the challenge by developing fast dy-
namic programming (DP) algorithms specifically tailored for com-
puting Banzhaf values in k-nearest neighbor (kNN) classifiers. The
classic kNN classifiers remain one of the most central and widely-
used models in machine learning, especially when combined with
recent pre-trained embedding techniques. Our approach exploits
the locality property of kNN and computes exact Banzhaf values
efficiently without resorting to approximation. Our algorithmic con-
tributions target kNN classification with hard-label valuation (see
definition in Section 2.2). We include soft-label and Shapley variants
in experiments for comparison. We offer the fastest algorithms for
hard-label Banzhaf valuation, which are even more efficient than
their hard-label Shapley counterparts. Our contribution bridges the
gap between theoretical foundations of cooperative game theory
and practical demands of real-world machine-learning applications.
In detail, this paper makes the following contributions:

e We prove that it is #P-hard to compute the Banzhaf values
for the kNN classification model.

e We present the first dynamic programming algorithm for
computing exact Banzhaf values in weighted kNN classi-
fiers in pseudo-polynomial O(Wn?) time, where W is the
maximum sum of top-k weights. Our algorithm enables ex-
act computation of Banzhaf values without approximation.

e We then significantly improve the time complexity of the
DP algorithm for computing exact Banzhaf values in weighted
kNN classifiers to O(Wkn?), through novel algorithmic
techniques including efficient partial sum computation and
recurrence relations for binomial coefficients.

e We present a specialized efficient algorithm for unweighted
kNN achieving O(nk?) time complexity. Thus, the running
time of our algorithm is essentially linear in the number
of training points, since k is typically a small constant in
practice. To the best of our knowledge, this is the first near-
linear time algorithm for computing the (hard-label) kANN-
based game-theoretic values.
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Figure 1: The difference between the Shapley and Banzhaf values. The model performance is measured by the accuracy of a

kNN classifier with k = 5.

e We also provide efficient coalition-based and permutation-
based sampling algorithms for computing approximate
Banzhaf values, by exploiting the locality property of kNN
classifiers.

e Our experimental evaluation demonstrates the practical
efficiency of our algorithms on real-world datasets, and
their effectiveness in various applications such as data ac-
quisition and cleaning. In particular, the unweighted exact
DP algorithm scales to much larger training sets, while
the weighted exact DP algorithm is more efficient than
Shapley-value baselines under the same hard-label setting.

We note that our framework does not directly extend to kNN
regression. The standard regression utility introduces a normal-
ization term that is not decomposable under our DP recurrence,
and the continuous output eliminates the pivotal-subset counting
structure used in hard-label classification. Therefore, regression is
beyond the scope of this paper (see Appendix C.1.4 [44]for details).

The rest of the paper is organized as follows. We begin by intro-
ducing the necessary preliminaries in Section 2. Then, we present
our dynamic programming and sampling algorithms in Section 3
and Section 4, respectively. The related work is discussed in Sec-
tion 5 and our experimental evaluation is presented in Section 6.
We conclude in Section 7.

2 PRELIMINARIES

We first define the Banzhaf and Shapley values in the general frame-
work of cooperative game theory. Then, we introduce the Banzhaf
values for the kNN classification model and we prove its hardness.

2.1 Banzhaf and Shapley values

The Banzhaf values are a fundamental concept in cooperative game
theory. They provide a principled approach to distribute in a fair
manner the total value generated by a coalition over its members.
Originally introduced by Banzhaf III [2] in the context of voting
power analysis, the idea has found widespread applications in var-
ious domains, including economics, political science, and more
recently, machine learning for data-valuation problems.

To formally define the Banzhaf values, we begin with the stan-
dard framework of cooperative games. A cooperative game is char-
acterized by a pair (N, v), where N = {1,2,...,n} represents the
set of players and v : 2V — R is a function that assigns a real value
to each subset (coalition) S € N of players. The value v(S) repre-
sents the total value of the coalition S. By convention, we assume
v(0) = 0, meaning that the empty coalition generates no value.

For any player i € N and coalition S C N \ {i}, the marginal
contribution of player i to coalition S is defined as v(S U {i}) — v(S).
This quantity captures the additional value generated when player i
joins an existing coalition S. The Banzhaf value of player i, denoted
Bi(v), is then defined as the expected marginal contribution of
player i over all possible coalitions, that is,

D1 s uih) - u(s)]. (1)

SCN\{i}

1
-1

Bi(v) = pr

For comparison, we also define the Shapley value ¢;(v) for
player i, which is defined as

D lo(m U {ih) - o(m)], @)

mell(N)

$i(0) = —

n!

where ITI(N) denotes the set of all permutations of N, and 7; denotes
the set of players that precede player i in 7 [33]. Notably, the Shapley
value can be rewritten as the weighted average over all possible
coalitions, as follows:

1
hi0)=—

SCN\{i}

-1
(5] wovEm-as1. @

Unlike the Banzhaf value that treats all coalitions equally, the
Shapley value puts more emphasis on the marginal contribution
of a player to extremely small and large coalitions, while under-
emphasizing those of medium sizes.

2.2 Banzhaf value for kNN classifier

In the context of machine learning, we adapt the Banzhaf value
framework to quantify the contribution of individual training data
points to model performance. Consider a training dataset D =
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{z1,...,zn} where each data point z; = (x;, y;) represents a feature-
label pair with y; € Y, that is, Y is the set of labels. For a given
test data point ztest = (Xtest, Ytest), We define the players in our
cooperative game as the training data points. We specifically focus
on the kNN classifier setting.

The valuation function v for the kNN classifier is defined as fol-
lows. For any subset S C D of training data points and a fixed test
point ziest, the valuation function (S | ztest) represents the accu-
racy of the kNN classifier trained on the subset S when predicting
the label of the test point, which is

i k
?:?”Sl Vwi 1{yi(S) = y)

0(S | ztest) = {1 i st : e maXyey z
0 otherwise,

4
where z;(S) is the i-th closest point of S to xtest, and w; = w(z;(S) |
Ztest) 1s the weight of z; (S). Note that the valuation function is zero
when |S| = 0. We also define it to be zero when the model predicts
more than one label, which is possible because of ties. For the kNN
classifier, the weight w; is determined by a non-increasing function
of the distance between z;(S) and xtest [11], or simply set to w; =1
for the unweighted kKNN. Without loss of generality, we assume
that the weights are integers.

In the case of binary classification, i.e., | Y| = 2, we can further
simplify the valuation function as follows. We focus on this case in
the paper for simplicity, and discuss extension to the general case
in Appendix C.1.3. Then, the valuation function is given by
1 if Z?;i?{l‘g"k} w; (1) MU #hes} 5 ¢
0 otherwise,

0(S | ztest) = { (5)
where w; = w(z; | ztest) and where the factor (—1)1{yi(s)¢ytes‘}
becomes —1 if y; # Ytest, or +1 otherwise. To keep the notation sim-
ple, we re-define w(z; | zest) as w(zi(S) | Ztest)(—l)l{yi(s)iytw}
for binary classification in subsequent sections.

With the valuation function defined, the Banzhaf value of a
training data point z; is given by

Filo | o) = 3 D) [0S Ui} ] zes) = 005 | ziest)]- ©)
SCN\{i}
We often omit the test point ztest in the notation for simplicity when
the context is clear.
When provided with a test dataset Diest comprising ngest test
data points, the final Banzhaf value of a training data point z; € D
is the average of the Banzhaf values over all test points:

o | Dies) = —— > filo] zuem). ™)

Niest

Ztest € Drest

Remark 1. The valuation function v(S | zsest) defined in Eq. (4) is
also known as the hard-label valuation function. In contrast, there
exists a soft-label counterpart [40] that is defined as follows.

min{|S|,k} . . _
~ Zi:l mi‘:{(lzb(cf)lztes-t) 1(yz(5)—ym[) 1f|S| >0
0(S | ztest) = ST 4 (25(S) |ztest) (8)
1/1Y| ifIS| = 0.

The soft-label valuation function captures a more fine-grained notion
of contribution, while the use of the hard-label valuation function
identifies the most decisive players. We will demonstrate in the exper-
iments that both versions are useful in different scenarios.
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2.3 Hardness of computing Banzhaf values for
kNN classifier

We now prove that computing the Banzhaf values for the kNN
classifier, as defined in the previous section, is a #P-hard problem.
We prove this hardness result via a reduction from the WEIGHTED-
MajoRrITY-GAME (WMG) problem [29], a classical #P-hard problem
in cooperative game theory. Our hardness result suggests that,
under standard complexity assumptions, there is unlikely to exist a
(strongly) polynomial-time algorithm for computing Banzhaf values
for kNN classifier.

Theorem 1. Given a training dataset D = {z1,...,z,} and a test
data point ztest, computing the Banzhaf values f; (v | ztest) for kNN
classifier, as in Eq. (6), for an arbitrary z; € D is #P-hard.

The proof is provided in Appendix A [44].

3 EFFICIENT COMPUTATION OF BANZHAF
VALUES FOR kNN CLASSIFIER

We first describe how to compute the Banzhaf values of all train-
ing points in O(n*W) time using a dynamic programming (DP)
approach, where W is the maximum sum of the top-k weights. As
mentioned before, we assume a single test data point ztest. Then,
we improve the time complexity to O(Wkn?) by introducing many
novel ideas. Finally, we develop a more efficient algorithm for un-
weighted kNN with O (nk?) time complexity. Note that in practice
k is typically small, such as a value smaller than 10, so the time
complexity is essentially linear in n. We defer the discussion about
practical implementation, and extension to multi-class and regres-
sion settings to Appendix C [44].

3.1 A standard DP algorithm

Following the definition of Banzhaf values in Equation (1), to com-
pute Si(v) for any z; € D we need to count the number of subsets
S € D\{z;} for which z; is pivotal, that is, the addition of z; changes
the outcome of the game. Interestingly, we can avoid enumerating
all (exponentially many) subsets S by performing the counting via
dynamic programming.

Before presenting the counting algorithm, it is useful to deter-
mine in advance what the possible outcomes of adding a data point
z; to a pivotal subset are.

Lemma 2. Ify; = ypes, it is impossible for z; to turnv(S) = 1 into
0(SU{z;}) = 0. Similarly, if y; # Ytest, it is impossible for z; to turn
0(S) =0 intov(SU{z}) = 1.

The proof is provided in Appendix A [44].

We now describe the dynamic-programming approach for the
counting task. Given a test point ztest, we rename the data points in
the training dataset D so that z1, . . ., z, are sorted by non-decreasing
distance to ztest. Let D; = D \ {z;}.

We define a function f;(w, s, m) to represent the number of sub-
sets S C D; such that (1) |S| = s; (2) the sum of top-min{s, k}
weights equals w; and (3) the min{s, k}-th closest point of S to ztest



is zm. Mathematically,

filw,s,m) =

min{s,k}

Z 11|S] =sand Z w(zi(S)) = w and zpmin(s k) (S) = zm |-

SCD; i=1

©)
Recall that z;(S) is the i-th closest point to ziest among the data
points in S. We will see shortly that the Banzhaf value f;(v) can be
obtained by aggregating the values of f;. To efficiently compute f;,
we derive the following recurrence.

Lemma 3. Ifs < k, then

fitwsm) = > filw=w(zn)s—1m),

m’ <m:m’#i
m
Kl

The proof is provided in Appendix A [44]. Note that when s > k,
there is no need to compute fj(w,s,m) for m < i, as inserting
z; into those subsets has no effect. We choose to construct f; by
gradually increasing the subset size s. We start with a special base

else, if m > i, then

ﬁ-(w,s,m):fi(w,k,m)-(::

case, f;(0,0,0) = 1, which will be useful for y; = ytest as v(0) = 0.

The base case for s = 1is fi(w(zm), 1,m) = 1 for all m # i, and the
rest values are initialized to zero. Then, we fill the DP table of f;
by enumerating the weight values from —W to W, the subset size s
from 2ton — 1, and m from 1 to n with m # i.

It is not hard to see that the time complexity is O(Wn3) for
each f;, as each entry may take O(n) time. Note that for s > k,
computing the binomial coefficient also requires O(n) time. Hence,
computing all values of f; results in O(Wn*) time in total.

Once the values of f; have been computed, we can obtain the
Banzhaf value of z; with y; = ytest by

1
fiw) = = (C<k +Csi), (10)
where
Cae= D, filwsim),
we(=w(z;),0]
se[0,k—1]

mel0,n]:m#i

and
Cok = >, filw,s,m).

we (- w(z;)+w(2m),0]
se(k,n—-1]
m>i

Note that we use the notation [a, b] to denote a closed interval
in the set of integers here. Both terms count the number of valid
subsets S where z; is pivotal. By Lemma 2, a positive z; can only
turn the outcome value from 0 to 1. Here Cj counts the number
of subsets S whose size is less than k, and Cs; counts the number
of those whose size is at least k. The difference is that for Cyy,
inserting z; will push the current k-th closest point z,; out of the
top-k neighbors. Therefore, the range of weight where z; can be
pivotal has to be adjusted according to w(z,).
Similarly, if y; # yYtest, then
filo) ==

zn_—l (C<k +C2k) s

(11)
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Algorithm 1: DP framework for kNN-Banzhaf values

Input: Dataset D, test point ztest, integer k
1 Let z1, ..., z, be the data points sorted by non-decreasing

distance to zgest
2 Let W be the maximum sum of top-k weights

3 fori=1tondo
s+ | Bi(o) —BanzhafDP(i, {z1,...,zn}, k, W)

5 return f1(v),..., fn(v)

Algorithm 2: Standard dynamic programming algorithm
zZnt kW)

1 Function BanzhafDP(i, {z1, ..

> Initialize the DP table
2 filw,s,m) < Oforallw e [-W,W],s € [0,n—1],
m € [1,n]

3 £i(0,0,0) « 1

4 for m =1 to n wherem # i do

5 L filw(zm), 1,m) « 1

> fill the DP table

6 fors=2ton—-1do

7 for w = -W to W do

F for m = 1ton wherem # i do

9 if s < k then

10 filw,s,m) «

Zm’<m:m’#—i ﬁ(w - W(Zm)’ s = 1’ m/)

11 else

12 if m > i then

13 L fi(w,s,m) — fi(w,k,m) - (';izl)
14 if y; = Ysesr then

15 L return 2"%1 (C<k +Csy) according to Eq. (10)
16 else

17 L return —Zn%l (C<k + Csg) according to Eq. (11)
where

Cae= ), filwsm),
we (0,—w(z;)]
se[0k—1]
me|[1,n]:m#i
and
Cok = filw,s,m).
we (0,—w(z;)+w(zm) ]
s€lk,n—-1]

m>1i
One difference from the positive case is that the empty set S repre-
sented by f;(0,0,0) is excluded in C_p.

The algorithm is shown in Algorithm 2 with an example illus-
trated in Example A1. Algorithm 1 invokes Algorithm 2 for each
data point z; € D. We summarize the time complexity of our first
non-optimized algorithm as follows.

Theorem 4 (Standard DP). The dynamic programming algorithm
in Algorithms 1 and 2 for computing the k NN-Banzhaf values of all



data points runs in O(Wn*) time, where W is the maximum sum of
the top-k weights and n is the number of data points in D.

3.2 A more efficient DP algorithm

While the dynamic-programming algorithm we presented in the
previous section has pseudo-polynomial complexity, its running
time is prohibitively expensive in practice for any other than small
datasets. To improve the running time, we introduce several novel
techniques, including pre-computing partial sums and exploiting
the recurrence relation of the binomial coefficients. The result is an
improved version of the DP algorithm with running time O(Wkn?).
In our analysis, we distinguish two cases, s < k and s > k.

3.2.1  Run time improvement for s < k In the standard DP, the time
complexity of computing Cy is O(Wkn?) for each f;. We show
how to improve it to O(Wkn) by pre-computing partial sums.

For each term f;(w, s, m), we need to compute the sum of f; (w —
w(zm),s — 1,m’), for m’ < m. This summation can be sped up if
we pre-compute the partial sums for each w and s. In particular, we
define a partial sum

Mi(wsm) = > fitwsm).

m’ <m:m’#i

Note that for fixed values of w and s, the partial sums M; (w, s, m)
can be computed in O(n) time for all values of m, by the recurrence

Mi(w,s,m+1) = Mj(w,s,m) + fi(w,s, m).
Then, for s < k, we can rewrite f;(w,s, m) in Lemma 3 as

filw,s,m) = Mj(w — w(zm),s — 1,m).

(12)

By the above modification, we can compute each f; (w, s, m) entry in
O(1) time, at the expense of pre-computing M; (w, s, m) in O(Wkn)
time for all w, m and s < k. Thus, the time complexity of C_;
reduces to O(Wkn) for each f;, and O(Wkn?) for all f;.

3.2.2  Run time improvement for s > k To accelerate the computa-
tion of C ., our first key observation is that Cs; does not require
access to individual f;(w, s, m) terms but their sum. Therefore, it is
sufficient to compute the sum of f;’s for s > k. Formally, we define

Z filw,s,m) = Z ﬁ(w,k,m)-(z:r:)

s€[k,n—-1] s€lk,n—-1]

filw, k,m) - g(m),
where we set g(m) = ¥ jc{on—k-1] (n_jm). We will see shortly that
to compute Cs, it is sufficient to compute F;(w, m) for all w and
m. Thus, if we can devise a fast way to compute g(m) for all m, we
can also improve the time complexity of Cs . Note that g(m) is
independent of i, so we only need to compute it once for all i. Once
we have pre-computed g(m), each F;(w, m) entry can be computed
in O(1) time.

We exploit the recurrence relation of the binomial coefficients

with different j to compute g(m) efficiently, that is,

R

Therefore, fixing m, g(m) can be computed in O(n) time, as each
summand costs O(1) time by using the above recurrence relation.

Fi(w, m)

n-m-j
Jj+1
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Furthermore, we use the following recurrence for g(m) across
different values of m that further reduces the time complexity.

Lemma 5. For the function g(m) = ¥ jc[on-k-1] ("}m) it holds
that

The proof is provided in Appendix A [44]. Lemma 5 allows us to
compute g(m) for all m in O(n) time in total, rather than O(n?) if
computed independently. More specifically, we first compute g(m)
for the largest value of m in O(n) time, and then use the recurrence
to compute the next g(m — 1) values in O(1) time. This is possible
because as m increases, the coefficient in Lemma 5 can be updated
in O(1) time using the following identity:

(n—(m+l)—l) (n—m—l).
i)

n—k-1 n—k-1
Actually, there are at most k such coeflicients, as (n—k—l =0
for m > k. With the above adaptations, we now rewrite C5j when
Yi = Ytest aS

1
1

n—m-—

g(m)=2-g(m+1)—(n_k_

B k—-m

n-m-1

Fi(w,m).

we (=w(z;)+w(zm),0]
m>i

Csk (13)

The case for y; # ytest is similar. For each value of i, the time
complexity of Csj is O(Wn) given pre-computed values of g(m),
which yields O(Wn?) in total, for all i. Hence, Cs is no longer
the bottleneck of the DP algorithm. The total time complexity for
both Cy and Cs reduces to O(Wkn?), for all .

The improved DP algorithm is displayed in Algorithm 3, and its
time complexity is summarized in the following theorem.

Theorem 6 (Efficient DP). The improved dynamic programming
algorithm in Algorithms 1 and 3 for computing the Banzhaf values for
the kNN classifier of all data points runs in O(Wkn?) time, where W
is the maximum sum of the top-k weights, k is the number of nearest
neighbors, and n is the number of data points in D.

3.3 A near-linear time DP algorithm for
unweighted kNN classifier

The improved DP algorithm presented in Section 3.2, although it
brings a large improvement compared to standard DP, it still re-
quires quadratic time in n and is not scalable for very large datasets.
Thus, as a further improvement, we propose a specialized DP al-
gorithm for unweighted kNN with a time complexity of O(nk?).
Recall that k is usually small in practice, so the running time is
essentially linear.

3.3.1 Re-designing the state space The design of the specialized
DP algorithm deviates significantly from the algorithm presented
in Section 3.2. In a nutshell, it relies on two novel ideas. First, we
show how to reduce the size of the state space of the DP table,
which was previously parameterized by three variables in each
function f;. Second, we show how to avoid similar computations of
fi for different values of i.

We now introduce our solution to the above two challenges.

Letzy, ..., z, be the training data points sorted by non-decreasing
distance to ziest, and let D; = {z1,...,z;} and D! = {z;, ...,z }.



Algorithm 3: Efficient dynamic programming algorithm
1 Function BanzhafFastDP(i, {z1,...,zn}, kK, W):

> Pre-compute g(m) using recurrence relation in Lemma 5
g(n) < Zh2 1 () =1
form=n-1to1ldo
| g(m) —2-g(m+1) - (42771
> Initialize the DP table
£(0,0,0) — 1
for m = 1ton wherem # i do
| filw(zm), 1,m) <1
> Compute for case s < k with partial sums optimization
fors=2tok do
forw=-W to W do
Mi(w,s —1,1) « 0
for m = 2 to n wherem # i do
Mi(w,s —1,m) «
L Mi(w,s—1,m—1)+ fi(w,s —1,m—1)
for w = -W to W do

for m = 1 to n wherem # i do
L filw,s,m) < Mj(w —w(zm),s — 1,m)

10

11
12

13
14
15

Compute F;(w, m) for case s > k
for w = -W to W do
form=i+1tondo

[ Filwom)  fiw,k,m) - g(m)

if y; = Ysesr then
L return 2,,1—_1 (C<k + Csy) according to Egs. (10) and (13)

\4

16
17
18

19

20

else
L return —2,,%1 (C<k + Cs) according to Egs. (11)

and (13)
We define two functions

21

22

min{|S|,k}
filw,s) = Z 1||S| =sand Z w(zi(S)) =w|,
SCD; i=1
and
min{|S|,k}
bi(w,s) = Z 11|S] =sand Z w(zi(S)) =w].
ScDt i=1

We call f; the forward function and b; the backward function. Com-
pared with the standard DP, we choose not to keep track of the
min{|S|, k}-th closest point (previously denoted as z;,) in S. To
make up for the missing information, we maintain two additional
signed backward functions, which are defined as follows:

b7 (w,t) = Z 1

t
(yt(S) # Yrest and Y w(z(8)) = W) ,

ScD! i=1
and
t
Brwit)= » 1 (yt(S) = prest and Y w(zi(5)) = W) :
scpi i=1
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The rationale is that in the unweighted kNN case it is not nec-
essary to know exactly which point gets pushed out of the top-k
neighbors, when inserting z; into a subset S of size larger than
or equal to k. Instead, since the data points are unweighted, it is
only necessary to know the sign of the data point. In the signed
backward functions, the label of the ¢-th closest point of subset S
determines the sign of the subset. Note that we do not require the
subset S to be of size exactly ¢ in the signed backward functions,
and we only require the sum of its top-t weights to be w.

We now describe the recurrence relations for efficient construc-
tion of the above functions. We start with the forward and backward
functions.

Lemma 7. Ifs < k, then

Jilw,s) = fici(w —w(zi),s = 1) + fi-1(w, s),
and

bi(w,s) = bir1(w — w(zi),s = 1) + bir1(w, ).

We omit the proof as it is fairly straightforward. Practically, we
start with f;(0,0) = 1 for all i € [n], and fi(w(z1),1) = 1; the rest
of the entries are initialized to zero. Then we process fa, ..., fp ina
forward manner. The procedure for b; is similar except that it is done
in a backward manner with an additional base case b;+1(0,0) = 1.
By Lemma 7, the time to construct f; and b;, for all i € [n] and

s < k, is O(Wnk).
We continue with the signed backward functions.

Lemma 8. Fort =1, we have

ifyi # Ytest
otherwise.

2" 4 b7 (w(zi), 1)

by (w(zi),1) = {b;l(W(Zi)’ 1)

Fort € [2,k], we have

by (w,t) = by (w—w(zi),t=1)+b;  (w,1).
The update rules for b} are identical except for using the condition

Yi = Ytest whent = 1.

The proof is provided in Appendix A [44]. The update rules work
backward from i = n to 1 for each t with an additional base case
bn+1(0,0) = 1. Fixing a size t, for each i, we sum up the cases where
z; is in the subset S or not. Since we work backward, the newly
added z; is always the closest point to ztest in the current subset S.
This makes the case of t = 1 special because if the current point z; is
included, it automatically decides the sign of the subset. Therefore,
we need to check if its sign matches that of the function. If the signs
match and it is included, then further including any point behind it
will not change the sign and top-¢ weights, which means that there
are 2"~ feasible subsets. By Lemma 8, the time to construct b; and

b}, foralli € [n] up to t < k, is O(Wnk).
3.3.2  Computing the k NN-Banzhaf values via aggregation After the

above preparations, we are ready to compute the kNN-Banzhaf
values. We point out that all points z; can share the above common
states, as one can compute the kNN-Banzhaf values for all z; by
aggregating the needed subsets S C D; from D;_; and D**! for each
z;. That is, if y; = ytest, the Banzhaf value of z; can be computed as

Bi(v) = —

on—1

(C-+Cp), (14)



Co= 30 |fmalwos DL v
we(-W,W) w+we[-1,0]
se[0,k—-1] t=k-s

and

Ca= D, |finlws) - D1 bW,
we(-W,W) w+w=0
se[0,k—1] s+te[0,k—1]

In each C term, we combine a subset S; C D;_1 and a subset
Sy € D™ to form a valid subset S = S; U Sy where z; is pivotal.
More specifically, we require the weight of S to fall into a certain
range so that z; can change the outcome. Note that |S;| has to be
smaller than k, or otherwise z; cannot be pivotal. Besides, we need
to distinguish two cases depending on the size of the subset S. The
first C_ term handles subsets S whose size is at least k, and whose
k-th closest point is negative. This is because if the k-th closest
point is positive, inserting the positive point z; will not change the
value of the subset. The second C_j term counts the number of
valid subsets whose size is less than k. Since the subset size is less
than k, no point will be pushed out of the top-k neighbors, so no
signed functions are needed.

For each f;, it costs O(Wk) time to compute C_, but needs
O(Wk?) time to compute Cg. To speed up the computation, we
pre-compute the partial sum of the backward function b; by letting

Bitwit)= ) bi(w.t),
t'e[0,t]

which can be computed in O(Wnk) time for all w, i and ¢. Then,
C.j can be rewritten as

2,

we (=W, W)
se[0,k—1]

C<k = (ﬁ—l(w>s) 'Bi(—W,k—l—S)),

which can now be computed in O(Wk) time.
The case for y; # ytest is similar by summing up C; and C. as

1
Bi(v) = “on 1 (Cs +Cp), (15)
where
Cy = firrws) - DL b (W)
we(-W,W) w+we[1,2]
se[0k-1] t=k—s
and
Cak = firtGws) - D b(W,0) |,
we(-W,W) w+w=1
se[0,k—1] s+te[0,k—1]

Hence, the total time complexity of §; for all i is O(Wnk). Note
that W = O(k) for unweighted kNN, so it is O(nk?) in total.
The specialized unweighted DP algorithm (brief version) is dis-

played in Algorithm 4. The full version is deferred to Appendix A [44]due

to space constraints. The algorithm does not follow the framework
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Algorithm 4: Specialized DP algorithm for unweighted kNN
(brief version)

Input: Dataset D, test point ziest, integer k
1 Sort z1, ..., zp by non-decreasing distance to ztest
2 Wek+1
3 Compute forward functions f;(w, s) according to Lemma 7
4+ Compute backward functions b;(w, s) according to Lemma 7
5 Compute signed backward functions b;.r(w, t) and b; (w, 1)
according to Lemma 8
6 fori=1tondo

7 if y; = Ytest then
8 L Bi(v) « 2,11,1 (C- + C,p) according to Eq. (14)
9 else

10

11 return {f1(v),..., fn(0)}

L Bi(v) — —zn—{l (Cy + Cg) according to Eq. (15)

in Algorithm 1 because all data points share the same DP tables.
We summarize its time complexity as follows.

Theorem 9 (Efficient DP for unweighted kNN). The dynamic pro-
gramming algorithm in Algorithm 4 for computing the Banzhafvalues
for the unweighted kNN classifier of all data points runs in O(nk?)

time, where n is the number of data points and k is the number of
nearest neighbors.

We demonstrate the algorithm with an example in Example A2.

4 EFFICIENT MONTE CARLO ESTIMATION OF
BANZHAF VALUES

While the dynamic-programming approach provides exact com-
putation of Banzhaf values, it may become computationally pro-
hibitive for very large datasets due to its quadratic complexity. In
practice, it is often sufficient to obtain an approximate Banzhaf
value. This motivates us to develop efficient Monte Carlo methods
that provide unbiased estimates of Banzhaf values with controllable
approximation error. We introduce two Monte Carlo methods, one
by sampling coalitions and the other by sampling permutations.
Both of them are optimized for the kNN value function with signif-
icantly stronger statistical efficiency. The sample complexity can
be analyzed using standard techniques, e.g., applying the Chernoff
bound; we refer the reader to [15, 26] for more details.

4.1 Efficient coalition-based sampling

The most straightforward Monte Carlo approach directly samples
from the exponential number of possible coalitions. Recall that in
Eq. (1), the Banzhaf value of player i € N is defined as the av-
erage marginal contribution of player i to all possible coalitions
S € N\ {i}. Thus, it can be estimated by uniformly sampling
coalitions S C N \ {i} and computing the average marginal contri-
bution. Specifically, for each player i € N, we sample m coalitions
51,52, ...,Sm where each coalition S; is constructed by including
each player in N \ {i} independently with probability % Then, the



estimate of the Banzhaf value is

1 m
Bio) = — > [o(s; U i) ~o(s))].

Jj=1

(16)

This approach has the advantage of being conceptually straight-
forward and providing unbiased estimates. However, it requires
O(mn) coalition evaluations, where each evaluation has complexity
O(n) for the kNN value function, resulting in an overall complexity
of O(mn?).

We propose to improve this approach by exploiting the locality
property of the kNN value function. The key idea is to sample one
common coalition S where the marginal contribution of all players
(data points) in D can be derived simultaneously. Specifically, we
include each data point of D into S independently with probabil-
ity % Then, it is sufficient to maintain only the top k + 1 players
in the sorted list of S. To derive the marginal contribution of each
player i, we remove it from S if it already exists in S, or compare it
with the min{k, |S|}-th closest player in S, and decide whether to
insert it into S. Equipped with the above optimized operations, the
complexity of processing m sampled coalitions for all players can

be reduced to O(mnlogk).

4.2 Efficient permutation-based sampling

We also consider a Monte Carlo method that leverages the permuta-
tion-based formulation of Banzhaf values. Permutation-based sam-
pling is mostly well-known for the Shapley values, but it is not
directly applicable to the Banzhaf values. However, we manage to
obtain such a formulation by a re-weighting scheme. Specifically,
the Banzhaf values can be expressed as:

2,

mell(N)

n

on—1

pi(v) = (n|;|1) lo(m U{i}) —o(m)],  (17)

where IT(N) denotes the set of all permutations of N, and 7; repre-
sents the set of players that precede player i in 7. This formulation
suggests that we can sample random permutations 7 and compute
weighted marginal contributions as the estimate of the Banzhaf
value. For each sampled permutation 7, we traverse the permuta-
tion and compute the marginal contribution of each player when
they join the coalition formed by their predecessors. Note that each
permutation yields marginal contribution estimates for all players
simultaneously. The key insight is that we only need to maintain
a sorted list of at most k players in a kNN classifier, and process
the traversal along a permutation efficiently within O(n log k) time.
Since the set of all permutations is of size n!, we resort to sampling
a subset of m random permutations as an approximation, and the
total complexity is O(mnlogk).

5 RELATED WORK

Data Valuation. Data valuation aims to assign importance scores
to individual training data points [12, 17, 34]. Simple approaches
such as the leave-one-out (LOO) value measure the marginal con-
tribution of a data point to the value function (e.g., model accu-
racy) when it is removed from the training procedure. DataShap-
ley [10, 16, 42] and its variants such as BetaShapley [22], Data-
Banzhaf [39], and least core [43] are all based on the LOO principle,
but differ in the way the marginal contributions are aggregated.
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We discuss several notable options beyond Shapley values below.
Feldman and Zhang [9] simulate the data values by LOO retraining,
albeit constrained on a small sample of the training data, while
DataModels [14] predict the LOO values by machine-learning mod-
els at the expense of exactness. Another line of popular methods
is based on gradients. TracIn [30] estimates the importance of a
training data point by tracing the change in the test loss caused by
the data point during the training process. Variations of influence
functions [21, 32] have their roots in robust statistics [5], and offer
a gradient-based approximation of the LOO values.

kNN-based Game-theoretic Values. Unweighted kNN-Shapley
with a soft label was first treated by Jia et al. [15] and later re-
fined by Wang and Jia [40]. The weighted case with a hard label
has been addressed by Wang et al. [41] by dynamic programming
with a time complexity of O(Wk?n?), which is slower than our
Algorithm 3 by a factor of k. Their key idea is to have the binomial
coefficients in Lemma 3 and those in the definition of the Shapley
value (see Eq. (3)) cancel out. However, their technique does not
carry over to the kNN-Banzhaf value here, as no binomial coeffi-
cient is involved in the definition of the Banzhaf value (Eq. (1)). To
the best of our knowledge, we are the first to work on computing
Banzhaf values for the kNN problem, though Banzhaf values have
seen applications in other settings [19, 39].

Cooperative Game Theory. Apart from the Shapley [33] and Ban-
zhaf [2] values mentioned above, the hard-label kNN-based values
are also closely related to majority voting games in cooperative
game theory. It has been shown that weighted majority voting is
weakly NP-hard, and there exist dynamic programming algorithms
for computing these values (also known as power indices) [27].
However, these algorithms are not directly applicable to the kKNN-
based values, as they do not require a ranking of the players. Yet,
one technique in our unweighted DP algorithm that aggregates the
forward and backward functions is inspired by Uno [35]. While
our algorithms are tailored to kNN, analogous polynomial-time
data-point valuation schemes are uncommon; existing efficient
Shapley-value techniques such as TreeSHAP [25] apply to feature
rather than data importance.

6 EXPERIMENTS

We conduct a comprehensive experimental evaluation for kNN
classification from the perspectives of computational efficiency
and practical applications, including point removal, data selection,
and mislabel detection. Our main focus is hard-label kNN-Banzhaf
valuation in both weighted and unweighted settings, with exact DP
and Monte Carlo variants. We also include hard-label and soft-label
Shapley baselines to make the trade-offs explicit, including settings
where those baselines are more favorable. Due to the space limit,
we defer missing details of the experiments to Appendix D [44].

Datasets. We use 12 classification datasets that vary in size, di-
mensionality, and number of classes [20, 37]. The datasets are:
phoneme, wind, cpu, vehicle, pol, fraud, 2dplanes, apsfail, cifar10,
mnist, creditcard, and click. Detailed dataset statistics can be found
in Table 1. We also use a synthetic dataset to evaluate the scalability
of the proposed algorithms.



Table 1: Dataset statistics.

Dataset  # Data Points # Features # Classes

phoneme 5404 5 2
wind 6574 14 2
cpu 8192 21 2
vehicle 10000 100 2
pol 15000 48 2
fraud 28000 30 2
2dplanes 40768 10 2
apsfail 60000 170 2

cifar10 60000 3072 10

mnist 70000 784 10
creditcard 284807 23 2
click 1000000 11 2

Baselines. We adopt the following representative baselines:

e sv and sv-uw: the DP algorithm for hard-label weighted
and unweighted kNN-Shapley [41].

e sv-soft: the analytical solution for soft-label unweighted
kNN-Shapley [15].

e beta-mc: the Beta Shapley values that replace the weights
in the Shapley values with a Beta-distributed weights [22].

e lava: the Lava values are based on the sensitivity analysis
of the class-wise Wasserstein distance between the training
and test datasets [18].

e loo: the classic leave-one-out (LOO) values.

o inf: the influence function which is a gradient-based ap-
proximation of the LOO values [21].

e rand: the random values.

o bf: the brute-force algorithm for KNN-Banzhaf.

We adopt the implementation of beta-mc (with default parameters
a =4, =1), lava and inf by Jiang et al. [17]. Algorithms with a
suffix of -mc are based on Monte Carlo sampling.

Our algorithms are abbreviated as follows:

e bv: the standard DP algorithm for weighted kKNN-Banzhaf,
described in Section 3.1.

e bv-fast: the improved DP algorithm for weighted kNN-
Banzhaf, described in Section 3.2.

e bv-uw: the near-linear time DP algorithm for unweighted
kNN-Banzhaf, described in Section 3.3.

We set the number of nearest neighbors to k = 5, a uniform
weight function, and 5% of the raw data as the test set for all methods
unless otherwise specified. For weighted kNN, we discretize the
weight space of bv, bv-fast, and sv into 7 bits. For all experimental
results, we report the average over five independent runs.

Experimental setting. All experiments are conducted on a ma-
chine with 20 cores of Intel(R) Xeon(R) Gold 6330 CPU @ 2.00GHz
and 128 GB RAM, running Ubuntu 20.04.3 LTS with Python 3.8.12.
All runtime measurements use no algorithm-specific parallelism.
We report wall-clock time and use a time budget of 10 hours.

6.1 Computational efficiency

Scalability of the DP algorithms. We compare the computational
efficiency of our proposed algorithms and other methods by mea-
suring their running time on a synthetic 32-dimensional dataset of
varying sizes with one random test point. We use a uniform weight
function. The results for our DP algorithms and other methods are
shown in Fig. 2a.

The experimental results confirm that the observed running
times of the proposed DP algorithms align closely with our theoret-
ical time complexity analysis presented in Section 3. The brute-force
algorithm cannot finish within 10 hours for a size as small as 30. The
unweighted DP bv-uw indeed has an almost linear time complexity.
Although we fix the parameter k, its running time still slightly
deviates from the linear one. This is because of the additional loga-
rithmic overhead of processing huge integers such as those involved
in Lemma 8 that oversize the machine word size. Therefore, the
nearly linear-time soft-label method sv-sof't is more scalable than
our bv-uw. The improved DP bv-fast is much more scalable than
the standard DP bv. Under the 10-hour budget, the exact hard-label
Shapley methods sv and sv-uw are unable to complete runs with
n > 104, unlike bv-fast (10%) and bv-uw (10°).

Performance of the Monte Carlo methods. We also compare the
performance of the proposed Monte Carlo methods in Section 4
with the unweighted and weighted DP algorithms on a dataset
with n = 100K and 10K, respectively. We define the deviation of
the Monte Carlo estimates from the exact DP estimates as the
maximum absolute difference between the two estimates among all
data points, further normalized by the maximum value of the exact
DP estimates. The results are shown in Fig. 2b and Fig. 2c against
unweighted bv-uw and weighted bv-fast, respectively.

It is clear that the deviation of the permutation-based Monte
Carlo estimate is less stable and converges more slowly than the
coalition-based one, given the same number of samples. Besides,
the former is also more time-consuming due to the maintenance of
dynamic top-k neighbors and the additional overhead of computing
re-weighting coefficients. The coalition-based method can provide
a speed-up of 25X over the weighted DP (but not the unweighted
DP) if one is willing to accept a deviation that is around 0.02. How-
ever, to obtain a further smaller deviation, the number of samples
required can be large and may not be practical.

6.2 Point removal

To examine the ability of the proposed algorithms in discerning
data quality, we consider an application that is commonly used in
the literature, i.e., point removal. After obtaining a value for each
data point, we gradually remove the data points with the largest
values, one after another, and monitor the model performance on
the remaining data. A sharper drop in performance indicates the
effectiveness of the valuation. We use the accuracy of an unweighted
kNN classifier over a test set as the performance metric.

The results are shown in Figs. 3a and 3d (more in Appendix D [44]).
Among game-theoretic methods, the hard-label Banzhaf and Shap-
ley values are often the best among many datasets, followed by
beta-mc and the soft-label Shapley values sv-soft. It is worth
noting that the weighted kNN methods bv-fast and sv often ob-
tain a higher accuracy than the unweighted ones before removing
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Figure 2: Computational efficiency of the proposed algorithms.

any data points. Baseline inf underperforms, while 1ava exhibits
inconsistent results; the model accuracy is expected to drop after
removing the most valuable points. The accuracy of 1oo converges
much earlier, as it is the simplest measure that only considers the
impact of a point on the whole remaining data.

6.3 Data selection

Another popular application of data valuation is data selection,
i.e., selecting a subset of data points that are most important to the
model performance. To evaluate this approach, we start with a small
number of random data points as the warm-up set, and gradually
include more data points with the largest values. We monitor the
model performance as the selected data points are incrementally
included in the training set. The results are shown in Figs. 3b and 3e
(more details in Appendix D [44]).

Similar to the point-removal experiment, 10o and rand are less
capable, while lava and inf exhibit inconsistent results. Among
the rest, all game-theoretic methods are fairly comparable to each
other, and our proposed algorithms bv-fast and bv-uw are either
the best or very close to the best in many datasets. Our Banzhaf
values thus offer a new efficient and robust way to select high-
quality data points.

6.4 Mislabel detection

Another important application of data valuation is detecting misla-
beled training examples, i.e., those data points of a low quality. We
explicitly consider two objectives in this subsection: (i) detecting
injected label noise, and (ii) identifying low-value points whose
correction most improves model performance.

For objective (i), we randomly select 5% of the training data
points, and flip their labels to simulate the ground truth of label
noise (denoted as Dyojse). After computing the values for the cor-
rupted dataset, we identify the 5% of data points with the lowest
values as our predicted mislabeled points, denoted as Dpreq. We
measure the detection performance using the F1 score between the
predicted mislabeled set Dpeq and the true mislabeled set Dyoise.
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detection of mislabeled training examples.

The results show that the soft-label Shapley values (sv-sof't)
and the influence function (inf) achieve substantially higher F1
(and AUC) than the other methods across datasets; detailed per-
dataset numbers are provided in Tables A1 and A4. Thus, if the sole
objective is to recover randomly flipped labels by F1 score, these
methods are preferable.

For objective (ii), we conduct a further experiment to investigate
the influence of the identified low-value points. While soft-label
methods detect a larger fraction of the injected mislabeled points,
many of the detected points have limited impact on overall model
performance. The strongest signal for detecting a mislabeled point
is its label inconsistency with its neighbors. Soft-label valuation can
capture this signal as soon as some of its neighbors appear in the test
set. In contrast, the hard-label valuation may not consider a noisy
point harmful, because it further requires the noisy point to be a
game changer for the prediction of its neighbors. However, when a
negative noisy point is surrounded by a majority of positive points,
it is unlikely for it to change the prediction. More importantly,
suspected mislabeled points often require further verification by
domain experts in practice, which is expensive and time-consuming.
Thus, manually checking mislabeled but irrelevant points is clearly
not desirable.

To verify the above analysis, our second experiment flips the
labels of the identified mislabeled points (i.e., those with the small-
est values), and monitors the model performance on the modified
dataset. The results are shown in Figs. 3¢ and 3f (more in Appen-
dix D [44]). It is evident that the model performance of sv-soft
often stays unchanged after flipping the labels of the first few points.
Many of those top points are indeed the mislabeled ones, but they
contribute little to the model performance. In contrast, hard-label
valuation like bv-fast can identify the critical low-quality points,
which are not necessarily the random mislabeled ones, and increase
the model accuracy significantly. Therefore, the decision whether to
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Figure 3: Point removal results on different datasets: model accuracy as the data points with the largest values are removed
(3a, 3d). Data selection results on different datasets: model accuracy as the data points with the largest values are selected
(3b, 3e). The effect of flipping the labels of the data points with the smallest values on the model performance (3c, 3f).

use soft-label or hard-label valuation depends on the application ob-
jective: pure noise detection versus identifying decisive low-quality
points for performance-oriented data cleaning.

7 CONCLUSION

In this paper, we addressed the computational challenge of com-
puting exact hard-label Banzhaf values for data valuation in k-
nearest neighbor classifiers. Despite proving that the problem is
#P-hard, we successfully exploited the locality properties inher-
ent in kNN classifiers to develop practical and efficient algorithms,
including dynamic programming algorithms with significantly im-
proved time complexities: O(Wkn?) for weighted kNN and O (nk?)
for unweighted kNN. We also provide efficient Monte Carlo esti-
mation methods, and conduct comprehensive experimental evalua-
tions that demonstrate both computational efficiency and practical
effectiveness.

Several promising research directions emerge from this work, in-
cluding extending our dynamic-programming framework to other
game-theoretic values, developing hybrid approaches that combine
the benefits of hard-label and soft-label valuation methods for more
comprehensive data quality assessment, and exploring the integra-
tion of our algorithms with modern deep learning pipelines, in the
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contexts such as retrieval-augmented generation and embedding-
based similarity search. It would also be interesting to extend our
methods for other machine-learning tasks, such as regression and
clustering.
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