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ABSTRACT

Instruction tuning is a key step in adapting large language models
(LLMs) to effectively understand and follow human instructions. It
enables LLMs to transform general knowledge into task-specific
responses that align with user intent. Although many high-quality
instruction tuning datasets have been released, efficiently utilizing
these data sources during supervised fine-tuning (SFT) is important,
as training on the full high-quality corpus can be computationally
expensive. To address this inefficiency, we explore whether a com-
pact, high-quality subset of instruction data can achieve compara-
ble performance to full-dataset SFT, thereby reducing training cost
without sacrificing effectiveness. To this end, this work proposes
to select such a subset (a.k.a., coreset) of instruction examples that
maintains comparable downstream performance while improving
training efficiency. The key idea is inspired by our discovered de-
composition that in instruction tuning, the training loss can be
decomposed into two components that effectively quantify the con-
tribution of an instruction to the two fundamental capabilities of
LLMs, namely knowledge-related capability and instruction follow-
ing capability. We then revisit the objective of the classical coreset
approaches to balance the two capabilities when selecting instruc-
tion examples. Based on a bi-level formulation and a composite
gradient distance that makes the objective submodular, we design
an effective algorithm to achieve a bounded approximation error.
Experiments on 4 datasets across 9 downstream tasks demonstrate
that BRIEF reduces computational costs by 3x while improving ac-
curacy by 5% on Llama-3.1-8B, Qwen3-4B and Mistral-Nemo-12B.
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1 INTRODUCTION

Instruction tuning, also known as supervised fine-tuning (SFT),
improves generic Large Language Models (LLMs) [19, 39, 72] in fol-
lowing human instructions [49], and enables adaptation to specific
domains [32, 61].

Recent work [30, 35, 61, 67] shows that domain SFT crucially
depends on selecting instruction examples, since many instruction-
tuning datasets contain irrelevant or even harmful data for the
target domain [28, 53, 61]. In contrast, when SFT is used to improve
general instruction following [11, 18, 65], data selection is largely
overlooked, despite the high cost of training on massive corpora [22,
46, 70]. This makes large-scale SFT unaffordable for many small
organizations, motivating data selection in this setting.

Specifically, if we can select a high-quality, representative subset
(i.e., a coreset [14, 44]) such that fine-tuning on it yields performance
competitive with training on the full set, we can greatly reduce SFT
cost.

In deep learning, coreset methods [40, 41, 51] construct weighted
subsets whose aggregated gradients approximate the full gradient.
Their guarantees are typically based on bounding the gradient
approximation (GA) error: the difference between the full-data
gradient and the weighted sum of coreset gradients.
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However, unlike traditional deep learning, SFT simultaneously

improves two capabilities [60]: knowledge-related capability (KN)
and instruction following capability (IF). KN measures factual cor-
rectness (e.g., Q: “What is the orbital period of the Moon around
the Earth?” A: “Approximately 27.3 days”), while IF measures ex-
ecuting diverse instructions (e.g., Q: “Prepare a report following
these specified steps.” A: “[Detailed step-by-step report]”). By de-
composing the SFT loss into KN and IF, we expose why existing
coreset objectives can be insufficient, and design BRIEF to preserve
both capabilities.
Decomposition of the SFT Loss. First, in Section 4.1, we de-
compose SFT loss into KN and IF in measurable forms, making
explicit that SFT jointly optimizes both terms and enabling precise
definitions.

Accordingly, an ideal SFT coreset should preserve both KN and
IF, i.e., simultaneously constrain GA errors for the gradients of
each term. Yet directly applying traditional coreset selection to SFT
typically minimizes GA error only for the total SFT loss, which can
yield a coreset that matches the overall gradient while failing to
control the two components.

Consider samples whose gradients align differently with KN
and IF. Some samples are strong for one capability because they
have large norms and directions close to KN or IF, and they still
contribute to the other capability. Other samples are “average”, they
have small norms and directions between the two, so they are less
informative. Methods that match the average full gradient often
prefer many average samples because their small and balanced
gradients lie near the global mean. Intuitively, repeatedly training
on such mediocre examples is suboptimal. We would rather select
strong samples, possibly pointing to different directions, and make
their combined gradient match the full gradient.

This issue can be understood via error vectors. The SFT error
vector is the difference between the full gradient and the coreset
approximation, and it equals the sum of the KN and IF error vectors.
Even if the SFT error magnitude is small, the individual GA errors
for KN and IF can be arbitrarily large when their error vectors
nearly oppose each other, meaning the angle is close to 180°. By
the triangle inequality, a small ||espr|| = ||exn + er|| does not imply
small ||exn|| or ||ers||. Figure 1 illustrates this effect.

New Objective Function. To address this, BRIEF minimizes the
sum of GA errors for KN and IF, instead of only the GA error of
their gradient sum. This directly bounds both individual errors, and
also bounds the SFT GA error because ||exn + err|| < |lexn|| + ||e||
(Figure 1(c)). Thus the selected subset retains both knowledge-
related and instruction following capabilities.

Optimization Methodology. We prove the reformulated problem
is NP-hard and propose a bi-level framework BRIEF. Using an auxil-
iary variable to partition the solution space, we obtain an equivalent
bi-level problem. At the lower level, given a partition, we form a uni-
fied objective by weighting GA errors of KN and IF. Via a gradient
distance composition technique, this becomes a submodular maxi-
mization problem solvable by an efficient greedy algorithm with an
approximation guarantee. The upper level searches over partitions:
we show the objective upper bound behaves monotonically at both
ends of the auxiliary-variable range, enabling efficient exploration
by ternary search and avoiding exhaustive enumeration.
Contributions. We summarize our main contributions as follows:
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Figure 1: Different GA-error objectives: (a) original vectors,
(b) minimizing GA error of the gradient sum, (c) minimizing
sum of individual GA errors.

« By decomposing the SFT loss, for the first time we quantify
the contribution of each instruction-response pair to the model’s
knowledge-related capability and instruction following capability,
offering a new loss-level perspective on instruction tuning.

+ Building on this decomposition, we derive a new optimization
objective for coreset selection in SFT that minimizes the sum of
individual GA errors, rather than only the GA error of the gradient
sum, thereby simultaneously retaining both knowledge-related and
instruction following capabilities.

« By formalizing and solving a bi-level optimization problem
driven by our composite gradient distance, which jointly controls
the GA errors of KN and IF, we obtain an efficient coreset selection
algorithm that significantly reduces the complexity of coreset se-
lection while providing a theoretical guarantee on the resulting GA
error bound.

« Experiments on several advanced LLMs and real world datasets
show that BRIEF selects a well-performing coreset, reducing com-
putational costs by 3x while improving accuracy by 5% on Llama-
3.1-8B, Qwen3-4B and Mistral-Nemo-12B.

2 RELATED WORK

We first review quality-based and task aware data selection methods
for instruction tuning, then discuss gradient-based coreset meth-
ods originally developed for deep learning and their extensions to
instruction-tuning settings, and finally connect these approaches
to the bilevel optimization framework that underlies many recent
coreset-based methods.

Quality-based Filtering for Instruction Tuning. Early work
focused on removing low-quality data using simple rules [50, 56] or
deduplication methods like SemDedup [1]. However, these heuris-
tics often fail to generalize. Other researchers employ powerful
LLMs (e.g., GPT-4) to score data quality, though this relies heavily
on human-like intuition [17, 59, 71]. Perplexity is another common
metric [6, 38, 43, 58], but it tends to favor simple and redundant
sentences. To address this, Li et al. [31] introduced the Instruc-
tion Following Difficulty (IFD) score, which measures difficulty by
comparing response generation with and without context.
Domain and Task aware Data Selection. Many methods select
data to match specific downstream domains. Some use n-gram sim-
ilarity to align corpora with validation sets [16, 63]. Others use



Table 1: Symbols used throughout the paper.

Symbol Description

6, © Trainable parameters; Feasible parameter space

D, N Full training dataset; Number of examples

(xi, yi) i-th instruction-response pair from D

lyil, yt, yi* Token length; ¢-th token; Prefix before ¢

po(-) Model conditional probability under 6

Lser, Lxn, Lip SFT loss; Knowledge loss; Instruction following loss
VLi(0) Per-example gradient of the loss at parameters 6

C, W, w; Selected Coreset; Weight set; Weight of element j
r(j) Index map linking coreset item j back to D

K, ¢ Size budget; Allowed GA error

IFD(y|x;0), PPL(-)  Instruction following difficulty; Perplexity

dz.(.N, dS Pairwise gradient distances in KN and IF spaces
dlsj{.:T Composite distance combining KN and IF terms
Brn(C), Bir(C) Upper bounds on KN and IF GA errors for C

a, Error budget split auxiliary parameter; Search tolerance
F(C) Facility-location objective

Kxn (1), Kip(7) Minimum coreset size achieving error budget 7

influence functions to measure the impact of training data [68],
as seen in LESS [62] and MATES [66]. Another approach involves
training surrogate models to predict data relevance. For instance,
DeepSeekMath [53] uses active learning, while RHO-1 [34] employs
a high-quality model for token-level filtering. However, training
these specialized classifiers or surrogate models often requires sig-
nificant computational resources and may not adapt well to different
domains.

Gradient-based Coreset Methods. Gradient-based methods se-
lect a small weighted subset of data to approximate the gradients
of the full dataset. CRAIG [40] achieves this by maximizing a sub-
modular objective, while GRAD-MATCH [23] uses a greedy algo-
rithm to match gradients directly. Extensions include Camel [33]
for streaming data, and Goodcore [4], which handles incomplete
relational data while jointly cleaning and training. Additionally,
cluster-based methods [5] perform selection over feature-space clus-
ters rather than individual points. Recently, TAGCOS [69] applied
similar gradient clustering ideas to instruction tuning to create
diverse datasets. Beyond direct gradient matching, coreset selection
can also be formulated as a bi-level optimization problem. GLIS-
TER [24] and RETRIEVE [25] adopt this strategy: the inner loop
trains on a subset, while the outer loop greedily selects examples
to minimize validation loss using hypergradient approximations.

3 PRELIMINARY

In this section, we first introduce the basic notation and recall
supervised fine-tuning (SFT) and classical coreset selection, which
our method builds upon. Table 1 summarizes all the symbols used
throughout this paper.

Supervised Fine-tuning (SFT). Suppose that 6 denotes the model
parameters and D denotes the full training dataset. During the SFT
stage, the full training dataset D with N data points can be rep-
resented as an instruction-response corpus D = {(x;, yi)}f.il. For
each data point, the instruction sequence is x; and the response se-
quence is y;, where |y;| denotes the length of the response sequence
y; (i.e, how many tokens it contains), y; denotes the ¢-th token in
y; and y~' =(y},...,y!"") denotes the prefix sequence before the

1266

t-th token in sequence y;. Thus, the SFT loss can be written as:

lyi
Lorr(ey)i0) =~ D lompoluf | Geoyi). ()
t=1
Coreset. The state-of-the-art coreset selection framework [14, 44]
aims to select a subset of data points C € D (with non-negative
weights {w; }Lc;ll) such that the coreset gradient well approximates
the full gradient, i.e., we keep only a smaller weighted subset of
instruction-response pairs while still matching the training effect
produced by the original dataset.

Intuitively, each data point (x;, y;) contributes a gradient vector
V.L;(0), and the goal is to select a smaller weighted subset whose
combined gradients approximate those of the entire dataset. This
naturally involves a trade-off between subset compactness and
approximation fidelity, which we formalize through two equivalent
formulations below.

The most direct way is to minimize the gradient approximation
error (GA error) subject to a size constraint:

ID| cl
coiin %asgngvzi(e)—;wJVLy(j>(9)|| st. [Cl<K (2)
=z

full gradient coreset gradient

gradient approximation error

Here, K denotes the coreset size budget and © represents the feasible
parameter space.

Equation (2) aims to minimize the GA error, which measures
the gap between the full dataset’s gradient and the weighted core-
set’s gradient. However, directly solving this formulation is com-
putationally intractable. To overcome this difficulty, many stud-
ies [5, 40, 41, 51] adopt a dual formulation by interchanging the
optimization objective and the constraint, as shown below:

D] ic|
cofmin ICl st rggg”;VLi(G)—;ijLy(j)(G)”Ss (3)

Equation (3) captures the essential trade-off between approxi-

mation accuracy (¢) and subset size (|C|). Modern coreset meth-
ods [5, 40, 41, 51] typically solve the fixed-budget problem (Eq. (2))
by optimizing this dual formulation—finding the minimal subset
for a specific error tolerance—and then adapting the solution to
the budget K. We build on the same dual-formulation framework,
but explicitly split the SFT GA error into knowledge-related and
instruction following terms, letting these two parts guide the data
selection process.
Example. Consider a toy dataset of 8 data points forming three
groups with identical gradients (group sizes: 3, 3, and 2). To satisfy
K =3, we can simply pick one point from each group and weight
them by their group size (i.e., weights 3, 3, 2). This achieves near-
zero gradient error, demonstrating how the method removes data
redundancy without losing the training effect.

4 CORESET SELECTION FOR SFT

In this section, we decompose the SFT loss into a knowledge-related
term and an instruction following term (Section 4.1), reformulate
coreset selection to preserve both (Section 4.2), and present the
BRIEF framework and algorithmic details (Sections 4.3-5).



4.1 SFT Loss Decomposition
By adding log pg(y’ | y=*), Eq. (1) can be written as

y Ly y<t
Loy |5:6) = =7 ) [tog po(y" | y=*) + log LLLLD | (4)
This leads to the decomposition:
Lsrr(y | x:0) = Lxn(y:0) + Lie(y | x;6). ©)
where
lyl
Lin(y:60) =~ > log po(y' | ™), (©)
=1
and
lyl W]
Ly | x:60) =7 Z log L2t )

The first component Lxn(y; 9) denotes knowledge-related
loss, which is in the same format as the pretraining loss of LLMs [46].
It represents the negative log-likelihood of predicting the next token
y' given only the previous tokens y<’. This component measures
how well the model predicts the response tokens without using the
instruction x. Therefore, it mainly reflects the knowledge inherently
stored in the answers.

Next, we show that the second component represents the in-
struction following loss. It measures the log-probability ratio of
generating y with instruction x versus without it. This captures the
additional information provided by the instruction x that helps pro-
duce the correct response y. Therefore, it effectively quantifies to
what extent the instruction improves the model’s ability to generate
the desired output.

To prove this, we first introduce a metric called instruction fol-
lowing Difficulty (IFD) [29-31], which, given an instruction (x, y),
identifies discrepancies between the expected responses of a model
and its generation capability.

IFD(y | x;0) = PPL(y; 0) Y

where
PPL(y | x;0) = exp (Lsrr((x, y);0))., ®)
PPL(y; 0) = exp (Lxn(y;0)) . 1o

Intuitively, IFD measures the potential of this instruction to
improve the instruction following capability of a model. The key
observation here is that taking the log on IFD(y | x; 6) will derive
the exact form of Lir(y | x; 0), i.e., the second component in Eq. (4).

Li(y|x;0) (11)

This shows that L primarily focuses on exploring the training
examples to improve the instruction following capacity of a model,
thus representing the instruction following loss.

Notably, L is derived directly from the SFT loss, namely the
actual objective used during training. This connection provides a
principled explanation for the effectiveness of instruction follow-
ing difficulty (IFD) and, in turn, proves the critical role of training
examples in improving the instruction following capability of a
model.

=logIFD(y | x;0).
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In summary, this decomposition highlights that the SFT loss
reflects two core model capabilities: knowledge-related capabil-
ity, driven by Lk, and instruction following capability, driven by
L. At the level of individual training examples, each instruction—
response pair influences the model through a knowledge-related
term and an instruction following term, which are exactly the com-
ponents we later control when selecting and weighting examples
in the coreset.

4.2 Problem Definition

In this section, we reformulate the coreset selection problem for
instruction tuning in LLMs. Given a full training dataset D =

{(xi, y,)}lDl‘, our goal is to select a subset C C D with weights

{w ]}lc| that preserves both knowledge-related and instruction fol-
lowmg capabilities of D simultaneously during the instruction tun-
ing period.

SFT Gradient Approximation. Incorporating the SFT loss from
Eq. (1) into the traditional coreset objective (Eq. (2)), we obtain:

ID|

féleag”Z V Lspr((xi, y1); 0) - ZwJV‘LSFT((XY(D Yy(n)if) ” 12)

subject to |C| < K, where y(j) denotes the index mapping from
coreset to the full dataset.
Triangle Inequality Analysis. Building on the SFT loss decom-
position established in Eq. (5), we apply the triangle inequality to
the gradient approximation error in Eq. (12):

|D| 1€l

maXHZ V Lser((xi y:)3 0) Zw]VLSFT((xY(]) Uy())i g)H

|D|

< x> ¥ Lon(uis0) - Zw]VLKN(ym) o )

ID|
+max”Z V L (yi|xi;0) - ijVLIF(yy(])lxy(j) 9)”

which implies that the SFT gradient approximation error is up-
per bounded by the sum of the two component errors. However,
minimizing the SFT GA error alone does not necessarily control
the knowledge-related and instruction following errors separately.
Hence, we explicitly constrain both components and reformulate
the objective as follows.

£2]]

HZ V Lxn(yi;0) — Z w]VLKN(yy(j),e)H

min [max
CCD, w20 L 6co

Knowledge-related GA Error
12]

+ maX“Z V L (yilxi; 0) - Z @V L (yy () 1%y ()3 9)”]

Instruction Following GA Error

st. |C] <K
(14)
Reformulated Optimization Objective. The reformulation dif-
fers from traditional approaches by explicitly constraining both
component errors. Specifically, through the triangle inequality, any

solution to Eq. (14), where the total error does not exceed a certain



upper bound, guarantees that the SFT GA error is also within that
bound. This reformulated objective ensures that both knowledge-
related (KN) and instruction following (IF) capabilities are preserved
in the selected coreset, addressing the unique requirements of SFT
that traditional coreset methods overlook. In the following sections,
we present our BRIEF framework to efficiently solve this problem.

4.3 BRIEF Overview

The BRIEF framework addresses the coreset selection problem
(Eq. (14)) through a bi-level optimization approach that simulta-
neously retains both knowledge-related and instruction following
capabilities.

As illustrated in Figure 2, BRIEF starts with a warm-up phase to
compute gradient-based distances for both knowledge-related and
instruction following. Next, it employs a bi-level optimization: the
upper level adjusts a parameter a to explore trade-offs, while the
lower level selects the coreset using a combined metric. This struc-
ture transforms the original NP-hard problem into two manageable
sub-tasks. Intuitively, we decouple the search by selecting a coreset
for a fixed @, and then updating « via a simple one-dimensional
search. This allows BRIEF to efficiently identify and weight the most
representative instruction-response pairs from the SFT corpus.
Warm-up Phase. BRIEF starts by training the base model on a sub-
set Dyarm. Then, it calculates gradients for both knowledge-related
(VLkn) and instruction following (V.L;F) capabilities to compute
pairwise distances between data points. This step organizes train-
ing examples in the gradient spaces, enabling precise measurement
of data similarity and coverage for the subsequent selection.
Bi-level Optimization Algorithm. The core of BRIEF lies in its bi-
level optimization structure (see Section 5 for details). Specifically,
the upper level employs ternary search over the auxiliary variable
a € (0, 1), which serves as a partition parameter that divides the
solution space into different regions based on capability trade-offs.
For each partition defined by «, the lower level performs coreset
selection by formulating it as a submodular facility location problem
for efficient calculation. In each iteration, this means we first fix
how much error budget to allocate to KN versus IF and then choose
a coreset that best represents the full dataset under this split.
Upper Optimization. The upper optimization employs ternary search,

which iteratively narrows the search interval by evaluating two
internal points (m; and my) and discarding the subinterval with
worse performance. The algorithm exploits the monotonicity at
both extremes of the a spectrum: the objective decreases for small
(where KN constraints dominate) and increases for large @ (where IF
constraints dominate). This property ensures that at least one local
minimum exists in the interval, and the ternary search converges to
a locally optimal partition parameter o* in O(log(1/0)) iterations,
where 9§ is the convergence threshold. Once o* is determined, the
final coreset can be selected through the lower-level optimization,
thereby preserving both model KN and IF capabilities.

Lower Optimization. For each iteration of the lower optimization

(Algorithm 2), given the partition parameter o from the upper
level, we construct a composite distance metric d>'7 = édK N4
ﬁdl F that integrates both capability measures. The algorithm
then formulates coreset selection as a submodular facility location
problem, where the objective measures the total distance from all
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Algorithm 1 BRIEF Framework

Input: Candidate data pool D, selection ratio y, base model 6
Output: Coreset C C D, weights W
1: 0 «— WARMUPTRAINING( D, 0)

2: Compute V Lxn(yi;0), V Lir(yilxi; 0) for all (x;,y;) € D
3: Compute pairwise distances dij dg foralli,j € [N]
4: 10, re1
5. while [r = I| > 6 do > ternary search over o, § — 0
6: m1<—l+r771, m2<—r—r771
7: (C1, W;) < GREEDYCORESETSELECTION (D, y, my, AN, 4
8: (C2, W) < GREEDYCORESETSELECTION (D, y, my, dN, dIF')
9: E; < CoMPUTEGAERRORBOUND(C1, W;)
10: E; « ComPUTEGAERRORBOUND(C;, W>)
11: if E; < E, then
12: r — my
13: else
14: | —m
15: end if
16: end while

. L+r
17 a” & ——

2

18: return GREEDYCORESETSELECTION(D, y, a*, dXN, dF)

data points to their nearest representatives in the coreset. Through
greedy selection, it iteratively chooses K = [y|D|] data points
that maximally reduce the sum of distances from unselected points
to their nearest selected representatives. This greedy approach
provides a (1 — 1/e)-approximation guarantee for the submodular
maximization problem [47]. Finally, it computes weights for each
selected point based on the number of data points assigned to it.

5 THE BRIEF APPROACH

In this section, we present the technical details that solve the opti-
mization problem formulated in Eq. (14). This problem is proven to
be prohibitively expensive (Section 5.1). We first demonstrate that
directly optimizing this problem is computationally prohibitive,
while transforming it into a bi-level optimization structure makes
it possible to design an efficient solution (Section 5.2). We then
detail the lower-level optimization, which solves the coreset selec-
tion problem w.r.t. a specific auxiliary variable « that partitions the
solution space by allocating error budgets between the two capa-
bility components (Section 5.3). Finally, we present the upper-level
optimization that efficiently searches for a locally optimal & value
by exploiting the monotonic properties of the objective function
(Section 5.4).

5.1 Problem Complexity

We now establish the computational intractability of the optimiza-
tion problem in Eq. (14).

THEOREM 5.1. The optimization problem in Eq. (14) is NP-hard.

ProoOF. We prove the NP-hardness by reduction from the clas-
sical coreset selection problem for gradient approximation, which
is known to be NP-hard [40]. Specifically, we show that Eq. (14)
subsumes the classical gradient-based coreset selection as a special
case when instructions are set to be empty. The detailed proof is
provided in our technical report [54]. O
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Figure 2: The Overall Framework of BRIEF.

5.2 Bi-level Optimization Problem

To efficiently solve the NP-hard problem formulated in Eq. (14),
we transform it into a bi-level optimization framework. Following
popular coreset selection approaches [40, 41, 51], we first derive
the dual formulation of our coreset selection problem and then
establish its equivalence to the original objective:

min |C|
CcD, o.)jEO
|D| IC]
s.t. max ‘Z VLin(yis 0) - ijVLKN(yy(j);G)“
i=1 j=1
ID| |C|
+1;1€:%(“Z VLir(y;i | xi;0) — Z(l)jV.LIF(yy(j) | xy(j);O)H <e¢
i=1 =1

(15)

where ¢ represents the budget of the overall GA error.

Specifically, Eq.(15) serves as the dual formulation of Eq.(14),
analogous to the relationship between Eqs.(2) and (3). We adopt
this tolerance-constrained view to facilitate our analysis, while the
derived algorithm effectively addresses the original size-constrained
optimization. The challenge of directly solving Eq. (15) lies in the
coupled constraint that involves the sum of two gradient approxima-
tion errors. To decouple this constraint and enable more efficient
optimization, we introduce an auxiliary variable ¢ € (0,1) that
partitions the error budget between the KN and IF capabilities.
Importantly, « is not a hyperparameter requiring manual tuning
but is automatically optimized through our bi-level framework, as
detailed below.

Specifically, we can transform our problem into the following
equivalent bi-level optimization formulation:
ICl

min min s.t.

ae(0,1) CCD, w;>0
ID|

|C
> v 56) —
gleag”i=l LKN(y“ )

|
ijV-CKN(yy(j);G)“ < ae
=
|D| |C|
??é‘”z VL (yi | x6:0) = 30,V Lir(uy ) | xm-);O)H <(1-a)
i=1 j=1
(16)

We now show the equivalence of Eq. (15) and Eq. (16).

THEOREM 5.2. The bi-level optimization problem in Eq. (16) is
equivalent to the formulation in Eq. (15). In particular, any optimal
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solution (C*, W*) to Eq. (15) corresponds to an optimal solution of
Eq. (16) for some a* € (0,1), and vice versa.

Proor. We provide the full proof in our technical report [54]
and offer a simplified intuition here. The equivalence holds because
the variable a simply acts as a slider that partitions the total error
budget ¢ between the two capabilities. Specifically, any solution
satisfying the combined constraint in Eq. (15) naturally corresponds
to a specific split « in Eq. (16). Conversely, summing the two split
constraints in Eq. (16) recovers the original total budget ¢. Since
both formulations minimize the same subset size |C| under the same
total error allowance, they yield identical optimal solutions. O

This bi-level structure offers significant computational advan-
tages. At the upper level, we only tune the continuous parameter a,
which splits the GA error budget between KN and IF. Because the
objective is unimodal in &, we can search for a good value using
ternary search. For each fixed a, the lower level reduces to a stan-
dard submodular facility-location coreset selection problem with
approximation guarantees.

5.3 Lower-level Optimization Problem

Given a specific parameter « learned by the upper-level optimiza-
tion, the lower-level problem focuses on finding the minimal coreset
C and corresponding weights W that satisfy the decoupled gradient
approximation constraints in Eq. (16).

This lower-level problem represents a constrained coreset se-
lection task, where we must simultaneously bound the gradient
approximation errors for both knowledge-related capability (with
error budget a¢) and instruction following capability (with error
budget (1 — @)¢). While the parameter « partitions the total error
budget between the two capabilities, solving this optimization prob-
lem remains computationally challenging due to its combinatorial
nature and the need to evaluate gradient approximations over the
parameter space ©. However, we show that the aforementioned
dual-constraint optimization problem can be reformulated as a sub-
modular set cover problem, which admits efficient approximation
algorithms.

Formulation as a Submodular Set Cover Problem. To precisely formu-
late our coreset selection task as a submodular set cover problem,




we define deterministic bounds Bgn(C) and Bir(C) for any subset
C C D and parameter 0 € ©.
def & def el
lef o JKN el in d
Brn(C) = ; glércl di Bir(C) = ; glércl‘ djj- (17)

Here, pairwise distances d and d}jF are used to measure the
normed difference between the gradient of data point ¢; € D and
data point ¢; € C, which are defined separately as:
def

diN = max IV Lin(yi;0) — VLn (yj: )l (18)
def
i = max IV Lir (yilxi; 0) = VL (yjlx55 0| (19)

Following the theoretical framework established in Mirzasoleiman
et al. [40], we can derive upper bounds for the gradient approxi-
mation errors. Specifically, the maximum gradient approximation
error for any subset C can be bounded by the sum of minimum
pairwise distances between the gradient of each point in D and its
closest representative in C. Intuitively, if every point in D has a
close neighbour in C in the gradient space, then the sum of gradi-
ents over D can be well-approximated by reweighting the gradients
of points in C; the quantities Bxn(C) and Br(C) measure how well
C covers D under the KN and IF gradient distances.
Formally, this gives us:
|D|

’Z V Lin(yi30) -
=1

Ic*|
ty *';9“3( o), 20
max ;wj Lxn(yy(); 0)|| < Bxn(C) (20)
ID|

IC*|
rgggHZ VL (y; | x:0) - Z @iV L (yy ) | xy*(j);e)H < Bir(0).
i=1 =

(1)

This allows us to transform the intractable optimization problem
in Eq. (16) into a more manageable form with scalar constraints.

Substituting Bxn(C) and Bip(C) into Eq. (16), we obtain a sim-

plified optimization problem with scalar constraints:
Icnig [C] st Bxn(C) <ae, Brp(C)<(1-a)e  (22)
c

Unifying Dual Constraints into a Single Constraint. While the dual

constraints in Eq. (22) provide explicit control over both capabilities,
solving this bi-constraint optimization problem remains compu-
tationally challenging. To address this, we propose to transform
the dual constraints into a single unified constraint that can be effi-
ciently solved using existing submodular optimization techniques.

Our key insight is to construct a composite distance metric that
effectively combines the KN and IF distance components, which is
defined as follows:

1
1-a

By weighting dg.N with é and d}f with ﬁ, we make each com-

def 1
dijt = —dig + (23)

IF
d.

ponent’s contribution inversely proportional to its allocated error
budget. We now show that any coreset satisfying a constraint on
diS}:T automatically satisfies both original constraints.

THEOREM 5.3. Let C C D be a coreset and diSJH be defined as in

Eq. (23). IfZBll ming;ec dis'fT < ¢, then C satisfies both constraints in
Eq. (22):
BKN(C) < e,

Bir(C) < (1 - a)e. (24)
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ProoF. By construction, diSjFT is a single budget that is split be-
tween dE.N and d}]F according to the ratios « and 1 — a. The scaling
by 1/ and 1/(1 — @) ensures that each component can never ex-
ceed its own share of the composite budget, i.e., ds.N < adf’JH and
dg <(l-a) diS]FT . Summing over all data points immediately yields

Bin(C) < aeand Br(C) < (1—a)e whenever Z!fll ming; ec diSjFT <
€. A detailed proof is provided in our technical report [54]. O

Therefore, the scaling by 1/a and 1/(1 — «) directly reflects the
allocated error budgets, so components with tighter budgets induce
larger distances and are prioritized by the selection.

This theoretical result allows us to simplify the original dual
constraint optimization problem (Eq. (22)) into a single scalar con-

straint:
|D|

: . JSET
min IC] st ; glércl‘ dij” <& (25)
Since disjFT is a non-negative linear combination of the distances dSN
and d}f and submodular functions are closed under non-negative
linear combinations [15, 26], the function Zlfl‘ ming; ¢ diSJfT in-
herits the submodularity property. Previous work [40, 41, 51] has
demonstrated that the optimization problems of the form in Eq. (25),
where the objective involves minimizing sums of minimum dis-
tances, can be equivalently formulated as submodular set cover
problems, allowing the use of efficient approximation algorithms.
Formulation with Fixed Coreset Size. While Eq. (25) provides a the-
oretically elegant formulation with an error bound ¢, in practice,
directly specifying such a bound is challenging without prior knowl-
edge of the dataset’s gradient structure. Following standard practice
in coreset selection literature [40, 41] and consistent with the dual
formulation in Eq. (2), we adopt a more practical approach: we mini-
mize the gradient approximation error with a coreset size constraint
K. Specifically, our practical optimization objective becomes:

22]]
min min
ccDh = cjeC

& st |0l <K (26)
This formulation transforms the problem into a submodular max-
imization problem through the facility location framework. It is
equivalent to solving the constraint problem in Eq. (25) for an ap-
propriately chosen ¢ value, but eliminates the need to specify ¢ a
priori. The greedy algorithm naturally adapts to minimize the total
gradient approximation error given the budget of K data points,
making it more practical for real-world applications where the
appropriate error tolerance is unknown beforehand.

Solving the Unified Constraint via Greedy Framework. We solve the
unified optimization problem in Eq. (26) by adapting the standard
facility location framework [40]. While the greedy optimization
strategy is well-established, our approach uniquely incorporates
the composite distance metric disFT to balance KN and IF budgets.
This formulation allows us to leverage the submodular property of
the objective, theoretically guaranteeing a (1 — %)—approximation
of the optimal solution (Algorithm 2).

The algorithm begins by computing the composite distance met-
ric diSET = édg.N + ﬁd}f for all pairs of data points (Line 3). Fol-
lowing Eq. (26), the optimization objective B(S) is defined (Line
4), incorporating an auxiliary element sy to implicitly transform




Algorithm 2 GreedyCoresetSelection

function GREEDYCORESETSELECTION(D, y, &, dXN dIF)
k—[y|D|1,C <0
AT LN 4 1 gh
Let B(S) = Xiep mincesuisy) Do
while |C| < k do
w* « argmax,ep\c (B8(C) - B(CU {u}))
C« CuU{u*}
end while
wj—[{ie D :j:argmincecdfr}l forall j € C
10: return C, W = {wj}jcc
11: end function

1:
2
3
4 > with auxiliary sy
5:
6
7
8
9

the minimization problem into a maximization one. This objective
represents the total gradient approximation error, measuring how
well the coreset covers the full dataset D.

The core of Algorithm 2 is the iterative greedy selection process
(Lines 5-8). At each iteration, the algorithm directly identifies the
candidate data point u* that maximizes the marginal gain in the ob-
jective function (Line 6). This step effectively selects the point that
maximally reduces the gradient approximation error. The selected
point is then added to C (Line 7). This greedy strategy ensures a
compact yet representative coreset.

After selecting K data points, the algorithm calculates their
weights (Line 9) by assigning each data point in D to its nearest rep-
resentative in C under the composite distance metric. The weight
w; for each coreset instance is equal to the number of mapped data
points. In practice, each greedy step picks the instruction-response
pair that most reduces the remaining composite distance for other
examples, so the algorithm naturally focuses on regions of the SFT
corpus that are still poorly covered.

5.4 Upper-level Optimization Problem

The upper-level optimization in Eq. (16) seeks the optimal parti-
tion parameter « € (0, 1) that minimizes the coreset size. Different
values of a decide which aspect of the selected training examples
is emphasized, that is, whether their contribution to KN or to IF
matters more. We establish the existence of at least one local min-
imum through upper and lower bounds, which enables efficient
optimization via ternary search.

Notation and Setup. For any subset C C D, recall the error bounds
defined in Eq. (17). For a given error budget r > 0, we define the
single-constraint minimum size functions:

Kgn(7) :=min{|C| : C € D, Bgn(C) < 7},
Kir(7) :=min{|C| : C € D, B;r(C) < 7}.

27)
(28)

These functions are monotonically non-increasing in 7 since
relaxing the error constraint cannot increase the minimum coreset
size.

The dual-constraint minimum size function, corresponding to
the lower-level optimal value in Eq. (16), is:

K*(a) :=min{|C| : C € D, Bxkn(C) < a¢e, Bir(C) < (1 - a)e}. (29)
Lower Bound: Unimodal Structure. We first establish a lower bound

for K*(a) by observing that any feasible coreset must satisfy both
constraints independently:
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THEOREM 5.4 (LOWER BounDp). For any a € (0, 1):

K™ (@) = max{Kgn(ae), Kir((1 — a)e)}. (30)

Proor. Let C* be an optimal coreset for K*(«). Since C* must
satisfy BN (C*) < ae, we have |C*| > Kgn (a¢) by the definition
of Kxn. Similarly, from B;r(C*) < (1-a)e, we get |C*| > Kpp((1—
a)¢). Thus, K*(a) = |C*| = max{Kgn (a¢), Kip((1 — a)e)}. O

This lower bound exhibits a unimodal structure: Kgn («¢) is
non-increasing in « (as a¢ increases), while Kjp((1 — a)¢) is non-
decreasing in & (as (1 — a)¢ decreases). The maximum of these two
monotonic functions with opposite trends creates a unimodal lower
bound with at least one minimum point.

Upper Bound: U-shaped Structure. We construct an upper bound

through a union-based approach:

THEOREM 5.5 (UPPER BoUND). For any a € (0,1):

K*(a) < Kgn(ae) + Kip((1 — )e). (31)

Proor. Let Ckn be an optimal coreset of size Kx n (a¢) satisfying
BiN(CkN) < ae, and Cip be an optimal coreset of size Kjp ((1—-a)e)
satisfying Bjr(Crr) < (1 — a)e. The union C = Cxn U Cyr satisfies
both constraints:

Brn(C) < Brn(Crn) < ag,
Brr(C) < Bir(Crr) £ (1 - a)e,

where the first inequalities follow from the monotonicity of error
bounds with respect to set inclusion. Thus, C is feasible for K*(a),
yielding K*(a) < |C| < |Ckn| + |Cir| = Kkn(ae) + Kip((1 -
a)e). ]

This upper bound exhibits U-shaped behavior: as « — 0, we
have Kxn (@) — |D| (requiring nearly all data to satisfy a stringent
KN constraint), while Kjr((1 — @)¢) remains bounded. Similarly,
asa — 1, Kjp((1 — a)e) — |D| while Kxn (a¢) remains bounded.
Thus, the upper bound is large at both extremes.

Efficient Optimization via Ternary Search. The proven bounds and

(32)
(33)

their monotonic properties enable efficient optimization of the
upper-level problem via ternary search. The algorithm iteratively
narrows the search interval by evaluating two internal points and
discarding the subinterval with worse performance. This divide-
and-conquer approach converges to a local minimum in O(log(1/6))
iterations, where § is the convergence threshold.

Equivalence Between Subset Size and GA Error Minimization. The

dual formulation in Eq. (15) (minimizing coreset size subject to
error constraint) and the original objective in Eq. (14) (minimizing
total GA error subject to size constraint) are equivalent through
duality in constrained optimization [40]. This duality relationship
ensures that solving either formulation yields the same optimal
trade-off between coreset size and gradient approximation error,
allowing us to choose the more convenient formulation for our
bi-level optimization framework.

Time Complexity. Our bi-level optimization framework achieves
efficient computation through its hierarchical structure. The inner
loop (greedy coreset selection) has the same time complexity as
the traditional coreset selection algorithm [40], requiring O(|D|? -
K) operations to compute pairwise distances and perform greedy
selection. The outer loop employs ternary search over @, which



converges to a locally optimal o in O(log(1/9)) iterations where §
is the convergence threshold. Therefore, the overall time complexity
of our method is O(log(1/6) - |D|? - K).

6 EXPERIMENT

In this section, we use 4 massive datasets to fine-tune 3 popular base
models to demonstrate the efficiency and effectiveness of BRIEF.
We organize the results around five research questions:
RQ1 (Overall performance). How does BRIEF compare with other
baselines in accuracy under various selection ratios?
RQ2 (Generalization). Does BRIEF generalize across base models?
RQ3 (Efficiency). How efficient is BRIEF compared with baselines?
RQ4 (Mechanism). Why does BRIEF work—what do the valida-
tion of the automatically selected auxiliary variable & and the loss
decomposition analysis reveal?
RQ5 (Hyperparameter). What is the impact of the hyperparame-
ter on BRIEF?

Due to space constraints, additional mechanism analyses, such
as the investigation of error-vector angles and gradient conflict
visualizations, are detailed in our technical report [54].

6.1 Experiment Setup

Training Settings. We evaluate our method on three widely used
foundation models (i.e., Llama-3.1-8B [11], Qwen3-4B [64], and
Mistral-Nemo-12B [42]). Mistral-Nemo-12B is a 12-billion param-
eter model jointly developed by Mistral Al and NVIDIA. Specif-
ically, we train each model for 4 epochs with a maximum token
length of 2048 on 8 A800 GPUs. Following the setting of Tulu-3-
SFT-Mixture [27], we employ AdamW optimizer and a maximum
learning rate of 5e-6. A linear learning rate scheduler with 0.03
warm-up ratio is used and the batch size is set to 128.

Data Selection Settings. Following LESS [62], we first conduct a
warm-up phase by training the model for one epoch on a randomly
sampled 5% subset from the candidate data pool D, allowing the
model to capture the data distribution of the candidate dataset. Then,
this warmed-up model is used as the basis for gradient computation
during the data selection period. For methods requiring a reference
set, following previous work [61], we sample 5 examples from the
training set of MMLU dataset [20] to serve as the reference set.
Datasets. We use four popular datasets as candidate data pools D
for our experiments.

(1) Tulu-3-SFT-Mixture [27] comprises a diverse mixture of approx-
imately 900k instruction following examples drawn from various
public sources (e.g., CoCoNot [12], FLAN v2 [36], etc.), which em-
phasizes high-quality responses in reasoning, general knowledge,
and multilingual tasks.

(2) Magpie-Pro-10K-GPT4o-mini [45] contains 10k professionally
curated instruction-response pairs generated with GPT-40-mini.
This dataset emphasizes high-quality, diverse data covering reason-
ing, commonsense and practical application scenarios.

(3) Code-74k-ShareGPT [3] is a code-centric dataset containing
approximately 74k examples distilled from ShareGPT interactions,
which focuses on programming-related queries.

(4) MegaScience [13] is a comprehensive scientific SFT candidate
pool covering diverse fields such as math, medicine, biology, physics,
and chemistry.
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Baselines. We compare BRIEF with several baselines that are clas-
sified into two categories according to whether they rely on a
reference set.

Reference-based methods: These methods select data points with
a distribution similar to a reference set (e.g., MMLU).

(1) DSIR [63] assigns weights to the candidate training data points
based on the similarity of n-gram features between the training data
points and the reference set, and then selects top k% data points
according to these estimated weights.

(2) BM25 [52] selects top k% data points by TF-IDF score, which
measures the word similarity between the training data points and
the reference set.

(3) LESS [62] selects k% training data points that have the highest
influence scores between the reference set and the data points in
the candidate pool.

Reference-free methods: These methods aim to enhance the gen-
eral capabilities of LLMs (e.g., selecting a set of data points without
relying on a reference set and evaluating it on multiple different
downstream tasks).

(1) Random randomly samples k% of the data points from D, which
are then used for fine-tuning.

(2) Total fine-tunes the target model using all training data points
in the candidate data pool D, i.e., full-dataset training.

(3) IFD [30] selects k% of the data points that pose greater instruc-
tion following difficulty for the target model based on the IFD
metric.

(4) TAGCOS [69] selects k% data points from a candidate data pool
D by clustering gradients to identify the coreset.

(5) DELIFT [2] is a recent data-efficient instruction fine-tuning
method that computes a pairwise utility score between training
examples and then applies submodular optimization to select a
diverse and informative k% subset. We follow its Instruction Tuning
setting, which requires no reference set, and compute the utilities
using the training model.

(6) CRAIG [40] reformulates the problem of minimizing gradient
approximation (GA) error as a submodular optimization problem
and uses a greedy algorithm to select the k% data points as the
coreset.

(7) GRAD-MATCH [23] selects a coreset of k% data points whose
weighted gradients match those of the full training set, and opti-
mizes this gradient-matching objective with an orthogonal match-
ing pursuit (OMP) algorithm.

(8) BRIEF is our solution.

Evaluation Datasets. To comprehensively evaluate the capabilities
of fine-tuned models, we evaluate them on various downstream
tasks covering the following categories:

(1) General Tasks: MMLU-PRO [57] evaluates broad general knowl-
edge across 14 domains; MMLU [20] evaluates multidisciplinary
knowledge with multiple-choice questions across 57 subjects; DROP
[10] tests reading comprehension with discrete reasoning; AGIEval
[73] benchmarks standardized exams and math-cloze tasks; Kor-
Bench [37] is about diverse reasoning challenges across symbolic
and logical problem solving.

(2) Mathematical Tasks: GSM8K [8] focuses on grade school math
problems, while MATH [21] covers competition-level mathematics.
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Figure 3: Overall Performance Comparison with Baselines.

(3) Coding Tasks: HumanEval [7] evaluates code synthesis, whereas
LCB [48] spans code generation and test output prediction.
Evaluation Metrics. Evaluations are conducted using the Open-
Compass [9] framework and the overall score is reported for com-
parison. For coding tasks (i.e., HumanEval and LCB), we use pass@1,
which represents the fraction of problems solved correctly on the
first attempt. For other tasks, we report accuracy as the primary
metric. We also report ExaFLOPs

6.2 RQ1: Overall Performance

Figure 3 compares BRIEF with other baselines using Llama-3.1-8B
on average accuracy (Y-axes), with varying data selection ratios:
2.5%, 5%, 10%, 15% and 20% (X-axes). In summary, BRIEF outper-
forms other baselines on all candidate data pools at different data
selection ratios.

For reference-based methods (i.e., BM25, DSIR and LESS), they
primarily select data associated with a reference set (MMLU in our
experiment setting). This causes the trained model to excel only
on specific downstream tasks. However, such data selection under-
mines the model’s generalization ability to other downstream tasks,
leading to performance degradation under diverse evaluation sce-
narios. For example, under the same 10% data selection ratio, BRIEF
outperforms LESS by 3.59% on the Magpie-Pro-10K-GPT40-mini
dataset, highlighting its superior effectiveness in data selection.

For reference-free methods, BRIEF achieves a 3.722% accuracy
improvement over random selection on the Tulu-3-SFT-Mixture
dataset at a 5% selection ratio. Additionally, unlike IFD which over-
looks knowledge capabilities, BRIEF optimizes them jointly. This
leads to a 3.08% improvement over IFD on Code-74k-ShareGPT at
a 2.5% selection ratio. Similarly, BRIEF outperforms DELIFT by ap-
proximately 3.14% on Tulu-3-SFT-Mixture at a 5% selection ratio, as
DELIFT only considers pairwise relationships based on loss, rather
than the relationship between the subset and the whole dataset.
Finally, while coreset methods (i.e., CRAIG, GRAD-MATCH, and
TAGCOS) are strong baselines, they rely on raw SFT gradients that
cause interference between capabilities. BRIEF addresses this by
performing fine-grained minimization of KN and IF error vectors
instead of just the overall SFT error. Consequently, BRIEF outper-
forms CRAIG by approximately 3.165% and GRAD-MATCH by
approximately 2.99% on Tulu-3-SFT-Mixture at a 5% selection ra-
tio. The same trend is observed on MegaScience, demonstrating
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that our method is robust to different domains and maintains good
performance.

6.3 RQ2: Generalization Across Models

In this section, we report the performance of BRIEF across 9 down-
stream tasks under different base models. As shown in Table 2,
we fine-tune Llama-3.1-8B, Qwen3-4B and Mistral-Nemo-12B us-
ing 5% data points selected from Tulu-3-SFT-Mixture. Specifically,
BRIEF exhibits superior accuracy compared to all baselines like
GRAD-MATCH, IFD, LESS, CRAIG, DELIFT and TAGCOS. Notably,
BRIEF shows a 2.18% accuracy improvement over IFD, a leading
baseline at Qwen3-4B. We observe that reference-based methods
like LESS or BM25 sometimes perform better on MMLU and MMLU-
Pro (e.g., LESS outperforms our method by 3.03% on MMLU with
Llama-3.1-8B), which is attributed to their use of reference sets
drawn from these benchmarks. Nevertheless, our method achieves
the best Overall Score across different model families and sizes,
demonstrating that it is robust to model architecture and scale.

6.4 RQ3: Efficiency

To assess the practical feasibility of our approach, we compare the
total computational costs required to achieve the same accuracy
across three phases: the warm-up phase, the data selection phase,
and the training phase. As shown in Figure 4, BRIEF achieves the
lowest EFLOPs among all baseline methods while attaining per-
formance comparable to that of using the full candidate data pool,
reducing the total computational cost by 3X. Meanwhile, Table 3
presents an analysis of the time complexity of BRIEF compared
with other coreset methods (e.g., CRAIG and TAGCOS), along with
a comparison of the actual time consumption. We note that BRIEF
and other coreset methods exhibit similar time complexity. How-
ever, when selecting coresets for comparable performance, BRIEF
significantly improves the model’s efficiency by 2-3x.

6.5 RQ4: Mechanism Analyses

Effectiveness of a Selection To further validate the effectiveness
of our method for choosing @, we enumerate various values of a
and evaluate the performance of the coresets obtained from the
inner optimization corresponding to each « (shown in Figure 5).
Notably, @ = 0.612 is the value automatically determined by the



Table 2: Comprehensive evaluation of Llama-3.1-8B, Qwen3-4B and Mistral-Nemo-12B on 9 downstream tasks. Results are
reported for various data selection methods at a 5% sampling ratio. The best scores are highlighted in bold and the second-best
scores are underlined. We run each experiment three times and present the averaged results.

Method (5%) General Mathematical Coding Overall
’ DROP AGIEval MMLU-PRO MMLU KorBench GSM8K MATH HumanEval LCB
Llama-3.1-8B

DSIR 48.00 39.20 33.79 61.67 22.80 54.66 23.36 35.37 14.52  37.041

BM25 46.81 36.13 35.29 61.19 21.76 64.44 27.22 32.93 15.90  37.964

LESS 47.13 35.56 34.05 62.06 19.68 61.90 23.26 49.39 15.84 38.763

IFD 49.02 35.52 32.44 51.90 21.36 61.25 25.88 44.15 15.20 37.413

DELIFT 50.89 38.66 32.31 51.51 23.12 62.42 26.38 49.49 15.77  38.950

TAGCOS 47.41 37.64 30.39 42.12 22.60 63.84 25.18 50.00 16.26  37.272

GRAD-MATCH 52.01 38.53 31.57 53.11 23.03 62.56 25.33 49.25 15.18 38.952

CRAIG 57.66 37.95 31.34 51.96 21.12 61.64 24.72 49.39 14.55 38.925

Random 51.03 38.84 33.71 51.09 23.36 60.27 26.54 44.51 15.97 38.368

BRIEF (Ours) 60.09 39.83 33.92 59.03 24.40 66.41 27.05 51.61 16.48 42.090

Qwen3-4B

DSIR 62.88 47.39 39.66 60.05 46.56 79.87 57.16 72.93 36.58  55.898

BM25 68.92 48.06 56.27 76.37 51.52 79.49 57.26 73.05 37.97  60.990

LESS 75.46 48.17 53.72 72.33 49.28 79.27 56.48 69.39 41.18 60.586

IFD 76.13 47.97 55.49 67.98 51.97 80.87 57.51 71.33 4151  61.201

DELIFT 76.13 48.22 56.02 68.17 50.21 79.98 55.81 71.29 41.23 60.784

TAGCOS 76.68 47.79 55.71 67.75 50.60 77.16 55.06 70.05 41.03  60.203

GRAD-MATCH  77.05 47.64 56.14 67.52 50.94 78.16 55.76 71.33 42.01 60.728

CRAIG 76.38 47.52 55.19 68.50 51.00 78.37 56.27 72.51 4033  60.674

Random 75.21 47.09 51.99 67.46 51.20 75.88 56.62 73.22 41.85 60.058

BRIEF (Ours) 78.59 51.30 59.11 69.33 55.51 83.02 57.10 74.01 42.46 63.381

Mistral-Nemo-12B

DSIR 52.69 32.30 33.58 56.44 20.09 58.82 26.47 45.45 15.95 37.977

BM25 52.12 33.65 35.19 62.11 20.78 60.81 24.53 45.84 16.37  39.044

LESS 53.57 32.91 33.77 63.86 20.54 59.14 26.95 46.03 16.19  39.218

IFD 54.28 34.49 33.89 57.34 21.62 59.54 26.19 46.62 16.81  38.976

DELIFT 54.67 34.10 33.94 57.45 21.90 60.18 27.01 46.94 17.10  39.254

TAGCOS 54.42 33.40 33.90 56.90 21.29 59.22 26.67 47.20 17.46  38.940

GRAD-MATCH  55.08 34.18 34.63 57.65 21.49 59.91 27.38 46.54 16.72  39.287

CRAIG 55.47 33.90 34.10 57.06 21.98 59.46 26.90 46.29 16.54  39.078

Random 53.99 32.79 33.79 57.00 21.90 59.63 26.28 45.92 16.31 38.623

BRIEF (Ours) 57.29 36.14 35.37 58.46 23.78 62.98  28.09 48.58 18.36 41.006
42.09 Dataset 0% 5%(default) 25% 100%
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Figure 4: EFLOPs Analysis. Figure 5:

BRIEF algorithm, which achieves the highest performance across
all tested « values, thus validating the effectiveness of our method.
Effectiveness of Loss Decomposition. To verify our optimization
objective, we present the GA errors in both the KN and IF spaces
under different coreset optimization objectives, along with their
corresponding accuracy, as shown in Figure 6. Specifically, the x-
axis represents the GA error in the IF gradient space, and the y-axis

Impact of a.

a Table 4: Warm-up ratio ablation. Overall score

(higher is better).

represents the GA error in the KN gradient space; points closer
to the origin indicate smaller GA errors. We compare BRIEF with
the following methods: CRAIG uses gradients from the standard
SFT loss: it selects a coreset without distinguishing KN and IF; in
BRIEF we extend the a from (0, 1) to [0, 1], where « = 1 only uses
the KN gradient and a = 0 only uses the IF gradient, in which case
our method reduces to a Craig-style single-gradient variant. This
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Table 3: The time complexity and the actual time of each
coreset method when achieving comparable accuracy. Here,
|D| denotes the candidate data pool size, K the subset size, §
the convergence threshold, and ¢ the number of clusters.

Method Data Selection Total Accuracy
Complexity Actual (h) Actual (h)
TAGCOS O(|D|-K +|D| - ¢) 0.6 28.9 42.083
CRAIG O(|D|? - K) 0.7 23.8 42.071
BRIEF (Ours) O(log(1/8)|D|?K) 2.4 13.6 42.090
1
1.00
o
g 0.8
w 0.75
= a=0.8
¥ A/ IF Acc: 41.490 0.6
KN Acc: 41.50
B 0.50 <> Optimal (a=0.612) Q
N IF Acc: 41.440
= KN Acc: 42.417 0.4
© Y (Overall Acc: 42.090] RN only (a=0)
€025 % = IF Acc: 35.223
S g:l .38.13 KN Acc: 42.548 0.2
=2 g KN Acc: 42.465 6erall Acc: 40.106 .
r [ ]
0.00 etter .(.)’. .
0.00 0.25 0.50 0.75 1.00

Normalized IF Error

Figure 6: Error of KN and IF under varying «

result highlights a critical limitation in traditional coreset selection
approaches: when optimizing with the full SFT gradient, the KN
and IF components always interfere destructively with each other.
Analysis of o on instruction following and knowledge. We cat-
egorize benchmarks into instruction following (e.g., DROP, AGIEval,
and KorBench) and knowledge-related tasks (e.g., MMLU, MMLU-
PRO, GSM8K, MATH, HumanEval, and LCB) to analyze the impact
of a. Figure 6 illustrates a clear trade-off: increasing a improves
instruction following but compromises knowledge accuracy, while
decreasing a does the reverse. Crucially, BRIEF automatically selects
an « located in the balanced region, ensuring high performance on
both task types.

6.6 RQ5: Impact of Hyperparameters

We now study two hyperparameters in BRIEF: the warm-up data
ratio and the training budget (number of fine-tuning epochs).

Effect of warm-up ratio. We first study how the warm-up ratio
used to compute gradients affects BRIEF. Using Llama-3.1-8B and
Qwen3-4B on different candidate data pools, we compare BRIEF
when gradients are computed on the base model (no warm-up) and
on models trained with warm-up ratios of 5%, 25%, and 100% of the
candidate data. Table 4 shows that using the base model without
warm-up greatly hurts BRIEF’s performance, likely due to the shift
between the pre-training and fine-tuning input distributions [62].
As the warm-up ratio increases, the model performance improves,
but the total training cost (FLOPs) also grows. Notably, a 5% warm-
up already achieves performance comparable to using 25% data, at
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Table 5: Effect of training budget on overall score and total
EFLOPs. Each cell reports Score / EFLOPs.

Method 1 epoch 2 epochs 4 epochs 6 epochs

Full Data (100%) 40.90 / 28.95 41.96 / 60.88 42.88 /123.60 42.02/ 190.74
Random (5%) 36.50 / 1.55 37.22/3.10 38.37/6.08 37.72/10.01
CRAIG (5%) 36.91/15.54 37.89/17.22 38.93/20.27 38.21/23.28
BRIEF (5%) 39.99/27.67 41.10/29.03 42.09/32.18  41.28/35.33

a much lower cost. Therefore, we use a 5% warm-up ratio as the
default, which is consistent with prior work [62, 69].

Effect of training budget. We also add an explicit ablation on
training budget to study how longer training interacts with data
selection. The result is reported in Table 5, where we report overall
score and total EFLOPs as we increase the number of fine-tuning
epochs. For this experiment, we fix Llama-3.1-8B and Tulu-3-SFT-
Mixture as the candidate data pool, keep a 5% subset size for all
methods, and vary the number of fine-tuning epochs from 1 to 2, 4,
and 6. For each epoch setting, we fine-tune the model with BRIEF,
CRAIG, random selection, and a full-dataset baseline.

We make three observations. First, training longer does not al-
ways help: all methods peak at the 4th epoch and then drop at the
6th epoch due to overfitting, a phenomenon also observed in prior
work on LLM [55]. Second, full-data training obtains the best accu-
racy at each epoch, while BRIEF closely matches this performance
and consistently outperforms all other subset baselines. Third, al-
though BRIEF has an initial cost for data selection, it becomes
efficient quickly: by the 4th epoch, this cost is offset, and BRIEF
saves about 70% EFLOPs compared to full-data training.

7 CONCLUSION

This work takes a simple but informative algebraic view of the SFT
loss, showing that it naturally decomposes into knowledge-related
and instruction-following components and clarifying why conven-
tional coreset methods can fail to preserve both capabilities in
instruction tuning. Building on this perspective, we propose an ob-
jective that explicitly minimizes the aggregate GA error over these
two components and use a bi-level optimization framework. Experi-
ments on state-of-the-art LLMs and real-world datasets demonstrate
that our approach, BRIEF, reduces fine-tuning costs by up to 3x
while improving accuracy by 5%.
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