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ABSTRACT

High-dimensional approximate nearest neighbor (ANN) search pro-

vides efficiency and scalability that are fundamental to modern AI

applications such as retrieval-augmented generation and recom-

mendation systems. While vector quantization (VQ) methods excel

at compressing vectors for efficient search, existing approaches face

critical bottlenecks: (i) prolonged indexing times due to expensive

data-dependent training; (ii) slow query processing from quadratic

distance computations; and (iii) poor scalability on large datasets. In

this paper, we introduce a novel quantization framework that lever-

ages the orthogonal Johnson-Lindenstrauss (JL) transformation to

lay the foundation for resolving these bottlenecks. Our key insight

is that the JL transformation induces a predictable near-Gaussian

distribution with independent dimensions, enabling quick code-

book generation without expensive iterative training. Based on

this, we propose two algorithms: JQ (JL-enhanced Quantization)

achieves fast indexing through training-free codebook construction

while maintaining provable distance error bounds; and JHQ (JL-

enhanced Hierarchical Quantization) extends JQ with a two-level

architecture that uses primary quantization for rapid candidate fil-

tering and residual quantization for accurate refinement, achieving

a better query accuracy–speed trade-off on large-scale datasets.

Finally, extensive experiments on six benchmark datasets with up

to 3,072 dimensions demonstrate that our methods achieve 310×
query speedups over state-of-the-art baselines at ≥95% recall, with

10–30× index construction speedups. In particular, JHQ excels on

massive datasets, maintaining 210× higher queries per second at

>90% recall compared to JQ.
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1 INTRODUCTION

Nearest neighbor (NN) search is a fundamental operation in high-

dimensional spaces and is at the heart of applications such as

retrieval-augmented generation [23, 37], information retrieval

[35, 54], and recommendation systems [55]. However, exact NN

search is computationally prohibitive in high-dimensional spaces

due to the curse of dimensionality [10, 11, 31, 68]. In addition, the

ever-increasing data dimensionality may often result in memory

bandwidth constraints during the search [1]. In order to cater to

realistic constraints and achieve a better query accuracy-efficiency

trade-off, researchers and practitioners have turned to the approxi-

mate nearest neighbor (ANN) search, a paradigm which naturally

emerged as a practical alternative, yielding significant process-

ing gains at the expense of an acceptable error in accuracy. The

ANN works can be classified into four main categories: (1) Locality-

Sensitive Hashing (LSH)-based [19, 30, 58, 60]; (2) Vector Quanti-

zation (VQ)-based [21, 38, 50, 67]; (3) Tree-based [16, 45, 53, 56];

and (4) graph-based [17, 28, 40, 41] approaches. Among them, VQ

is particularly important since it excels at alleviating the memory

bandwidth pressure by compressing high-dimensional vectors into

compact codes, achieving high query throughput. However, its ac-

curacy is relatively low. In this paper, we present a novel VQ-based

approach with higher accuracy, while maintaining the advantages

in query processing.

Over the years, a plethora of VQ-based ANN algorithms have

been proposed to improve query accuracy. For instance, Product

Quantization (PQ) [33] compresses vectors by partitioning the vec-

tor space into subspaces, learns a codebook for each subspace, and

uses the learned codebooks for fast table lookup in query processing.

However, PQ relies on the assumption of subspace independence,

which, as a consequence, leads to low accuracy on correlated data

[7, 24, 42]. Its optimized variants [24, 47] propose to reduce the cor-

relation by training an orthogonal matrix, but they also introduce

𝑂 (𝑑3) training overhead (where 𝑑 indicates the dimensionality). As

an alternative, Residual Vector Quantization (RVQ) [13] removes

the assumption by operating in full-dimensional space. Specifically,

it hierarchically approximates vectors with full-dimensional code-

books, with each subsequent level refining the quantization error of

the previous one. However, it suffers from diminishing returns and

intensive codebook training due to degrading residual entropy [38].

Additive Quantization (AQ) and its improvements [7, 8, 42, 43, 72]

further relax RVQ’s sequential constraint and represent vectors

with multiple interdependent codebooks, achieving higher accu-

racy, but at the cost of NP-hard encoding and quadratic query

complexity. Other RVQ variants [38, 50] demonstrate a potential

to surpass AQ approaches through sophisticated optimizations but

remain training-intensive [50].
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Observations.Despite various attempts to improve the accuracy

of VQ-based methods, there remain three important bottlenecks:

B1. Increased indexing time: Recent advances aim to reduce quan-

tization error by relaxing the subspace independence assumption,

but they typically involve computationally intensive training pro-

cedures that significantly prolong index construction time;

B2. Slower query processing: To boost accuracy, both RVQ- and

AQ-based methods use multiple full-dimensional codebooks. This

requires calculations between pairs of codebooks to encode each

vector, making the query processing quadratically slower than the

simple codebook lookup;

B3. Scalability issue with large datasets: As the dataset size grows,
vectors are more likely to be quantized to the same code, which

could reduce query accuracy. But if we prolong the quantization

code for more accurate query processing, it will slow down query

speed, adversely affecting the query performance aspect of the

trade-off on large datasets.

Essentially, existing VQ-based methods boost query accuracy

with extensive codebook training to adapt to the underlying data

distribution via iterative optimization. Since the data distribution

is unknown beforehand and varies across different datasets, the

search space for optimal codebooks is enormous, making the prob-

lem NP-hard [7]. This naturally raises the question: can we im-

prove the indexing time by first transforming the dataset into one

with a known distribution? This would enable the codebook to

be computed more efficiently, without time-consuming training.

Complementarily, as the query processing of existing VQ-based

methods is slowed down by expensive distance computation with

complex codebooks, we can achieve faster query processing if the

codebooks can be constructed for fast distance calculation. Lastly,

to improve the trade-off between the query speed and accuracy

in large-scale datasets, how about quickly filtering the candidates

with short codes and refining them with more precise quantization

code for higher accuracy?

Challenges. Towards exploring the potential of this idea and

overcoming the three bottlenecks, we identify the following chal-

lenges and, along the way, highlight the main ideas of our approach:

Challenge 1: How to keep index construction time low while main-
taining high recall? As analyzed, it is possible to construct an index

quickly by getting rid of the expensive training, by transforming the

datasets into a determined or known distribution. To make this idea

feasible, the transformation is required to satisfy two conditions:

First, it must preserve the distance ranking, i.e., for any vector, its

top-𝑘 nearest neighbors remain the same after transformation, so as

to maintain the query accuracy; Second, the transformation should

be fast enough and not to bring significant additional computa-

tional overhead, so that the saved time will not be canceled out.

Having these requirements in mind, we discover a nicely matched

approach, the orthogonal Johnson–Lindenstrauss (JL) transforma-

tion, whose properties are detailed in Section 3. Importantly, we

find that it transforms so that it follows an identical, near-Gaussian

distribution. That means we can use and share one scalar (i.e., one-

dimensional) codebook among all dimensions for quantization. As

a result, this strategy successfully resolves B1 since it can largely

reduce indexing time by getting rid of training overhead. It can also

achieve high query accuracy with near-optimal quantization error,

but its query processing is even slower than exhaustive search.

Challenge 2: With the fast index construction, can we continue
to accelerate the query processing? The JL-based strategy essen-

tially obtains the gain in indexing time and query accuracy at the

cost of query speed. To further improve the performance aspect

of the trade-off, we need to seek an approach that retains the ben-

efits of JL transformation while improving the query efficiency,

which is essentially constrained by the length of the quantization

code. Therefore, instead of quantizing each dimension separately,

we propose our JL-enhanced vector quantization (JQ) algorithm

by dividing the full dimensionality into multiple small subspaces

and applying a compact vector quantizer to each subspace. In this

way, the quantization code can be shorter, which would support

faster query answering and help to resolve B2. We discover that the

subspace independence holds right after the orthogonal JL trans-

formation, and the subspace dependence is precisely the root cause

of various designs to boost the query accuracy in existing methods.

So our JQ method can potentially achieve high accuracy, and we

prove that its distance distortion error is bounded.

Challenge 3: How to maintain the query performance in large-
scale datasets? Although our JQ algorithm achieves both high query

speed and accuracy, its performance could degradewhen the dataset

size becomes larger, since it would be more difficult to discriminate

between vectors with quantization codes of the same number of bits.

We canmaintain the query accuracy by prolonging the quantization

code, but it will slow down the query processing. To resolve the

conflict between query speed and accuracy with large datasets, we

design a hierarchical quantization architecture (JHQ) by integrating

quantization codes with different levels of precision. To be specific,

we leverage short codes with relatively low quantization precision

to quickly select a small candidate set. Then, a quantization with

high precision is leveraged in the small set to obtain the final query

results with high accuracy. This hierarchical design delivers the

best of both worlds: high query processing speed with the coarse

search quickly pruning the search space, while high accuracy with

the long quantization code applied to the candidates. Moreover, the

candidate set size is tunable, which supports a flexible trade-off

between query speed and accuracy.

Our contributions can be summarized as follows:

(1) We identify the bottlenecks (cf. B1, B2, and B3) in existing VQ-

based ANN algorithms and discover a vector transformation

method, JL, that can potentially resolve them.

(2) We design a scalar quantization solution with fast index con-

struction (cf. B1) by proving the distance preservation and lever-

aging the dimensional independence property of JL.

(3) To achieve faster query processing (cf. B2), we propose a novel

JL-enhanced algorithm JQ by quantizing vectors with com-

pact codes, and prove that JQ can maintain high accuracy with

bounded distance error.

(4) To deal with the scalability issue (cf. B3), we put forward a hi-

erarchical quantization architecture JHQ that enables a flexible

trade-off between query speed and accuracy.

(5) We conduct extensive experiments on six large-scale, high-

dimensional benchmark datasets. The results demonstrate that

our algorithms JQ and JHQ can achieve the best query perfor-

mance in most datasets with much faster index construction,

compared to the state-of-the-art baselines.
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We note that due to space constraints, the proofs of the Lemmas

and Theorems, along with additional experiments supporting the

quantitative observations, have been moved to an Appendix, which

is publicly available at https://github.com/jiabhan/JHQ.

2 PRELIMINARIES

We now formally define the ANN search problem and review the

key concepts of vector quantization that form the basis of our work.

2.1 Problem Setting

Let X = {x1, . . . , x𝑛} ⊂ R𝑑×𝑛 (𝑛 ∈ N+
) denote a database of 𝑛

points with dimensionality 𝑑 . Given a query point q ∈ R𝑑 , the goal
of k-Nearest Neighbor (𝑘NN) search is to find the set N𝑘 (q) ⊂ X
containing the top-𝑘 closest points to q, based on a given distance

function 𝑑 (·, ·). As exact 𝑘NN search is computationally infeasible

in high dimensions, practical systems rely on Approximate 𝑘NN

(ANN) search. This approach returns an approximate result set

N ′
𝑘
(q), where ∀x′ ∈ N ′

𝑘
(q), it satisfies 𝑑 (q, x′) ≤ (1 + 𝜀)𝑑 (q, x∗k)

with 𝑥∗
𝑘
being the true 𝑘-th nearest neighbor of q. For convenience

in evaluation, we usually do not calculate the exact value of 𝜀 (cf.

[18]), instead, we use recall@𝑘 as the practical measure of search

accuracy, defined as

recall@𝑘 =
|N ′
𝑘
(q) ∩ N𝑘 (q) |

𝑘
. (1)

The performance of an ANN algorithm is usually measured

by the trade-off between its search speed and accuracy. In this

paper, we aim to design an ANN algorithm that achieves a superior

accuracy-speed trade-off compared to existing methods.

For ease of reading, some important notations used throughout

this paper are listed in Table 1.

Table 1: Important Notations

Notation Meaning

X vector dataset

𝑛,𝑑 size, dimension of vector dataset

Y Transformed dataset

𝑀 subspace number

𝑚 index of subspace, 1 ≤ 𝑚 ≤ 𝑀
𝐶𝑚

codebook in subspace𝑚

C𝑚
𝑗

the 𝑗 -th codeword (i.e., centroid) in subspace𝑚

𝐵 bits number for quantization in each subspace

𝐾 number of codewords in each subspace, 𝐾 = 2
𝐵

Π orthogonal rotation matrix

𝑇𝑚
lookup table in the subspace𝑚

𝑑 (q, x) distance between vector q and x
𝑑approx (q, x) approximate distance between vector q and x
𝐼 iteration number of k-means.

𝜎 per-dimension standard deviation after JL transformation

𝜀 distance error bound (subscript indicates context)

2.2 Existing Solutions

The basic idea of Vector Quantization is to turn high-dimensional

vectors into short codes and construct lookup tables for fast re-

trieval. While a large body of literature is available on VQ (see [44]

for a comprehensive survey), we restrict our presentation to the

core concepts of Product Quantizers and Residual Quantizers, as

they are essential for understanding the contributions of this work.

Product Quantizers (PQ). The core idea of PQ is to com-

press a high-dimensional vector x ∈ R𝑑 into a compact code.

This is achieved by partitioning the vector into 𝑀 distinct lower-

dimensional sub-vectors, followed by quantizing each sub-vector

into a B-bit compact code independently, and concatenating them

as the final compact code. In each subspace, 𝐾 centroids (i.e., code-

words) are learned via k-means clustering and form a sub-codebook

𝐶𝑚 (1 ≤ 𝑚 ≤ 𝑀). As a result, each subspace is partitioned into

𝐾 = 2
𝐵
clusters. Then each sub-vector is mapped to the index of

its nearest codeword. We denote the 𝑗-th codeword in the 𝑚-th

subspace as c𝑚𝑗 (1 ≤ 𝑚 ≤ 𝑀, 1 ≤ 𝑗 ≤ 𝐾) and x’s code is denoted
as ⟨ 𝑗1, 𝑗2, . . . , 𝑗𝑀 ⟩, where 𝑗𝑖 indicates that x’s sub-vector is mapped

to c𝑖𝑗𝑖 in the 𝑖-th subspace. As a result, 𝐾𝑀 codewords in the full

space can be enumerated and represented by storing 𝑀 × 𝐾 sub-

codewords.

Example 1. As illustrated in Figure 1(a), a 4-dimensional vec-
tor x = ⟨2.1, 2.3, 3.5, 7.1⟩ is partitioned into 𝑀 = 2 sub-vectors:
x1 = ⟨2.1, 2.3⟩ and x2 = ⟨3.5, 7.1⟩. Each sub-vector is quantized
into a 2-bit code with 𝐵 = 2, hence each subspace is partitioned
into 2

𝐵 = 2
2 = 4 parts. The nearest codeword for x1 is the 3rd in

the 1st subspace, i.e., c1
3
, and for x2, it is the 1st in the 2nd sub-

space, i.e., c2
1
. This yields the final PQ-code for x as the tuple of

codeword IDs ⟨3, 1⟩. In the query stage, for a given query vector
q, it is first partitioned into𝑀 sub-vectors of query ⟨q1, q2, . . . , qM⟩,
then its distance lookup table (LUT) is pre-computed by storing the
distances between the query’s sub-vectors qi and all corresponding
sub-codewords ⟨c𝑖

1
, c𝑖

2
, . . . , c𝑖

𝐾
⟩, (1 ≤ 𝑖 ≤ 𝑀). Its distance to a data-

base vector x is approximated by retrieving the corresponding pre-
computed distances from the LUT with x’s code ⟨ 𝑗1, 𝑗2, . . . , 𝑗𝑀 ⟩, i.e.,
𝑑 (q, x)=∑︁𝑀

𝑚=1 𝑑 (qm, cmjm ). This distance computation method is also
called Asymmetric Distance Computation (ADC) since it uses q’s orig-
inal vector while x’s quantized code. It reduces the distance calculation
to a small number of memory lookups and additions. For example, in
Figure 1(b), the LUT of a query q = ⟨4.5, 5.0, 6.2, 5.8⟩ is pre-computed
as 𝑑 (q, x)=𝑑 (q1, c1

3
) + 𝑑 (q2, c2

1
)=15.38 + 53.70 = 69.08.

Residual Quantizers (RQ). RQ is designed to achieve lower

quantization error than PQ by approximating a vector as the sum of

several full-dimensional codewords. In stage 1, the first codebook

𝐶1
is built to contain 𝐾 centroids (i.e., codewords) c1𝑗 (1 ≤ 𝑗 ≤ 𝐾)

of the original dataset X. For a vector x, suppose x̃1 is its closest
codeword in 𝐶1

. In stage 2, with the residual errors r1 = x − x̃1,
∀x ∈ X collected as a dataset X1, the second codebook 𝐶2

is built

to contain the 𝐾 centroids of X1. Then x̃2 is selected from𝐶2
as the

closest codeword to r1 and r2 = r1 − x̃2, ∀r1 ∈ X1 are collected as a

dataset X2 to build the third codebook𝐶
3
in stage 3. This continues

for 𝑀 stages with 𝑀 codebooks constructed, and each stage of

quantization aims to correct the error from the previous one. The

final approximation of x is the sum of the codewords selected at

each stage, i.e., x̂ =
∑︁𝑀
𝑚=1 x̃𝑚 .

Example 2. As illustrated in Figure 1(c), the RQ process with
x = ⟨2.1, 2.3, 3.5, 7.1⟩ and 𝑀 = 2. Suppose each vector is quantized
into a 3-bit compact code, then 𝐾 = 2

3 = 8, hence the dataset in both
the original and residual spaces is partitioned into 8 clusters. The first
codeword x̃1 =⟨2.0, 2.5, 3.8, 7.0⟩ is selected from 𝐶1 to approximate
x. This leaves a residual error r1 = x − x̃1 = ⟨0.1,−0.2,−0.3, 0.1⟩,
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(a) The Product Quantization (PQ) Encoding Process. (b) Asymmetric Distance Computation (ADC) for PQ.

𝐜!", 𝐪𝟐
" = 53.70𝐜!!, 𝐪𝟏

" = 19.31

𝐜"", 𝐪𝟐
"
= 79.25𝐜"!, 𝐪𝟏

"
= 25.87

𝐜%", 𝐪𝟐
" = 18.88𝐜%!, 𝐪𝟏

" = 15.38

𝐜&", 𝐪𝟐
" = 46.84𝐜&!, 𝐪𝟏

" = 18.27

Query	𝐪: 4.5, 5.0, 6.2, 5.8

𝐪𝟏 𝐪𝟐

Calculate the distance lookup table 
(LUT) with the codebook

𝐱,	𝐪 " ≈ 15.38 + 53.70 = 69.08

Vector	𝐱: 2.1, 2.3, 3.5, 7.1

⟨3.5, 7.1⟩⟨2.1, 2.3⟩

PQ-code: ⟨3, 1⟩ 𝐜!" ≔ ⟨3.22, 6.98⟩𝐜!! ≔ ⟨2.21, 8.75⟩

𝐜"" ≔ ⟨8.81, 9.32⟩𝐜"! ≔ ⟨8.31, 8.37⟩

𝐜%" ≔ ⟨1.22, 2.02⟩𝐜%! ≔ ⟨1.95, 2.02⟩

𝐜&" ≔ ⟨7.03, 3.12⟩𝐜&! ≔ ⟨7.83, 2.32⟩

Run 𝑘-means clustering on subspace to 
train the codebook (𝑀×𝐾 centroids)

Subvector	𝐱!:

𝐜!" ≔ ⟨0.15,−0.15,−0.25, 0.15⟩

𝐜"" ≔ ⟨−0.30, 0.25, 0.20,−0.10⟩

𝐜%" ≔ ⟨0.35, 0.30,−0.15, 0.25⟩

…

𝐜'" ≔ ⟨0.25,−0.25,−0.30, 0.35⟩

Vector	𝐱: 2.1, 2.3, 3.5, 7.1
𝑟!

Codebook for original space

Codebook for residual space

	𝐱% = 2.0, 2.5, 3.8, 7.0 + 0.15,−0.15,−0.25, 0.15 = 〈2.15, 2.35, 3.55, 7.15⟩, RQ-code: ⟨1, 2⟩

𝐜!! ≔ ⟨2.0, 2.5, 3.8, 7.0⟩

𝐜"! ≔ ⟨0.5, 1.0, 2.2, 5.5⟩

𝐜%! ≔ ⟨3.5, 1.0, 4.2, 8.0⟩

…

𝐜'! ≔ ⟨3.0, 2.5, 4.0, 7.8⟩

(c) The Sequential Encoding Process of Residual Quantization (RQ).

Original Space

Residual Space

𝐱!:
𝐶""

𝐶!"

𝐶#"
𝐶$"

𝐶%"

𝐶&"

𝐶'"

𝐶("

𝐶#!

𝐶$!
𝐶%!

𝐶&! 𝐶'!

𝐶(!

𝐶"!

𝐶!!

Figure 1: Core mechanisms of Product Quantization (PQ) and Residual Quantization (RQ).

based on which the second codeword x̃2 = ⟨0.15,−0.15,−0.25, 0.15⟩ is
selected from 𝐶2. Then the final approximation of x is x̂ = x̃1 + x̃2 =
⟨2.15, 2.35, 3.55, 7.15⟩.

RQ’s additive structure directly impacts search performance.

The computational complexity for the squared Euclidean distance,

∥q − x̂∥2, arises from the expansion of the vector norm ∥x̂∥2. Since
the approximation x̂ is a sum of𝑀 non-orthogonal codewords, its

squared norm expands to include costly cross-terms:

∥x̂∥2 = ∥
𝑀∑︂
𝑚=1

x̃𝑚 ∥2 =
𝑀∑︂
𝑚=1

∥x̃𝑚 ∥2 +
𝑀∑︂
𝑖≠𝑗

⟨x̃𝑖 , x̃𝑗 ⟩. (2)

The second term in the equation, representing the dot products

between all pairs of codewords from different stages, must be com-

puted. This requires 𝑂 (𝑀2) lookups, making the distance calcula-

tion more expensive than the linear 𝑂 (𝑀) complexity of PQ.

3 JL-ENHANCED VECTOR QUANTIZATION

We now introduce the JL transformation along with its properties,

used for our naive JL-enhanced quantization algorithm.

3.1 Theoretical Foundations of JL Transform

Our approach is built upon a fundamental preprocessing step

through the orthogonal JL transformation, which is defined next.

Definition 1 (Orthogonal JL transformation). Given a
dataset X ⊂ R𝑑×𝑛 , the orthogonal JL transformation randomizes
this dataset by multiplying it by a random rotation matrix Π, i.e.,
ΠX =Y, whereY ⊂ R𝑑×𝑛 is the transformed dataset and Π ∈ R𝑑×𝑑

is an orthogonal matrix.

Given the dimension 𝑑 of the dataset X, we obtain Π ∈ R𝑑×𝑑

independently of X by sampling a Gaussian matrix 𝐺 ∈ R𝑑×𝑑 with

𝐺𝑖 𝑗 ∼N(0, 1), computing its QR-decomposition [20] with 𝐺 =𝑄𝑅,

and setting Π =𝑄 . It takes𝑂 (𝑑3) time to obtain Π. To guarantee the
ANN query accuracy, we fundamentally require that the distance
order is preserved after transformation, i.e., for any vector x ∈ R𝑑 ,

its𝑘NN inX is the same as inY. Otherwise, the search implemented

onY will generate results that deviate from the true ones, reducing

recall. The following Lemma indicates that the distance order can
be well preserved after the JL transformation.

Example 3. Consider a 4-dimensional dataset. We generate the
orthogonal matrix Π as follows:
(1) Generate a random matrix G ∈ R4×4 with entries 𝑔𝑖 𝑗 ∼ N(0, 1):

G =

⎛⎜⎜⎜⎝
1.24 −0.51 0.83 −0.27
0.62 1.17 −0.45 0.91

−0.38 0.74 1.32 −0.56
0.89 −0.23 0.67 1.08

⎞⎟⎟⎟⎠
(2) Apply QR decomposition on 𝐺 with G = QR, and take Π =𝑄 :

Π = Q ≈
⎛⎜⎜⎜⎝
0.73 −0.23 0.27 0.58

0.37 0.85 −0.37 0.05

−0.22 0.47 0.85 0.07

0.53 −0.07 0.24 −0.81

⎞⎟⎟⎟⎠
(3) For a vector x = [0.71, 0.36, 0.21, 0.57]𝑇 , the transformation yields

(values rounded to 2 decimal places):

y = Πx ≈ [0.82, 0.51, 0.23,−0.06]𝑇

Lemma 1 (Distance Preservation). For any vectors x, y ∈
R𝑑 , the transformation Π preserves their distance, i.e., 𝑑 (x, y) =

𝑑 (Πx,Πy), when d(,) is inner product, cosine, or Euclidean distance.

We note that these three distances are typically used in ANN

benchmarks. Since the distance is preserved after the transforma-

tion, it is easy to see that the distance order is preserved as well,

which lays a theoretically solid foundation for further design.

Next, we use Lemma 2 (which is derived from [70]) to demon-

strate that the transformed datasetY has a determined distribution

[70], though the distribution of the original dataset X is unknown.

Lemma 2. Let x ∈ R𝑑 be a 𝑑-dimensional vector, where 𝑟 = ∥x∥
is the length of x. Π ∈ R𝑑×𝑑 is a random orthogonal matrix; we
denote y = Πx, where each dimension 𝑦𝑖 has a mean of 0 and a
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Figure 2: The workflow of JQ

variance of 𝑟 2/𝑑 . For x ∈ X, we define the average per-dimension
variance as 𝜎2 = Ex [∥x∥2]/𝑑, where Ex [·] denotes expectation over
X. As the dimension 𝑑 grows, the distribution of each dimension
𝑦𝑖 can be approximated as a one-dimensional normal distribution
𝑦𝑖 ∼ N(0, 𝜎2).

From the above Lemma, we can deduce that each dimension

in the transformed dataset Y follows a near-Gaussian distribu-

tion. This indicates that we can use and share one scalar codebook

among all dimensions for vector quantization. Meanwhile, with the

determined distribution, we can generate the codebook quickly by

eliminating the expensive iterations in k-means clustering. Specifi-

cally, for one codebook of size 𝐾 = 2
𝐵
, where 𝐵 denotes the number

of bits per dimension, we can compute each Lloyd-Max codeword

in 𝑂 (1) time by using the inverse cumulative distribution function:

𝑐𝑖 = 𝜎
√
2 · erf−1 (2𝑞𝑖 − 1), 𝑞𝑖 =

𝑖 − 0.5

𝐾
, 𝑖 = 1, . . . , 𝐾 (3)

where 𝜎2 = E[∥x∥2]/𝑑 , erf−1 is the inverse of the error function
erf(𝑥) = 2√

𝜋

∫ 𝑥
0
𝑒−𝑡

2

d𝑡 . This reduces the time complexity of code-

book generation from𝑂 (𝐼 ·𝑛 ·𝐾) with k-means clustering to𝑂 (𝐾),
where 𝐼 is the number of k-means iterations.

Importantly, this scalar codebook is of high precision as each

dimension is quantized independently, but can result in slow query

processing. For each query, it takes𝑂 (𝑑𝐾) time to build the lookup

tables, since each dimension has one lookup table with 𝐾 distance

calculations. The Asymmetric Distance Computation for each vector

takes𝑂 (𝑑) time. Then it takes𝑂 (𝑑 (𝐾 +𝑛)) time in total to compute

the distance to 𝑛 vectors in the dataset to obtain the query result,

which is even slower than the brute-force search with 𝑂 (𝑑𝑛) time.

Therefore, the query processing could be rather slow.

3.2 JL-Enhanced Quantization (JQ)

To address the slow query answering with scalar codebooks, we in-

troduce a novel algorithm, JL-enhanced Quantization (JQ). As illus-

trated in Figure 2, we first apply the JL transformation to the dataset

and partition the transformed dataset into 𝑀 subspaces. Next, in

each subspace, one codebook is constructed through the Cartesian

product of each dimension’s Lloyd-Max codewords, which is gen-

erated by the inverse cumulative distribution function under the

Gaussian distribution. Given a query vector, we transform it and

partition it into𝑀 query sub-vectors and their distances to code-

words in the corresponding codebook are calculated to form the

lookup table. Then the distance from the query vector to database

vectors can be computed with Asymmetric Distance Computation
by checking the lookup tables, to obtain the final nearest neigh-

bors. Specifically, JQ consists of three phases: (1) JL transformation

and space partitioning, (2) codebook construction, and (3) query

processing, which are elaborated below.

JL Transformation and Space Partitioning.We apply the or-

thogonal JL transformation to X and compute y = Πx for each data

vector x ∈ X. The transformed vector y is then partitioned into sub-

spaces y = [y(1) , y(2) , . . . , y(𝑀 ) ] where y(𝑚) ∈ R𝐷𝑠 (1 ≤ 𝑚 ≤ 𝑀)
and 𝐷𝑠 = 𝑑/𝑀 is the dimension of each subspace. For the 𝑚-

th subspace, y(𝑚)
is quantized to the nearest codeword ŷ(𝑚) =

argminc∈𝐶 (𝑚) ∥y(𝑚) − c∥2, where 𝐶 (𝑚) = {c𝑚
𝑘
}𝐾
𝑘=1

is the codebook

for subspace𝑚 with 𝐾 = 2
𝐵
codewords. The final code of each vec-

tor is the sequence of subspace indices: code(x) = [𝑞1, 𝑞2, . . . , 𝑞𝑀 ],
where 𝑞𝑚 is the index of ŷ(𝑚)

in 𝐶 (𝑚)
. It takes 𝑂 (𝑛𝑑2) time to

implement the JL transformation on X.

Codebook Construction. The codebook is constructed by se-

lecting centroids, i.e., codewords, in each subspace of the trans-

formed dataset Y. Based on the near-Gaussian distribution of Y,

we propose to calculate codewords directly without leveraging the

k-means method. First, we show that the centroids of two similar

distributions are close enough, based on the following Lemma.

Lemma 3. Let 𝑃 and 𝑄 be two probability distributions on R𝐷𝑠

with finite variance. If the distributions are close in the sense that
their 2-Wasserstein distance [66] satisfies𝑊2 (𝑃,𝑄) ≤ 𝜀, then their
optimal centroids under squared error loss satisfy ∥c

𝑃
− c

𝑄
∥ ≤ 𝜀.

We construct the codebook of each subspace by taking the Carte-

sian Product of Lloyd-Max codewords across 𝐷𝑠 dimensions. To

get a codebook of size 𝐾 = 2
𝐵
, we need to compute 𝐾1/𝐷𝑠

Lloyd-

Max codewords to obtain 𝐾 = (𝐾1/𝐷𝑠 )𝐷𝑠
centroids with Cartesian

Product. Each codeword can be calculated with 𝑂 (1) using:

𝑐𝑚𝑗𝑖 =

√︃
2

𝑑
· erf−1 (2𝑞𝑖 − 1), 𝑞𝑖 =

𝑖 − 0.5

𝐾1/𝐷𝑠
(4)

where 𝑖 = 1, . . . , 𝐾1/𝐷𝑠 , 𝑗 = 1, . . . , 𝐷𝑠 . Then the codebook of the

subspace𝑚 is constructed through Cartesian Product of Lloyd-Max

codewords in each dimension 𝑗 : 𝐶𝑚 = c𝑚1 × c𝑚2 × · · · × c𝑚𝐷𝑠
with

c𝑚𝑗 = [𝑐𝑚𝑗1, 𝑐𝑚𝑗2, . . . , 𝑐𝑚𝑗𝐾1/𝐷𝑠
]𝑇 and |𝐶𝑚 | = 𝐾 . Therefore, the time

complexity to construct the codebooks is 𝑂 (𝑀𝐾) in total, which is

much smaller than the construction by k-means with 𝑂 (𝐼𝑛𝐾𝐷𝑠𝑀).
Query Processing. JQ enables efficient distance computation by

checking the lookup tables. In the query processing stage, given a

query vector q, we start by applying the JL transformation on it with

q
JL
= Πq and divide it into𝑀 sub-query vectors {q𝑚

JL

}, (1 ≤𝑚 ≤ 𝑀).
Then q’s lookup tables𝑇𝑚 in each subspace𝑚 are constructed with

𝑇𝑚 [𝑘] = 𝑑 (q𝑚
JL

, c𝑚
𝑘
) (1 ≤ 𝑘 ≤ 𝐾 and 1 ≤𝑚 ≤ 𝑀), where c𝑚

𝑘
denotes

the 𝑘-th codeword in 𝐶𝑚 . Its distance to a database vector x is

𝑑 (q, x) = 𝑑 (q
JL
,Πx) according to Lemma 1. Denoting Πx = y, then

𝑑 (q, x) = 𝑑 (q
JL
, y) = ∑︁𝑀

𝑚=1 𝑑 (q𝑚JL , y
(𝑚) ). Suppose x’s quantization

code is [𝑞1, . . . , 𝑞𝑀 ], where 𝑞𝑚 is the index of the closest codeword

to q𝑚
JL

in 𝐶𝑚 . The distance can be approximated with Asymmet-
ric Distance Computation as 𝑑approx (q, x) =

∑︁𝑀
𝑚=1 𝑑 (q𝑚JL , ŷ

(𝑚) ) =∑︁𝑀
𝑚=1𝑇

𝑚 [𝑞𝑚], requiring𝑀 lookups with 𝑂 (𝑀) time.
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Figure 3: The architecture of JHQ

Therefore, it takes𝑂 (𝑀𝑛+𝑑𝐾 +𝑛 log𝑘) time in total for process-

ing each query, where 𝑂 (𝑀𝑛) is the time to compute the distance

from q to 𝑛 vectors, 𝑂 (𝑀𝐾𝐷𝑠 ) = 𝑂 (𝑑𝐾) is the time to build the

lookup table and𝑂 (𝑛 log𝑘) is the time to sort distances for the final

𝑘NN results. It is faster than the scalar codebook (cf. Section 3.1)

and is the same as that of PQ. Nevertheless, with the independence

among dimensions in the transformed dataset based on Lemma 2,

our algorithm will achieve higher accuracy, since PQ’s performance

has been constrained by the subspace dependence (cf. Section 1).

3.3 Distance Error Bound

We now show that the distance error in the JQ algorithm can be

bounded under the Euclidean distance metric.

Theorem 4. Given a query vector q and a dataset vector x ∈ X,
the Euclidean distance error can be bounded with probability 𝑃𝜀
as follows: 𝜀JQ = 𝑑 (q, x) − 𝑑approx (q, x) ≤

√
𝑀𝐷𝑠 · (−𝑐1) , where

𝑃𝜀 = Φ
(︁ −𝑐1
𝜎

)︁
− Φ

(︁ 𝑐1
𝜎

)︁
with 𝜎 =

√︁
E[∥x∥2]/𝑑 , 𝑐1 = 𝜎

√
2 ·

erf−1
(︂

1

𝐾1/𝐷𝑠
− 1

)︂
, (𝑐1 < 0), and Φ is the standard normal CDF.

Although the distance error of JQ can be bounded, it faces a scal-

ability issue. With the dataset partitioned into𝑀 subspaces and 𝐵

bits for a quantization in each subspace, there are 2
𝑀𝐵

quantization

codes in total. For a dataset of size 𝑛, the average collision count of

quantization code is 𝑛/2𝑀𝐵 . As 𝑛 becomes larger, it is more likely

that two vectors will share one quantization code. In other words,

it is more difficult to discriminate between vectors based on their

quantization code which, in turn, could directly affect the query

accuracy. As a result, we need to quantize vectors with a longer

code to better differentiate them, such that the query accuracy can

be maintained. However, a longer code will require larger index

storage and reduce the speed of query processing.

4 JL-ENHANCED HIERARCHICAL

QUANTIZATION (JHQ)

To resolve the scalability issue, i.e., the conflict between query speed

and accuracy on larger datasets, we introduce a novel quantization

structure that effectively balances this trade-off.

4.1 Hierarchical Quantization Architecture

The general idea of JHQ is to quickly identify the candidates with

short codes and then refine the quantization with longer codes

for higher accuracy. As illustrated in Figure 3, our JHQ algorithm

uses a two-level architecture: in the primary level, the transformed

dataset is partitioned into 𝑀 subspaces and a codebook is con-

structed in each subspace. In the residual level, we use the database

sub-vector’s closest codeword in the codebook to approximate it

and denote the difference as the residual sub-vector. Then every one-

dimensional value from the residual sub-vectors is collected and

one-dimensional Lloyd–Max quantization is implemented to obtain

their centroids, which form the scalar codebook. Given a query

vector, we transform it and partition it into𝑀 query sub-vectors.

In each subspace, lookup tables are constructed by calculating the

distance from query sub-vector to each codeword in the codebook;

the scalar lookup table is built by calculating the difference be-

tween the values in query sub-vector and each codeword in scalar

codebook. Then the composite distance is calculated through ADC

by checking lookup tables in both primary and residual levels to

get the final query results. By applying the expensive and high-

precision quantization only on promising candidates, this design

enables high query accuracy without compromising query speed.

Next, we discuss the principle of index (i.e., codebook) construc-

tion (Section 4.2) and the query processing (Section 4.3).

4.2 JHQ Codebook Construction

Codebooks for the primary and residual levels are built separately.

Primary Level.The primary level implements JQ as described in

Section 3. Each transformed vector is partitioned into𝑀 subspaces

of dimension 𝐷𝑠 = 𝑑/𝑀 , and each subspace is quantized with 𝐵

bits. In each subspace, the codebook contains 𝐾 = 2
𝐵
centroids,

calculated by the Cartesian product of the Lloyd–Max codewords

in each dimension. This creates compact codes that enable fast

Asymmetric Distance Computationwith lookup tables of size𝑀×2𝐵
for quick query answering. For a transformed vector y = Πx, each
sub-vector y(𝑚)

is quantized to its nearest codeword ŷ(𝑚)
in 𝐶𝑚 .

This generates the residual, i.e., the error r(𝑚) = y(𝑚) − ŷ(𝑚)
.
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Residual Level.Traditional residual quantizationmethods learn

full-dimensional vector codebooks for successive residual approxi-

mations, leading to exponential training complexity and quadratic

distance computation due to cross-term interactions. We introduce

a novel scalar decomposition approach to achieve linear complexity

while maintaining superior quantization accuracy.

The key insight of our scalar approach lies in exploiting the

dimensional independence established by the JL transformation in

Lemma 2. Based on that, we can deduce the dimensional indepen-

dence of the quantization residual as follows.

Lemma 5. Given a transformed vector y = Πx, its sub-vectors
{y(𝑚) } (1 ≤ 𝑚 ≤ 𝑀) in each subspace, and its closest codewords
{ŷ(𝑚) }, then the quantization residual is R = concat

𝑀
𝑚=1 r

(𝑚) with
r(𝑚) = y(𝑚) − ŷ(𝑚) , r(𝑚) ∈ R𝐷𝑠 , where each dimension of R is
mutually independent.

Next, we start to construct the scalar codebook in residual level.

Since each dimension of the quantization residual is independent

based on Lemma 5, for each dimension in subspace 𝑚, we build

and share one scalar codebook 𝐶𝑚
𝑅
. First, we collect every one-

dimensional value from the quantization residual r(𝑚) = y(𝑚) −
ŷ(𝑚)

, ∀y ∈ Y and form a one-dimensional dataset 𝑅𝑚 :

𝑅𝑚 = {𝑟 (𝑚)
𝑗

}, 1 ≤ 𝑗 ≤ 𝐷𝑠 , 𝑟 (𝑚)
𝑗

= 𝑦
(𝑚)
𝑗

− 𝑦 (𝑚)
𝑗

, y ∈ Y (5)

where 𝑦
(𝑚)
𝑗

, 𝑦
(𝑚)
𝑗

are the values of the 𝑗-th dimension of y(𝑚) , ŷ(𝑚)
,

respectively. Then we apply one-dimensional k-means clustering

on 𝑅𝑚 to get 𝐾𝑟 = 2
𝐵𝑟

centroids as the codewords to form 𝐶𝑚
𝑅
,

where 𝐵𝑟 is the number of bits for quantization in each dimension

of residual level. This takes 𝑂 (𝑛 · 𝐾𝑟 ) time.

To quantize vectors, we use codebooks in both the primary and

residual levels. For each sub-vector y(𝑚)
of the transformed vector

y, its quantization includes two parts: 1) its closest centroid ŷ(𝑚)
in

𝐶𝑚 ; and 2) the concatenation of its quantization residual’s closest

centroids 𝑟
(𝑚)
𝑗

in𝐶𝑚
𝑅
for each dimension 𝑗 (1 ≤ 𝑗 ≤ 𝐷𝑠 ). As a result,

each vector in the dataset is quantized as [𝑞1, 𝑞2, . . . , 𝑞𝑀 ] in the

primary level and {[𝑞𝑟𝑚1
, . . . , 𝑞𝑟

𝑚𝐷𝑠
]} in the residual level, where

𝑞𝑚 is the index of ŷ(𝑚)
in 𝐶𝑚 and 𝑞𝑟𝑚𝑗 is the index of 𝑟

(𝑚)
𝑗

in 𝐶𝑚
𝑅
. It

takes 𝑂 (𝑀𝐾𝑟 ) space to store the codebooks of the residual level.

4.3 JHQ Query Processing

The hierarchical structure enables efficient distance computation

through two-level lookup tables to improve the query accuracy. We

leverage the ADC to calculate distance in both the primary and

residual levels, without incurring expensive quadratic cross-term

computation in the existing additive quantization.

Given a query vector q, we apply the JL transformation to it

and its distance to a database vector x is 𝑑 (q, x) = 𝑑 (q
JL
, y) with

q
JL

= Πq and y = Πx according to Lemma 1. Next, the query

processing includes two components: building the lookup tables

and leveraging them for ADC distance computation.

Build lookup tables. The primary level’s lookup tables {𝑇𝑚} are
constructed in the same way as JQ by referring to Section 3.2. In

the residual level, there is one lookup table𝑇
𝑚𝑗

𝑅
for each dimension

𝑗 in the subspace𝑚. It is constructed by calculating the distance

between q
JL
and codewords in the codebook 𝐶𝑚

𝑅
in each dimension

with 𝑇
𝑚𝑗

𝑅
[𝑘] = 𝑑 (q𝑚𝑗

JL
, 𝑐𝑚
𝑅𝑘
), (1 ≤ 𝑘 ≤ 2

𝐵𝑟 ), where q𝑚𝑗
JL

is q
JL
’s 𝑗-th

value in subspace𝑚 and 𝑐𝑚
𝑅𝑘

is the 𝑘-th codeword in 𝐶𝑚
𝑅
. Thus, we

have𝑀 × 𝐷𝑠 = 𝑑 lookup tables in total in the residual level, and it

takes 𝑂 (𝑑 2𝐵𝑟 ) =𝑂 (𝑑𝐾𝑟 ) to construct them.

ADC distance computation. Based on vector quantization,

the distance is 𝑑 (q
JL
, y) = 𝑑 (q

JL
, ŷ + r̂), whose calculation is ineffi-

cient requiring a much larger codebook. To facilitate faster query

processing, we speed up this computation by calculating 𝑑 (q
JL
, y)

as 𝑑 (q
JL
, y) = 𝑑 (q

JL
, ŷ) + 𝑑 (q

JL
, r̂), where ŷ is the quantized vector

of y by leveraging the codebook 𝐶𝑚 in the primary level; r̂ is the
quantized vector of the quantization error r = y − ŷ by using 𝐶𝑚

𝑅
.

Theorem 6. For the inner product, squared Euclidean, and co-
sine distance metrics, the distance from qJL to the reconstruction
can be decomposed as follows: for inner product and cosine distance,
𝑑 (qJL , ŷ+r̂) = 𝑑 (qJL , ŷ)+𝑑 (qJL , r̂), and for squared Euclidean distance,
𝑑 (qJL , ŷ + r̂) = 𝑑 (qJL , ŷ) + 𝑑 (qJL , r̂) − ∥qJL ∥2 + 2⟨ŷ, r̂⟩.

Theorem 6 shows that this distance computation does not de-

grade query accuracy as it preserves the exact distances for inner

product and cosine, and recovers the squared Euclidean distance

with a simple correction term. As both the query and dataset are

partitioned into𝑀 subspaces, we decompose the distance measure

in the full dimensional space into a summation of distances within

subspaces. Specifically, the distance in the primary level is

𝑑 (q
JL
, ŷ) =

𝑀∑︂
𝑚=1

𝑑 (q𝑚
JL

, ŷ(𝑚) ) (6)

Since each dimension of the transformed dataset is independent

based on Lemma 2, it is easy to see that each subspace is also

independent. So we can guarantee that the cross-subspace distance

terms vanish, making the additive distance equivalent to the full-

dimensional distance. With x’s quantization code [𝑞1, 𝑞2, . . . , 𝑞𝑀 ]
in the primary level, the primary distance can finally be calculated

by checking the lookup tables {𝑇𝑚} as 𝑑 (q
JL
, ŷ) = ∑︁𝑀

𝑚=1𝑇
𝑚 [𝑞𝑚].

Then the distance in the residual level is calculated as

𝑑 (q
JL
, r̂) =

𝑀∑︂
𝑚=1

𝐷𝑠∑︂
𝑗=1

𝑑 (𝑞𝑚𝑗 , 𝑟
(𝑚)
𝑗

) (7)

Where 𝑞𝑚𝑗 denotes the 𝑗-th coordinate of q𝑚
JL

. Similar to the primary

level, the dimensional independence can ensure that the additive

distance among each dimension is equal to the full-dimensional

distance in the residual level. With the x’s quantization code

{[𝑞𝑟𝑚1
, . . . , 𝑞𝑟

𝑚𝐷𝑠
]} (1 ≤ 𝑚 ≤ 𝑀) in the residual level, the residual

distance can finally be calculated by checking the lookup tables

𝑑 (q
JL
, r̂) =

𝑀∑︂
𝑚=1

𝐷𝑠∑︂
𝑗=1

𝑇
𝑚𝑗

𝑅
[𝑞𝑟𝑚𝑗 ] (8)

So distance 𝑑 (q, x) is approximated with quantization as

𝑑approx (q, x) =
𝑀∑︂
𝑚=1

𝑇𝑚 [𝑞𝑚] +
𝑀∑︂
𝑚=1

𝐷𝑠∑︂
𝑗=1

𝑇
𝑚𝑗

𝑅
[𝑞𝑟𝑚𝑗 ] (9)

As a result, it takes 𝑂 (𝑀 + 𝑑) time to compute the distance per

vector , which is much faster than traditional residual quantization

methods (e.g., IRVQ, LSQ++) with 𝑂 (𝑀2) time due to cross-term

computations. So it takes𝑂 (𝑛(𝑀+𝑑+ log𝑘)+𝑑 (𝐾+𝐾𝑟 )) to process
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each query, where𝑂 (𝑛(𝑀 +𝑑)) is the time to compute the distance

from q to𝑛 vectors,𝑂 (𝑛 log𝑘) is the time to sort distances to get the

𝑘NN results, 𝑂 (𝑑𝐾) and 𝑂 (𝑑𝐾𝑟 ) are the times to build the lookup

tables in the primary level and residual level, respectively. However,

query processing is largely slowed down by the residual level. Since

the primary level could achieve high accuracy with the distance

error bounded, when we find results among 𝑛 vectors for top-𝑘

nearest neighbors, it is not necessary to compute the composite

distance for higher accuracy at the cost of much slower query speed.

To better balance the accuracy–speed trade-off, we propose a

selectively refine strategy to subtly leverage the residual distance

without imposing too much burden on query processing. Instead of

starting with calculating the composite distance to each vector all at

once, we first quickly calculate the primary distance to all 𝑛 vectors

to get a smaller set of candidates Z (|Z| = 𝛼𝑘 ≪ 𝑛, 𝛼 > 1) with
𝑂 (𝑀𝑛 + 𝑛 log(𝛼𝑘)) time. Then the residual distance is computed

only on Z with 𝑂 (𝛼𝑘𝑑) time. Along with the primary distance on

Z, the composite distance onZ can be obtained and used to select

the query results more accurately with 𝑂 (𝛼𝑘 log𝑘) time. Finally, it

takes 𝑂 (𝑛(𝑀 + log(𝛼𝑘)) + 𝛼𝑘 (𝑑 + log𝑘)) time to search the query

results, which is faster than applying the composite distance on all

𝑛 vectors. The parameter 𝛼 provides a tunable and flexible trade-

off between search accuracy and speed: higher values enlarge the

candidate pool to improve recall but increase distance computation

cost, while lower values prioritize speed but risk missing neighbors.

The pseudocode of JHQ’s query processing is shown in Algorithm 1.

Algorithm 1: JHQ-Query(q,Y)

Data: query vector q, transformed dataset Y
Result: approximate top-𝑘 nearest neighbors of q

1 q
JL
= Πq;

2 forall y ∈ Y do

3 Calculate the primary distance 𝑑 (q
JL
, ŷ)

4 Select the top-𝛼𝑘 nearest neighbors Z from Y based on primary

distance;

5 forall z ∈ Z do

6 Calculate the residual distance 𝑑 (q
JL
, r̂) ;

7 Get the composite distance 𝑑 (q
JL
, z) = 𝑑 (q

JL
, ẑ) + 𝑑 (q

JL
, r̂) ;

8 Select the top-𝑘 nearest neighbors R𝑘 from Z based on composite

distance;

9 return R𝑘 ;

4.4 Distance Error and Index Discussion

We establish that JHQ achieves a provably tighter worst-case error

bound than JQ by leveraging hierarchical quantization.

Theorem 7. JHQ achieves a distance error bound 𝜀JHQ ≤
√
𝑑 Δmax =

𝑟
1
𝜀JQ

(−𝑐
1
)2𝐵𝑟 , where Δmax is the worst-case quantization

error per dimension, 𝜀JQ is JQ’s error bound from Theorem 4, 𝑐1
and 𝑐2 are the two leftmost adjacent centroids defined via 𝑐𝑖 =

𝜎
√
2 · erf−1 (2𝑞𝑖 − 1) in Equation (4) and 𝑟1 = |𝑐1 − 𝑐2 |/2.
When it comes to indexing, in particular integration with In-

verted File Index (IVF), we note that the traditional IVF-based VQ

methods implement the IVF first, get each vector’s residual by sub-

tracting its closest centroid from the vector, and apply quantization

on those residuals. As a result, their quantization quality will be

largely affected by the centroids in the IVF. Unlike them, we only

use IVF to partition the dataset into clusters and index the vectors

with the cluster ID, to roughly prune the candidates and narrow

down the search space. So the quantization quality of our algorithm

is not affected by the IVF.

Regarding updates, our framework naturally supports them: (i)
Insertion: when a new vector x is inserted into X, the codebook

remains unchanged. To support accurate query processing, we

calculate the quantized code of x (based on Section 3.2) and add it

to the index. (ii) Deletion: when an existing vector x ∈ X is deleted,

the codebook remains unchanged. We mark x as deleted such that

it will not be visited or included in the query results.

5 EXPERIMENTS

Experimental Platform. All experiments are conducted on

a server equipped with an AMD EPYC 9654 @ 3.7GHz CPU (96

cores/192 threads), and 576GBDDR5 RAM@4800MHz.We compile

all methods with g++ 14.2.0 in release mode, with default compi-

lation flags and optimization level -O3 under Ubuntu 24.04. Index

construction was parallelized over 32 threads, and search perfor-

mance was measured in a single-thread setting.

Baseline Methods.We compare JQ and JHQ, against state-of-

the-art quantizationmethods from eachmajor category as discussed

in Section 6: PQ [33] and OPQ [24] for PQ-based methods; IRVQ

[38] for RVQ-based methods; LSQ++ [43] for AQ-based methods;

and Extended-RaBitQ [21, 22]. We include the Brute-force ex-

act nearest neighbor search as an accuracy upper bound, which

performs linear scan over all database vectors computing exact ℓ2
distances without any approximation or indexing. For each baseline

method, we use efficient publicly available C++ implementations

from FAISS [15] for fair comparison.

Datasets.We evaluate on six public vector datasets covering

image and text embeddings: (i) OpenAI3-1536 [51] and (ii) OpenAI3-
3072 [52] each contains 1M text-embedding-3-large [49] em-

beddings generated for the first 1M entries of the BEIR benchmark

[61]; (iii) Vogue-768 [6] contains 933K vit-base-patch16-224 [27]
ViT [69] embeddings of Vogue Runway images; (iv) arXiv-Abstracts-
768 [62] comprises 2.3M instructor-xl [57] embeddings of all

arXiv paper abstracts as of May 18, 2023; (v) Bge-M3-1024 [65] is
the Italian subset of the BGE-M3 [12] Wikipedia-2024-06 dataset

(10M vectors); (vi) Stella-TREC24-1024 [63] contains 17.8M titles

and abstracts from TREC24 BioGen, which are encoded using the

stella_en_1.5B_v5 embedding model [71]. For queries, we uni-

formly sample and remove 1,000 vectors from the datasets as queries.

Table 2 summarizes the dataset characteristics, including the data-

base size (N), dimensionality (D), local intrinsic dimensionality (LID

[2]), and relative contrast (RC [29]). LID reflects the local complexity

or manifold dimensionality of a dataset, with higher LID values im-

plying harder dataset. RC is the ratio between the average pairwise

distance and the nearest neighbor distance, with smaller RC val-

ues indicating more challenging datasets. Although our algorithms

are designed to solve the scalability issue, they are essentially in-

memory algorithms. Our largest dataset Stella-TREC24-1024 now
contains 17,776,615 vectors with 1,024 dimensions, whose size al-

most reaches our memory bottleneck. Therefore, we do not include
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larger datasets in our experiments, and investigation of on-disk

indexing is left for future work.

Parameter Settings. For fair comparison across all methods,

we systematically tune parameters to achieve optimal accuracy-

efficiency trade-offs on each dataset. For PQ, OPQ, JQ, and JHQ, we

sweep the number of subspaces𝑀 to keep the subspace dimension

𝐷𝑠 = 𝑑/𝑀 around 8, following the common practice [15]. We set the

value of 𝑀 as: 𝑀 ∈ {48, 96, 192, 384} for 768-d, 𝑀 ∈ {64, 128, 256}
for 1024-d, 𝑀 ∈ {32, 64, 128, 192, 256} for the 1536-d, and 𝑀 ∈
{32, 64, 128, 192, 256, 384} for 3072-d dataset. For IRVQ and LSQ++,

we use the FAISS implementation employing product quantization

to improve indexing efficiency, following the approach in [46]. We

enable this feature and set subspace counts as 𝑀 ∈ {48, 96} for
768-d datasets,𝑀 ∈ {64, 128, 256} for 1024-d datasets,𝑀 ∈ {32, 64}
for 1536-d dataset, and 𝑀 ∈ {32, 64, 128, 192} for 3072-d dataset.

We set 𝐵 = 8 bits per subspace for PQ, OPQ, IRVQ, and LSQ++, and

thus 𝐾 = 2
𝐵 = 256, following common practice in [15].

For baseline methods’ unique parameters, we use their default

values recommended in FAISS [15]: OPQ employs 50 outer itera-

tions with 4 PQ training iterations per round (40 for the first round)

and limits training to 65536 points via resampling; LSQ++ uses

25 training iterations with 16 encoding ILS iterations and 8 ICM

iterations; IRVQ applies uniform bit allocation across subquantizers

with decompression-based search. For PQ, OPQ, IRVQ, and LSQ++,

which require codebook training, their indices are trained on sam-

pled datasets of 100K vectors following standard practice in FAISS

[15]. For Extended-RaBitQ, we test 𝐵 = 8 and 𝐵 = 1 variants.

For our proposed methods, we evaluate JQ with 𝐵 = 8 bits per

subspace using the same𝑀 values as other baselines, and JHQ with

primary–residual configurations [𝐵, 𝐵𝑟 ] ∈ {[8, 4], [4, 8], [8, 8]} and
selective refinement factor 𝛼 ∈ {2.0, 4.0, 8.0}.

Experimental Configuration. To match real-world deploy-

ment scenarios, we exclude reranking from our evaluation to ensure

fair comparison of quantization-method performance. Reranking

would compromise our evaluation objectives for several reasons:

first, it degrades query performance when we aim to measure opti-

mal query efficiency; second, reranking requires either loading the

entire dataset into memory to compute exact ℓ2 distances or per-

forming on-demand vector loading when the dataset exceeds mem-

ory capacity. The former violates the core memory-saving principle

of quantization and introduces prohibitive computational overhead,

while the latter becomes impractical for high-dimensional large-

scale datasets and will severely increase query latency. In addition,

we build IVF for all methods following FAISS [15] by setting the

number of clusters to 4,096, and the number of probed clusters for

query processing, and set nprobe ∈ {1, 2, 4, 8, 16, 32, 64, 128}.
EvaluationMetrics.We evaluate search performance using the

speed-accuracy trade-off, where accuracy is measured as recall@10

(defined in Equation 1) and speed is measured in queries per second

(QPS). We also evaluate index construction time, setting a time

limit of 120,000 seconds (33 hours 20 minutes) for each parameter

configuration of each algorithm. Index construction time exceeding

this limit is excluded from evaluation.

Table 2: Statistics of the evaluation datasets.

Dataset N D LID RC

OpenAI3-1536 999,000 1,536 28.1 1.29

OpenAI3-3072 999,000 3,072 28.4 1.27

Vogue-768 932,328 768 32.5 1.54

arXiv-Abstracts-768 2,253,198 768 31.8 1.50

BGE-M3-1024 10,091,524 1,024 30.8 1.39

Stella-TREC24-1024 17,776,615 1,024 20.1 1.65

5.1 Speed-Accuracy Trade-off

We compare the speedaccuracy trade-off of our methods with six

baselines and a brute-force search on three representative datasets

(OpenAI3-3072, arXiv-Abstracts-768, and Stella-TREC24-1024), as

shown in Figure 4a. Results on the remaining three datasets, which

support similar conclusions, are reported in Appendix B.1.

Our JQ and JHQ achieve the best speed-accuracy trade-offs com-

pared to baseline methods on most datasets. They are much faster

than IRVQ and LSQ++, since the latter need expensive cross-term

distance computations between non-orthogonal codewords with

𝑂 (𝑀2) time for one distance computation during query processing,

while JQ only takes𝑂 (𝑀) and JHQ takes𝑂 (𝑀+𝑑) time. Meanwhile,

JQ is more accurate than PQ and OPQ under the same throughput.

PQ suffers accuracy loss when the independence assumption fails

and OPQ attempts to relax the assumption but with limited improve-

ment. In contrast, our JQ removes the assumption by leveraging the

dimensional independence with the JL transformation. As a result,

the near-optimal codewords can be obtained in JQ as proved in

Lemma 3, which contributes to high query accuracy. For example,

with QPS=1000 and𝑀 = 192 in the arXiv-Abstracts-768 dataset, the

recall of PQ, OPQ and JQ is 57%, 73% and 89%, respectively. Besides,

our JQ performs better than RaBitQ 1-bit and 8-bit, because their

geometry projection requires quantizing each dimension separately,

to achieve theoretical error bound. As a result, the quantized code

of RaBitQ 1-bit is short, which leads to fast query but with low

accuracy (≤ 70% on most datasets); that of RaBitQ 8-bit is long,

which achieves high accuracy comparable to other methods but

incurs slow query processing.

Dataset Characteristics. The dataset characteristics also affect
the performance. When the dataset size 𝑁 grows, JHQ shows a bet-

ter speedaccuracy trade-off. On million-scale datasets, JQ already

achieves high accuracy with short codes, so the extra computation

in the residual level of JHQ brings limited gains but slows queries.

For example, on OpenAI3-3072 at 90% recall, JQ uses 1024-bit codes

with 1075 QPS, while JHQ uses 128-bit codes in the primary level

with 154 QPS. When datasets increase to ten-million-scale, queries

are slower since the time spent in distance calculation is propor-

tional to the dataset size. Then JHQ can achieve more time gain for

queries with shorter code in the primary level, which offsets the

overhead in the residual level. For instance, on Stella-TREC24-1024

dataset with 93% recall, JQ uses 1024-bit codes with 391 QPS, while

JHQ uses 512-bit codes in the primary level with 889 QPS. Other

characteristics, i.e., dimensionality, LID and RC, could also affect

the performance of an ANN algorithm, since datasets become more

challenging with an intensified curse of dimensionality with higher

dimensionality, higher LID and smaller RC. Nevertheless, our al-

gorithms consistently outperform the baselines across all datasets,
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Figure 4: Efficiency evaluation across three datasets: (a) QPS vs. recall@10; (b) index construction time.

which demonstrates their strong ability to handle such challenges.

For example, on arXiv-Abstracts-768 with high LID and small RC,

our JQ achieves 2289 QPS at 85% recall, which is 3.6× faster than

PQ and 1413× faster than LSQ++. This is largely attributed to the

dimensional independence achieved by the JL transformation lever-

aged in our algorithms.

Distance Error. In addition to speed–accuracy, we also ex-

perimentally evaluate the distance error across three benchmark

datasets with consistent parameter settings: 𝐷𝑠 = 8, 𝐵 = 8, 𝐵𝑟 = 4.

This yields the same theoretical bounds 6.75 × 10
−1

for JQ and

4.22 × 10
−2

for JHQ on all datasets. For each dataset, we randomly

sample 5,000 pairs of query and database vectors, compute the true

and approximated distances, and report the empirical maximum

distance errors. As shown in Table 4, the empirical maximum dis-

tance errors (Emp) range from 3.10× 10
−1

to 5.99× 10
−1

for JQ and

from 5.6× 10
−3

to 2.26× 10
−2

for JHQ, which are even smaller than

the theoretical bound (Thr), thereby validating Theorem 4 and 7.

Scalability.We test the scalability by uniformly sampling 100K,

1M, 5M, 10M vectors from the Stella-TREC24-1024 dataset, whose

size is 17M. As can be seen from Figure 5, when the dataset size

increases, the QPS of JQ degrades more than JHQ, which indicates

that our JHQ excels in handling large datasets. For instance, at 90%

recall, the QPS of JQ decreases from 3963 to 723 by a factor of 5.4,

that of JHQ decreases from 2230 to 889 by a factor of 2.5.

5.2 Index Compactness and Efficiency

We report index storage and search-time memory bandwidth on

two representative datasets, OpenAI3-3072 (high-dimensional) and

Stella-TREC24-1024 (large-scale), for methods with ≥ 95% recall.
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Figure 5: Scalability Evaluation

Index Storage.We report Index Size and Index Compression Ratio
(CR) relative to the original vectors. As shown in Table 3, JQ achieves

the highest index compression on both datasets (42× on OpenAI3-

3072 and 30× on Stella-TREC24-1024). This is because JQ’s bounded
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Table 3: Comparison of index and code storage.

Dataset Algorithm Size (MB) Index CR ECL (bit) Code CR

OpenAI3-3072

JQ 278 42× 1536 64×
JHQ 3034 4× 129 762×
PQ 425 28× 3072 32×
OPQ 303 39× 2048 48×
IRVQ 815 14× 6144 16×
RaBitQ-8bit 3059 4× 24576 4×

Stella-TREC24-1024

JQ 2327 30× 1024 32×
JHQ 9922 7× 512 64×
PQ 4493 15× 2048 16×
OPQ 2323 30× 1024 32×
RaBitQ-8bit 17796 4× 8192 4×

quantization error allows us to use shorter codes while maintaining

the same recall, thus reducing the required code length. In contrast,

JHQ has a lower index CR (4×–7×) because it additionally stores

residual-level codes, trading some index compactness for the much

lower search-time memory traffic discussed next.

Query-Time Memory Utilization.We use the Effective Code
Length (ECL) to quantify the average number of bits read from

memory per candidate during querying. Smaller ECL means fewer

bits fetched, better memory utilization, and higher query efficiency.

For JHQ, ECL = 𝐿𝑝 + (𝛼𝑘/𝑛) 𝐿𝑟 , where 𝐿𝑝 and 𝐿𝑟 are the primary

and residual code lengths, 𝑘 is the number of retrieved neighbors,

𝑛 is the candidate set size, and 𝛼 is the refinement factor. For other

methods, ECL is the length of the quantized code per candidate.

JHQ attains the smallest ECL on both datasets, accessing only 129

bits on OpenAI3-3072 (12× lower than JQ) and 512 bits on Stella-

TREC24-1024 (2× lower than JQ). This is because JHQ uses shorter

primary codes for all candidates and reads residual codes only for

promising ones, which reduces query-time memory access.

Index Build Efficiency. Figure 4b reports index construction
time on the same three datasets. Appendix B.2 includes the remain-

ing datasets and confirms the same qualitative conclusions. Our

methods, JQ and JHQ, achieve the fastest index construction with

substantial time reduction across all datasets. It is mainly because

the JL transformation’s dimensional independence enables quick

Lloyd-Max centroid computation in𝑂 (𝐾) time per subspace, while

other methods like PQ require expensive k-means clustering with

𝑂 (𝐼𝑛𝐾). Also, JHQ takes 1–5 more minutes than JQ since the resid-

ual level introduces additional overhead. For example, JQ provides

a 62×–102× speedup in index construction compared to OPQ, be-

cause OPQ needs 𝑂 (𝑑3) time to train the rotation matrix. JHQ is

152× to 1800× faster than LSQ++ and JQ is 596× to 3600× faster

than LSQ++, since training the LSQ++ codebook is NP-hard.

5.3 Ablation Study and Sensitivity Analysis

We ablate the JL transformation and the hierarchical design on two

representative datasets: OpenAI3-3072 and Stella-TREC24-1024. Ad-

ditional ablations on the remaining datasets are deferred to Appen-

dix B.3 and are consistent with the conclusions drawn here. Finally,

we present a focused case study on OpenAI3-3072 comparing scalar

and vector quantization.

Impact of JL Transformation. As shown in Figure 6(a,b), JQ

with JL outperforms the variant without JL on Stella-TREC24-1024

with higher QPS and recall, and it also dominates on OpenAI3-3072

once recall exceeds about 80%; the no-JL variant is only slightly
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Figure 6: Ablation study. (a,b) JL transform; (c,d) hierarchical.

Table 4: Validation of distance error bounds.

Dataset
JQ JHQ

Emp Thr Emp Thr

OpenAI3-3072 0.318 0.675 0.0056 0.0422
arXiv-Abstracts-768 0.310 0.675 0.0107 0.0422
Stella-TREC24-1024 0.327 0.675 0.0093 0.0422

faster at very low recall because it skips the JL transformation. This

confirms that the JL transformation, which yields a near-Gaussian

representation, is key to efficient codeword computation.

Impact of Hierarchical Design. Figure 6(c,d) compares JQ

with the hierarchical JHQ index. On the million-scale OpenAI3-

3072 dataset, JQ is faster at fixed recall because residual refinement

mainly adds overhead when primary codes are already accurate. On

the 17M Stella-TREC24-1024 dataset, JHQ gives a better high-recall

speed–accuracy trade-off by using short primary codes to prune

candidates and refining only a small subset.

Scalar vs. Vector Quantization. On OpenAI3-3072, replacing

JQs vector quantizer with independent per-dimension scalar quan-

tizers preserves accuracy (recall > 99%) but reduces throughput: at

99% recall, scalar quantization is about 285× slower than JQ and

nearly as slow as brute-force search. This justifies our use of vector

quantization (Appendix B.3 shows the speed–accuracy curve).

Sensitivity Analysis of Refinement Factor 𝛼 . 𝛼 in JHQ con-

trols the candidate set size for residual-level refinement. We evalu-

ate 𝛼 ∈ {2.0, 4.0, 8.0} and 𝛼max = 𝑁 /𝑘 (no selective refinement) on

three representative datasets, as shown in Figure 7. Appendix B.4 re-

ports the remaining datasets and shows the same sensitivity pattern.

Across all cases, 𝛼 = 4.0 yields the best speedaccuracy trade-off;

for example, on OpenAI3-3072 at 90% recall, it achieves 253 QPS,

compared to 153 and 160 for 𝛼 = 2.0 and 𝛼 = 8.0, respectively.

Smaller 𝛼 over-prunes candidates and may miss true neighbors,

while larger 𝛼 and 𝛼max introduce unnecessary residual distance
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Figure 7: Sensitivity analysis on alpha.
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computations with only marginal accuracy gains, confirming the

effectiveness of our selective refinement design.

In summary, our evaluation validates that JQ and JHQ out-

perform state-of-the-art quantization baselines in speed-accuracy

trade-offs, index compactness, and memory efficiency.

6 RELATEDWORK

Approximate nearest neighbor (ANN) search algorithms can be

broadly categorized into four paradigms: LSH-based methods

[3, 4, 14, 19, 25, 30, 31, 39, 58–60], which map similar vectors to the

same hash bucket with high probability for fast candidate retrieval

through hashing. LSH offers simplicity and theoretical grounding

but often at the cost of high memory usage and suboptimal recall

in very high dimensions due to collision probabilities; VQ-based

methods [7, 8, 13, 21, 22, 24, 33, 38, 42, 43, 47, 50, 67, 72] compress

vectors into compact codes to reduce memory and enable efficient

distance approximations. This makes VQ ideal for large-scale, high-

dimensional datasets despite trade-offs in quantization accuracy,

indexing time, and query speed that we discuss in detail below;

tree-based methods [5, 9, 10, 16, 45, 53, 56] hierarchically partition

the space (e.g., via kd-trees or random projection trees) to achieve

logarithmic-time queries but degrade in high dimensions due to

the curse of dimensionality, often necessitating randomization or

ensembles; and graph-based methods [17, 18, 28, 32, 40, 41, 48] con-

struct navigable graphs with nodes as vectors and edges connecting

similar items to enable greedy traversal for high recall, though they

typically incur high construction costs and memory overhead for

dense graphs. Among them, VQ-based methods are particularly

relevant to our work, as they excel in compressing dense vectors

into a short code (i.e., a quantization code) while supporting fast

distance computations. We analyze the VQ variants in depth next.

Product Quantization (PQ) [33] uniformly divides the original

𝑑-dimensional space into𝑚 subspaces, using 𝑘-means clustering

within each subspace to learn 𝑛 centroids for quantizing the corre-

sponding sub-vectors. It supports fast ANN search with relatively

small storage cost. To further reduce the storage, DeltaPQ [67]

compresses the vectors using similarities between neighboring vec-

tors without much accuracy loss. PQ assumes that distributions

among different subspaces are mutually independent, but real high-

dimensional data exhibit strong dependence between subspaces

[34, 64]. Thus, its effectiveness degrades when this assumption fails

[7, 24, 42]. To address this, optimized product quantization (OPQ)

[24] decorrelates the subspaces with a learned rotation matrix be-

fore quantization – but it is computationally intensive to learn this

rotation matrix (𝑂 (𝑑3) to solve the Orthogonal Procrustes Problem

[26], a substantial bottleneck in high dimensions). The alternatives

(RVQ and AQ) avoid the subspace independence assumption by

operating on full-dimensional vectors.

Residual Vector Quantization (RVQ) [13] introduces a hier-

archical strategy that iteratively refines the encoding, where each

stage quantizes the residual error from the previous one. How-

ever, RVQ’s performance gains diminish quickly as more stages are

added, particularly in high-dimensional spaces, because the resid-

ual vectors become increasingly random with reduced information

entropy. To address this limitation, Improved RVQ (IRVQ) [38] en-

hances the encoding process by jointly optimizing all codebooks

simultaneously using subspace clustering and multi-path encoding

to maintain high information entropy across stages. Competitive

Quantization (CompQ) [50] applies stochastic gradient descent

(SGD) for iterative codebook updates through competitive learning.

Residual Vector Product Quantization (RVPQ) [46] combines prod-

uct and residual quantization by constructing residual structures

within subspaces, but still requires expensive iterative training and

complex beam search encoding. Our JHQ differs from RVQ in four

key aspects: (i) JHQ adopts a two-level codebook, whereas RVQ

uses a multi-stage one; (ii) the second-level codebook in JHQ is

derived from scalar residuals, while RVQ employs full-dimensional

residuals; (iii) JHQ obtains centroids via the Cartesian product of

Lloyd-Max codewords, whereas RVQ uses k-means clustering; (iv)

JHQ provides provable distance error bounds, which lead to a bet-

ter trade-off between accuracy and efficiency in our experiments,

whereas RVQ does not provide such guarantees.

Additive Quantization (AQ) [7] further relaxes constraints by

representing vectors as unconstrained combinations of multiple

full-dimensional codewords. However, this transforms the encoding

task into an NP-hard combinatorial optimization problem, requiring

expectation-maximization-like joint optimization tominimize quan-

tization error. Other variants like Composite Quantization (CQ) [72]

and Tree Quantization (TQ) [8] introduce structural constraints

to improve efficiency; Local Search Quantization (LSQ) [42] intro-

duces an iterated local search for efficient encoding; LSQ++ [43]

speeds up the convergence of LSQ with direct codebook updates

via stochastic gradient descent (SGD). These methods outperform

PQ in terms of recall by reducing the quantization error.

Recently, RaBitQ [22] and its extension [21] introduce quantiza-

tion methods with theoretical error bounds derived from spatial

geometric properties of randomly rotated vectors. Although we

provide experimental comparisons, we note that such a geometric

approach is, in a sense, orthogonal to our work. Matryoshka Repre-

sentation Learning (MRL) [36] makes ANN search more efficient on

certain embedding models, significantly saving computation and

reducing index size. It is complementary to our work: MRL reduces

the number of dimensions, while we reduce the bits per dimension.

Despite their advances, AQ and RVQ face significant practical

limitations: quadratic query complexity due to cross-term calcula-

tions between codewords and computationally intensive encoding

procedures, making them impractical for high-dimensional data

where fast indexing and query processing are critical.

7 CONCLUSION

We introduced two novel vector quantization algorithms, JQ and

JHQ, to resolve critical performance bottlenecks in ANN search: pro-

longed indexing times, slow queries, and poor scalability. Using the

orthogonal JL transform, we transform data into a near-Gaussian

distribution with independent dimensions, enabling fast codebook

generation without expensive training. This foundation underpins

JQ and its hierarchical extension JHQ, validated on 6 datasets includ-

ing one with > 17 million vectors. Our methods reduce indexing

times from hours to minutes and achieve 310× query speedups over

SOTA, with a theoretical distance error bound. In future work, we

will focus on on-disk indexes for much larger datasets.
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[56] Tomáš Skopal, Jaroslav Pokornỳ, and Václav Snášel. 2005. Nearest Neighbours

Search using the PM-tree. In International Conference on Database Systems for
Advanced Applications. Springer, 803–815.

[57] Hongjin Su, Weijia Shi, Jungo Kasai, Yizhong Wang, Yushi Hu, Mari Ostendorf,

Wen-tau Yih, Noah A Smith, Luke Zettlemoyer, and Tao Yu. 2022. One embedder,

any task: Instruction-finetuned text embeddings. arXiv preprint arXiv:2212.09741
(2022).

[58] Yifang Sun, Wei Wang, Jianbin Qin, Ying Zhang, and Xuemin Lin. 2014. SRS:

solving c-approximate nearest neighbor queries in high dimensional euclidean

space with a tiny index. Proceedings of the VLDB Endowment (2014).
[59] Yufei Tao, Ke Yi, Cheng Sheng, and Panos Kalnis. 2009. Quality and efficiency

in high dimensional nearest neighbor search. In Proceedings of the 2009 ACM
SIGMOD International Conference on Management of data. 563–576.

[60] Yufei Tao, Ke Yi, Cheng Sheng, and Panos Kalnis. 2010. Efficient and accu-

rate nearest neighbor and closest pair search in high-dimensional space. ACM
Transactions on Database Systems (TODS) 35, 3 (2010), 1–46.

[61] Nandan Thakur, Nils Reimers, Andreas Rücklé, Abhishek Srivastava, and Iryna

Gurevych. 2021. BEIR: A Heterogeneous Benchmark for Zero-shot Evaluation of

Information Retrieval Models. In Thirty-fifth Conference on Neural Information
Processing Systems Datasets and Benchmarks Track (Round 2). https://openreview.
net/forum?id=wCu6T5xFjeJ

[62] The Alexandria Index. 2023. arXiv Abstracts Dataset. Hugging Face Datasets.

https://huggingface.co/datasets/macrocosm/arxiv_abstracts Accessed 2025-11-

10.

[63] The Information Engineering Lab. 2024. Stella TREC24 BioGen Embedding. Hug-

ging Face Datasets. https://huggingface.co/datasets/ielabgroup/stella_trec24_

biogen_embedding Accessed 2025-11-10.

[64] Hayato Tsukagoshi and Ryohei Sasano. 2025. Redundancy, Isotropy, and

Intrinsic Dimensionality of Prompt-based Text Embeddings. arXiv preprint
arXiv:2506.01435 (2025).

[65] Upstash. 2024. Wikipedia 2024-06 BGE-M3. Hugging Face Datasets. https:

//huggingface.co/datasets/Upstash/wikipedia-2024-06-bge-m3 Accessed 2025-

11-10.

[66] Cédric Villani. 2009. The wasserstein distances. In Optimal transport: old and
new. Springer, 93–111.

[67] Runhui Wang and Dong Deng. 2020. DeltaPQ: lossless product quantization code

compression for high dimensional similarity search. Proceedings of the VLDB
Endowment 13, 13 (2020), 3603–3616.

[68] Roger Weber, Hans-Jörg Schek, and Stephen Blott. 1998. A quantitative analysis

and performance study for similarity-search methods in high-dimensional spaces.

In VLDB, Vol. 98. 194–205.
[69] Bichen Wu, Chenfeng Xu, Xiaoliang Dai, Alvin Wan, Peizhao Zhang, Zhicheng

Yan, Masayoshi Tomizuka, Joseph Gonzalez, Kurt Keutzer, and Peter Vajda. 2020.

Visual Transformers: Token-based Image Representation and Processing for

Computer Vision. arXiv:2006.03677 [cs.CV]

[70] Amir Zandieh, Majid Daliri, Majid Hadian, and Vahab Mirrokni. 2025. Turbo-

Quant: Online Vector Quantization with Near-optimal Distortion Rate. arXiv
preprint arXiv:2504.19874 (2025).

[71] Dun Zhang, Jiacheng Li, Ziyang Zeng, and Fulong Wang. 2024. Jasper and stella:

distillation of sota embedding models. arXiv preprint arXiv:2412.19048 (2024).
[72] Ting Zhang, Chao Du, and Jingdong Wang. 2014. Composite quantization for

approximate nearest neighbor search. In International Conference on Machine
Learning. PMLR, 838–846.

1543

https://huggingface.co/datasets/Qdrant/dbpedia-entities-openai3-text-embedding-3-large-3072-1M
https://openreview.net/forum?id=wCu6T5xFjeJ
https://openreview.net/forum?id=wCu6T5xFjeJ
https://huggingface.co/datasets/macrocosm/arxiv_abstracts
https://huggingface.co/datasets/ielabgroup/stella_trec24_biogen_embedding
https://huggingface.co/datasets/ielabgroup/stella_trec24_biogen_embedding
https://huggingface.co/datasets/Upstash/wikipedia-2024-06-bge-m3
https://huggingface.co/datasets/Upstash/wikipedia-2024-06-bge-m3
https://arxiv.org/abs/2006.03677

	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Problem Setting
	2.2 Existing Solutions

	3 JL-Enhanced Vector Quantization
	3.1 Theoretical Foundations of JL Transform
	3.2 JL-Enhanced Quantization (JQ)
	3.3 Distance Error Bound

	4 JL-Enhanced Hierarchical Quantization (JHQ)
	4.1 Hierarchical Quantization Architecture
	4.2 JHQ Codebook Construction
	4.3 JHQ Query Processing
	4.4 Distance Error and Index Discussion

	5 Experiments
	5.1 Speed-Accuracy Trade-off
	5.2 Index Compactness and Efficiency
	5.3 Ablation Study and Sensitivity Analysis

	6 Related Work
	7 Conclusion
	References

