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ABSTRACT

The mining of pattern subgraphs, known as motifs, is a core task
in the field of graph mining. Edges in real-world networks often
have timestamps, so there is a need for temporal motif mining. A
temporal motif is a richer structure that imposes timing constraints
on the edges of the motif. Temporal motifs have used to analyze
social networks, financial transactions, and biological networks.

Motif counting in temporal graphs is particularly challenging. A
graph with millions of edges can have trillions of temporal motifs,
since the same edge can occur with multiple timestamps. There
is a combinatorial explosion of possibilities, and state-of-the-art
algorithms cannot manage motifs with more than four vertices.

In this work, we present TIMEST: a general, fast, and accurate
estimation algorithm to count temporal motifs of arbitrary sizes in
temporal networks. Our approach introduces a temporal spanning
tree sampler that leverages weighted sampling to generate substruc-
tures of target temporal motifs. This method carefully takes a subset
of temporal constraints of the motif that can be jointly and effi-
ciently sampled. TIMEST uses randomized estimation techniques
to obtain accurate estimates of motif counts.

We give theoretical guarantees on the running time and ap-
proximation guarantees of TIMEST. We perform an extensive ex-
perimental evaluation and show that TIMEST is both faster and
more accurate than previous algorithms. Our CPU implementation
exhibits an average speedup of 28x over state-of-the-art GPU im-
plementation of the exact algorithm, and 6Xx speedup over SOTA
approximate algorithms while consistently showcasing less than 5%
error in most cases. For example, TIMEST can count the number
of instances of a financial fraud temporal motif in four minutes
with 0.6% error, while exact methods take more than two days.
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(a) Financial transactions graph

(d) scatter-gather (e) bipartite

Figure 1: (a) An example of financial transactions with
timestamps. Different money-laundering and gambling pat-
tens [6, 28] including (b) 5-node simple-cycle; (c) 6-node
simple-cycle; (d) scatter-gather; and (e) bipartite.

PVLDB Artifact Availability:
The source code, data, and/or other artifacts have been made available at
https://github.com/pyjhzwh/Spanning TreeSampling/.

1 INTRODUCTION

A central tool in the analysis of large networks is motif mining [28,
33, 35, 41, 55]. A motif is a small pattern graph that indicates some
special structure in a larger input graph. Motifs offer valuable in-
sight into the graph structure, and are analogous to queries that
detail a set of edge constraints. The algorithmic problem of motif
mining, often called subgraph counting/finding in the algorithms
literature, has a rich history in the data mining literature [5, 36, 52].
(See survey [50].)

Most real-world graphs are temporal, where edges come with
timestamps. There is a surge of recent work on mining tempo-
ral graphs, especially searching for temporal motifs (refer to sur-
vey [14]). These works show temporal motifs can capture richer
information than standard motifs [23, 38]. Temporal motifs have
been used for user behavior characterization on social networks [24,
26, 41], detecting financial fraud [15, 28], characterizing function
of biological networks [17, 38], and improving graph neural net-
works [8, 28].
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(a) Runtime of prior works normalized to TIMEST. TIMEST has an
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(b) Relative error (%) of approximate algorithms. TIMEST is almost
always the most accurate while always the fastest.

Figure 2: We show the runtime improvement and estimation
errors of TIMEST versus Everest [65] (GPU) and approxi-
mate algorithms [47] (PRESTO4 and PRESTOg) on various
datasets and motifs. Everest is tested on an NVIDIA A40 GPU,

while others are evaluated on a CPU using 32 threads. "x
means run out of memory (OOM) or timeout (> 1 day).

A temporal graph can be viewed as a graph database with a rich
set of attributes such as vertex/node labels and edge timestamps.
Mining motifs in temporal graphs is analogous to executing queries
in traditional database systems.

1.1 Problem Definition

We set some notation. The input is a multigraph G = (V(G), E(G)),
with n vertices and m edges. Each edge in G is a tuple (u, v, t) where
u and v are source and destination vertices, and ¢ is a positive
integer timestamp. Following prior work [30, 65], we assume that
each tuple (u,0,t) can appear only once. However, the same u,v
can have multiple edges between them with different timestamps,
and there can be different tuples with the same timestamp. For
a temporal edge e, let t(e) to denote its timestamp. A temporal
motif involves a standard graph motif with a constraint on the
time window the motif occurs in, and a constraint on the order of
edges. We formally define temporal motifs and temporal matches,
following Paranjape et al. [41].

DEerFINITION 1.1. A temporal motif is a triple M = (H, x, §) where
(i)H = (V(H),E(H)) is a directed pattern graph, (ii) x is an ordered
set/list of the edges of H, and (iii) § is a positive integer.
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The ordered list m specifies the time ordering of edges, and § specifies
the length of the time interval in which edges must occur.

Abusing notation, for an edge e in the list 7, we use x(e) to
denote its index in the list.

DEeFINITION 1.2. Consider an input temporal graph G = (V(G), E(G))

and a temporal pattern M = (H, m, §). An M-match is a pair (¢y, ¢g)
1-1 maps ¢y : V(H) — V(G), ¢ : E(H) — E(G) satisfying the
following conditions.

o (Matching the edges)¥ (u,v) € E(H), ¢p(u,v) = (¢v (u), v (v))

o (Matching the pattern)¥(u,v) € E(H), (¢v(u), ¢v(v)) € E(G).

o (Edges ordered correctly) The timestamps of the edges in the
match follow the ordering . Formally, Ve, e' € E(H), n(e) < n(e’)
ifft(¢e(e)) < t(ge(e))-

o (Edges in time interval) All edges of the match occur within
time range. Formally, Ve, e’ € E(H), |t(¢g(e)) — t(pe(e'))| < 8.

Figure 1a shows an example of financial transactions, represented
as a graph. We also four temporal motifs, which have been explicitly
mentioned as indications of money laundering [51, 55]. Note that
the edges of the cycle must occur in temporal order (given the edge
label), for this to represent a valid cyclic money flow. More temporal
motifs are given in Figure 3. We note that a natural generalization
is to impose a partial order of time constraints, which we discuss
more in future work.

1.2 The Challenge

Temporal motif counting is particularly difficult because of com-
binatorial explosion. There can be thousands of temporal edges
between the same vertices, which leads to a exponentially larger
search space for motifs. For example, there are trillions of temporal
5-cliques in Bitcoin graph with 100 million edges. Exact methods
based on enumeration or exploration cannot avoid this massive
computation [30, 41]. Many techniques for reducing the search
space using graph properties like the degeneracy and dynamic
programming are tailored for simple graphs [9, 44, 49, 50]. These
techniques cannot incorporate ordering constraints on edges. In
general, when the motif has four vertices, no exact method is able
to get results on graphs with 100M edges even in a day with com-
modity hardware [25, 41, 42].

There are two approaches to temporal motif counting. The usual
method is to design general purpose algorithms that work for (po-
tentially) any motif. Exact motif counting algorithms rely on explicit
subgraph enumeration that suffers a massive computational explo-
sion [30, 41, 65]. There are general purpose estimators for all kinds
of temporal motifs, like IS [29], ES [59] and PRESTO [47]. However,
they tend to perform poorly on larger motifs, since they rely on
exact algorithm in subsampled intervals. For example, our evalua-
tion shows that PRESTO runs for more than 5 hours estimating a
5-clique (i.e., Ms_s in Figure 3) with a high 25% estimation error.

Other methods analyze specific motifs and designs specialized al-
gorithms. These include 2SCENT [25] (for simple cycles), DOTT [42]
(for triangles), Gao et al. [13] (caters to 2-, 3-node, 3-edge motifs),
and TEACUPS [39] (for 4-node motifs), alongside other specialized
motifs such as bi-triangle [62], bi-clique [64], and butterfly [11, 45]
motifs for bipartite networks. While these often work well for the



Figure 3: Connected 4-, 5- and 6-vertex temporal motifs used for evaluation.

tailored motif, they do not give general purpose algorithms. Com-
mon motifs with more than 5 nodes occurs in money laundering
applications [6, 51, 55]. These motifs are shown in Figure 1, and
cannot be handled efficiently by existing methods.

This leads to the main question of our paper: do there exist general
purpose temporal motif counting algorithms that can scale beyond
current motif sizes?

1.3 Our Results

Our main result is TIMEST, a general and efficient randomized (ap-
proximate) temporal motif mining algorithm. TIMEST is a general
purpose method that works for any motif. As a concrete example, it
is able to efficiently approximate counts for all the example motifs
in Figure 3. We introduce a new technique of temporal spanning
tree sampling that generalizes previous temporal results [40] and
older non-temporal methods [21, 49, 60]. We list out some specific
contributions of our work.

Temporal spanning tree sampling: Our primary contribution
is a new technique of temporal spanning tree sampling, that gener-
alizes a recent method of temporal path sampling [40]. To count
temporal motifs of arbitrary size, we find an appropriate spanning
tree of the motif. These spanning trees satisfy partial temporal
constraints of this motif. We then sample many such trees, and
estimate the fraction of them that “extend" to the motif.

A direct temporal spanning tree would simply take a subset
of the edges and the corresponding temporal constraints. But it
is not clear how to efficiently sample such a tree with these con-
straints. We show that by a careful relaxation of some of the tem-
poral constraints, an efficient sampler can be constructed. This
sampler quickly preprocesses the graph and can output any desired
number of uniform random spanning trees.

Sample reduction techniques: To reduce the sample complex-
ity, we design heuristics that choose the “best” temporal spanning
tree. We can formally show that the temporal spanning tree with
the fewest matches is the best choice, but finding this tree would
itself require a large number of motif counts. We design heuristics
to narrow down on the best spanning tree, which leads to lower
error with the same sampling budget.

Practical efficiency of TIMEST: We perform a comprehensive
evaluation across various datasets (Table 2) and a large collection
of complex motifs (Figure 3), up to 6 vertices. We compare with
a state-of-the-art exact algorithm that uses GPUs (Everest [65])
and versions of the best randomized method (Presto [47]). Results
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are in Figure 2a. TIMEST is always faster, with a typical 10x-100x
speedup over both existing methods. We note that TIMEST is
implemented on a CPU, and still has an average speedup of 28X over
high-end NVIDIA GPU implementations. We do not give results
for the motifs M;_4 and M,_5 since previous methods timeout even
after running for a day. TIMEST is able to get approximate counts
even for this motifs. On the specific money-laundering bipartite
motif in Figure 1, TIMEST takes 4 minutes on an example dataset,
while the best exact method takes two days.

Low error of TIMEST: Despite the variety of complex con-
straints in Figure 3, in all cases, TIMEST has significantly lower
error. We plot the errors of previous work and TIMEST in Figure 2b.
TIMEST typically has an error of less than 5%, while previous meth-
ods have 20% error or more. The only hard motifs for TIMEST are
M;5_4 and M5_s, which have more than 20% error. But other methods
have twice as much (or much more) error.

Theoretical analysis of TIMEST: We give a comprehensive
theoretical analysis of TIMEST, giving bounds on all running time
steps, and an analysis of the sample complexity with respect to
output error.

2 HIGH-LEVEL IDEAS IN TIMEST
The final TIMEST algorithm is fairly complex with multiple mov-

ing parts. In this section, we give an overview of various procedures
in TIMEST. We will denote the input graph as G and the motif as
M. A depiction of the TIMEST pipeline is given in Figure 4. There
are two primary steps.

Preprocessing: This is the main novelty in TIMEST. We first
choose an appropriate spanning tree of M and identify of a set of
relaxed temporal constraints. This process itself requires computa-
tions involving the input graph G. Our aim is to select a temporal
"submotif” T of M that can be quickly sampled. We set up the tem-
poral constraints to allow for a dynamic programming bottom-up
approach to sample uniform random instances of T. This approach
requires computing a series of edge weights, called the sampling
weights. Since there are multiple temporal edges between the same
pair of vertices, the edge weights can be complicated to compute.

Sampling: These weights allow us to apply a common paradigm
in approximate motif counting that involves sampling a substruc-
ture, and extending to the motif [9, 21, 40, 49, 60]. We show how the
weights can be used to subsample subtrees of T, which can then be
incrementally extended to a uniform random sample of T. A quick
validation verifies that the sample satisfies the temporal constraints
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Figure 5: An example of mining motif M; 3. (a) The standard approach strictly enforces all constraints for a temporal motif
match. (b) Multiple spanning trees of the motif exist, and we use a heuristic to select the optimal one that has the lowest
estimated sampling cost (Est cost). We then relax specific constraints and apply three partial constraints to the spanning tree:
(c) enforcing edge order and §-window constraints for adjacent edges; (d) ensuring distinct end vertices for adjacent edges; and

(e) constraining all edges to fall within a 26 time window.

of M. The next step is to count the number of matches to M that
involve the sampled match to T. Again, temporal graphs bring in
challenges. In the typical setting, a single T can only extend to a
small number of matches to M. Here, the sampled T could have
many temporal edges going between the vertices, and hence an
unbounded number of matches to M come from a single sampled
T.We devise an algorithm using a careful binary searching over
various edge lists to compute this number of matches. The sampling
step is repeated for a collection of samples. Standard randomized
algorithms techniques tell us how to rescale the total number of
matches found, to get an estimate for the total count of M.

We go deeper into the preprocessing step, which requires many
new ideas.

2.1 A Closer Look at Preprocessing

Consider mining the temporal motif Ms 3 as shown in Figure 5. We
fix the specific spanning tree shown in the figure. The original
motif imposes an ordering constraint on the edges and a total time
window constraint. It is not clear how to sample such a spanning
tree, so we relax some of the constraints.
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We relax the requirements for all edges to be ordered correctly
and to fall within a specified time interval from Definition 1.2. These
constraints are only applied to certain pairs of adjacent edges. This
forms the base constraint (Constraint 1), as illustrated in Figure 5c.
In complex spanning trees, these constraints leave out multiple
ordering conditions.

We note that most efficient mechanisms to sample trees use dy-
namic programming, and technically sample tree homomorphisms
(where non-adjacent pattern vertices can be matched to the same
vertex in G). To address this, we introduce a straightforward con-
straint ensuring that the end vertices of adjacent edges are distinct.
This approach minimizes memory overhead and significantly re-
duces invalid samples, making it particularly effective in skewed
graphs. This is described as Constraint 2 is illustrated in Figure 5d.

Constraints 1 and 2 focus on adjacent edges, while Constraint 3
introduces a global constraint of the time interval. For example, in
the chosen spanning tree of Ms.3, the sequential timing conditions
of Constraint 1 implies tp < t4 < tp + 36, potentially violating the
d time interval constraint. (We use #; to denote the timestamp the
edge labeled i.) To reduce the affect of these violations, we apply a



24 sliding window approach, partitioning the input graph into over-
lapping subgraphs based on timestamps. This results in intervals
like [0, 28], [4, 36], and so on, ensuring that any temporal motif
matches within a §-time window must reside entirely within a sin-
gle interval and will not span across the boundary of two intervals.
This approach effectively reduces the time window length to 28,
significantly reducing the occurrence of invalid matches due to
d-window violations. An illustration of Constraint 3 is provided in
Figure 5e. Note that this approach leads to the under/over counting
of some temporal motifs due to boundary conditions. Since this
overcounting factor can be determined for any match, we can apply
corrections to the final estimate.

All in all, these constraints create a subset of matches for the
spanning tree. We prove that by a multi-pass preprocessing over
the graph, we can construct an efficient sampler for these matches
of the spanning tree. This process involves a dynamic program that
constructs weights for various subtrees, and then computes weights
for larger subtrees. The constraints discussed above allow for this
dynamic programmin approach to work.

Choose a Spanning Tree: The first step of preprocessing requires
selecting the best spanning tree. As shown in Figure 5b, a motif can
have multiple valid spanning tree candidates. We try to determine
the spanning tree that will lead to the fewest number of samples
required for convergence. This is an important distinction from
previous spanning tree based sampling works that fix a choice [21,
40, 49, 60]. Those methods could afford to do that because they
deal with smaller and non-temporal motifs. We need to design
some heuristics to select a smaller pool of spanning trees, and then
exactly determine the sampling cost for these trees. By selecting the
tree with the lowest sampling cost, we ensure efficient and accurate
motif counting during execution. The details are elaborated in
Section 4.5.

3 RELATED WORK

Static Motif Mining. There have been a lot of research in static mo-
tif mining, including exact counting and enumeration approaches
[12, 19, 20, 31, 32, 53, 56, 61], and approximate algorithms [3, 10, 18,
21, 21, 29, 43, 47-49, 57-60, 62—64] Although static motif mining
can serve as a first step for temporal motif matching, as illustrated
by Paranjape et al. [41], this often results in orders of magnitude re-
dundant work [30, 65] due to the presence of temporal constraints.
Exact Temporal Motif Mining. Temporal motif mining was first
formally introduced by Paranjape et al. [41], who suggested an
algorithm to list and count instances of temporal motifs. A newer
exact counting method [30] introduced a backtracking algorithm
by listing all instances on edges sorted chronologically. Everest [65]
further refines this approach, employing system-level optimiza-
tions on GPUs to enhance performance substantially. There are also
numerous algorithms designed for general temporal motif count-
ing [34, 54] and others tailored to specific motifs [7, 13, 25, 42].
Despite these advancements, scalability remains a significant issue.
Approximate Temporal Motif Mining. To approximate temporal
motif counts, various sampling-based methods balance efficiency
and accuracy. There are several general frameworks for estimating
temporal motifs. Our work differs fundamentally from those meth-
ods such as IS [29], PRESTO [47], and ES [59] in how it handles motif
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Table 1: Summary of notations

Symbaol | Definiti

] maximum time window

M= (H,x38) temporal motif

G input graph with m = |E(G)| edges and n = |V (G)| vertices
dv. OE vertex map ¢y : V(H) — V(G) and edge map ¢ : E(H) — E(G)
t(e) time stamp of edge e

5 spanning tree of a temporal motif

P sampled edges from G that is mapped to 5§

Wy e sampling weight of edge e in G that is mapped to s in §

w total sampling weights

c, ¢ ground truth and estimated motif count

structure and temporal constraints. IS [29] partitions the timeline
into non-overlapping intervals and performs exact motif counting
on a sampled subset of intervals. Its performance is highly sensitive
to interval size and may miss cross-interval patterns. PRESTO [47]
improves upon IS by avoiding rigid partitioning and instead using
uniform sampling across the entire graph. While more flexible, it
still treats motif instances in a uniform sampling space and does
not incorporate structural information. ES [59] samples individual
edges uniformly and enumerates all local motif instances around
them. It does not exploit the motif’s topology beyond local neigh-
borhoods, leading to inefficiencies and high variance for larger
motifs. In contrast, TIMEST introduces a spanning tree—based sam-
pling framework that leverages the motif’s structural backbone and
performs weighted sampling along constrained subspaces.

There are methods that rely on an exact counting for some
sampled graph, such as Ahmed et al. [4] and OdeN [46]. These
are often less efficient and have large estimator variance. There are
methods tailored to the unique characteristics of specific motifs. Cai
et al. [11] and Pu et al. [45] specialize in butterfly motifs in bipartite
graphs, Oettershagen et al. [37] explore 2- and 3-node motifs and
Pan et al. [40] focus on 4-node motifs.

4 THE ALGORITHMIC DETAILS OF TIMEST

In line with previous work [30, 65], we store the graph G as a sorted
list of incoming and outgoing edges by timestamp for efficient
binary search operations. For ease of algorithm explanation, we
adjust the timestamps of the edges in G to begin at time 0. We
summarize the important symbols in Table 1.

We start with some important definitions for temporal graphs.

DEFINITION 4.1 (TEMPORAL OUTLISTS AND DEGREES). For a vertex
v and timestamp t and t', the temporal outlist A} [¢,1'] is the set
of outedges (v, w,t"), where w is any vertex and t'" € [t,t']. The
temporal inlist A [t,t'] is defined similarly.

With @ € {+,—-},f € {<,>} and fixed , we use the notation
AS[t, (B, 6)] torepresent A5 [t — 8,t] when B is <, and AS[t,t + 6]
when f§ is >.

The temporal out-degree d;f [t,t'] = |A}[¢,1']|. And the temporal
in-degree d, [t,t'] = |A; [t, ]|

DEFINITION 4.2 (MULTI-EDGE LIST). We define multi-edge list
El,,[t,t'] as the collection of edges e = (u,v, ") with t" € [t,t'].

To simplify the notation witha € {+, -}, p € {<,>} and 8, we use
El7,[t, (B, 8)]] to present different cases. Here, a represents the edge
direction: + means u — v direction, and — means v — u direction. §
specifies the time range: the timestamp must fall in [t — 6,t] (<) or
fallin [t,t + 6] (=).



DEeFINITION 4.3 (MULTIPLICITY). Given a pair u,v of distinct ver-
tices and timestamps t < t', the multiplicity o,,,[t,t'] is the number
of edges (u,v,t") which satisfy t' € [t,1']. oy [t,t'] = |Ely,[t.t']].
We denote the maximum S-multiplicity as o5, defined as maxy g+
Oup[t,t + 8].

Let S be a spanning tree of the motif we wish to count. We first
define the notion of a leaf edge. An edge s € S is called a leaf edge
if any one of its endpoints has 0 indegree and outdegree.

We introduce the process of assigning weights to edges S. It will
be convenient to root the tree at an edge (rather than a vertex), and
we define parent/children using this rooting. Note that this rooting
is independent of the actual directions of the edges. The height of
a leaf edge is set to zero. The height of an edge is the length of the
longest path down the tree to a leaf. (Equivalently, the height of an
edge is one plus the maximum height of its children.)

DEeFINITION 4.4. The dependency list of an edge s € E(S) consists
of triples (s’, &, B), wheres’ # s is a child of s, the parameter a (+ or
-) determines the direction (incoming or outgoing) of s’ with respect to
the vertex at which they meet and f8 (<, =) gives the relative time-order
between s’ and s. We denote this list by D(s).

Consider the tree S in Figure 4, where the edges s; is the edge
labeled i. Then, D(sq) = {{sp, +, <)}}-

DEFINITION 4.5. A spanning tree of a temporal motif M is repre-
sented as a tuple S = (L, O, D), where (i) L is the list of edges in E(H)
that form the directed spanning tree of M; (ii) O is an ordering of the
edges in L; (iii) D is the dependency of the edges in L.

The order O can be any topological sorting based on the depen-
dency D. Now we introduce the notion of a partial match to a tree
in G, which will be central throughout the paper.

DEFINITION 4.6. A subgraph H of G is a -partial match to tree S
if there exists a pair ¢ = (¢y, o) of mappings such that gy : V(5) —
V(G) and ¢ : E(S) — E(G) with the following properties:

(1) Pe(ui,u;) = (dv (u:), dv (1))

(2) (ui,u;) € E(S) if and only if (¢v (u;), ¢v (1)) € E(G), with
pv(u) # ¢v(v)

(3) Suppose e; = (u,v) and ey = (x,y) are dependent edges in S.
Assume that the height of e; > height of es. Then, if t(u,v) <
t(x,y), thent($e(x,y)) € [t(Pe(u,0)), t($e(u,0))+8]. Oth-
erwise, t(¢e(x,y)) € [t(¢e(u,0)) — 8, t($E(u, 0))].

(4) Further |¢(u,0) N ge(x,y)| =1

In particular, a partial match ¢ is a homomorphism (property
(2)) of S into G, which respects the relative time order between
pairs of adjacent edges along every path from the root of S to any
of its leaves (property (3), corresponds to Constraint 1). It also
ensures that matches to adjacent edges intersect only in one vertex
(property (4), corresponds to Constraint 2). Given a partial match
¢, an edge e = (u,0,t) € E(G), and an edge s = (x,y) € E(S), we
say that ¢ matches s to e if ¢e(x, y) = (1, v). We will often refer to
e as the match of s in G under ¢.

Overview: Figure 4 illustrates the overall process of estimating
temporal motif counts for a given motif M in an input temporal
graph G. The algorithm begins by selecting the best spanning tree
of motif M to optimize sampling efficiency (Section 4.5), then deter-
mines relaxed temporal constraints (Section 2.1) and precomputes
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edge sampling weights (Section 4.1). In the sampling phase, it re-
peatedly samples spanning trees from G (Section 4.2), validates
them against relaxed constraints, and derives local counts using
dynamic programming (Section 4.3). The final estimate is obtained
by scaling the aggregated local counts from K samples (Section 4.4).
We explain the spanning tree selection at the end, since it requires
many concepts from the other components.

4.1 Preprocess Sampling Weights

During the preprocessing phase, for each edge of the input graph,
we compute a set of |E(S)| non-negative weights, one for every one
of the |E(S)| edges in the spanning tree S. We also refer to the root
edge of S as the center edge.

Furthermore, for an edge s € S, v; denotes the lower-level end-
point of the edge s and T to denote the subtree rooted at v;.

DEFINITION 4.7 (s-WEIGHT OF EDGE € W.). Given an edge e =
(u,v,t) € E(G) and an edge s € E(S), the s-weight of e is defined as
the number of partial matches (in G) ¢ to the subtree T, which are
rooted at ¢y (vs), where v the end-point of s with lower height. We
will denote the s-weight of an edge e by wq.

Consider S in Figure 4. Suppose e = (v3, v3,40) € E(G) is a match
to sy = (B,C). Then ¢, (B) = vg, ¢y (C) = v3. In this case, w,, is the
number of partial matches in G to the subtree Ty that are rooted at
9. Since the subtree Ty consists of a single edge (A, B) that happens
before (B, C), we;, assume a value equal to the number the inedges
of vy with timestamps in the interval [40 — §, 40].

More generally, suppose e = (u,0,1t) € E(G) is a match to the
edge s = (x,y) under ¢g. Consider an arbitrary triple (s, a1, f1)
in the list D(s). Assume w.lo.g. ¢y (vs) = u. We claim that any
match to s1 in G under ¢g will either be an in-edge or out-edge of u
(depending on a), that does not intersect v, and whose timestamp
is either in [t — §, ¢] or [t,t + &], depending on f;. We denote this
list by L, 5 5,, which is formally defined below.

Cram 4.8. The partial match ¢ will map sy to an edge in
ATt (B1, )]\ Elo[t, (B1.0)] if pv (v5) = u.

The partial match ¢g will map sy to an edge in
AG' [t (B, )]\ Elult, (B1.0)] if ¢v(vs) = v.

Thus, when looking for the potential matches to sy, it suffices
to restrict to the edge list given in Claim 4.8. Let us denote this
list LB,S,S] = Agi [I! ()81’5}] "'1 Efuu [ta {)81: 6}] (When ¢'V(Us) = u) or
A [t, (1,81 \ Elu[t, (B1,8)] (when ¢ (v5) = v) for simplicity.

Suppose the list D(s) contains k triples {s1, a1, B1), - - - , {Sk» @k, P )-
Then any partial match ¢ to the subtree T, can be obtained by first
picking a match to each of the k edges sy, 53, - . ., 5k, and then extend
them recursively into partial matches to the subtrees T, - - - T, .

CraiMm 4.9. Suppose the list D(s) contains triples < s;, ai, fi > for
1<i<k. Then
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ProoF. Let Match(e = (u, v, t), s) denote the collection of partial
matches to the subtree T, which are rooted at ¢y (v5) in G. Here
¢,(vs) € {u,v}. Then Match(e,s) = {(P1,...,¢x)}, where ¢; is a
partial match to the subtree Tj; in G. Every such match is rooted
at a suitable end-point of some edge e; € Less;. This endpoint



Algorithm 1 : PREPROCESS(S)

Algorithm 3 : SAMPLESUBG(S, G;, W, w; )

Input: Spanning tree S = (L, 0, D)
Output: Total sampling weight W; W; for each subgraph G;; wi.
for e in G; that are mapped to s.

1: NUMsubg = time span of G/ §

z for i € [0, numg,,g) do > partition to subgraphs
3 build subgraph G; whose timestamp in [i4, (i + 2)8]
4 Wi, Wi 5. = PREPROCESSSUBGRAPH(S, G;)
5 return W, W;, w; ¢,

Algorithm 2 : PREPROCESSSUBGRAPH(S, G;)

Input: Spanning tree S = (L, O, D), and current subgraph G;
Output: W for the current subgraph G;; w, . for edge e € G;
mapped to edge s € L.

1: for h € [1,H] do » skip leaf edges in §
2 for e = (u,v,t) € E(G;) do

3 for s € O[h] do

4 calculate w; . according to Claim 4.9

5: if s is the "center” edge in S then

6 W +=w,,

7. return W, w,

is given by ¢v;(vs;). Note that the s weight of e is precisely the
size of the set Match(e, s) i.e. ws = |Match(e, s)|. Recall that the
number of partial matches to the subtree Ty, which can be obtained
from an edge e in the list L. . ;, is exactly equal to e’s s; weight.
Hence the number of partial matches ¢; with the given property is
W e-

BELglslsi

As a result, we can conclude that the number of tuples in the set
Match(e, s) is given by

(3 (3 ) (T ) :

e€less) e€less) e€less;

Claim 4.9 allows us to use dynamic programming to efficiently
compute the wg . values, where the choices for s vary in the increas-
ing order of their height in S.

Finally, let W denote the total number of partial-matches to S in
G and c be the center edge of S. Then,

CLAIM 4.10. W = X cp(G) Wee, where c is the center edge in S

PROOF. Since any edge in G could potentially be the center edge
in a match to S, it follows that the total number of matches to S in
G is ¥ .cE(G) Wee- This completes the proofs. m}

We detail the PREPROCESS procedure in Algorithm 1. First, we
segment the entire timespan of the input graph G into overlapping
intervals of length 26. Let I = {[0, 28], [8,36],..., [(g — 2)6,qd]}
denote the resulting collection of intervals. Here g = T/§ where T
is the time span of G. Each interval I; corresponds to a subgraph G;,
consisting of the edges in G which fall within the interval I;. Next,
we invoke the subroutine PREPROCESSSUBGRAPH to get the overall
sampling weight W; for each subgraph G;, as well as the s-weights
for the edges in each subgraph. Here s varies across the edges of S.
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Input: Spanning tree S = (L, O, D), sampling weights W for
current subgraph G;, and w . for edges in E(G;)
Output: Sampled edges P where P[i] is the edge in E(G;) that is
mapped to s; in S, partial match vertex map ¢y and edge map ¢g.
1: c is the center edge in S
2: Sample center edge e with sampling probability p. = wg./W;
3. P[c] = e, Update ¢y and ¢f
4 for h e [H,0] do
5 for s € O[H] do
6 for {s",a’, f’) € D(s) do
7 Use binary search to find the Le s«
8 Wi = Zee[.glslsl Ws'e
9 Compute py . = wy /Wy fore e Lo o
10: Sample ey using sampling weight py .
11 P[s’] = es, update ¢v and ¢¢
2 return P, ¢y and ¢g

-

In the PREPROCESSSUBGRAPH procedure (in Algorithm 2), we
compute the s-weight for every edge e € E(G) and every s € E(S).
These weights are stored in a 2D array and are computed in the
order given by O. More concretely, for every e € E(G), first we
compute its s-weight for every s € E(S) which is at height 1 in
S. (Leaf edges with 0 height are skipped because the weights are
constant 1s.) Next, for each edge, we compute its associated s-weight
for every s € E(S) which is at height 2. We use the relation given by
Claim 4.9 to do so. We repeat these steps until we reach the center
edge in S. The total sampling weight for the current subgraph is
then calculated by Claim 4.10.

4.2 Sample

The goal of the SAMPLE procedure is to sample a partial match to
spanning tree S from graph G. First, we sample an interval from I
with probability proportional to its overall weight W;. Next, we con-
struct the graph G; by including those edges of G whose timestamp
belongs to the sampled interval I;.

Then we invoke the SAMPLESUBG function on G; (Algorithm 3). In
this subroutine, first we sample a match e = (1, 0,t) € E(G;) to the
center edge c of S. This is done by sampling an edge e € E(G) with
probability proportional to wee (line 2). Next, for every s € D(c),
we use binary search to get the list of potential matches to s in G.
For each s € D(c), we sample its match in G by picking an edge
from the list of candidate matches to s with probability proportional
their associated s-weight. Having done this for every s € D(c), we
recursively build a match to S, now by sampling matches to the
edges in D(s) for every s € D(c). Note that the order in which we
sample a match to the spanning tree is exactly the opposite of how
we compute the edge weights.

Let G == {G1,Gy,...,Gy|} be the family of subgraphs of G ob-
tained from the intervals in I. For a fixed Gy, € G containing ¢, our
algorithm outputs a uniform random partial match to S.

Lemma 4.11. Fix a partial match ¢ to S in G. If this partial match is
present in Ng-many subgraphs of G, then the subroutine SAMPLESUBG
will output ¢ with probability Ny /W .



Algorithm 4 : VALIDATEANDDERIVECNT(M, P, ¢, ¢y)

Algorithm 6 ESTIMATE(M, G, k)

Input: Temporal motif M, sampled spanning tree P, partial vertex
map ¢y and edge map ¢g
Output: Number of motif instances cnt that extend from ¢g(S)

1: Verify if ¢y is a 1-1 map. If not, return 0

2: Verify if edges in ¢z (S) are in § time range. If not, return 0

3. Verify if edges in ¢£(S) have the correct edge order. If not,

return 0
4: return DERIVECNT(M, P, ¢g, ¢v) /Ny

Algorithm 5 : DERIVECNT(M, P, ¢, ¢v))

Input: Temporal motif M, sampled spanning tree P, partial vertex
map ¢y and edge map ¢g
Output: Number of motif instances cnt that extend from ¢g(S)

1: For every edge e of M that’s not in the sampled spanning tree
P, use binary search to find the lists (in G) of potential matches

2: Number these lists as Ly, Ly, - - - Lj in the time ordering.

3: Use the LiIsTCOUNT algorithms (Alg. 4 of [39]) to count all
possible combinations without enumeration.

4: return cnts

Note that Ny < 2 for every partial match ¢ to S. For a fixed
Gj € G containing ¢, our algorithm outputs a uniform random
partial match to S.

4.3 Validate and Derive the Motif Counts

After sampling a partial match ¢ to S, we verify if it respects all or-
dering and temporal constraints. If the sampled match fails to meet
any required conditions, we set its count to 0. Otherwise, we obtain
the number of instances of the target motif induced by it. This
can be done by a combination of the merge-technique used in the
merge-sort algorithm and dynamic programming DERIVECNT (Al-
gorithm 5), which uses the LIsTCoUNT algorithm (Alg. 4 from Pan
et al. [39]). Given a collection of time ordered edge lists Ly, Ly, - - - Lj,
it counts the number of combinations (e, e, . . ., e;) where for all i,
e; € L;, and t(e;) < t(e;j;1). This is done with pointer traversals and
dynamic programming. Note that by modifying the DERIVECNT
function to list the sampled motif instance to reconstruct individual
motif instances, our algorithm can be adapted to support random
motif listings. Finally, we rescale this count to ensure that our es-
timate is unbiased at the end. The full procedure is detailed in
Algorithm 4.

4.4 Overall Estimate Procedure

Integrating the procedures described previously, we outline the
ESTIMATE process in Algorithm 6. First, analyze the motif and use
heuristics to choose a spanning tree S of the motif. Given S, for
every s € E(S) and e € E(G), we compute the weight ws., as given
by the PREPROCESS subroutine. Next, we invoke the SAMPLESUBG
procedure to sample a partial match to S and feed it as input to the
VALIDATEANDDERIVECNT subroutine, which in turn returns the
number of matches to the target motif induced by the partial match
to 5. We run the procedure multiple times, average the individual
counts, rescale the average and return the final result.
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Input: Temporal motif M, input graph G, and sample number k
Output: Motif count estimate c

Use heuristic to choose a spanning tree S

W, W;, w5 = PREPROCESS(S)

: NUMgypg = time span of G/ &

: init sample counts samp; = 0 for every subgraph G;, cnt = 0

: for j € [1,k] do » sample subgraphs
Sample G; with probability p; 5 = Wi /W

samp; +=1

HOe W R m oo

oo

: for i € [1, numsubg] do

9: for j € [1,samp;] do » sample edge in subgraphs
10: P, ¢'.Es QSV = SAMPLESUBG (Sa Gi, W, wi,s,&)
11: cnt += VALIDATEANDDERIVECNT (M, P, ¢, ¢y )

12: return C = (cnt/k) - W

Next, we show that the estimate produced by our algorithm is
unbiased and bounded.

LEMMA 4.12. Let C denote the estimate produced by TIMEST and
C be the true motif count. Then E[C] = C.

PrOOF. Let S denote the set of partial matches to the spanning
tree S in G. For every 1 < i < k, let ¢; denote the partial match to §
output by the subroutine SAMPLESUBG when invoked for the i-th
time. For every ¢ € S, let M be the number of instances of the
target motif H that extend from ¢, Ny be the number of subgraphs
in G which contain ¢ and C be the total number of occurrences of
H in G. Further, let the random variable Y; denote the outcome of
DERIVECNT when invoked on ¢; andlet Y = },; Yi.

E[Y] = E[3, %l = St LY.

Note that E[Y;] = Y E[Yi|¢: = ¢] Pr(¢; = ¢).

From Lemma 4.11, Pr(¢; = ¢) = Ny /W. Further, E[Y;|¢; = ¢] =
My [Ng. This is because once we obtain a partial match ¢, we deter-
mine the number of subgraphs in G that contain ¢ i.e. Ng. Subse-
quently, we divide the value returned by the DERIVECNT subroutine
when invoked on ¢ with Ny.

Therefore, E[Y;] = Sges (Mg/Ng) (N /W) = Zges(Mg/W) =
C/W. Note that } 4.5 My = C because every instance Hg of H
in G has a unique spanning tree Ty, such that the subroutine
DERIVECNT will account for Hg only when it is invoked with Ty
as its input.

Therefore, E[Y] = kM/W. So, C = WY /k, is an unbiased esti-
mate of C. O

We now prove the following result. Let B denote the maximum
number of matches to the target motif M resulting from matches
to Sin G.

THEOREM 4.13. Let Y1,Ys,..., Yy be k random variables, where
Y; is the outcome of the subroutine VALIDATEANDDERIVECNT on the
i-th sampled partial match to S. Suppose k = (3B/£2)(W /C) In(2/y)
forany e,y € (0,1). Then with probability at least 1 —y, Ce [(1-
£)C, (1+ £)C].

ProOF. Recall that the random variables Y; denote the outcome
of the DERIVECNT when invoked on partial match ¢; and ¥ =



Yi<k Y- First, note that the k random variables Y;,...,Y} are in-
dependent of each other. Also, observe that the random variables
Yi, ..., Y; may not necessarily assume values in the interval [0, 1].
Hence we cannot directly use the Chernoff Bound. However, divid-
ing them by B ensures that0 < Y;/B< 1forall1<i<k.

Before applying the Chernoff Bound, observe that the event
|Y/B—kM/BW| > (¢kM/WB) is identical to [WY /k—C]| > £C. Sim-
ilarly, since C = WY/K, the events |Y/B — kM/WB| > (ekM/WB)
and |6 — C| z &C are also identical.

Note that E[Y/B] = };<x E[Y;]/B = Mk /WB. Using Chernoff
Bound, for any ¢ € (0,1), Pr(|Y/B — (kM/WB)| = (¢kM/WB)) <
2 exp(—(¢2/3)(kM/WB)). Since k = (3B/¢2)(W [C) In(2/y), it fol-
lows that Pr(|Y /B — (kM/BW)| = (ekM/BW)) <
2exp(—(£°/3)(3B/£*) (W /C)(In(2/y))(C/WB)) = y. o

We present the time and space complexity as follows.

Craim 4.14. The PREPROCESS procedure takes O(|E(S)|*mdmpay)
time. The SAMPLESUBG procedure takes O(|E(S)|?dyay) time per sam-
ple. The storage complexity is O(m|V(S)|). Here, m is the number
of edges in G, where dmax is the maximum number of simple edges
incident on any vertex in G.

PROOF. PREPROCESSSUBGRAPH computes the s-weights (w; ) for
every edge e € E(G) and every s € E(S). To obtain w, ., we perform
binary searches on the edges incident to one endpoint of e (say u)
to locate candidate matches for edges in S, forming the set D(s), in
O(log m) time. For every s’ € D(s), we retrieve the precomputed
s’ -weights of the matches incident on u (in O(1) time each), and
multiply them to get the s-weight of e. Thus, computing a single w; .
takes O(|E(s)|dmax + log m) time. Repeating this for all e € E(G)
and s € E(S) yields a total complexity of O(|E(S)|*mdmax).

During the sampling phase, once we have sampled an edge e that
matches s, we use binary search to determine potential matches to
every s’ € D(s), fetch their corresponding s’-weights and subse-
quently sample matches to every s’ from their corresponding list
of potential matches using distributions defined using s’-weight
values. So the first step takes O(|E(S)|log m) time, the second step
takes O(|E(S)|dmax) and final step takes O(|E(S)|log m) time. We
do these steps for every s in E(S), so the overall time to sample an
entire partial match is O(|E(S)|?dmay) per sample.

Regarding the space complexity, we store the sampling weight
Ws,e in a vector for each edge in the graph G, whose size equal to
the total edge count (m) multiplying the number of edges in the
spanning tree of the motif (|V(S)|). m}

4.5 Choosing the Spanning Tree

Figure 5b shows that a motif can have many spanning trees. Our
goal is to select the spanning tree that minimizes runtime while hav-
ing the best estimation quality. The estimation error when choosing
54 different spanning trees of the M;_4 motif is shown in Figure 6.
The results reveal large variation in accuracy: the worst-case esti-
mation error exceeds 350% while the best error is less than 1%.

In Theorem4.13, given the motif M and input graph G, the num-
ber of samples k to take to reach convergence is proportional to the
total sampling weight W. This weight W is exactly the number of
instances of chosen spanning tree S in the graph. A smaller W indi-
cates a rarer spanning tree, reducing the search space. For example,
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Figure 6: Histogram of estimation errors (%) across different
spanning tree choices for motif M;_; and with 1e8 samples.
Two highlighted examples, S1 and $2, correspond to the low-
est and highest observed errors, emphasizing that the choice
of spanning tree significantly impacts estimation accuracy.

Algorithm 7 : GeTBESTSPTREE(M, G, n..)

Input: Temporal motif M, input graph G, number of candidate
spanning trees n.

Output: Selected spanning tree Sp,s;

: DFS to enumerate all spanning trees of M in an array S, []
: C_losseness = GETCONSTRAINTLOOSENESS(S 1, M)

: Stopk = SELECTTOPK(C_losseness, Syp, nc)

: Init an array est_runtime[n.]

: forie [0,n.) do

curW = PREPROCESSSUBGRAPH(S;opk [i], G)
est_runtime[i] = curW

: Spest = tree with min est_runtime

: return Spes:

Algorithm 8 : GETCONSTRAINTLOOSENESS(S,17, M)

Input: all spanning trees S, []
Output: Constraint looseness C_lossness|[]
1: Initialize C_lossness[] with 0
2 forie [0,len(Sy;)) do
3: /*For every node, compute the absdiff of the
edges incident to the nodex/
4 for u € nodes(M) do
5 E(u) « edges if M that are incident on u
6 if |E(u)| < 2 then
T: continue
8 /*Consider all pairs of incident edges*/
9 for each unordered pair (e, e2) in E(u) do
10: C_lossness[i]+ = |t(e1) — t(ez) — 1]

11: return C_lossness

consider the candidate spanning trees Sy and Sy of motif M;_3 in
Figure 5b, or those of motif My_, in Figure 6. S; follows a path-like
structure and S; has a more tree-like structure. The experiments
in Table 7 show that the sampling weight W for S» is around 5-10



Table 2: Temporal graph datasets used in the evaluation.

Dataset ‘ V] ‘ |Etempnra!'| Time span
(year)
wiki-talk (WT) TIM T.8M 64
stackoverflow (SO) 2.6M 63.5M 7.6
bitcoin (BI) 18.1M 113.1M 71
reddit-reply (RE) 8.4M 636.3M 10.1

times larger than that for S;. This indicates that §; appears less
frequently in the input graph and introduces stricter constraints
compared to Sy, so we prefer S; to Ss.

However, calculating W for all spanning trees is time-consuming.
Each calculation takes approximately 10% of the overall runtime. We
propose a heuristic that approximates how tightly a spanning tree
enforces temporal constraints, which serves as a rough proxy for W
without accessing the graph. This proxy, denoted as C_looseness,
is computed in Algorithm 8. It examines all edge pairs incident to
each node and computes how tightly the spanning tree orders them.
A lower value indicates stricter constraints and is thus preferred.

Overall, our heuristics have the following steps.

e Finding Candidates: We use DFS to find all spanning trees
and evaluate them based on motif-only information. Then we se-
lect the top n, candidates with the smallest constraint losseness
(GETCONSTRAINTLOOSENESS).

e Evaluating Candidates: For the selected candidate spanning
trees, we calculate the actual sampling weight using the input graph
(PREPROCESSSUBGRAPH) . A smaller W means fewer samples are
required for convergence (indicated by Theorem 4.13).

® Choosing the Best Tree: We use the sampling weight W (which
affects the number of samples) to estimate the total runtime. We se-
lect the spanning tree with the smallest estimated runtime, making
it applicable across different graphs and motifs.

5 EVALUATION

In this section, we comprehensively evaluate the performance of
TIMEST across different graphs, motifs, and & values. We assess
both the accuracy and the runtime of TIMEST and compare them
with existing methods, highlighting its accuracy and efficiency.

5.1 Experiment Setup

Benchmarks. We evaluate the temporal motif counts across a
spectrum of datasets, encompassing medium to large-scale graphs
such as wiki-talk (WT), stackoverflow (SO) [27], bitcoin (BI) [22],
and reddit-reply (RE) [16], detailed in Table 2. To showcase the
versatility of TIMEST, we mine temporal motifs encompassing
5-vertex and 6-vertex connected graphs in Figure 3. We set § as 8W,
16W for WT and SO, and as 1D for Bl and RE, where H represents
hour, D represents day, and W represents week.
Baselines. For exact algorithms, we use the state-of-the-art Ever-
est [65], implemented in [2], which builds on the BT algorithm [30]
with GPU-specific optimizations. We exclude the original BT CPU
version due to its significantly lower performance (over 20x slower
than Everest).

For approximate algorithms on 4-vertex motifs, we compare
against PRESTO [47], ES [59] and IS [29]. PRESTO is a sampling
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framework that uniformly samples intervals of length ¢§ and per-
forms exact temporal motif counting on these sampled intervals to
derive estimated counts. We explore two versions of PRESTO, re-
ferred to as PRESTO-A and PRESTO-E. For 5- for 6-vertex motifs, we
omit the comparison with IS [29] as PRESTO was already shown to
outperform it in their study. And we do not provide a quantitative
comparison with ES [59] because the public code [1] is limited to
motifs with 4 or fewer edges.

TIMEST The number of samples k affects the accuracy and run-
time of TIMEST which varies from 10 million to 1 trillion. For
the detailed settings per case, please refer to the reproduce.py
in https://github.com/pyjhzwh/SpanningTreeSampling/. For a fair
comparison, the runtime of TIMEST include all steps in Figure 4,
which consists of preprocess and sample procedure.

Accuracy Metrics The accuracy of approximate algorithms is de-

fined as JC{._:—Cl, where C and C are the exact count and the estimated
count, respectively. And error = 1- accuracy. We run it 5 times to
get the average(avg) and standard deviation(std) of error.
Discussion Of The Samples TIMEST uses more samples than
prior work, but the runtime per sample is extremely small (i.e.,
0.1 microsecond per sample). PRESTO samples time windows and
then runs an expensive algorithm on this sample. Each sample
in TIMEST is a spanning tree that processes few edges. So, even
including preprocessing time, TIMEST is faster.

Hardware Platforms. Both TIMEST and PRESTO run on a CPU
platform with 32 threads. Specifically, the CPU platform utilized
is an AMD EPYC 7742 64-core CPU with 64MB L2 cache, 256MB
L3 cache, and 1.5TB DRAM memory. Everest [2] runs on a single
NVIDIA A40 GPU with 10k CUDA cores and 48GB memory.

5.2 Results

TIMEST is fast. In Table 3, we list the runtime of Everest (GPU)
and TIMEST (CPU) on counting the 5-vertex and 6-vertex temporal
motifs in Figure 3. We focus on the cases where Everest runs more
than 60 seconds. For RE dataset with =1 day, Everest is faster
than TIMEST. With large number of nodes and edges in input
graph and motifs, Everest takes a large amount of runtime, and
even timeout (>1 day of execution time) in some cases. On the other
hand, TIMEST completes execution in less than 30 minutes in all
cases and exhibits a geomean speedup of 28 over Everest.

Further, we also compare TIMEST and Everest (GPU) on the
bipartite money laundering pattern of Figure 1 [6]. We use the WT
graph with § set to 4W. Everest takes two days to complete, while
TIMEST runs in four minutes. The error observed is less than 0.6%.
TIMEST is accurate. Our comparison between TIMEST and
PRESTO [47] focuses on runtime performance and relative error,
with findings summarized in Table 4. Despite PRESTO’s runtime
being 6X slower compared to TIMEST, our results show that
TIMEST consistently outperforms PRESTO in accuracy for all
evaluated temporal motifs involving 5 and 6 vertices.

PRESTO employs an approximation strategy that involves uni-
form sampling across graph partitions within a time window of
size ¢d (¢ > 1is a parameter), and applying an exact algorithm on
these partitions. PRESTO’s inefficiency is because of the reliance
on uniform sampling and the use of the slow backtracking (BT)
algorithm [30] as the subroutine on the sampled time window.


https://github.com/pyjhzwh/SpanningTreeSampling/

Table 3: Runtime (in second) of Everest (GPU) and TIMEST
(CPU), the speedup of TIMEST over Everest, and the estima-
tion error (%) of TIMEST. We set the timeout limit as 1 day.
‘We mark the speedup and error as No Exact for the case that
Everest timeout. The error(%) is represented as avg + std.

Graph ‘ -] ‘ Motif ‘ Everest ‘ TIMEST ‘ Speedup ‘ Error(%)
(GPU) (CPU) )
M5y 9.9E1 9.3E0 10.6 0.1+0.0
Ms_2 1L7E3 B.8ED 1933 1.3+0.7
Ms3 1.5E3 7.1E1 211 0.7+0.5
Ms_4 2.5E3 7.1E1 349 6.4+4.9
Ms5 3.4E3 4.3E2 8.0 9.4+53
wT sw Msq 1.BE4 1.0E2 176.1 0.0+0.0
Mgz 1.ZE4 14E1 B852.9 0.1+0.1
M3 4.1E3 3.3E2 118 0.7+0.6
M;_4 5.5E4 1.3E3 42.5 7.4+3.8
M;_s 6.8E4 1.3E3 518 72.3+16.7
Ms, 9.0E2 3.0E1 30.5 0.0+0.0
Ms_2 7.TE3 2.9E1 265.0 0.9+0.3
Ms3 6.6E2 B.0E1 8.2 0.8+0.4
Ms_4 4.0E2 8.1E1 5.0 20.4+12.6
Ms5 6.TE3 6.4E2 10.5 32.7+16.7
o sw Msq 3.1E4 4.2E1 734.8 0.1+0.1
Mgz 9.4E4 3.2E1 2980.1 0.2+0.0
Mg s 2.1E3 1.5E2 13.6 0.3+0.2
M;_4 2.9E3 1.0E3 2.8 33.1+18.5
Mg s 1L.5E5 1.0E3 140.1 100.0+0
M5 37EZ SAEL 68 0.0£0.0
Ms_; 2.1E3 4.9E1 431 2.2+0.7
Ms3 1.9E3 1.1E2 16.7 1.4+0.6
Ms 4 7.TE3 1.1E2 68.3 3.2+31
BI D Ms5 1.0E4 B.9E2 113 10.0+5.4
Mgy 5.1E4 6.2E1 B12.7 0.1+0.0
Mo timeout 4.7E1 Mo Exact Mo Exact
Mg s 3.0E3 14E2 209 0.2+0.2
Mg_4 timeout B.3E2 Mo Exact Mo Exact
Mg s timeout 8.2E2 No Exact No Exact
M5 63E1 3.9E2 02 0=0
M, 34E2 3.9E2 0.9 0.640.4
Ms3 5.5E2 4.1E2 14 0.4+0.5
Ms 4 9.6E3 4.2E2 231 2.0+13
RE D Ms5 9.9E3 1.3E3 7.8 19.9+10.6
Mgy 5.1E2 5.1E2 10 0.1+0.0
Mg 3.1E3 3.9E2 79 0.0+0.0
Mgs LOE3 8.5E2 22 0.120.0
Mg_4 timeout B.5E2 Mo Exact Mo Exact
M s timeout B.7E2 Mo Exact Mo Exact

Both PRESTO and TIMEST struggle to accurately estimate
counts for the most complex 6-clique motif (Mg.5), showing low
convergence and accuracy. Despite generating approximately 1 bil-
lion samples, with around 100 million being valid (i.e., not violating
the constraints defined in Definition 1.2), only 1 - 100 of these valid
samples contribute to the final count. The 6-clique encompasses
more constraints (such as edge mapping and ordering) than any
chosen spanning tree can cover. Developing accurate algorithms
for such complex motifs would require new ideas.

For smaller motifs with 4-vertex in Figure 3, we compare TIMEST

with PRESTO, ES and IS baselines regarding runtime and relative
error. The result is shown in Table 5. TIMEST is always faster by
an order of magnitude with comparable or lower error.
Improved performance with additional constraints. Introduc-
ing specific constraints on sampled edges helps reduce the chances
of them violating the requirements of Definition 1.2. In Table 6, we
show how the three constraints in Section 2 reduce invalid sam-
ples and improve performance. We categorize three distinct invalid
sample types because of violating: a) 1-1 vertex map ¢y b) § time
interval c) edge orders.

Our experimental approach employs Constraint 1 as the founda-
tional condition, with Constraints 2 and 3 subsequently integrated
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Table 4: Runtime (in second) and relative error (%) of approx-
imate algorithms on various datasets and temporal motifs.
The lowest error is highlighted in green block. All run in
32-thread. We set the timeout limit as (1 day). If the program
runs out of memory (OOM), it will be killed. TIMEST is the
fastest and the most accurate in most cases.

- PRESTOA PRESTOE TIMEST

Dataset | Motif I Time(s) | Frror | Time(s) | Feror I Time (s) | Fror
M5, B.0E3 3.0% 4.0E4 T1% 1.0E1 0.1%

M52 1.5E4 2B.1% 1L6E4 22% 8.8E0 1.3%

WT M55 1.5E4 11.5% 1.9E4 12.0% 6.7E1 0.7%
5—8W M54 1.1E4 241% 5.1E4 33.6% 6.4E1 6.4%
Ms 5 24F4 25.8% 24F4 T7.1% 4.8E2 9.4%

M 1.1E4 93.8% 2.0E3 OB.8% 6.4E1 0.0%

Mg 2.5E3 96.1% timeout N/A 1.1E1 0.1%

Mss 1.4E5 107.5% 2.6E5 10.4% 2.0E2 0.7%

M4 1.3E4 B9.5% timeout N/A 6.9E2 74%

M:s timeout N/A timeout N/A 6.9E2 | 72.3%

M5, 4.9E3 3.8% 23E4 17.2% 2.6E1 0.0%

. o OOM NIA GOM NIA Z5E1 0.9%

so Ms_3 B.0E2 334% 1.0E3 17.2% 6.6E1 0.8%
5—8W M54 4.0E2 B87.3% 2.8E2 35.7% 6.9E1 20.4%
Ms_s 1.5E4 BL5% OOM N/A 4.8E2 32.7%

M B.6E4 984T timeout N/A 3.2E1 0.1%

Moz OOM NIA GOM NIA 29E1 0.2%

Mss 1.4E4 45.0% 4.0E4 13.88% 1.2E2 0.3%

M4 1.3E3 Bl4% 3.9E3 270.8% 8.7E2 33.1%

Mz s OOM N/A GOM NA SAEZ 1007

Ms_y 4.1E2 12.9% 2.7E3 13.2% 3.9E1 0.0%

M52 8.2E2 47.3% 1.3E3 41.7% 3.6E1 2.2%

BI Ms_3 1.2E2 65.9% 3.8E2 39.4% 4.1E1 14%
§=1D M54 7.7TE2 411% 5.4E2 53.3% 9.6E1 3.2%
Ms_s 1.4E3 15.3% 2.8E3 11.5% 7.BE2 10.0%

M, 5.5E4 524% timeout N/A 5.2E1 0.1%

Ms2 timeout N/A timeout N/A 5.2E1 NE

Mg 3 B.5E2 26.5% 5.9E3 32.2% 1.2E2 0.2%

Mes NE NE NE NE 7982 | NE

Mz s NE NE NE NE 8162 NE

Ms_y 3.2E2 102.5% 1.6E3 14.4% 3.2E2 0.0%

Ms_; 3.7TE2 028% 2.4E3 45.8% 2.9E2 0.6%

RE M55 1.8E4 925.0% 1.9E3 95.5% 4.2E2 0.4%
§=1D M54 6.8E4 90.6% 5.6E4 97.6% 3.3E2 2.0%
M55 1.1E4 9B.6% 2.5E4 25.8% 1.2E3 19.9%

M, 1.1E4 9B.6% 4.5E4 09.9% 1.2E3 0.1%

Ms2 3.6E4 40.4% 1.3E5 6.0% 3.5E2 0.0%

Mg 3 3.4E3 T76.5% L1E3 timeout 4.5E2 0.1%

Mes NE NE NE NE 7982 | NE

Mz s NE NE NE NE BiEZ | NE

in a phased manner. These experiments were conducted on the Mjs 5
motif (5-cliques), utilizing the WT graph with § = 8W, and the RE
graph with § = 1D. The objective is to achieve high accuracy with
high efficiency, striving for an increase in the rate of valid samples
while minimizing runtime for an equivalent number of samples.

From the table, we can see that adding Constraint 2 (distinct end
vertices on dependent edges) reduces the number of invalid samples
due to violating 1-1 vertex map. For RE graph, it significantly re-
duces the percentage of invalid samples due to violating the vertex
map from 75% to 2%. Adding Constraint 3 (26 window) reduces the
invalid samples due to violating the § constraints, increasing the
valid sample rate by around 5%. Integrating all three constraints, we
observe that the runtime remains largely unchanged, suggesting
that the additional computational overhead introduced by these
new constraints is minimal. More crucially, this integration boosts
the valid sample rate from 1% to 33% for the RE graph, concurrently
decreasing the error rate dramatically from 95% to 4%. This demon-
strates not only the feasibility of applying these constraints without
significant efficiency losses but also their effectiveness in enhancing
the precision of the sampling process.



Table 5: Runtime (s) and relative error (%) of all algorithms on each dataset. The lowest error is highlighted in green block.

Because not all sampling algorithms support multi-threading, for a fair comparison, we report the runtime for single-threaded
implementations. Because TIMEST output count for My {-M, 4 at once, we consider the runtime of TIMEST as the total runtime

for My 1-My 4. TIMEST is always the fastest.

Dataset Motif PRESTO-A PRESTO-E 15 ES TIMEST

Time (s) Error Time (s} Error Time () Error Time (5) Error Time (s) Speedup over Error
PRESTO-A (x)

M4-1 3.65E+03 31.08% 3.62E+03 B.65% 1.32E+04 ‘ L62% 2.22E+02 3647 0.26%
M4-2 3.76E+03 4.69% 4.04E+03 7.92% 1.44E+04 0.80% 2.TIE+02 2427 0.63%
WT, 3=8W M4-3 3.65E+03 75.88% 3.96E+03 34.45% 1.32E+04 0.57% 2.35E+02 B.34% 5.16E+01 292 235%
M4-4 3.99E+03 77.56% 3.74E+03 27.54% 1.45E+04 12.63% 5.01E+02 2.27% 4.30%
M4-1 3.69E+03 13.16% 4.10E+03 19.17% 7.99E+04 0.68% 1LBTE+03 0.75% 0.24%
M4-2 3.BBE+03 B6.36% 391E+03 12.84% = 1D - 1.50E+03 0.50% 0.37%
ST, 5=8W M4-3 3.62E+03 3B.68% 401E+03 20.29% B.59E+04 1.45% 2.24E+02 0.95% 3.70E+02 4 1.30%
M4-4 3.B5E+03 0.52% 407E+03 10.05% B.12E+04 0.56% 3.12E+02 1.76% 4.74%
M4-1 3.62E+03 5.33% 3.60E+03 19.10% 1.B0E+03 LBl® B.66E+03 212% 0.07%
M4-2 3.65E+03 18.50% 361E+03 B.94% 2.01E+03 0.23% 1.2ZE+03 1487 0.53%
BL 8=1D M4-3 3.64E+03 25.39% 36TE+03 19.33% 1.79E+03 20.56% 5.24E+02 6.23% 4.60E+02 32 184%
M4-4 3.6TE+03 41.71% 3.63E+03 31.99% 1.69E+03 16.61% 6.17E+02 6.32% 7.60%
M4-2 3.60E+03 26.83% 361E+03 2317% 3.6TE+03 38347 1.B5E+03 8.90% 0.22%
RE. 81D M4-3 3.60E+03 160.88% 3.60E+03 53.66% 5.91E+03 2137% 1L.OBE+03 1.45% 2 47E+03 6 0.44%
’ M4-5 3.61E+03 B9.03% 361E+03 46.35% 422E+03 3k 6.04E+02 296% ) 1.92%
M4-7 3.60E+03 104.42% 4.54E+03 344.62% 7.29E+03 151.53% 1L.01E+03 27.94% 4.57%

Table 6: The percentage of invalid and valid sample rate, rela-
tive error, and runtime when enforcing different constraints

Table 8: Peak memory usage (GB) for PRESTO and TIMEST.

(C) for estimating temporal motif count of Ms_s. Dataset | Motif | PRESTO-A | PRESTO-E | TIMEST

WT Ms1 15 3.7 2.9
Graph, WL 5=8W RE, 3-1D §=38w ﬁ:; 125_ '?g 3;;;2 §_‘3
Constraints C1 C1+2 Cl1+2+3 C1 Cl1+2 C1+243 S0 Ms-l 12.4 13.1 20.1
Invalid sample | Velexmap | 429% | 363% | 366% 755% | 2.0% 107 5_gw | Mss 8.1 1116 201
& interval 14.6% 17.1% 10.3% 0.8% FENTA 13.6% - Mz 6.8 30.8 21.0
rate (%) edgeorder | 344% | 358% | 398% | 230% | 454% | SLi% M5y iz 51 03
Valid rate (%) B1% 10.8% 133% 0.8% 29.5% 33.4% P Bl M55 83 192 40.3
Error (%) 51% | 09% 2.0% 05077 | 12.5% 10% =1D M3 57 110 21

Runtime (s) 3201 | 3327 | 3610 12502 | 12217 | 11481

Table 7: Sampling weight W, estimation error (%) and run-
time (s) for choosing different spanning tree (5; to S3) when
estimating motif count for Ms 3.

G 5 | w Error Runtime (s)
[ & [ S [ S S1i [ S2 [ S5 [ S [ S [ S
WT MW 1.1E12 | B9E1Z| 14E12| 4.9% 9.5% 145% 9.9 124 1.7
W 6.5E12 | 5.2E13| B.OE1Z| 0.B% 13.4% 3.4% 14.2 16.4 17.7
50 MW 3.1E12 | 2.6E13 | 40E12| 3.1% 33.1% 5.8% 254 19.8 27.0
W 1.6E13 | 1.5E14| Z20E13| 4.4% 21.8% 11.4% 30.0 20.7 311
BI 1D 2.JE13 | 1.3E15| 12E14| 1.2% 110.6% | 3.9% 429 33.6 48.1
RE 1D 7.3E11 | 49E12| 53E12| 0.3% 3.5% 6.8% 3273 2515 3360

Effect of different spanning trees on performance. We exam-
ined using three distinct spanning trees for motif Ms_3, using 20
million samples each for our analysis, as seen in Table 7. The trees
51 and S» are displayed in Figure 5b. The total sampling weight
W is similar for S; and S; in certain graphs, but S» has a W value
about 10 times higher. Theorem 4.13 states that for a given graph
and motif, the number of samples k needed to reach convergence
is proportional to W. Smaller W implies the same error with fewer
samples, which is corroborated by Table 7.

Runtime comparison, given equal sample numbers, reveals mi-
nor differences between the trees, with S; having slightly longer
runtimes than §; and S;. Because the VALIDATEANDDERIVECNT()
function has time complexity linear to the overall number of po-
tential candidates (see Section 4.3). Here the candidates refer to the
non-spanning-tree edges of the motif.
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Peak memory usage In Table 8, we show the maximum RAM
memory used for various algorithms in a single run. We can see
that TIMEST and PRESTO have comparable peak memory usage.
Notice that the peak memory usage of TIMEST does not grow
with the motif’s complexity or the number of samples. Because
most of the memory is used to store the preprocessing weights.

6 CONCLUSION AND FUTURE WORK

This paper presents TIMEST—a general algorithm for counting
motifs in temporal graphs that is both fast and accurate. TIMEST
works for any motif with arbitrary size and shape. The key idea
behind TIMEST is to estimate the motif counts based on an under-
lying spanning tree structure. To improve estimation accuracy and
achieve high performance, we show how to intelligently design
a constrained algorithm and present the heuristics for choosing
spanning trees. TIMEST is designed under the assumption of total
temporal orderings following temporal motif mining problems in
prior works [30]. A natural next step is to try to count motifs with
partial order time constraints. In some special cases, the spanning
tree of TIMEST already suffices, but fully supporting arbitrary
partial orderings remains an interesting direction for future work.
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