
Theoretically and Practically E!icient Resistance Distance
Computation on Large Graphs

Yichun Yang
Beijing Institute of Technology

Beijing, China
yc.yang@bit.edu.cn

Longlong Lin
Southwest University
Chongqing, China

longlonglin@swu.edu.cn

Rong-Hua Li
Beijing Institute of Technology

Beijing, China
lironghuabit@126.com

Meihao Liao
Beijing Institute of Technology

Beijing, China
mhliao@bit.edu.cn

Guoren Wang
Beijing Institute of Technology

Beijing, China
wanggrbit@126.com

ABSTRACT
The computation of resistance distance is pivotal in a wide range
of graph analysis applications, including graph clustering, link
prediction, and graph neural networks. Despite its foundational
importance, e!cient algorithms for computing resistance distances
on large graphs are still lacking. Existing state-of-the-art (SOTA)
methods, including power iteration-based algorithms and random
walk-based local approaches, often struggle with slow convergence
rates, particularly when the condition number of the graph Lapla-
cian matrix, denoted by 𝐿, is large. To tackle this challenge, we
propose two novel and e!cient algorithms inspired by the classic
Lanczosmethod: Lanczos Iteration and Lanczos Push, both designed
to reduce dependence on 𝐿. Among them, Lanczos Iteration is a
near-linear time global algorithm, whereas Lanczos Push is a local
algorithm with a time complexity independent of the size of the
graph. More speci"cally, we prove that the time complexity of Lanc-
zos Iteration is 𝑀̃ (→𝐿𝑁) (𝑁 is the number of edges of the graph and
𝑀̃ means the complexity omitting the log terms) which achieves a
speedup of

→
𝐿 compared to previous power iteration-based global

methods. For Lanczos Push, we demonstrate that its time com-
plexity is 𝑀̃ (𝐿2.75) under certain mild and frequently established
assumptions, which represents a signi"cant improvement of 𝐿0.25
over the SOTA random walk-based local algorithms. We validate
our algorithms through extensive experiments on eight real-world
datasets of varying sizes and statistical properties, demonstrating
that Lanczos Iteration and Lanczos Push signi"cantly outperform
SOTA methods in terms of both e!ciency and accuracy.
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1 INTRODUCTION
Resistance distance (RD) computation is a fundamental task in
graph data management, o#ering a powerful means to quantify
the node similarities of a graph. Given an undirected graph G, the
resistance distance 𝑂G (𝑃, 𝑄) of two vertices 𝑃 and 𝑄 is proportional
to the expected number of steps taken by a random walk starting at
𝑃 , visits 𝑄 and then comes back to 𝑃 . Consequently, a small 𝑂G (𝑃, 𝑄)
indicates a high similarity between 𝑃 and 𝑄 [20, 49]. By e#ectively
quantifying node similarities, RD emerges as a highly versatile and
potent tool, "nding numerous real-world applications, including
graph clustering [37], link prediction [36], graph sparsi"cation [40],
maximum $ow computation [26, 42], and graph neural networks [4,
53]. Therefore, designing fast algorithms for RD computation is a
natural problem that has attracted extensive attention in recent
years [14, 18–22, 33, 49, 51].

However, computing exact 𝑂G (𝑃, 𝑄) is equivalent to solving a
linear system, which is only known to be solvable in 𝑀 (𝑅2.37) time
by the complex matrix multiplication [47], which is ine!cient for
massive graphs. Thus, many approximate algorithms have been
developed recently for estimating 𝑂G (𝑃, 𝑄) with absolute error guar-
antee [20, 22, 33, 49] (details in De"nition 2.2) to balance the e!-
ciency and quality. Existing approximate methods can be roughly
classi"ed into two categories: (i) algorithms with nearly linear time
complexity; (ii) local algorithms that do not depend on graph size.
For example, Cohen et al. [11] developed a global Laplacian solver
capable of achieving a 𝑆-absolute error approximation within a
time complexity of 𝑀 (𝑁 log1/2 𝑅 log 1

𝐿 ), where 𝑅 (resp., 𝑁) is the
number of vertices (resp., edges) of the graph and 𝑆 is the absolute
error parameter. However, though the Laplacian solver is theoreti-
cally very powerful, it remains practically ine!cient for real-world
datasets due to the complex data structures and large constant
and log terms hidden in the complexity. Thus, the simpler Power
Method [33, 34, 49] with an 𝑆-absolute error approximation is pro-
posed, which can be implemented easier than the Laplacian solver.
More speci"cally, the time complexity of Power Method [33, 34, 49]
is𝑀 (𝐿𝑁 log 𝑀

𝐿 ), where 𝐿 is the condition number of the normalized
Laplacian matrix L (details in Sec. 2). However, the Power Method
remains computationally prohibitive for graphs with large condi-
tion number 𝐿 due to its inherent linear dependency on 𝐿 in time
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complexity. Even in the optimal case of 𝐿 = 𝑀 (1) (i.e., expander
graphs [14]), the time complexity of Power Method reduces to
𝑀 (𝑁 log 1

𝐿 ). However, this reduction still has to perform 𝑀 (log 1
𝐿 )

matrix-vector multiplication operations, rendering it ine!cient for
massive graphs since such each operation needs to traverse the
entire graph.

To further boost the e!ciency, researchers have recently turned
to local algorithms1 for estimating RD [33]. These algorithms oper-
ate by examining only localized subgraphs rather than requiring full
graph access, thereby signi"cantly reducing computational over-
head. Informally, we consider the well-known adjacencymodel [34],
which supports the following three types of queries on graph G in
constant time: (i) degree query; (ii) neighbor query; (iii) jump query.
The local algorithms aim to approximate 𝑂G (𝑃, 𝑄) by making as few
queries as possible without searching the whole graph. For exam-
ple, Peng et al. [33] proposed the random walk algorithm for local
computation of 𝑂G (𝑃, 𝑄). Yang et al. [49] further improved this result
by combining the Power Method with the random walk. However,
the time complexity of these local algorithms are 𝑀̃ (𝐿3/𝑆2)2 for
estimating the 𝑆-absolute error approximation of 𝑂G (𝑃, 𝑄). These
results show that although the complexity of local algorithms does
not depend on 𝑅 and𝑁, it comes at the cost of higher dependence
on the condition number 𝐿 and parameter 𝑆 . Unfortunately, the
condition number 𝐿 can be very large in real-world graphs (Table 2).
This makes the 𝐿3 bound very high. As shown in our experiments,
we also "nd that existing algorithms for RD computation can only
be e!ciently implemented on datasets with a relatively small 𝐿
(e.g., social networks), but their performance on datasets with a
relatively large 𝐿 (e.g., road networks) is unsatisfactory.

Therefore, a natural and important question is proposed: Can
we design e!cient linear time and sublinear time (local) algorithms
for resistance distance computation, while the dependence on the
condition number 𝐿 is weaker? In this paper, we provide a positive
answer to this question. First, we utilize the classic Lanczos Itera-
tion algorithm to provide a global RD algorithm. Speci"cally, the
Lanczos Iteration algorithm (details in Sec. 3) search a sequence
of orthogonal vectors v1, ..., v𝑁 lie in the 𝑇-dimension Krylov sub-
space K𝑁 (A, v1) = 𝑃𝑈𝑉𝑅↑v1,Av1, ...,A𝑁v1↓ with 𝑇 =

→
𝐿 log 𝑀

𝐿 ,
where 𝐿 denotes the condition number of the normalized Laplacian
matrix L. We prove that one can then approximate 𝑂G (𝑃, 𝑄) with
𝑆-absolute error guarantee by these orthogonal vectors v1, ..., v𝑁
when setting v1 =

(
e𝐿→
𝑂𝐿

↔ e𝑀→
𝑂𝑀

)
/
√

1
𝑂𝐿

+ 1
𝑂𝑀
, where 𝑊𝑃 ,𝑊𝑄 denote the

degree of the two speci"c nodes 𝑃, 𝑄 . Next, by the implementation
of Lanczos Iteration, v1, ..., v𝑁 can be computed in 𝑇 matrix-vector
queries. Therefore, this yields an 𝑀 (→𝐿𝑁 log 𝑀

𝐿 ) time algorithm for
RD estimation, improves upon the Power Method by reducing a→
𝐿 dependency. Subsequently, to obtain a local algorithm with

less than 𝐿3 complexity, we introduce a novel concept of the local
Lanczos recurrence (details in Eq. (3)). Using our novel techniques,
we design the Lanczos Push algorithm (details in Sec. 4), which
computes a sequence of sparse vectors v̂1, ..., v̂𝑁 that is close to the
orthogonal vectors v1, ..., v𝑁 computed by Lanczos Iteration. As
a consequence, our Lanczos Push algorithm estimates 𝑂G (𝑃, 𝑄) by

1In this paper, the term "local" means the runtime of the algorithm independent or
sublinear dependent on graph size𝑅.
2𝑆̃ (.) means the complexity omitting the log term of 𝑇,𝑅 and 𝐿 .

only search only a small portion of the graph but still maintaining
the acceleration e#ect by the Lanczos iteration. Under several mild
and frequently-established assumptions (also have been veri"ed
in our experiments), we theoretically prove that our Lanczos Push
algorithm has a time complexity 𝑀̃ (𝐿2.75𝑋1𝑋2/(𝑆

→
𝑊)) to obtain an

absolute error approximation of the RD value, which is subcubic in
𝐿 . For the two numbers𝑋1 and𝑋2, we refer to Table 1 and Sec. 4 for
details. On the other hand, we prove the lower bound of the time
complexity is ω(𝐿) for any algorithms to approximate 𝑂G (𝑃, 𝑄) with
absolute error 𝑆 ↗ 0.01. This indicates that the time complexity
of the local algorithms is indeed relevant to the condition number
𝐿, which has not been emphasized in previous works for local RD
computation3.

We conduct extensive experiments to evaluate the e#ectiveness
and scalability of the proposed solutions. The empirical results
show that the performance of the proposed Lanczos Iteration and
Lanczos Push algorithm substantially outperform all baselines. In
particular, Lanczos Iteration performs 5↘ faster than the Power
Method in social networks and 100↘ faster than Power Method in
road networks. Lanczos Push is 5↘ to 10↘ faster than all the state-
of-the-art algorithms in social networks and 50↘ faster than all
other algorithms in road networks (including Lanczos Iteration). In
short, our algorithms are both theoretically and practically e!cient.

2 PRELIMINARIES
2.1 Notations and Concepts
Consider an undirected and connected graph G = (V, E) with
|V| = 𝑅 vertices and |E | =𝑁 edges. In this paper, we primarily fo-
cus on unweighted graphs. However, all the algorithms and analysis
can be directly generalized to weighed graphs. For any node 𝑌 ≃ V ,
its neighborhood is de"ned asN(𝑌) = {𝑍 | (𝑌, 𝑍) ≃ E} and its degree
is 𝑊𝑈 = |N (𝑌) |. The degree matrix D is a 𝑅↘𝑅 diagonal matrix with
entries D𝑉,𝑉 = 𝑊𝑉 , while the adjacency matrix A satis"es A𝑉, 𝑊 = 1
if (𝑎, 𝑏) ≃ E and A𝑉, 𝑊 = 0 otherwise. The Laplacian matrix is given
by L = D ↔ A with eigenvalues 0 = 𝑐1 < 𝑐2 ↗ 𝑐3 ↗ ... ↗ 𝑐𝑇 and
the corresponding eigenvectors u1, ..., u𝑇 . The Laplacian pseudo
inverse is de"ned as L† =

∑𝑇
𝑉=2

1
𝑋𝑁
u𝑉u𝑌𝑉 . Based on the de"nition of

L†, Resistance Distance (RD) is formulated as follows.

De!nition 2.1. Given a pair of vertices 𝑃 and 𝑄 of a graph G,
the resistance distance of 𝑃 and 𝑄 is de"ned as 𝑂G (𝑃, 𝑄) = (e𝑃 ↔
e𝑄 )𝑌 L†(e𝑃 ↔e𝑄 ). Where e𝑃 (resp., e𝑄 ) is the one-hot vector that takes
value 1 at 𝑃 (resp., 𝑄 ) and 0 elsewhere.

Since computing exact RD requires 𝑀 (𝑅2.37) time via complex
matrix multiplication, prohibitively expensive for large graphs. Con-
sequently, existing works have primarily focused on developing
approximation algorithms with provable error guarantees to bal-
ance e!ciency and quality. In this paper, following [20, 33, 49], we
also focus on resistance distance with absolute error guarantee.

De!nition 2.2. Given graph G and a pair of vertices 𝑃 and 𝑄 ,
given any small constant 𝑆 > 0, 𝑂G (𝑃, 𝑄) is called 𝑆-absolute error
approximation of 𝑂G (𝑃, 𝑄) i# |𝑂G (𝑃, 𝑄) ↔ 𝑂G (𝑃, 𝑄) | ↗ 𝑆 .

3There is still a large gap between the upper and lower bounds of the dependence of
𝑀 , so we leave how to match the upper and lower bounds as future work.
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Table 1: A comparison of di!erent algorithms for comput-
ing pairwise RD with 𝑆-absolute error guarantee, where for
Lanczos Push, 𝑋1 = max𝑈=𝑃,𝑄 ;𝑉↗𝑁 ⇐D1/2𝑑𝑉 (P)e𝑈 ⇐1, and 𝑋2 =
max𝑉↗𝑁 (⇐v𝑉 ⇐1 + ⇐Av+𝑉 ⇐1 + ⇐Av↔𝑉 ⇐1), see Section 4 for details.

Methods Algorithm Time Complexity

Linear

Power Method [49] 𝑆 (𝑀𝑅 log 𝑂
𝑃 )

LapSolver [35] 𝑆 (𝑅 log1/2 𝑇 log 1
𝑃 )

FastRD [25] 𝑆̃ (𝑅/𝐿2 )
Lanczos (Section 3) 𝑆 (→𝑀𝑅 log 𝑂

𝑃 )

Sublinear (Local)

TP [33] 𝑆̃ (𝑀4/𝐿2 )
TPC [33] 𝑆̃ (𝑀3/𝐿2 )
GEER [49] 𝑆̃ (𝑀3/(𝐿2𝑂2 ) )

Algorithm 1 in [51] 𝑆̃ (𝑀3/(𝐿
→
𝑂 ) )

BiSPER [13] 𝑆̃ (𝑀7/3/𝐿2/3 )
Lanczos Push (Section 4) 𝑆̃ (𝑀2.75𝑍1𝑍2/(𝐿

→
𝑂 ) )

Others Push [20] ↘
BiPush [20] ↘

Lower Bound (Section 5) ω (𝑀 )

2.2 Existing Methods and Their Defects
For our analysis, we de"ne the normalized adjacency matrix as
A = D↔1/2AD↔1/2 and de"ne the normalized Laplacian matrix as
L = I ↔A. The condition number of L is de"ned as follows [14].

De!nition 2.3. The condition number 𝐿 of the normalized Lapla-
cian matrix L is de"ned as 𝐿 ↭ 2

𝑎2
, where 𝑒2 is the second eigen-

value of L, i.e., the smallest non-zero eigenvalue of L.

Most existing RD algorithms have time complexity relevant to 𝐿 .
Speci"cally, we let P ↭ AD↔1 be the probability transition matrix,
and these existing algorithms are based on the following Taylor
expansion formula [33, 51].

𝑂G (𝑃, 𝑄) = (e𝑃 ↔ e𝑄 )𝑌 L†(e𝑃 ↔ e𝑄 )

=
1
2
(e𝑃 ↔ e𝑄 )𝑌

+⇒∑
𝑁=0

D↔1
(
1
2
I + 1

2
P
)𝑁

(e𝑃 ↔ e𝑄 ).
(1)

Thus, we can set a su!ciently large truncation step 𝑓 , and de"ne the

approximation 𝑂 G (𝑃, 𝑄) = 1
2 (e𝑃 ↔ e𝑄 )𝑌

∑𝑏
𝑁=0 D

↔1
(
1
2 I + 1

2P
)𝑁
(e𝑃 ↔

e𝑄 ). To make 𝑂 G (𝑃, 𝑄) be the 𝑆-absolute error approximation of
𝑂G (𝑃, 𝑄), the truncation step 𝑓 = 𝑀 (𝐿 log 𝑀

𝐿 ) [33, 49, 51]. Based on
this interpretation, the basic PowerMethod and randomwalk-based
methods can be easily derived. Table 1 summarizes the state-of-the-
art methods and our solutions.

Power Method (PM) is one of the most classic and fundamental
algorithms in numerical linear algebra. PM is also widely used in
the computation of PageRank [31], Heat Kernal PageRank [50],
SimRank [43], and graph propagation [43]. In our pairwise RD
computation problem, we slightly modify the implementation of
PM and use it to compute the groundtruth RD value. See Algorithm
1 for the pseudocode illustation. Speci"cally, the PM algorithm is
implemented as follows: (i) Initially, we de"ne the approximation
𝑂 G (𝑃, 𝑄) = 0 and a vector r = e𝑃 ↔ e𝑄 with iteration 𝑇 = 0; (ii) for the
𝑇𝑄𝑐 iteration of the algorithm with 𝑇 ↗ 𝑓 , we perform 𝑂 G (𝑃, 𝑄) ⇑

Algorithm 1: Power Method (PM) for RD computation
Input: G, 𝑏, 𝑃, 𝑄

1 𝑑G (𝑃, 𝑄 ) = 0, r = e𝐿 ↔ e𝑀 ;
2 for 𝑉 = 0, 1, 2, ..., 𝑏 do
3 𝑑G (𝑃, 𝑄 ) ⇑ 𝑑G (𝑃, 𝑄 ) + r(𝐿 )

2𝑄𝐿 ↔ r(𝑀 )
2𝑄𝑀 ;

4 r ⇑
( 1
2 I + 1

2P
)
r;

5 end
Output: 𝑑G (𝑃, 𝑄 ) as the approximation of 𝑑G (𝑃, 𝑄 )

𝑂 G (𝑃, 𝑄) + r(𝑃 )
2𝑂𝐿 ↔ r(𝑄 )

2𝑂𝑀 and r ⇑
(
1
2 I + 1

2P
)
r, then turn to the (𝑇 +

1)𝑄𝑐 iteration; (iii) after 𝑓 iterations, we stop the algorithm and
output 𝑂 G (𝑃, 𝑄). By Equ. (1), we can easily see that 𝑂 G (𝑃, 𝑄) = 1

2 (e𝑃 ↔

e𝑄 )𝑌
∑𝑏
𝑁=0 D

↔1
(
1
2 I + 1

2P
)𝑁
(e𝑃 ↔ e𝑄 ) is the output after this process.

Next, we prove that by setting 𝑓 = 𝑀 (𝐿 log 𝑀
𝐿 ), the approximation

𝑂 G (𝑃, 𝑄) is the 𝑆-absolute error approximation of 𝑂G (𝑃, 𝑄). Due to
space limits, the missing proofs of this paper can be found in the
full-version [52].

T!"#$"% 2.4. When setting 𝑓 = 2𝐿 log 𝑀
𝐿 , the approximation error

holds that |𝑂 G (𝑃, 𝑄) ↔ 𝑂G (𝑃, 𝑄) | ↗ 𝑆 . In addition, the time complexity
of PM is 𝑀 (𝑓𝑁) = 𝑀 (𝐿𝑁 log 𝑀

𝐿 ).

Random Walk (RW) is also a fundamental operator in various
graph algorithms, including PageRank [23, 24, 46, 48], Heat Ker-
nel PageRank [10, 50] and local Laplacian Solver [2]. For pair-
wise RD estimation, the random walk operator was "rst intro-
duced in [33]. The general idea of the algorithm is as follows:
based on Eq. (1), to approximate 𝑂G (𝑃, 𝑄), we only need to approx-

imate e𝑃
(
1
2 I + 1

2P
)𝑉
e𝑄/𝑊𝑃 , e𝑃

(
1
2 I + 1

2P
)𝑉
e𝑃/𝑊𝑃 , e𝑄

(
1
2 I + 1

2P
)𝑉
e𝑃/𝑊𝑄 ,

and e𝑄
(
1
2 I + 1

2P
)𝑉
e𝑄/𝑊𝑄 for each 𝑎 ↗ 𝑓 , which is exactly the prob-

ability of a length 𝑎 lazy random walk starts at 𝑄 and ends at 𝑃 .
Speci"cally, the length 𝑎 lazy random walk denotes a sequence
(𝑍0, 𝑍1, ..., 𝑍𝑉 ) such that for each 0 ↗ 𝑏 < 𝑎 , 𝑍 𝑊+1 is a random
neighbour of 𝑍 𝑊 with probability 1/2 and 𝑍 𝑊+1 = 𝑍 𝑊 with prob-
ability 1/2. The details of the pseudocode are illustrated in algo-
rithm 2. By setting the number of randomwalks𝑅𝑑 = 𝑀 (𝑓2/𝑆2) with
𝑓 = 𝑀 (𝐿 log 𝑀

𝐿 ) [33], we can obtain 𝑂G (𝑃, 𝑄) with the 𝑆-absolute error
approximation. Thus the total time complexity of this algorithm
is 𝑀 (𝑅𝑑 𝑓2) = 𝑀̃ (𝐿4/𝑆2) since 𝑓 = 𝑀 (𝐿 log 𝑀

𝐿 ) and 𝑅𝑑 = 𝑀 (𝑓2/𝑆2).
Peng et al. also proposed an advanced algorithm for the estimation

of e𝑃
(
1
2 I + 1

2P
)𝑉
e𝑄/𝑊𝑃 (details in Algorithm 2 in [33]). The time

complexity of the advanced algorithm is 𝑀̃ (𝐿3/𝑆2), resulting in a
reduced dependency on 𝐿. Later, Yang et al. [49] further improved
this algorithm by providing a tighter analysis of the variance. They
derived a re"ned time complexity 𝑀̃ (𝐿3/(𝑆2𝑊2)) under the same
error guarantee, where 𝑊 = min{𝑊𝑃 ,𝑊𝑄 }. However, none of the RW
based algorithms break the 𝐿3 bottleneck.

OtherMethods.Despite the above two classical methods, there are
also related works based on di#erent techniques and data structures.
For example, the nearly linear time Laplacian Solver [15, 17] allows
us to compute the 𝑆-approximation of RD in 𝑀 (𝑁 log1/2 𝑅 log 1

𝐿 )
time, independent of condition number 𝐿. Using the Laplacian
solver, one can also design 𝑀̃ (𝑁/𝑆2) resistance distance sketches
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Algorithm 2: RandomWalk (RW) for RD computation [33]
Input: G, 𝐿, 𝑏,𝑇𝑅 , 𝑃, 𝑄

1 for 𝑉 = 0, 1, 2, ..., 𝑏 do
2 perform 𝑇𝑅 independent lazy random walks of length 𝑉 starting

at 𝑃 , let 𝑒𝑁,𝐿 (resp., 𝑒𝑁,𝑀 ) be the number of walks ends at 𝑃
(resp., 𝑄 ) ;

3 perform 𝑇𝑅 independent lazy random walks of length 𝑉 starting
at 𝑄 , let 𝑓𝑁,𝐿 (resp., 𝑓𝑁,𝑀 ) be the number of walks ends at 𝑃
(resp., 𝑄 ) ;

4 𝑑G (𝑃, 𝑄 )+ = 𝑆𝑁,𝐿
2𝑇𝑅𝑄𝐿 ↔ 𝑆𝑁,𝑀

2𝑇𝑅𝑄𝑀 + 𝑈𝑁,𝑀
2𝑇𝑅𝑄𝑀 ↔ 𝑈𝑁,𝐿

2𝑇𝑅𝑄𝐿 ;
5 end
Output: 𝑑G (𝑃, 𝑄 ) as the approximation of 𝑑G (𝑃, 𝑄 )

and query any single-pair RD in 𝑀̃ (𝑆↔2) time [25, 40]. However,
Laplacian Solver is hard to implement in practice and its time com-
plexity is linearly dependent on𝑁. Besides, Liao et al. [20] intro-
duced a novel landmark interpretation of RD and design several
e!cient RW-based algorithms for the computation of RD based
on their interpretation. However, their algorithms are heuristic
and lack theoretical guarantees based on 𝑅,𝑁,𝐿. Recently, [13, 51]
utilize bidirectional techniques to improve the e!ciency of RW
for single pair RD computation. Speci"cally, Yang et al. [51] derive
an 𝑀̃ (𝐿3/(𝑆

→
𝑊)) algorithm under 𝑆-absolute error guarantee and

an 𝑀̃ (𝐿3
→
𝑊/𝑆) algorithm under relative error guarantee. Recently,

Cui et. al [13] derive an 𝑀̃ (𝐿7/3/𝑆2/3) algorithm under 𝑆-absolute
error guarantee. As an additional remark, while BiSPER [13] holds
a theoretical advantage in asymptotic complexity, our Lanczos Push
algorithm delivers superior practical performance on graphs with
large condition numbers, such as road networks. The reasons could
be that the basic framework of the bidirectional methods [13, 51] is
PowerMethod, which typically require 𝑀 (𝐿) iterations to converge,
whereas the basic framework of the Lanczos Push algorithm is the
Lanczos iteration, which often requires less than 𝑀 (→𝐿) iterations
to converge in practice. The stronger convergence of the Lanc-
zos iteration leads to better practical performance of the proposed
Lanczos Push algorithm (as shown in experiments), though slightly
weaker theoretical worst case guarantee.

3 A NOVEL LANCZOS ITERATION METHOD
We begin by introducing the classical Lanczos algorithm for com-
puting the quadratic form x𝑌 𝑔 (A)x, where x ≃ R𝑇 is a vector, 𝑔 is a
matrix function, A ≃ R𝑇↘𝑇 is a positive semi-de"nite (PSD) matrix.
In our case for RD computation, we choose x = e𝐿→

𝑂𝐿
↔ e𝑀→

𝑂𝑀
, A = A

to be the normalized adjacency matrix, and 𝑔 (A) = (I↔A)†. Now
by the de"nition of RD, we have that:

𝑂G (𝑃, 𝑄) = (e𝑃 ↔ e𝑄 )𝑌 L†(e𝑃 ↔ e𝑄 )
= (e𝑃 ↔ e𝑄 )𝑌D↔1/2 (I ↔A)†D↔1/2 (e𝑃 ↔ e𝑄 )

= ( e𝑃→
𝑊𝑃

↔ e𝑄→
𝑊𝑄

)𝑌 (I ↔A)†( e𝑃→
𝑊𝑃

↔ e𝑄→
𝑊𝑄

)

= x𝑌 𝑔 (A)x.

(2)

The second equality holds beacuse L† = D↔1/2L†D↔1/2 =
D↔1/2 (I ↔ A)†D↔1/2. This immediately allows us to use Lanc-
zos iteration to compute the RD value. However, we notice that

𝑔 (A) = (I ↔A)† is the pseudo inverse of the matrix I ↔A, which
is not a common matrix function (eg., matrix inverse, matrix expo-
nential). So we include one of the implementation of Lanczos algo-
rithm [29] with slight modi"cation in Algorithm 3. The main idea of
the Lanczos iteration is to project the matrixA onto the tridiagonal
matrix T such that T = V𝑌AV, where V = [v1, ..., v𝑁 ] be the 𝑅 ↘ 𝑇
dimension column orthogonal matrix with 𝑇 ⇓ 𝑅 that spans the 𝑇-
dimension Krylov subspace: K𝑁 (v1,A) = 𝑃𝑈𝑉𝑅↑v1,Av1, ...,A𝑁v1↓
with v1 = x/⇐x⇐2 =

(
e𝐿→
𝑂𝐿

↔ e𝑀→
𝑂𝑀

)
/
√

1
𝑂𝐿

+ 1
𝑂𝑀
. First, if we have al-

ready compute the column orthogonal matrix V, we prove that for
the vectors A𝑉v1 with 𝑎 ↗ 𝑇 , we have A𝑉v1 = VT𝑉V𝑌 v1. Formally
we state the following Lemma.

L"%%& 3.1. Given V = [v1, ..., v𝑁 ] is the 𝑅 ↘ 𝑇 dimension orthogo-
nalmatrix spanning the subspaceK𝑁 (v1,A) = 𝑃𝑈𝑉𝑅↑v1,Av1, ...,A𝑁v1↓
and T = V𝑌AV. Then for any polynomial 𝑈𝑁 with degree at most 𝑇 ,
we have 𝑈𝑁 (A)v1 = V𝑈𝑁 (T)V𝑌 v1.

Next, based on Lemma 3.1 we show that v𝑌1 V(I ↔ T)↔1V𝑌 v1 is a
good estimator of the quadratic form v𝑌1 (I ↔A)†v1. The proof is
based on the classical analysis but we slightly modify the proof.

L"%%& 3.2. Let V ≃ R𝑇↘𝑁 and T ≃ R𝑁↘𝑁 de!ned in Lemma 3.1.
Let P𝑁 be the set of all polynomials with degree ↗ 𝑇 . Then, we have:

|v𝑌1 V(I ↔ T)↔1V𝑌 v1 ↔ v𝑌1 (I ↔A)†v1 |
↗ 2 min

𝑔≃P𝑉

max
𝑕≃ [𝑋𝑊𝑁𝑇 (A),𝑋2 (A) ]

|1/(1 ↔ 𝑕) ↔ 𝑈 (𝑕) |,

where 𝑐𝑅𝑉𝑇 (A) and 𝑐2 (A) denotes the smallest and second largest
eigenvalue of A, respectively.

Based on Lemma 3.2, we can now approximate the RD value by
the following formula:

𝑂G (𝑃, 𝑄) = ( e𝑃→
𝑊𝑃

↔ e𝑄→
𝑊𝑄

)𝑌 (I ↔A)†( e𝑃→
𝑊𝑃

↔ e𝑄→
𝑊𝑄

)

=
(
1
𝑊𝑃

+ 1
𝑊𝑄

)
v𝑌1 (I ↔A)†v1

⇔
(
1
𝑊𝑃

+ 1
𝑊𝑄

)
v𝑌1 V(I ↔ T)↔1V𝑌 v1

=
(
1
𝑊𝑃

+ 1
𝑊𝑄

)
e𝑌1 (I ↔ T)↔1e1 .

(3)

The second equality holds because v1 =
(

e𝐿→
𝑂𝐿

↔ e𝑀→
𝑂𝑀

)
/
*** e𝐿→

𝑂𝐿
↔ e𝑀→

𝑂𝑀

***
2

and
*** e𝐿→

𝑂𝐿
↔ e𝑀→

𝑂𝑀

***2
2

= 1
𝑂𝐿

+ 1
𝑂𝑀
. The last equality holds because

v𝑌1 V = e𝑌1 , by v1 is orthogonal to v2, ..., v𝑁 . Now since I ↔ T is
only a 𝑇 ↘ 𝑇 dimension matrix with 𝑇 ⇓ 𝑅, we can e!ciently
compute

(
1
𝑂𝐿

+ 1
𝑂𝑀

)
e𝑌1 (I ↔ T)↔1e1 in only 𝑀 (𝑇2.37) time with fast

matrix multiplication [47]. Finally, all the things remain is how to
e!ciently compute these orthogonal vectors v1, ..., v𝑁 . To reach
this, in each iteration we perform the Lanczos recurrence (i.e. Line
3-7 in Algorithm 3):

𝑖𝑉+1v𝑉+1 = (A ↔ 𝑗𝑉 )v𝑉 ↔ 𝑖𝑉v𝑉↔1, (4)

where 𝑗𝑉 and 𝑖𝑉+1 are scalars computed in Line 4 and Line 6 in
Algorithm 3. For our analysis, we present a classical result of the
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Algorithm 3: Lanczos iteration for RD computation
Input: G, 𝑃, 𝑄,𝑁

1 v0 = 0, v1 =
(

e𝐿→
𝑄𝐿

↔ e𝑀→
𝑄𝑀

)
/
√

1
𝑄𝐿

+ 1
𝑄𝑀

, 𝑖1 = 0;

2 for 𝑉 = 1, 2, ...,𝑁 do
3 vi+1 = Av𝑁 ↔ 𝑖𝑁v𝑁↔1;
4 𝑗𝑁 = ↑v𝑁+1, v𝑁 ↓;
5 vi+1 = vi+1 ↔ 𝑗𝑁v𝑁 ;
6 𝑖𝑁+1 = ⇐v𝑁+1 ⇐2;
7 v𝑁+1 = v𝑁+1/𝑖𝑁+1;
8 end

9 T =



𝑗1 𝑖2 0

𝑖2 𝑗2
. . .

. . .
. . . 𝑖𝑉

0 𝑖𝑉 𝑗𝑉


, V = [v1, ..., v𝑉 ];

Output: 𝑑G (𝑃, 𝑄 ) =
(

1
𝑄𝐿

+ 1
𝑄𝑀

)
e𝑋1 (I ↔ T)↔1e1 as the approximation

of 𝑑G (𝑃, 𝑄 )

output of Lanczos iteration (see eg. Claim 4.1 in [29]). This will be
used in our analysis later.

P$#’#()*)#+ 3.3. (Output guarantee) The Lanczos iteration (Al-
gorithm 3) computes V ≃ R𝑇↘𝑁 , T ≃ R𝑁↘𝑁 and an additional vector
v𝑁+1, a scalar 𝑖𝑁+1 such that:

AV = VT + 𝑖𝑁+1v𝑁+1e𝑌𝑁 .

Moreover, the column space ofV spans the Krylov subspaceK𝑁 (v1,A) =
𝑃𝑈𝑉𝑅↑v1,Av1, ...,A𝑁v1↓ and T = V𝑌AV.

Finally, based on Lemma 3.2 and Proposition 3.3 we prove the fol-
lowing Theorem which gives the error bound and time complexity
of the Lanczos iteration (Algorithm 3).

T!"#$"% 3.4. (Error guarantee) Let 𝑂G (𝑃, 𝑄) output by Lanczos
iteration (Algorithm 3). Then the error satis!es

|𝑂G (𝑃, 𝑄) ↔ 𝑂G (𝑃, 𝑄) | ↗ 𝑆 .

When setting the iteration number 𝑇 = 𝑀 (→𝐿 log 𝑀
𝐿 ). Furthermore,

the time complexity of Algorithm 3 is𝑀 (𝑇𝑁+𝑇2.37) = 𝑀 (→𝐿𝑁 log 𝑀
𝐿 )

when 𝑇1.37 ↗ 𝑁.

Therefore, according to Theorem 3.4 we provided that the ap-
proximation 𝑂G (𝑃, 𝑄) satis"es the 𝑆-absolute error guarantee after
𝑇 =

→
𝐿 log 𝑀

𝐿 iterations of Lanczos recurrence. Recall that the itera-
tion number of PM is required to be 𝑓 = 𝐿 log 𝑀

𝐿 , so Algorithm 3 is→
𝐿-times faster than PM.

4 A NOVEL LANCZOS PUSH METHOD
4.1 The Lanczos Push Algorithm
Next, we introduce our novel push-style local algorithm, called
Lanczos Push, based on a newly-developed "purning" technique.
Before introducing our techniques, we "rst explain the high level
idea of our method. Recall that the Lanczos iteration search a se-
quence of orthogonal vectors v1, ..., v𝑁 to accelerate RD compu-
tation (i.e., only

→
𝐿 dependency on condition number 𝐿, which

improves upon PM by a
→
𝐿 factor). Now, to design a local algo-

rithm for RD computation while maintaining the rapid convergence

Figure 1: High level idea of our Lanczos Push algorithm for
computing 𝑂G (𝑃, 𝑄); v̂1, ..., v̂𝑁 are sparse vectors.

rate by Lanczos iteration, our hope is to search a sequence of sparse
vectors v̂1, ..., v̂𝑁 that is similar to v1, ..., v𝑁 (though they can be no
longer orthogonal). See Fig. 1 as an illustration.

To specify our method, let’s closely examine the time complexity
of Lanczos iteration (Algorithm 3). Note that in Line 3 of Algorithm
3, we perform the matrix-vector multiplicationAv𝑉 , which requires
𝑀 (𝑁) operations. In Line 4-7 of Algorithm 3, we invoke the inner
product and addition/subtraction operations on v𝑉 , which requires
𝑀 (𝑅) operations. Therefore, to transform Algorithm 3 to a local
algorithm, there are two main challenges: (i) "locally" implement
the matrix-vector multiplication Av𝑉 in tach iteration. That is, we
should approximate Av𝑉 by only invoking small portion of graph.
(ii) maintaining v𝑉 a sparse vector in each iteration. To address
these challenges, we propose the Lanczos Push algorithm to locally
approximate these vectors. To reach this end, "rst we de"ne our
sparse approximation of v𝑉 and Av𝑉 .

De!nition 4.1. We de"ne 𝑘𝑙𝑚 (A, v̂𝑉 ) ≃ R𝑇 as the vector that
approximates Av̂𝑉 . Speci"cally, for each node 𝑍 ≃ V , we de"ne
𝑘𝑙𝑚 (A, v̂𝑉 ) (𝑍) =

∑
𝑈≃N(𝑘)

v̂𝑁 (𝑈 )→
𝑂𝑌𝑂𝑍
I |v̂𝑁 (𝑈 ) |>𝐿

→
𝑂𝑌𝑂𝑍

. Where we de-
note I |v̂𝑁 (𝑈 ) |>𝐿

→
𝑂𝑌𝑂𝑍

as the indicator that takes value 1 if and only
if |v̂𝑉 (𝑌) | > 𝑆

→
𝑊𝑈𝑊𝑘 .

De!nition 4.2. We de"ne v̂𝑉 |𝑙𝑁 ≃ R𝑇 as the vector v̂𝑉 constraint
on the subset 𝑛𝑉 ↖ V . Speci"cally, v̂𝑉 |𝑙𝑁 (𝑌) = v̂𝑉 (𝑌) for 𝑌 ≃ 𝑛𝑉 , and
v̂𝑉 |𝑙𝑁 (𝑌) = 0 otherwise. Where 𝑛𝑉 = {𝑌 ≃ V : |v̂𝑉 (𝑌) | > 𝑆𝑊𝑈 }.

Based on De"nition 4.1 and 4.2, we propose the following subset
Lanczos recurrence:

𝑖𝑉+1v̂𝑉+1 = 𝑘𝑙𝑚 (A, v̂𝑉 ) ↔ 𝑗𝑉 v̂𝑉 |𝑙𝑁 ↔ 𝑖𝑉 v̂𝑉↔1 |𝑙𝑁↔1 . (5)
In Eq. (5), 𝑘𝑙𝑚 (A, v̂𝑉 ) is the sparse approximation of Av̂𝑉 by

De"nition 4.1, v̂𝑉 |𝑙𝑁 is the sparse approximation of v̂𝑉 by De"nition
4.2, 𝑗𝑉 and 𝑖𝑉+1 are scalars computed in the same way as Line 4 and
Line 6 in Algorithm 3. Putting these things together, we provide the
pseudocode in Algorithm 4. The idea of Algorithm 4 is simple: to
make Lanczos iteration implemented locally on graphs, we perform
the subset Lanczos iteration (Eq. (5)). In each iteration, we perform
the following two key operations: (i) For the approximation of
the matrix-vector multiplication Av̂𝑉 , we only search on the node
𝑌 such that v̂𝑉 (𝑌) non-zero. Next, for the neighbors 𝑍 ≃ N(𝑌),
we only add the scores along the edge (𝑌, 𝑍) ≃ E with |v̂𝑉 (𝑌) | >
𝑆
→
𝑊𝑈𝑊𝑘 , see Line 4-8 in Algorithm 4. We denote𝑘𝑙𝑚 (A, v̂𝑉 ) as the

approximation of Av̂𝑉 after this operation. (ii) We select a subset
of important nodes 𝑛𝑉 = {𝑌 ≃ V : |v̂𝑉 (𝑌) | > 𝑆𝑊𝑈 }, and we perform
addition/subtraction only constraint on subset 𝑛𝑉 , see Line 9-11,
Line 13-15 of Algorithm 4. These operations maintain the sparsity
of the computation.
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Algorithm 4: Lanczos Push for RD computation
Input: G, 𝑃, 𝑄,𝑁, 𝐿

1 v̂0 = 0, v̂1 =
(

e𝐿→
𝑄𝐿

↔ e𝑀→
𝑄𝑀

)
/
√

1
𝑄𝐿

+ 1
𝑄𝑀

, 𝑖1 = 0;

2 for 𝑉 = 1, 2, ...,𝑁 do
3 𝑙𝑁 = {𝑈 ≃ V : |v̂𝑁 (𝑈 ) | > 𝐿𝑂𝑌 };
4 for node 𝑈 such that v̂𝑁 (𝑈 ) ω 0 do
5 for 𝑘 ≃ N(𝑈 ) with |v̂𝑁 (𝑈 ) | > 𝐿

→
𝑂𝑌𝑂𝑍 do

6 v̂𝑁+1 (𝑘) = v̂𝑁+1 (𝑘) + 1→
𝑄𝑌𝑄𝑍

v̂𝑁 (𝑈 ) ;
7 end
8 end
9 for 𝑈 ≃ 𝑙𝑁↔1 do
10 v̂𝑁+1 (𝑈 ) = v̂𝑁+1 (𝑈 ) ↔ 𝑖𝑁 v̂𝑁↔1 (𝑈 ) ;
11 end
12 𝑗𝑁 = ↑v̂𝑁+1, v̂𝑁 ↓;
13 for 𝑈 ≃ 𝑙𝑁 do
14 v̂𝑁+1 (𝑈 ) = v̂𝑁+1 (𝑈 ) ↔ 𝑗𝑁 v̂𝑁 (𝑈 ) ;
15 end
16 𝑖𝑁+1 = ⇐ v̂𝑁+1 ⇐2;
17 v̂𝑁+1 = v̂𝑁+1/𝑖𝑁+1;
18 end

19 T̂ =



𝑗1 𝑖2 0

𝑖2 𝑗2
. . .

. . .
. . . 𝑖𝑉

0 𝑖𝑉 𝑗𝑉


, V̂ = [v̂1, ..., v̂𝑉 ];

Output: 𝑑 ↙G (𝑃, 𝑄 ) =
(

1
𝑄𝐿

+ 1
𝑄𝑀

)
v̂𝑋1 V̂(I ↔ T̂)↔1e1 as the

approximation of 𝑑G (𝑃, 𝑄 )

Figure 2: A running example of our Lanczos Push algorithm

A running example. To illustrate the proposed Lanczos Push algo-
rithm, we provide a running example here. We consider a toy graph
with vertex setV = {1, 2, 3, 4} and edge set E = {(1, 2), (1, 3), (1, 4), (2, 3)},
as illustrated in Fig. 2. We focus on computing the resistance dis-
tance (RD) between nodes index 1 and 4, where the exact value
is known to be 𝑂 (1, 4) = 1 by the de"nition of resistance. For
demonstration purposes, we set the algorithm parameters to 𝑇 =
2 and 𝑆 = 0.25 for Lanczos Push algorithm. We "rst initialize
v̂1 =

(
e𝐿→
𝑂𝐿

↔ e𝑀→
𝑂𝑀

)
/
√

1
𝑂𝐿

+ 1
𝑂𝑀

= [1/2, 0, 0,
→
3/2]𝑌 and set 𝑖1 = 0

by Line 1 of Algorithm 4. We set 𝑛1 = {1, 4} by Line 3. Next,
we invoke Lines 4-8 to approximate the matrix-vector multipli-
cation Av̂1. Notably, the computations along the edge (1, 2) and
(1, 3) are prevented because |v̂1 (𝑌) |/

→
𝑊𝑈𝑊𝑘 = 0.5/

→
6 < 0.25 = 𝑆

for (𝑌, 𝑍) = (1, 2) and (1, 3). After the computation of Line 4-
8, we obtain v̂2 = [1/2, 0, 0, 1/2

→
3]𝑌 . Then, we skip the com-

putation from Lines 9-11 because we set 𝑖1 = 0 at initial step.
Next, we compute 𝑗1 = ↑v̂2, v̂1↓ = 1/2 by Line 12. We update
v̂2 = v̂2 ↔ 𝑗1v̂1 |𝑙1 = [1/4, 0, 0,↔

→
3/12]𝑌 by Line 13-15. We com-

pute 𝑖2 = ⇐v̂2⇐2 = 1/2
→
3 by Line 16, and we "nally update

v̂2 = v̂2/𝑖2 = [
→
3/2, 0, 0,↔1/2]𝑌 by Line 17. Subsequently, we

turn to the next iteration. For iteration 𝑎 = 2, we can similarly com-
pute 𝑗2 = 0.0281; we omit the details here because all the routines
maintain the same. Finally, we compute the approximate RD value
by 𝑂 (1, 4) =

(
1
3 + 1

)
v̂𝑌1 [v̂1; v̂2] (I ↔ T̂)↔1e1 = 3.218. Note that this

result seems inaccurate mainly because we set a large threshold
𝑆 = 0.25 for better illustration. In real-world graphs, when setting
the threshold 𝑆 smaller, our Lanczos Push algorithm successfully
reduce computation costs while does not produce too much addi-
tional error. The theoretical guarantees are provided in the next
subsection.

4.2 Analysis of the Lanczos Push Algorithm
Here, we prove that our Lanczos Push algorithm (Algorithm 4) does
not introduce signi"cant errors compared to the Lanczos iteration,
while drastically reducing the runtime. However, due to the com-
plexity of the proofs, we provide only an outline here, the details
are left in the full version [52]. Overall, the theoretical analysis
is devided into two steps: (i) the error bound of Algorithm 4, (ii)
the local time complexity of Algorithm 4. For simplicity, we de-
note 𝑋1 = max𝑈=𝑃,𝑄 ;𝑉↗𝑁 ⇐𝑑𝑉 (P)e𝑈 ⇐1, where 𝑑𝑉 (𝑕) is the "rst kind of
Chebyshev polynomials (de"nition see Eq. 13 in Appendix). We
denote 𝑋2 = max𝑉↗𝑁 (⇐v̂𝑉 ⇐1 + ⇐Av̂+𝑉 ⇐1 + ⇐Av̂↔𝑉 ⇐1), where v̂+𝑉 , v̂↔𝑉
are the positive parts and negative parts of v̂𝑉 , respectively.

T!"#$"% 4.3. Given 𝑆↙ ≃ (0, 1) , setting iteration number 𝑇 =
→
𝐿 log 𝑀

𝐿 ↙ , parameter 𝑆 = ω̃( 𝐿 ↙
→
𝑂

𝑀2.25𝑍1
), the error between the approxi-

mation 𝑂 ↙G (𝑃, 𝑄) output by Algorithm 4 and accurate RD value 𝑂G (𝑃, 𝑄)
can be bounded by:

|𝑂G (𝑃, 𝑄) ↔ 𝑂 ↙G (𝑃, 𝑄) | ↗ 𝑆↙ .

T!"#$"% 4.4. The total operations performed by Algorithm 4
can be bounded by𝑀 ( 1𝐿

∑
𝑉↗𝑁 (⇐v̂𝑉 ⇐1 + ⇐Av̂+𝑉 ⇐1 + ⇐Av̂↔𝑉 ⇐1)+𝑇2.37).

When setting𝑇 =
→
𝐿 log 𝑀

𝐿 ↙ , 𝑆 = ω̃( 𝐿 ↙
→
𝑂

𝑀2.25𝑍1
), this is 𝑀̃ (𝐿2.75𝑋1𝑋2/(𝑆↙

→
𝑊)).

The above theoretical analysis of the Lanczos Push algorithm is
based on a simple assumption.

A((,%’*)#+ 1. We assume 𝑐(T̂) ↖ [𝑐𝑇 (A), 𝑐2 (A)].

We notice that the requirement of Assumption 1 is mild. In fact,
from the proof of Lemma 3.2, we always have 𝑐(T) ↖ [𝑐𝑇 (A), 𝑐2 (A)]
for the exact Lanczos iteration (i.e., Algorithm 3 , also Lanczos Push
algorithm when setting 𝑆 = 0). We also show that this assumption
holds in various datasets in our experiments (details in Sec. 6).

Understanding the theoretical result.At a "rst glance, the result
of Theorem 4.3 and Theorem 4.4 maybe not clear enough due to the
existence of𝑋1 and𝑋2, we hereby provide some further discussions.
First, we provide a simpler version of Theorem 4.4 by proving the
upper bound of 𝑋1 and 𝑋2.
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Figure 3: The construction of the lower bound
C#$#--&$. 4.5. The runtime of Algorithm 4 is 𝑀̃ (𝐿2.75→𝑅𝑁/(𝑆

→
𝑊))

to compute the 𝑆-absolute error approximation of 𝑂G (𝑃, 𝑄). Speci!cally,
𝑋1 ↗ →

𝑁 and 𝑋2 ↗ 3
→
𝑅.

Corollary 4.5 establishes that Lanczos Push achieves sublinear
runtime dependence on graph size𝑁 while maintaining sub-cubic
dependence on the condition number𝐿 . This result con"rms our key
intuition: the algorithm preserves faster 𝐿-dependent convergence
rate while operating in sublinear time in terms of𝑁. Furthermore,
our analysis provides the "rst theoretical justi"cation for imple-
menting Lanczos in a local manner. However, our experimental
results consistently outperform the worst-case bounds in Corollary
4.5, suggesting these theoretical guarantees may not be tight. In
particular, the empirical behavior of𝑋1 and𝑋2 demonstrates better
scaling than simply using the Cauchy-Schwarz inequality in our
proof. Moreover, our experiments (Exp-9, Section 6) reveal an in-
triguing pattern:𝑋1 and𝑋2 tend to grow slower on poor expansion
graphs (e.g., road networks) and faster on good expansion graphs
(e.g., social networks). This "nding provides further evidence that
Lanczos Push is particularly well-suited for poor expansion graphs,
and we hope that there will be sharper theoretical bounds or further
"ndings to explain this phenomenon in future studies.

5 LOWER BOUNDS
In this section, we establish the lower bound of 𝐿 dependency for

the approximation of 𝑂G (𝑃, 𝑄). Our proof is based on the former re-
sult proposed by Cai et al. [6]. Below, we brie$y introduce the result
established in [6]. First, we consider two 𝑊-regular expander graphs
𝑜1,𝑜2 (that is,𝑜1,𝑜2 has condition number 𝐿 = 𝑀 (1)). Speci"cally,
we choose 𝑜1, 𝑜2 to be two copies of Ramanujan graph [28] on
𝑅/2 vertices (three regular graph with 𝐿 = 𝑀 (1)). Next, we con-
nect a node 𝑃 ≃ 𝑜1 and 𝑄 ≃ 𝑜2 by an edge (𝑃, 𝑄), generating the
graph G1. Clearly, 𝑂G1 (𝑃, 𝑄) = 1. For the construction of G2, we
select a random edge (𝑌,𝑌↙) ≃ 𝑜1 and (𝑍, 𝑍 ↙) ≃ 𝑜2. we remove the
edges (𝑌,𝑌↙) and (𝑍, 𝑍 ↙), and add two new edges (𝑌, 𝑍) and (𝑌↙, 𝑍 ↙).
Then, [6] prove that after this operation, the resulting graph G2 has
the e#ective resistance 𝑂G2 (𝑃, 𝑄) ↗ 0.99. However, any algorithm
that distinguishes G1 and G2 with positive probability requires at
least ω(𝑅) queries. For better understanding, we summarize this
result into the following theorem.

T!"#$"% 5.1. (Theorem 1.1 in [6]) If G1 and G2 are constructed in
themanner described above, thenwe have |𝑂G1 (𝑃, 𝑄)↔𝑂G2 (𝑃, 𝑄) | ∝ 0.01.

Table 2: Statistics of datasets

Datasets 𝑇 𝑅 𝑅/𝑇 condition number 𝑀

Dblp 317,080 1,049,866 3.31 717.62
Youtube 1,134,890 2,987,624 2.63 907.85

LiveJournal 4,846,609 42,851,237 8.84 2785.51
Orkut 3,072,626 11,718,5083 38.13 381.46

powergrid 4,941 6,594 1.33 7299.27
RoadNet-CA 1,965,206 2,766,607 1.41 64516.12
RoadNet-PA 1,088,092 1,541,898 1.42 24390.24
RoadNet-TX 1,379,917 1,921,660 1.39 28985.5

ER 102 ′ 106 𝑇 log𝑇 log𝑇 𝑆 (1)
BA 102 ′ 106 𝑇 log𝑇 log𝑇 𝑆 (1)

But, any (randomized) algorithm that distinguish G1 and G2 with
probability ∝ 0.6 requires at least ω(𝑅) queries.

Based on Theorem 5.1, we can prove that the condition number
of G1 is 𝐿 = ε(𝑅), which is stated in the following lemma.

L"%%& 5.2. If G1 is constructed in the manner described above,
we have 𝐿 (G1) = ε(𝑅).

Combining with Theorem 5.1 and Lemma 5.2, we can prove that
given any 𝑆 < 0.01, any algorithm computes the 𝑆-approximate RD
value 𝑂G (𝑃, 𝑄) requires at least ω(𝐿) queries.

T!"#$"% 5.3. Any algorithm that approximates 𝑂G (𝑃, 𝑄) with
absolute error 𝑆 ↗ 0.01 with success probability ∝ 0.6 requires ω(𝐿)
queries.

This indicates that the time complexity of the local algorithms is
indeed relevant to the condition number 𝐿 , which has not been em-
phasized in previous works for local RD computation. We anticipate
this ω(𝐿) is not tight. Unfortunately, to the best of our knowledge,
there are no better constructions, thus we leave how to match the
upper and lower bounds as an interesting future direction.

6 EXPERIMENTAL EVALUATION
6.1 Experimental Setup
We use 8 publicly available datasets4 of varying sizes (Table 2),
including 4 social networks (Dblp, Youtube, LiveJournal, Orkut)
which serve as standard benchmarks for various graph algorithms
[20, 43, 44, 48, 49] and 4 datasets that represent hard cases (due to
large𝐿) for previous RD algorithms [22]. Among them,RoadNet-CA,
RoadNet-PA, and RoadNet-TX are road networks, and powergrid
is an infrastructure network, statistically similar to road networks.
Additionally, we arti"cially generate the classic Erd%s-Rényi (ER)
and Barabási-Albert (BA) graphs with size𝑅 varying from 102 ′ 106
and𝑁 = 𝑅 log𝑅 for the scalability testing. To compute the condition
number of these datasets, we use the standard Power Method to
compute the second largest eigenvalue 𝑒2 of the normalized adja-
cency matrix, and by de"nition, the condition number is 𝐿 = 2

1↔𝑎2 .
We set the threshold of the Power Method to 10↔9 to make the
approximation of 𝑒2 su!ciently accurate. To evaluate the approxi-
mation errors of di#erent algorithms, we compute ground-truth RD
value using Power Method (PM) with a su!ciently large truncation
4All the 8 datasets can be downloaded from http://snap.stanford.edu/ and
http://konect.cc/networks/
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step 𝑝 = 20000. We compare our proposed algorithms, Lanczos
iteration (Lz) and Lanczos Push (LzPush) with 6 state-of-the-art
(SOTA) baselines: PM [49], GEER [49], Push [20], BiPush [20], also
two very recent studies BiSPER [13] and FastRD [25]. Since the al-
gorithms proposed in [20, 49] outperform the algorithms proposed
in [33] in all datasets, we no longer compare our algorithms with
the algorithms proposed in [33]. We randomly generate 50 source
nodes and 50 sink nodes as query sets and report the average per-
formance across them for di#erent algorithms. By De"nition 2.2,
we use absolute error (denoted as Absolute Err) to evaluate the esti-
mation error of di#erent algorithms. We conduct all experiments on
a Linux 20.04 server with an Intel 2.0 GHz CPU and 128GB memory.
All algorithms are implemented in C++ and compiled using GCC
9.3.0 with -O3 optimization.

6.2 Overall Empirical Results
Exp-1: Query time of di!erent algorithms on unweighted
graphs. In this experiment, we compare the proposed algorithms,
Lz and LzPush, with 6 SOTA algorithms proposed in the previ-
ous studies [13, 20, 25, 49]: PM, GEER, Push, BiPush, BiSPER and
FastRD. For PM, GEER, Push, BiPush, following [20, 49] we vary
the parameter 𝑆 from 10↔1 to 10↔5. For BiSPER and FastRD, fol-
lowing [13, 25] we vary 𝑆 from 0.9 to 10↔3. For FastRD, since its
storage is unacceptable for million-size graphs under high precision
computation, so we only compare FastRD under large 𝑆 for large
datasets, e.g., 𝑆 = 0.9, 0.5, 0.1, following the setting as [25]. For the
datasets with small condition number (i.e. the four social networks),
we set the parameters for our algorithms as follows for fair com-
parison: for Lz we vary the iteration step 𝑇 = [5, 10, 15, 20, 30]; for
LzPush we vary 𝑆 = [0.1, 0.05, 0.01, 0.005, 0.001] and "x 𝑇 = 20.
Fig. 4 reports the query time of di#erent algorithms for RD com-
putation, under the Absolute Err metric. We make the following
observations: (i) The proposed algorithm LzPush is the most e!-
cient and is 5↘ to 10↘ faster than all the other competitors across
all datasets. (ii) Since the time complexity of LzPush is independent
of the number of vertices and edges, for the datasets of varying
sizes, we observe that the performance of LzPush remains almost
the same. This is consistent with our theoretical analysis (LzPush
is a local algorithm). On the other hand, the performance of Lz and
PM is dependent on𝑁, with their query time increasing on larger
datasets (e.g., LiveJournal, Orkut).

For datasets with large condition numbers (i.e. the three road
networks and powergrid), we set the parameters as follows for fair
comparison: for Lzwe vary the iteration step𝑇 = [20, 40, 60, 80, 100];
for LzPush we vary 𝑆 = [10↔3, 5 ∞ 10↔4, 10↔4, 5 ∞ 10↔5, 10↔5] and
"x 𝑇 = 100. Fig. 5 reports the query time of di#erent algorithms
for RD computation under the Absolute Err metric. We make the
following observations: (i) Our proposed algorithm LzPush, is still
the most e!cient, while all the previous local algorithms (GEER,
Push, BiPush, BiSPER) fail to quickly output high-quality results
(e.g., Absolute Err < 10↔1) on three road networks. The reasons
are as follows: Since the condition number 𝐿 of the road networks
is large, the random walk sampling based method requires setting
a very large truncation step 𝑓 and very large sampling times 𝑅𝑑 =
𝑀̃ (𝑓2/𝑆2). This makes GEER ine!cient. Similar observation also
holds for BiSPER, though the bidirectional techniques improve the

e!ciency of random walks. For Push and BiPush, these algorithms
are heuristic, and their time complexity is related to hitting time
𝑞(𝑃, 𝑍) + 𝑞(𝑄, 𝑍), where 𝑍 is a pre-selected landmark node. However,
on road networks 𝑞(𝑃, 𝑍) can be𝑀 (𝑅), this makes Push and BiPush
very ine!cient, especially for high precision computation. Most
notably, on three road networks, our LzPush algorithm is over
1000↘ faster than PM and 50↘ faster than Lz. (ii) The performance
of LzPush is similar across the four datasets, while the performance
of Lz and PM is related to𝑁. Speci"cally, Lz and PM are faster on
small graph powergrid, but slower on three large road networks.
This is consistent with the results for the social networks.

Exp-2: Query time of di!erent algorithms onweighted graphs.
In this experiment, we evaluate our proposed algorithms against ex-
isting baselines onweighted graphs. Following the common practice
in prior work [45], we generate weighted versions of unweighted
graphs by assigning each edge 𝑟 ≃ E a weight equal to the number
of triangles containing 𝑟5. Fig. 6 shows the results on Dblp and
LiveJournal datasets. Similar results can also be observed on the
other datasets. As shown in Fig. 6, the results demonstrate consis-
tent behavior with our unweighted graph experiments: our LzPush
algorithm remains the most e!cient algorithm among all compared
methods.

Exp-3: Scalability testing on synthetic graphs. In this exper-
iment, we compare the scalability between our proposed Lz and
LzPush algorithms. We use the classic ER and BA graphs with vary-
ing 𝑅 from 102 to 106 and𝑁 = 𝑅 log𝑅. We set the iteration number
𝑇 = 20, threshold 𝑆 = 0.005, and compare the runtime between Lz
and LzPush. Fig. 7 shows the result. As can be seen, the runtime of
Lz grows almost linear with respect to the graph size 𝑅, while the
runtime of LzPush is sublinear to the growth of 𝑅. These results fur-
ther indicate that Lz is a nearly linear global algorithm and LzPush
is a local algorithm, which is consistent with our theoretical analy-
sis. Thus, these "ndings provide strong evidence that the proposed
Lz and LzPush have excellent scalability over massive graphs.

Exp-4: Memory usage testing on various datasets. In this ex-
periment, we evaluate the memory usage of the proposed algo-
rithms Lz and LzPush with PM under both low-precision case (Fig.
8 (a)) and high-precision case (Fig. 8 (b)). Speci"cally, for the low-
precision case, we set 𝑇 = 5, 𝑆 = 10↔1 for social networks and
𝑇 = 20, 𝑆 = 10↔3 for road networks; for the high-precision case, we
set 𝑇 = 30, 𝑆 = 10↔3 for social networks and 𝑇 = 100, 𝑆 = 10↔5 for
road networks. From Fig. 8, we have the following observations: (1)
Both Lz and LzPush exhibit linear memory dependence on graph
size 𝑅, comparable to PM’s 3𝑅 requirement (storing three vectors),
with LzPush showingmarginally higher usage than Lz; Thememory
usage of LzPush is slightly higher than Lz. (2) Memory consump-
tion remains nearly identical across di#erent precision settings, as
our Lz implementation only maintains three vectors (v𝑉↔1, v𝑉 , v𝑉+1)
per iteration rather than the full matrix V = [v0, ..., v𝑁 ]. The mod-
est additional memory requirement of LzPush stems from storing
the candidate set 𝑛𝑉 and non-zero entries of v𝑉 during iterations,
though the overall space complexity remains 𝑀 (𝑅). Consequently,
our algorithms maintain memory e!ciency even for large-scale

5If 𝑚 is not contained in any triangle, we set 𝑛 (𝑚 ) = 1 to ensure the network is
connected.
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(a) Dblp (b) Youtube (c) LiveJournal (d) Orkut

Figure 4: Query time of di!erent algorithms for graphs with small condition number 𝐿

(a) powergrid (b) RoadNet-CA (c) RoadNet-PA (d) RoadNet-TX

Figure 5: Query time of di!erent algorithms for graphs with large condition number 𝐿

(a) weight-Dblp (b) weight-LiveJournal

Figure 6: Query time of di!erent algorithms for weighted
graphs

(a) ER (b) BA

Figure 7: Scalability testing on synthetic graphs

datasets, as their 𝑀 (𝑅) storage requirement is dominated by the
𝑀 (𝑁) space needed for the graph data itself.

Exp-5: Stability testing of Lz and LzPush under high precision.
In this experiment, we examines the error stability of our proposed
Lz and LzPush algorithms. Speci"cally, we vary the iteration num-
ber 𝑇 of Lz and LzPush from 5 to 150, and set 𝑆1 = 10↔3, 𝑆2 = 10↔5,

(a) low precision (b) high precision

Figure 8: Memory usage testing on di!erent datasets

𝑆3 = 10↔7 for LzPush to match di#erent absolute errors (See Fig.
9). The results demonstrate that with su!ciently large 𝑇 and small
𝑆 , both Lanczos algorithms achieve high-precision solutions while
converging

→
𝐿 times faster than PM. 6 As a result, Lz and LzPush

are both stable under high precision computation. Our "ndings
align with previous studies [27, 29]: Lanczos methods remain nu-
merically stable for matrix function computation. In our case, the
stability for RD computation stems from this phenomenon, since
L†(e𝑃 ↔ e𝑄 ) is matrix function. As a result, our algorithms do not
su#er unstable problem for high precision computation. Moreover,
there is an additional observation that when 𝑇 increases, the abso-
lute error produced by Lz drops exponentially, but the absolute error
produced by LzPush does not change drastically under 𝑆 = 10↔3
and 10↔5. These results suggest that the e!ciency of Lz mainly

6Comparing with previous studies [13, 20, 22, 33, 49], the 10↔7 absolute error for social
networks and 10↔3 absolute error for road networks is already very high precision for
RD computation. This is beacuse PM requires over 103 iterations for social networks
and 104 iterations for road networks to reach this error guarantee for the ground-truth
value computation.
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(a) Dblp (b) LiveJournal (c) powergrid (d) RoadNet-CA

Figure 9: Stability testing of Lz and LzPush with varying iteration number 𝑇 and 𝑆

(a) Dblp, Absolute Err (b) Dblp, runtime

Figure 10: The performance of Lz and LzPush with di!erent
query node select strategies. Lz ↔ R and LzPush ↔ R denote Lz
and LzPush selecting source node 𝑃 and sink node 𝑄 uniformly,
respectively. Lz ↔ D and LzPush ↔ D represent Lz and LzPush
selecting source node 𝑃 and sink node 𝑄 with the highest
degree, respectively.

(a) ER, Absolute Err (b) ER, runtime

Figure 11: The performance of Lz and LzPush on G(𝑅, 𝑈) with
varying density, where the density is de"ned as 𝑊 = 𝑅𝑈.

depends on 𝑇 , but the error produced by LzPush mainly depends
on 𝑆 for larger 𝑇 , which is consistent with our theoretical analysis.

Exp-6: Stability testing of Lz and LzPush under various den-
sity and node selection strategies. This experiment evaluates
the stability of Lz and LzPush in terms of: (i) various node selection
strategies; (ii) density of the datasets. Speci"cally, for the node selec-
tion strategies, we explores two strategies for selecting source node
𝑃 and sink node 𝑄 : (i) choosing the 10 nodes with the highest degrees,
and (ii) randomly selecting 10 nodes from the graph. For Lz and
LzPush, we set the parameter 𝑆 = 10↔3 and 𝑇 = 15. Fig. 10 presents
the results using box plots to depict the distribution of query quali-
ties and query times onDblp. As can be seen, we have the following
observations: (i) The error produced by Lz and LzPush is insensitive

to the node selection strategies. (ii) For di#erent source/sink node
selection strategies, the query time and Absolute Err do not di#er
signi"cantly. The overall observation is that the performance of
both Lz and LzPush do not heavily depend on the strategy of the
𝑃, 𝑄 node selection. For the density testing, we consider ER random
graph G(𝑅, 𝑈) with 𝑅 = 1000 nodes. We de"ne the density 𝑊 = 𝑅𝑈
and we vary 𝑊 = [5, 25, 50, 250] to generate datasets with di#erent
density. We set 𝑇 = 5 and 𝑆 = 0.1 for Lz and LzPush. Fig. 11 depicts
the results. We have the following observations: the runtime of
Lz grows linearly with the density of the graph, while LzPush is
insensitive to the density. Moreover, the absolute value drops when
the density 𝑊 becomes larger. This is mainly because the accurate
RD value is small for dense graphs.

Exp-7: The performance of LzPushwith varying𝑇 and 𝑆. In this
experiment, we explore the performance of LzPush under di#erent
setting of 𝑇 and 𝑆 on two typical datasets Dblp and RoadNet-CA.
Other datasets are ignored due to they have similar trends. Fig. 12
shows the heatmap to illustrate this result. As can be seen, we have
the following observations: (1) we observe each row from Fig. 12 (a)
and 12 (c). The conclusion is that on both two datasets, for each "xed
𝑆 , the absolute error produced by LzPush does not drastically drop
when 𝑇 increases. However, for a speci"c pre-selected 𝑇 (e.g., 𝑇 = 20
for Dblp and 𝑇 = 120 for RoadNet-CA), the di#erent setting of 𝑆
actually a#ect the performance of LzPush. Speci"cally, the absolute
error drops when 𝑆 becomes smaller. (2) the runtime of LzPush (i.e.,
Fig. 12 (b) and 12 (d)) both in$uenced by 𝑆 and 𝑇 . Speci"cally, larger
𝑇 and smaller 𝑆 resulting in longer runtime of LzPush. Thus, these
results align with our theoretical analysis.

Exp-8: Testing the reasonability of Assumption 1. In this ex-
periment, we test the we test whether Assumption 1 holds in nu-
merical experiments, which requires that 𝑐(T̂) ↖ [𝑐𝑇 (A), 𝑐2 (A)].
For clearer visualization, we examine the eigenvalues of I ↔ T and
"nd that 𝑐(I ↔ T̂) ↖ [𝑐2 (L), 𝑐𝑇 (L)]. For social networks we "x
𝑇 = 15, for road networks we "x 𝑇 = 100 while varying 𝑆 across dif-
ferent values. Fig. 13 show that shows that the eigenvalues of I ↔ T̂
always fall within the range of 𝑐(L) with the extremal eigenvalues
approaching 𝑐2 (L) and 𝑐𝑇 (L) as 𝑆 decreases. These results support
the reasonability of Assumption 1 and suggest that the Lanczos
Push algorithm may also be useful for approximating extremal
eigenvalues.

Exp-9: Testing the value of 𝑋1 and 𝑋2. Recall that in our theo-
retical analysis, the runtime bound for LzPush is 𝑀̃ (𝐿2.75𝑋1𝑋2/𝑆)
with two additional numbers 𝑋1 = max𝑈=𝑃,𝑄 ;𝑉↗𝑁 ⇐𝑑𝑉 (P)e𝑈 ⇐1 and
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(a) Dblp,Absolute Err (b) Dblp,runtime

(c) RoadNet-CA,Absolute Err (d) RoadNet-CA,runtime

Figure 12: The performance of LzPush with varying 𝑆 and 𝑇

(a) Social Networks (b) Road Networks

Figure 13: Testing the eigenvalue range of I ↔ T̂ for di!erent
datasets with varing 𝑆

𝑋2 = max𝑉↗𝑁 (⇐v̂𝑉 ⇐1 + ⇐Av̂+𝑉 ⇐1 + ⇐Av̂↔𝑉 ⇐1). In this experiment we
test the value of these two numbers with varying 𝑇 and 𝑆 . Speci"-
cally, for 𝑋1 we vary 𝑇 from 5 to 30 for social networks and 20 to
120 for road networks, with results shown in Fig. 14. We have the
following observations: (i) ⇐𝑑𝑉 (P)e𝑈 ⇐1 increases with both graph
size and 𝑇 , but experimentally scales better than its theoretical
worst case 𝑋1 ↗ →

𝑅 in Corollary 4.5. (ii) On graphs with poor
expansion (road networks), the growth rate of 𝑋1 is slower than
the datasets with good expansion (social networks). For 𝑋2, we "x
𝑇 = 15 for social networks, 𝑇 = 100 for road networks with varying
𝑆 , with results shown in Fig. 15. The observation is similar to 𝑋1:
⇐v̂𝑉 ⇐1, ⇐Av̂𝑉 ⇐1 increase with larger graph size and smaller 𝑆 , and
the growth rate on road networks is slower. These observations
further demonstrate that LzPush performs better on road networks
comparing with previous algorithms.

6.3 Case Study: Robust Routing on Road
Networks

One interesting application of the proposed methods is the robust
routing on road networks. One recent research [39] showing that
generating a set of alternates routes via electric $ows have the

(a) Social Networks (b) Road Networks

Figure 14: Testing the value of max𝑈=𝑃,𝑄 ;𝑉↗𝑁 ⇐𝑑𝑉 (P)e𝑈 ⇐1 with
varying 𝑇

(a) Social Networks, ⇐ v̂𝑁 ⇐1 (b) Road Networks, ⇐ v̂𝑁 ⇐1

(c) Social Networks, ⇐Av̂𝑁 ⇐1 (d) Road Networks, ⇐Av̂𝑁 ⇐1

Figure 15: Testing the value of max𝑉↗𝑁 ⇐v̂𝑉 ⇐1 and
max𝑉↗𝑁 ⇐Av̂𝑉 ⇐1 with varing 𝑆

advantage in terms of: (i) Stretch. Each alternate path does not too
muchworse than the shortest path. (ii)Diversity. The alternate paths
su!ciently di#ers from each other. (iii) Robustness. Under random
edge deletions, there will be a good route among the alternates
with high probability. Speci"cally, their algorithms left the electric
$ow computation as a crucial subroutine, which is closely related
to our RD computation problem.

De!nition 6.1. Given two nodes 𝑃, 𝑄 , the potential vector 𝜴 ≃ R𝑇
is de"ned by 𝜴 = L†(e𝑃 ↔ e𝑄 ). The electric $ow vector f ≃ R𝑅 is
de"ned by f (𝑟) = 𝜴 (𝑌) ↔ 𝜴 (𝑍) for each edge 𝑟 = (𝑌, 𝑍) ≃ E.

We show that the proposed Lanczos Algorithm can be directly
generalized to compute 𝜴 (and thus computing f) by only a single
line adjustment, see Algorithm 5. After this modi"cation, we prove
that the Lanczos Algorithm computes an accurate approximation
of f 7.

T!"#$"% 6.2. Algorithm 5 computes f̂ such that ⇐f ↔ f̂ ⇐1 ↗ 𝑆
when setting the iteration number 𝑇 = 𝑀 (→𝐿 log 𝑅

𝐿 ).
7We just provide the error analysis by Lanczos Algorithm for simplicity, though the
proposed Lanczos Push algorithm can also be modi"ed to compute the electric $ow.
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Algorithm 5: Robust routing using Lanczos Iteration.
Input: G, 𝑃, 𝑄,𝑁, 𝑏

1 𝜴̂ ⇑ Lanczos Iteration (G, 𝑃, 𝑄,𝑁) with "nal output modi"ed by

𝜴̂ =
√

1
𝑄𝐿

+ 1
𝑄𝑀

D↔1/2V(I ↔ T)↔1e1;
2 Compute f̂ by f̂ (𝑚 ) = 𝜴̂ (𝑈 ) ↔ 𝜴̂ (𝑘) for any 𝑚 = (𝑈, 𝑘) ≃ E;
3 for 𝑉 ≃ [2𝑏 ] do
4 Find a path P that maximizes the minimum $ow from f̂ along

its edges, and remove it from f̂ ;
5 If no P exists, break;
6 end
Output: 𝑏 paths with the smallest cost

Table 3: A comparison over di!erent methods for robust
routing

Metric/Methods Electric Flow Penalty Plateau

Stretch 1.15 1.64 1.09
Diversity 0.93 0.98 0.51
Robustness 0.95 0.85 0.52
Runtime 0.039 0.036 0.099

For the next step, we use the same strategy as [39] to compute 𝑓
robust paths using electric $ow f̂ : we iteratively "nd a path that
maximizes the minimum $ow from 𝑃 to 𝑄 , then remove the cor-
responding minimum $ow value from the edges it pass through.
We repeat this process 2𝑓 times and "nally "nd 𝑓 paths with the
smallest cost. We provide an running example on Boston extracted
from OpenStreetMap [12]. We randomly choose two node index
𝑃, 𝑄 . We choose 𝑓 = 10 alternative routes and 𝑇 = 150 for Lanczos
algorithm, we compare the electric $ow-based routing with SOTA
shortest path routing methods: Penalty and Plateau in terms of
three metrics following [39]: (i) Stretch: The average length of the
alternative paths over the length of 𝑃, 𝑄-shortest path; (ii) Diver-
sity: The average pairwise Jaccard similarity among all alternative
paths; (iii) Robustness: The probability that there is an alternative
path after random edge deletions. Speci"cally, we delete each edge
independently with probability 0.01 in our experiments. The exper-
imental results are reported in Table 6. As can be seen, the electric
$ow based routing output paths with better robustness and stretch
comparing with Penalty and with better robustness and diversity
comparing with Plateau. Moreover, the runtime using Lanczos al-
gorithm is comparable with the runtime of the SOTA methods. We
note that in previous studies, the main bottleneck for the electric
$ow-based routing is the computation of the potential 𝜴 [39]. Our
algorithm overcomes this bottleneck, enabling a fast and practical
solution for alternative routing.

7 RELATEDWORK
RD estimation with applications. There is a long line of research
regarding the estimation of RD. The current algorithms for RD
estimation can be broadly classi"ed in two categories: (i) RD com-
putation for multiple vertex pairs [9, 14, 16, 18, 40, 51]; (ii) RD com-
putation for single source or single vertex pair [13, 20, 22, 33, 49].
More speci"cally, for the "rst problem, the SOTA theoretical result
is the 𝑀̃ (𝑁 + (𝑅 + |𝑛 |)/𝑆1.5) time algorithm for 𝑆-approximates 𝑛

pairs of RD value for general undirected graphs [9]. For expander
graphs, the time complexity is recently reduced to 𝑀̃ (→𝑅𝑁/𝑆 + |𝑛 |)
while maintaining the same error guarantee [51]. For the second
problem, the SOTA algorithms [33, 49] estimate 𝑂G (𝑃, 𝑄) with 𝑆-
absolute error guarantee in 𝑀̃ (1/𝑆2) time for a given pair of nodes
𝑃, 𝑄 for expander graphs. In this paper, we focus on improving the ef-
"ciency of the local algorithm on non-expander graphs (i.e., 𝐿 is not
𝑀 (1)), so our research has independent interest over these previous
studies. The RD computation is widely used as a sub-procedure in
graph sparsi"cation [40], graph clustering [1], counting random
spanning trees [9, 18], robust routing of road networks [15] and
understanding oversquashing in GNNs [4].

Lanczos iteration. Lanczos iteration is a powerful algorithm both
theoretically and experimentally. In numerical analysis, understand-
ing the stability of Lanczos iteration in "nite precision is a key issue.
For example, [27, 29] analyze the error propagation of Lanczos it-
eration in "nite precision for matrix function approximation, [32]
studies the error bound for eigenvalue approximation by Lanczos it-
eration, [7] studies the stability of Lanczos algorithm under regular
spectral distributions. However, in this paper, in contrast to just an-
alyzing rounding errors produced by Lanczos iteration, we actively
create errors by our subset Lanczos recurrence (Eq. 5) to make our
algorithm implemented locally. As a result, our proposed techniques
have independent interest over these previous researches. Recently,
Lanczos iteration has also been applied in various graph algorithms.
For example, [30] use Lanczos iteration to compute the Heat Ker-
nel PageRank value, [5] use Lanczos iteration to compute the Katz
scores and commute times, [41] use stochastic Lanczos quadrature
to estimate the Von Neumann graph entropy, [3, 8] use stochastic
Lanczos quadrature to design the linear time algorithm to approxi-
mate the spectral density of a symmetric matrix, and [38] applies
Lanczos iteration on a subgraph to computes the extreme eigen-
vector for local clustering. However, all these previous researches
directly apply the Lanczos algorithm as a sub-procedure, while we
provide the "rst algorithm that modi"es the Lanczos algorithm by
implementing it locally. Finally, note that although our algorithm
is primarily designed to compute the RD value, it is also possible to
be generalized to more applications. These generalizations are left
to future work.

8 CONCLUSION
In this paper, we propose two e!cient algorithms for RD computa-
tion, i.e., the Lanczos iteration and Lanczos Push. Speci"cally, we
"rst show that the classical Lanczos iteration can be used to compute
the RD value. We prove that Lanczos iteration can be implemented
in 𝑀̃ (→𝐿𝑁) time to approximate the RD value with 𝑆-absolute er-
ror guarantee, which is

→
𝐿 times faster than the traditional Power

Method. Then, we develop a novel subset Lanczos recurrence tech-
nique to achieve a local algorithm for RD computation. Extensive
experimental results demonstrate that our algorithms signi"cantly
outperform existing SOTA methods for RD computation, especially
for large graphs and graphs with larger condition number 𝐿.
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