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ABSTRACT

A tensor-relational computation is a relational computation where
individual tuples carry vectors, matrices, or higher-dimensional
arrays. An advantage of tensor-relational computation is that the
overall computation can be executed on top of a relational system,
inheriting the system’s ability to automatically handle very large
inputs with high levels of sparsity while high-performance kernels
(such as optimized matrix-matrix multiplication codes) can be used
to perform most of the underlying mathematical operations. In
this paper, we introduce upper-case-lower-case EinSum, which is
a tensor-relational version of the classical Einstein Summation
Notation. We study how to automatically rewrite a computation
in Einstein Notation into upper-case-lower-case EinSum so that
computationally intensive components are executed using efficient
numerical kernels, while sparsity is managed relationally.
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1 INTRODUCTION

In machine learning, a tensor is a specialized relation, mapping a
key specifying a position in a multidimensional array to a scalar.
Given the close relationship between tensors and relations, almost
all computations over tensors can be implemented on top of a
relational database system.

For example, consider the matrix multiplication chain (X×Y)𝑇 ×
Z. This multiplication is used to implement a message passing
scheme in a graph neural network [41, 50]. That is, each column
in X stores an embedding for a vertex, Y encodes the (directional)
edges between vertices, and the goal is to sum all embeddings being
passed over edges to a given vertex, and then to compute a linear
transformation (represented by Z) over the sums at each vertex. If
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all input matrices are stored as (row, col, value) triples, the
SQL corresponding to this computation is as follows:
SELECT XtimesY.row , Z.col ,

SUM (XtimesY.value * Z.value) AS value

FROM (SELECT X.row AS col , Y.col AS row ,

SUM (X.value * Y.value) AS value

FROM X, Y WHERE X.col = Y.row

GROUP BY X.row , Y.col) AS XtimesY , Z

WHERE XtimesY.col = Z.row

GROUP BY XtimesY.row , Z.col

Is the relational implementation effective? Unfortunately, this
computation is unlikely to run well on a relational system. Imagine
that a large, sparse graph represented by Y has 100 million vertices,
each with 1000 neighbors, on average. The embeddings of each
vertex (stored in X) are of size 8192, and the transformation Z

results in a size 8192 vector. In this case, the first join of X and Y

will produce approximately 820 trillion intermediate tuples, which
are then aggregated down to 820 billion tuples. This result is then
joined with Z, resulting in 6,000 trillion tuples, a debilitating number.

One could instead run this computation directly using tensors on
top of a conventional deep learning system (for example, PyTorch
[30]). This would facilitate use of accelerators such as GPU, but
the results are likely to be unsatisfactory. There is the problem
that storing X requires 3.2TB of GPU RAM (at half precision). This
requires 40 GPUs (assuming 80GB of storage each). Then there
is the problem of computation. GPUs are not meant for sparse
computation, and for very sparse matrices, even state-of-the-art,
hand-tuned sparse-dense GPU kernels operate at around 0.1% com-
pute utilization on an A100 GPU [42]. At 0.1% compute utilization,
the 1.6 × 1015 floating point operations required for the first matrix
multiply would require more than an hour of A100 GPU time.

A sparse tensor-relational implementation. Instead, one could
run this computation tensor-relationally [46], decomposing the prob-
lem so that a relational system can take advantage of the sparsity
inherent in the computation, but efficient dense CPU (or GPU)
kernels can be used where appropriate:
X (col INT , value VECTOR [8192])
Y (row INT , col INT , value DOUBLE)
Z (value MATRIX [8192, 8192])

SELECT XtimesY.row ,

vec_mat_mult (XtimesY.value , Z.value) AS value

FROM (SELECT Y.col AS row ,

SUM (vec_sca_mult (X.value , Y.value)) AS value

FROM X, Y WHERE X.col = Y.row

GROUP BY Y.col) AS XtimesY , Z
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Kernels (vec_mat_mult() and vec_sca_mult()) will be very
efficient, and because tuples are grouped into VECTOR and MATRIX
structures, the number of intermediate tuples is radically reduced.
The join of X and Y will now produce only 100 billion tuples, and
the second join will produce only 100 billion tuples.

Further, by running this computation on top of a relational sys-
tem, memory and parallelization/distribution will be automatically
managed. A distributed database system can automatically paral-
lelize the computation across multiple machines, managingmemory
so that the “Out-Of-Memory” errors ubiquitous in modern machine
learning programming are avoided.

Sparse tensor-relational decompositions via upper-case-low-

er-case EinSum. In the above example, the choice was made to
decompose X into row vectors, Y into scalars, and to leave Z un-
decomposed. The question we address in this paper is: how can we
take an arbitrary tensor computation and decompose it into a tensor-
relational computation where computationally intensive portions
of the computation are handled using efficient kernels (such as
vec_mat_mult()) but where sparsity is handled relationally?

To address this challenge, we propose a new tensor-relational
variant of Einstein summation notation [4], referred to as upper-
case–lower-case EinSum. Classic EinSum is a standard tensor calcu-
lus used to express machine learning and numerical computations.
In upper-case–lower-case EinSum, expressions explicitly specify
which parts of the computation are handled relationally and which
parts are executed using efficient numerical kernels.

Given a directed acyclic graph of EinSum computations, the
task of producing an equivalent, optimized tensor-relational com-
putation can be reduced to automatically rewriting expressions
into equivalent upper-case–lower-case EinSum expressions that
maximize performance. In this paper, we propose an algorithm to
perform this rewrite, called SparseEinSum. The SparseEinSum al-
gorithm combines a simple cost model that evaluates the quality of
an upper-case–lower-case EinSum expression under sparsity with
a dynamic programming approach to optimize the rewrite.

We demonstrate experimentally that SparseEinSum produces
high-performing tensor-relational computations. Our experimental
testbed includes a variety of sparse tensor workloads, such as large-
scale graph neural networks, graph-based attention computations,
and quantum circuit simulation.

2 THE UPPER-CASE-LOWER-CASE EINSUM
APPROACH

Assume we are given a (potentially) complex numerical computa-
tion specified as a directed acyclic graph (DAG) of EinSum expres-
sions, and our goal is to produce an optimized computation that
can be executed on top of a relational system.

EinSum is described in detail in Section 3. At a high level, it
asks the programmer to specify a simple declarative expression
describing how the entries of an output tensor are computed. For
example, consider the matrix multiplicationW← X×Y. In EinSum,
this computation can be expressed as:

∀ 𝑖, 𝑘 W𝑖,𝑘 ←
∑︂
𝑗

U𝑖, 𝑗 × V𝑗,𝑘 (1)

By allowing arbitrary aggregation and scalar functions, as well as
arbitrary indexing into the input tensors, the output tensor, and
the aggregation domain, EinSum can express a very broad class of
tensor computations. As a result, EinSum is now widely used in ma-
chine learning. Popular frameworks such as NumPy [20], JAX [18],
PyTorch [30], and Dask [13] all provide implementations of EinSum.
If it is unreasonable to require programmers to write EinSum ex-
pressions directly, they may instead specify computations using a
PyTorch-like syntax, in which high-level operators (e.g., matmul)
act as thin wrappers around the underlying EinSum representation.

There is a close relationship between EinSum and SQL/relational
databases, in that every EinSum expression can be translated into
SQL and implemented as a sequence of joins followed by an ag-
gregation [5]. However, the standard EinSum-to-SQL translation
implicitly assumes that all data are stored in fully relational form,
with individual scalar values stored in tuples. If not handled care-
fully, such a decomposition can result in poor performance.

To this end, we introduce the concept of upper-case–lower-case
EinSum notation, which serves as the target representation for our
SparseEinSum rewrite. In this notation, indices written in upper
case are handled relationally (i.e., they are “promoted”), whereas
indices written in lower case are handled by tensor indexing (i.e.,
they are “demoted”). For example, consider the task of multiplying
two 8192 × 8192 matrices. If we write Equation 1 as:

∀ 𝑖, 𝑘 W𝑖,𝑘 ←
∑︂
𝐽

U𝑖,𝐽 × V𝐽 ,𝑘

it corresponds to the following, tensor-relational implementation:
U (J INT , valU VECTOR [8192])
V (J INT , valV VECTOR [8192])

SELECT SUM (outer_prod (U.valU , V.valV)) AS valW

FROM U, V

WHERE U.J = V.J

Note that since 𝐽 is the only index in upper-case notation, it is the
only one to appear in the SQL code. The indices 𝑖 and 𝑘 are handled
implicitly by the outer_prod() kernel function. The output tensor
W is then stored as a single tuple storing the complete output 8192
× 8192 matrix. As an alternative, we can write:

∀ 𝐼 , 𝐾 W𝐼 ,𝐾 ←
∑︂
𝑗

U𝐼 , 𝑗 × V𝑗,𝐾

This corresponds to the following:
U (I INT , valU VECTOR [8192])
V (K INT , valV VECTOR [8192])

SELECT U.I, V.K, inner_prod (U.valU , V.valV) AS valW

FROM U, V

Again, since 𝐼 and 𝐾 are handled relationally and 𝑗 is not, 𝑗 does
not appear anywhere in the corresponding SQL; it is handled by the
kernel function inner_prod() which loops over the two vectors
valU and valV along the 𝑗 dimension. The output matrix W is
stored as a set of scalars indexed by 𝐼 and 𝐾 .

Given the upper-case-lower-case notation, the core problem
then becomes: how to re-write a DAG of EinSum expressions into
a DAG of upper-case-lower-case EinSum expressions that leverages
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a relational engine as appropriate to handle sparsity, and leverages
high-performance kernels as appropriate to leverage density?

To this end, the remainder of the paper is organized as follows.
The next section of the paper describes EinSummore formally. Then
Section 4 describes the upper-case-lower-case notation and how
it can take advantage of sparsity. Section 6 describes how upper-
case-lower-case EinSum expressions can be translated into SQL
and thus executed on existing relational systems. Sections 7 and
8 describe the two major components of the SparseEinSum re-
write algorithm: a cost model for predicting the utility of a re-write
into upper-case-lower-case EinSum, and then a simple dynamic
programming procedure for optimizing the cost of the re-write.
Experiments in Section 9 evaluate the utility of the approach.

3 EINSUM BACKGROUND

The first few paragraphs of this section introduce EinSum and no-
tions such as bounds and label projections, are taken from prior
work [8].

We first define the notion of a tensor. We use bold upper-case
(for example, U) to denote a tensor. Define the bound vector for
U, denoted bU, to be a vector of integers of length 𝑟 . 𝑟 stands for
“rank”. Matrices are rank-2 tensors. Next, define I(bU) to be the
set {0...bU [0] − 1} × {0...bU [1] − 1} × ... × {0...bU [𝑟 − 1] − 1}. This
is the set of all indices or keys that obey the bound. A tensor U is
then a function from I(bU) to the set of real numbers.

Simple EinSum examples. We start with the classic example: ma-
trix multiplication. Let U and V be matrices with bounds [100, 200]
and [200, 50], respectively. Then matrix multiplication is written
as: ∀ 𝑖, 𝑘 ∈ I ([100, 50]):

W𝑖,𝑘 ←
∑︂

𝑗∈I([200] )
U𝑖, 𝑗 × V𝑗,𝑘 (2)

We often drop the subscript on the aggregation as being un-
necessary, as indices from the input tensors that are not used to
index into the output tensor are, by definition, aggregated out. The
bound vector for the output tensor is likewise implied by the bound
vectors of the input, and can also be dropped.

This is an extended EinSum notation because we need not nec-
essarily multiply items from the input tensors, and we need not
necessarily use summation. For example, we can compute the max-
imum squared difference in each row between any two items in
that row as:W𝑖 ← max(U𝑖, 𝑗 − V𝑖, 𝑗 )2 .

General form of EinSum. To describe the most general form of
EinSum, we define the notion of a label, which is a symbol that can
be bounded to a value. We use ℓU to denote a list (vector) of labels
used to index into tensor U.

We also need to define the projection and permutation of a bound
vector. Given two lists of labels ℓ1 and ℓ2, and a bound vector b,
define b[ℓ1; ℓ2] to be a vector of length |ℓ1 |, where the 𝑖th entry
is b[ 𝑗] iff ℓ1 [𝑖] = ℓ2 [ 𝑗]. As an example, let b = [2, 3, 4] and let
ℓ1 = [𝑘, 𝑖] and ℓ2 = [𝑖, 𝑗, 𝑘]. Then b[ℓ1; ℓ2] = [4, 2].

Given this, binary EinSum expressions take the general form:

∀ ℓW ∈ I (bW) : WℓW ←
⨁︂

ℓagg∈I(bUV [ℓagg ;ℓUV ])

⨂︂ (︁
UℓU ,VℓV

)︁
(3)

Here,
⨁︁

is the aggregation operator and
⨂︁

is the scalar function
applied to joined values (EinSum is extended as it allows for arbitrary⨁︁

and
⨂︁

operations). In the above expression, to denote the
concatenation of two label lists ℓU and ℓV, we use ℓUV. bUV similarly
denotes the concatenation of two bound vectors.

Consider a more complicated EinSum expression. Assume that
we have two tensorsU and Vwith bound vectors bU = [10, 100, 20]
and bV = [100, 20, 2000]. We wish to transpose U to obtain a tensor
with bound [20, 10, 100], then transpose V to obtain a new tensor
with bound [20, 100, 2000], and do a batch matrix multiply for the
two resulting tensors, and then sum out the batch dimension.

In EinSum, this is expressed in the single expression:

∀𝑖, 𝑘 ∈ I([10, 2000]),W𝑖,𝑘 ←
∑︂

𝑏,𝑗∈I([20,100] )
U𝑖, 𝑗,𝑏 × V𝑗,𝑏,𝑘

Considering the general form, we have ℓU = [𝑖, 𝑗, 𝑏], ℓV = [ 𝑗, 𝑏, 𝑘],
ℓagg = [𝑏, 𝑗] and bUV = [10, 100, 20, 100, 20, 2000]. The bound vector
for the aggregation is computed as bUV [ℓagg; ℓUV]. How? ℓagg has
two labels: 𝑏 and 𝑗 . As 𝑏 occupies the third (and fifth) position in
ℓUV, and 𝑗 occupies the second (and fourth) position in ℓUV, we
select the third (or fifth) item in bUV, and the second (or fourth)
item results in bUV. This results in the bound vector [20, 100].

Multi-Layer Perceptron in EinSum. Using EinSum, we are able
to specify very complex computations, including modern trans-
formers, by composing individual EinSum operators together into a
directed, acyclic graph of operators. For a simple example of such a
DAG, the following specifies a fully-connected neural network with
two weight matrices,W(1)

𝑖, 𝑗
andW

(2)
𝑖, 𝑗

used to connect the input to
a hidden layer, and then a softmax:

A𝑖 ←
∑︂
𝑗

W
(1)
𝑖, 𝑗
× X𝑗 ; B𝑖 ←

∑︂
∅

ReLU(A𝑖 ) C𝑖 ←
∑︂
𝑗

W
(2)
𝑖, 𝑗
× B𝑗 ;

D∅ ←
∑︂
𝑖

exp(C𝑖 ); E𝑖 ←
∑︂
∅

exp(C𝑖 )
D∅

4 SPARSE EINSUM

4.1 Why Worry About Sparsity?

EinSum is agnostic as to the implementation of the underlying
tensors, but this implementation can have a significant practical
effect on the efficiency of real-life calculations, especially if the
underlying tensors are sparse. Consider the following two matrices:

U ≡

⎡⎢⎢⎢⎢⎢⎢⎣
1.4 2.2 0 2.1
0 0 0 0

1.4 0 1.1 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ V ≡
⎡⎢⎢⎢⎢⎢⎢⎣
3.2 0 1.3 0
0 0 0.6 0
0 0 1.2 0

1.2 0 2.1 0

⎤⎥⎥⎥⎥⎥⎥⎦
If we store these matrices in a classic, dense format such as row-
major or column-major, most classical implementations of the ma-
trix multiplication specified by the EinSum W𝑖,𝑘 ←

∑︁
U𝑖, 𝑗 × V𝑗,𝑘 ,

would perform 64 pairwise scalar multiplications. However, we
could store these two matrices relationally, and have a much more
efficient implementation of the matrix multiplication, at least in
terms of the number of multiplications required. Consider repre-
senting U as a set of vectors, where any vectors containing only
zero values are not represented explicitly:

Ū ≡
{︁(︁

0,
[︁
1.4 2.2 0 2.1

]︁ )︁
,
(︁
2,

[︁
1.4 0 1.1 0

]︁ )︁}︁
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Ū is implemented as a relation with schema (i, valU)where valU
is of type vector[4]. V is implemented as a set of vectors:

V̄ ≡

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎝0,

⎡⎢⎢⎢⎢⎢⎢⎣
3.2
0
0

1.2

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎝2,

⎡⎢⎢⎢⎢⎢⎢⎣
1.3
0.6
1.2
2.1

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (4)

with schema (k, valV). The same matrix multiplication can now
be implemented as a simple SQL query that performs a join with a
dot product over the cross product of the two relations:
SELECT U.i, V.k,

dot_product (U.valU , V.valV) AS valW

FROM Ū AS U, V̄ AS V

Note that the result is a fully relational (fully decomposed) im-
plementation of the resulting matrix, with schema (i, k, valW):

W ≡ {(0, 0, 7) , (0, 2, 7.55) , (2, 0, 4.48) , (2, 2, 3.14)}
Crucially, there are only 16 pairwise scalar multiplications required
to perform this implementation, four of which will be invoked by
the call to the dot_product() operation. Thus, only 25% as many
scalar multiplications are required as the traditional way.

4.2 Promoting and Demoting Labels

For any relational implementation, there will be an overhead associ-
ated with pushing each tuple through the system, and this overhead
may render the original matrix multiplication the best option. Still,
there is clearly some level of sparsity for which this decomposed
representation is preferred due to the lower computational load.

For any tensor, many decompositions into tensor relations of this
form are possible. Consider an EinSum expression over tensor U
with bound bU and label list ℓU. We describe a decomposition of U
by a partitioning of ℓU into two lists, ↑ℓU and ↓ℓU:

(1) The labels in ↑ℓU are promoted so that they index into the
resulting relation.

(2) The labels in ↓ℓU are demoted so that they index into the
tensors within the relation.

The decomposition of U induced by ↑ℓU and ↓ℓU is a database rela-
tion with schema

Ū(INT ↑ℓU [1], INT ↑ℓU [2], ..., TENSOR valU)

In each tuple, valU is a tensor with bound bU [↓ℓU; ℓU], and the
𝑖th attribute ↑ℓU [𝑖] in the relation takes the integer values from
0 through bU [↑ℓU; ℓU] [𝑖] − 1. Crucially, assuming that ⊕ and ⊗
form a semiring, if valU is filled only with the special zero value of
the semiring, the corresponding tuple can be eliminated from the
resulting tensor relation, facilitating sparsity.

The set of all decompositions of a tensor U in an EinSum expres-
sion defines an equivalence class of all tensor-relational implemen-
tations for U in the expression, in that all of the tensor-relational
implementations describe same mapping from I(bU) to the real
numbers. Let Ū be a decomposition of U, defined by ↑ℓU and ↓ℓU.
Then, for any index i ∈ I(bU), the following relational query
returns a single tuple containing a scalar with the value at Ui:
SELECT (ISNULL (valUi[↓ℓU ;ℓU ] , zero))

FROM (SELECT valU FROM Ū WHERE ↑ℓU = i[↑ℓU; ℓU ])
LEFT OUTER JOIN ZERO

Here, we assume a relation ZERO(zero) that contains a single
tuple with the zero value for the semiring. The WHERE clause of the
inner query uses the set of labels promoted to the relational part of
the representation to select the tuple corresponding to i, and then
the outer SELECT clause uses the remaining labels to index into the
tensor valU to obtain the desired scalar. If the inner query returns
no results, then valU will be NULL and the query result will be the
zero value for the associated semiring.

For a concrete example of this, re-considerV, its (possible) tensor-
relational representation V̄ from this section, and the EinSumW𝑖,𝑘 ←∑︁
U𝑖, 𝑗 × V𝑗,𝑘 . In this case, V̄ corresponds to the decomposition
↑ℓV = 𝑘 , ↓ℓV = 𝑗 . Consider the indexing vector i = [3, 2]. In this
case, i[↓ℓV; ℓV] = i[ 𝑗 ; 𝑗𝑘] = 3 and i[↑ℓV; ℓV] = i[𝑘 ; 𝑗𝑘] = 2. Thus, to
obtain V[3, 2] in V̄, we would use the query:
SELECT (ISNULL (valV3, zero))

FROM (SELECT valV FROM V̄ WHERE k = 2)

LEFT OUTER JOIN ZERO

4.3 “Upper-Case-Lower-Case” Notation

Rather than explicitly listing ↑ℓU and ↓ℓU, we suggest the convention
that in an EinSum expression over tensor relations, any labels in
upper-case are in ↑ℓU, and any labels in lower-case are in ↓ℓU. This de-
fines the upper-case-lower-case notation. So, consider the following
EinSum expression for a tensor-relational matrix multiplication:

W𝑖,𝐾 ←
∑︂

U𝑖,𝐽 × V𝐽 ,𝐾
In this case, labels 𝐽 , 𝐾 are used to index into relations, and label 𝑖
into tensors. So this corresponds to the implementation where U is
represented as the set:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎝0,

⎡⎢⎢⎢⎢⎢⎢⎣
1.4
0

1.4
0

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎝1,

⎡⎢⎢⎢⎢⎢⎢⎣
2.2
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎝2,

⎡⎢⎢⎢⎢⎢⎢⎣
0
0

1.1
0

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎝3,

⎡⎢⎢⎢⎢⎢⎢⎣
2.1
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

and V is represented as the set:
{(0, 0, 3.2), (0, 2, 1.3), (1, 2, 0.6), (2, 2, 1.2), (3, 0, 1.2), (3, 2, 2.1)}

while the outputW is again represented as a set of column vectors,
as in Equation 4.

For another example, consider the decomposition from the In-
troduction (the chain of two multiplications used to implement
message passing in a graph neural network). Following the conven-
tion that those indexes promoted to a relational representation are
given in upper case, this can be specified via the EinSum:

T𝐾,𝑖 ←
∑︂

X𝑖,𝐽 × Y𝐽 ,𝐾 ; U𝐼 ,𝑘 ←
∑︂

T𝐼 , 𝑗 × Z𝑗,𝑘

5 DECOMPOSING EINSUM
We can decompose any binary EinSum expression into an equiva-
lent computation over tensor relations. This equivalence gives a
roadmap to implement tensor-relational EinSum over sparse inputs
relationally. Using the convention of the last section of the paper,
Ū and V̄ are used to denote the tensor-relational decompositions
of U and V, respectively. Now, assume that we have an associated
kernel function K . This is a function that implements the EinSum:

W↓ℓW ←
⨁︂⨂︂ (︁

U↓ℓU ,V↓ℓV
)︁
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Re-write equation 3 as:

WℓW ←
⨁︂
↓ℓagg,↑ℓagg

⨂︂ (︂(︁
𝜎↑ℓU

(︁
Ū

)︁ )︁
↓ℓU ,

(︁
𝜎↑ℓV

(︁
V̄

)︁ )︁
↓ℓV

)︂
(5)

A bit of additional notation is introduced here. Given a binding of
the labels in ↑ℓU to values in the vector i during the execution of the
EinSum expression, 𝜎↑ℓU

(︁
Ū

)︁
represents the application of relational

selection equivalent to running the query:
SELECT ISNULL (valU , zero)

FROM (SELECT valU FROM Ū WHERE ↑ ℓU = i)
LEFT OUTER JOIN ZERO

Note that zero is a tensor, filledwith zeros, with bound b[↓ℓU; ℓU].
Further, ↑ ℓagg and ↓ ℓagg represent the aggregation labels in the orig-
inal expression partitioned into two lists, depending upon whether
they appear in ↑ℓU, ↑ℓV or in ↓ℓU, ↓ℓV.

Given this, Equation 5 can be re-written as:

WℓW ←
⨁︂
↑ℓagg

(︃(︂
𝜎↑ℓW,↑ℓagg

(︁
⋈︁

(︁
Ū, V̄, valW← K (valU, valV)

)︁ )︁ )︂
↓ℓW

)︃
Here, ⋈︁

(︁
Ū, V̄, valW← K(.)

)︁
performs a natural join of the rela-

tions Ū and V̄ and computes additional attribute valW using the
kernel function K . Define

⨁︁
↑ℓagg relationally so that it aggregates

the tensors stored in valW by applying the ⊕ operator pairwise
to each item in a pair of tensors, then this last expression can be
re-written asWℓW ←

⎛⎜⎝𝜎↑ℓW ⎛⎜⎝
⨁︂
↑ℓagg

(︁
⋈︁

(︁
Ū, V̄, valW← K (valU, valV)

)︁ )︁⎞⎟⎠⎞⎟⎠↓ℓW (6)

This suggests a tensor-relational implementation for any binary
EinSum expression over tensor relations:
SELECT ↑ℓW, SUM (K (valU, valV)) AS valW

FROM Ū NATURAL JOIN V̄
GROUP BY ↑ℓW

6 COMPILING EINSUM INTO

TENSOR-RELATIONAL SQL

This suggests a framework for compiling a DAG of EinSum expres-
sions into tensor-relational algebra or tensor-relational SQL.

(1) For each vertex (EinSum) expression in the DAG, re-write
the EinSum into upper-case-lower-case EinSum.

(2) For each resulting expression, generate SQL according to
Equation 6. That is, generate a SELECT-FROM-WHERE-GROUP
BY query where (a) the attributes chosen in the SELECT
are those labels in ↑ℓW as well as “SUM(K (valU, valV))
as valW”; (b) the WHERE clause performs a natural join of
the two input relations; (c) we group by those attributes
corresponding to labels in ↑ℓW.

(3) If there are mismatches in tensor-relational decomposition
across decomposed EinSum expressions, generate tensor-
relational algebra/tensor-relational SQL to change repre-
sentation.

The last point bears some discussion. Imagine, for example, that
we generated the following decomposition:

T𝐾,𝑖 ←
∑︂

X𝑖,𝐽 × Y𝐽 ,𝐾 U𝑖,𝑘 ←
∑︂

T𝑖,𝐽 × Z𝐽 ,𝑘
SQL for the first expression would be:
SELECT K, SUM (K1 (valX, valY)) as valT

FROM X̄ NATURAL JOIN Ȳ
GROUP BY K

SQL for the second expression would be:
SELECT SUM(K2 (valT, valZ)) as valU

FROM T̄ NATURAL JOIN Z̄

The output decomposition of T from the first EinSum (a set of
row vectors, as the first [row] index is upper-case) does not match
the input decomposition of T to the second EinSum (a set of column
vectors, as the second [column] index is upper case). Thus, code
must be generated to repartition T between the operations. Assume
the output of the first EinSum expression—partitioned according to
T𝐾,𝑖 , named as T̄in, and we want to repartition according to T𝑖,𝐽 to
form T̄. We would first decompose in the first dimension:
CREATE VIEW T̄int(i, j, valT) AS
SELECT T̄in.k, A.index , T̄in.valT[A.index]
FROM ALLINTS (0, bT [1]) AS A, T̄in

In this code, T̄in.valT[A.index] extracts the sub-tensor (here
a scalar) at position A.index from T̄in.valT. ALLINTS is a table
function returning all values in the specified range. And then we
re-compose on the second dimension:
CREATE VIEW T̄(j, valT) AS
SELECT T̄int.j, STACK (T̄int.valT , T̄int.i, 0, bT[0])
FROM T̄int
GROUP BY T̄int.j

Here, STACK is an aggregation function that can be used to stack
scalars (or tensors) to create a higher-dimensional tensor. It accepts:
(1) the value to stack, (2) the position of this value in the higher-
dimensional tensor, (3) the new dimension to create, and (4) the
maximum value of this dimension.

In the general case, the repartition from tensor relation T̄in to T̄
happens in two steps. First, there is a decomposition of the result
of the first EinSum expression so that it is partitioned on all of the
labels in either ↑ℓTin or ↑ℓT. Then there is an “un-partitioning” or
aggregation to obtain T̄. Note that if ↑ℓTin is a subset of ↑ℓT, the
aggregation can be skipped, and if ↑ℓT is a subset of ↑ℓTin the decom-
position can be skipped. If ↑ℓTin = ↑ℓT, then the entire repartition
can be skipped, as the partitionings are the same.

7 THE SPARSE EINSUM COST MODEL

This leaves two final questions, as our goal is to find the best de-
composition. (1) How do we cost a given decomposition in sparsity-
aware fashion? (2) How to efficiently search the space of all decom-
positions? In this section, we consider the first question.

7.1 Estimating Sizes Under Sparsity

When developing a cost model, the first question we must address
is: given a (potentially sparse) tensor U with label set ℓU and a
tensor-relational decomposition Ū defined by ↑ℓU and ↓ℓU, how
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many tuples are in Ū? That is, if we take a tensor and decompose
it into a tensor relation, can we estimate how many tuples will
be contained in the relation? We define this quantity using the
notation 𝑇 (Ū).

We begin by defining two statistics that are sufficient to accu-
rately estimate𝑇 (Ū). First, for a label 𝑙 in ℓU, let𝑉 (𝑙,U) denote the
number of sub-tensors induced by 𝑙 that have at least one non-zero
entry, if we were to use ↑ℓU = {𝑙}. In other words, 𝑉 (𝑙,U) is the
answer to the question: If we were to decompose U by representing
label 𝑙 relationally, how many tuples would we have?

To be precise, let ℓ ′
U
denote ℓU with 𝑙 removed. Then 𝑉 (𝑙,U) can

be computed using the following EinSum expressions:

V𝑙 ←
∑︂
ℓ′
U

if(UℓU == 0, 0, 1)

𝑉 (𝑙,U) ←
∑︂
𝑙

if(V𝑙 == 0, 0, 1)

Here, the function “if (bool, val1, val2)” returns val1 if bool
is true, and val2 otherwise.

Note that𝑉 (𝑙,U) is in some sense equivalent to the notion of the
number of distinct values for an attribute that is commonly used
in relational query optimization. Why? Imagine that U were repre-
sented purely relationally—that is, we perform a tensor-relational
decomposition of U into Ū so that ↑ℓU = ℓU and ↓ℓU = {}, and
remove any tuples storing the scalar value zero. Now consider at-
tribute 𝑙 . If 𝑙 has 𝑑 distinct values in Ū, it means that were we to
group all of the tuples having the same 𝑙 value into a sub-tensor of
U, there would be exactly 𝑑 sub-tensors, and none of those would
be composed entirely of zeros (any sub-tensors composed purely of
zeros would not contribute any tuples to Ū, and hence would not
contribute to the count 𝑑). Thus, 𝑉 (U, 𝑙) would be 𝑑.

Further, assume we have𝑇 (U), which is the number of non-zero
entries in tensorU. Again, this is analogous to the number of tuples
in a relation. If we perform a pure relational decomposition of U
and remove tuples storing zero values, then the number of non-zero
entries in the tensor U would be the same as the number of tuples
in such a pure relational decomposition.

Let 𝑛(↑ℓU) denote the number of possible tuples in some tensor-
relational decomposition Ū for U, induced by the promoted label
set ↑ℓU This can be computed as:

𝑛(↑ℓU) =
∏︂
𝑙∈↑ℓU

𝑉 (𝑙,U)

Then the number of tuples in the tensor-relational decomposition
Ū induced by the set of promoted labels ↑ℓU can be estimated as:

𝑇 (↑ℓU) = 𝑛(↑ℓU)
(︃
1 − exp

(︃
−𝑇 (U)
𝑛(↑ℓU)

)︃)︃
(7)

The intuition is that there are 𝑛(↑ℓU) possible tuples in the tensor
relation Ū.𝑇 (↑ℓU) estimates the number of tuples that have tensors
with at least one non-zero value, if the 𝑇 (U) non-zero values are
spread uniformly-at-random throughout the tensor relation.

7.2 The Cost Model

When implementing a generic, binary EinSum expression of the
form of Equation 3 tensor-relationally, there are two operations, a

join and an aggregation. There is a third operation—repartition—
that may be necessary to change tensor-relational decompositions
between the output of one operation, and the input of the next. We
consider how to cost each of them.

Costing the join. The set of labels participating in the relational
join ℓjoin is the list of labels in both ↑ℓU and ↑ℓV. The number of
tuples resulting from the tensor-relational join can be estimated as:

𝑇join (↑ℓU, ↑ℓV) =
𝑇 (↑ℓU)𝑇 (↑ℓV)∏︁

𝑙∈ℓjoin max(𝑉 (U, 𝑙),𝑉 (V, 𝑙))

This is an application of the standard, textbook estimator for the
number of tuples resulting from a join. Note that if there are no
labels common to ↑ℓU and ↑ℓV so that ℓjoin is empty, it is assumed
that the denominator takes the value 1. Then the cost of the tensor-
relational join is estimated as:

𝐶join (↑ℓU, ↑ℓV) =
𝑇join (↑ℓU, ↑ℓV) ×

[︁ (︁
sizeof(Ū) + sizeof(V̄))𝐶xfer +𝐶krnel +𝐶fixed

]︁
Here, sizeof computes the size of a tuple from the tensor relation,
in bytes, 𝐶xfer is the per-byte cost to move a tuple from machine to
machine (assuming a distributed environment), 𝐶krnel is the cost to
invoke the kernel K (typically this is the number of floating-point
operations required by K , times a constant), and 𝐶fixed is a fixed,
per-tuple processing cost. Overall, the cost is then: (a) the cost to
move tuples from both inputs into the join; plus (b) the cost to run
the kernel, plus (b) a fixed cost per tuple.

A rule-of-thumb is to choose the ratio 𝐶xfer by checking how
long it takes to transfer a byte from machine to machine (or from
disk to machine in a single-machine environment), to choose𝐶krnel
by checking how long it takes to run a floating point computation
on the execution platform, and to choose𝐶fixed by running a single-
machine computation that produces and aggregates a large number
of tuples (say, by running a cross product of two relations and
aggregating the result) and dividing the runtime by the number of
tuples produced to obtain the per-tuple overhead.

Costing the aggregation. The number of tuples resulting from
the subsequent aggregation can be estimated as

𝑇agg (↑ℓU, ↑ℓV) =min
(︄

1
2𝑇join (↑ℓU, ↑ℓV),

∏︂
𝑙∈↑ℓagg

⎧⎪⎪⎪⎨⎪⎪⎪⎩
if 𝑙 ∈ ↑ℓU ∧ 𝑙 ∈ ↑ℓV : min(𝑉 (U, 𝑙),𝑉 (V, 𝑙))
else if 𝑙 ∈ ↑ℓU : 𝑉 (U, 𝑙)
else : 𝑉 (V, 𝑙)

)︄
This is a variation on the standard, textbook estimator for the
number of tuples resulting from an aggregation. Note the three
cases in the second option of the “min”. The number of distinct
values for each promoted grouping label is either (a) the minimum
of the number of distinct values from both U and V if the label
is a join attribute; (b) the number of distinct values from U if the
label comes only from U; (c) the number of distinct values from V,
otherwise. Then the cost of the aggregation is estimated as:

𝐶agg (↑ℓU, ↑ℓV) =
(𝑇join (↑ℓU, ↑ℓV) −𝑇agg (↑ℓU, ↑ℓV)) ×

[︁
sizeof(W̄)𝐶xfer +𝐶add +𝐶fixed

]︁
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This formula mirrors the formula for𝐶join, the one difference being
that the output of the aggregation is 𝑇agg (↑ℓU, ↑ℓV) “aggregation
groups”; reducing the 𝑇join (↑ℓU,↑ℓV )

𝑇agg (↑ℓU,↑ℓV ) tuples in a aggregation group

down to a single tuple requires moving and adding 𝑇join (↑ℓU,↑ℓV )
𝑇agg (↑ℓU,↑ℓV ) − 1

tuples, or 𝑇join (↑ℓU, ↑ℓV) −𝑇agg (↑ℓU, ↑ℓV) moves-and-adds overall.

Costing the repartition. Finally, there is the cost to repartition
tensor relation W̄ when the output partition of the expression
producing W̄ does not match the input to the consumer of W̄.

Let ↑ℓWin be the set of promoted labels in the input to the repar-
tition, and let ↑ℓW be the set of promoted labels in the target, con-
suming EinSum expression.

As illustrated in the SQL given in the prior section, the typical
implementation of a repartition first decomposes the result of the
first EinSum expression so that it is partitioned on all of the labels in
either ↑ℓWin or ↑ℓW (while both ↑ℓWin and ↑ℓW are lists and not sets,
we abuse notation and denote the list containing all labels in both as
↑ℓWin ∪ ↑ℓW). The number of tuples in the resulting tensor relation
can be estimated using 𝑇 (↑ℓWin ∪ ↑ℓW). Note that this quantity
cannot be less than either 𝑇 (↑ℓW) or 𝑇 (↑ℓWin), as the intermediate
decomposition uses a set of promoted labels that is a superset of
both the input and output set of promoted labels.

Then it is possible to compute an expression for the cost 𝐶repart:
𝐶repart (↑ℓWin, ↑ℓW) =(︁

𝑇 (↑ℓWin ∪ ↑ℓW) −𝑇 (↑ℓWin)
)︁ (︁
sizeof(W̄int)𝐶xfer +𝐶fixed

)︁
+(︁

𝑇 (↑ℓWin ∪ ↑ℓW) −𝑇 (↑ℓW)
)︁ (︁
sizeof(W̄int)𝐶xfer +𝐶fixed

)︁
=

(︁
2𝑇 (↑ℓWin ∪ ↑ℓW) −𝑇 (↑ℓWin) −𝑇 (↑ℓW)

)︁
×(︁

sizeof(W̄int)𝐶xfer +𝐶fixed
)︁

𝐶repart has two parts. First is the cost of creating and processing the
𝑇 (↑ℓWin∪↑ℓW)−𝑇 (↑ℓWin) new tuples during the first, decomposition
step. And second is aggregating those tuples into 𝑇 (↑ℓW) inputs to
the next operation; this requires moving around 𝑇 (↑ℓWin ∪ ↑ℓW) −
𝑇 (↑ℓW) intermediate tuples.

8 OPTIMIZING THE DECOMPOSITION

We now define a dynamic programming algorithm that computes
the lowest cost, sparsity-aware, decomposition of a DAG of EinSum
expressions. This algorithm re-writes each expression in the DAG
into upper-case-lower-case notation. Combined with the results
from Section 5, this allows such an EinSum program to be compiled
into a high-performance, tensor-relational computation.

8.1 Dynamic Programming

Consider a directed graph 𝐺 = ⟨𝑉 , 𝐸⟩, where each vertex in the
vertex set 𝑉 represents an EinSum operation. 𝑉 has two types of
vertices: (1) those with no inputs (these correspond to input tensors)
and (2) those with two inputs (these correspond to binary EinSum
expressions). For our optimization algorithm, the important features
of each EinSum operation are the sets of labels ℓU, ℓV, ℓW present in
the expression, as well as the bound vectors of the input and output
tensors. These will allow us to make use of the cost models from
the previous section.

Each directed edge in 𝐸 is a triple consisting of (1) the ver-
tex/EinSum expression producing a tensor, (2) the vertex/EinSum

Algorithm 1 ComputeMinCostForTree
1: topologically sort the vertices of the input EinSum graph 𝐺
2: initialize lookup cost table 𝐶 so that for any vertex 𝑣 with no

inputs, 𝐶 [𝑣, ↑ℓW] = 0 forall ↑ℓW ∈ ℓW, where ℓW is the list of
labels for the tensorW produced by 𝑣

3: for each vertex 𝑣 ∈ 𝑉 , in sorted order do
4: % input tensors always have cost 0
5: if 𝑣 has no inputs then
6: continue

7: end if

8: find 𝑣U s.t. (𝑣U, 𝑣, left) ∈ 𝐸
9: find 𝑣V s.t. (𝑣V, 𝑣, right) ∈ 𝐸
10: 𝑐𝑜𝑠𝑡min ←∞
11: extract ℓU, ℓV, ℓW from vertex 𝑣
12: % Here it will consider every output decomp forW
13: for each subset ↑ℓW ∈ ℓW do

14: % ↑ℓU is consistent with ↑ℓW if, for each 𝑙 in (ℓU ∩ ℓW),
15: % 𝑙 is in ↑ℓU iff it is also in ↑ℓW
16: for each subset ↑ℓU ∈ ℓU that is consistent with ↑ℓW do

17: 𝑐𝑜𝑠𝑡U ← min
↑ℓU in

𝐶repart (↑ℓUin, ↑ℓU) +𝐶 [𝑣U, ↑ℓUin]

18: for each subset ↑ℓV ∈ ℓV that is consistent with ↑ℓW do

19: 𝑐𝑜𝑠𝑡V ← min
↑ℓV in

𝐶repart (↑ℓVin, ↑ℓV) +𝐶 [𝑣V, ↑ℓVin]
20: 𝑐𝑜𝑠𝑡W ← 𝑐𝑜𝑠𝑡U + 𝑐𝑜𝑠𝑡V+

𝐶join (↑ℓU, ↑ℓV) +𝐶agg (↑ℓU, ↑ℓV)
21: if 𝑐𝑜𝑠𝑡W < 𝑐𝑜𝑠𝑡min then
22: 𝑐𝑜𝑠𝑡min ← 𝑐𝑜𝑠𝑡W
23: end if

24: end for

25: end for

26: % remember the low cost to compute W via decomp ↑ℓW
27: 𝐶 [𝑣, ↑ℓW] ← 𝑐𝑜𝑠𝑡min
28: end for

29: end for

30: let 𝑣 be the last vertex in 𝑉
31: return min

↑ℓW
𝐶 [𝑣, ↑ℓW]

expression consuming that same tensor, and (3) a constant that is
either left or right indicating if this tensor is the left or right
input into the consuming vertex.

The dynamic programming algorithm works its way through the
graph, considering vertices in topologically-sorted order. As it does
so, it populates a lookup table 𝐶 . For a vertex 𝑣 producing a tensor
with label list ℓW,𝐶 [𝑣, ↑ℓW] will be computed for every possible set
of promoted labels ↑ℓW—this is all possible subsets of ℓW.𝐶 [𝑣, ↑ℓW]
stores theminimum possible cost to produce tensorW—considering
all of the EinSum expressions necessary to compute W—subject
to the constraint that the tensor-relational decomposition of the
output tensor is described by ↑ℓW.

It is possible to populate𝐶 in a single pass through the graph via
a dynamic programming algorithm because as long as each tensor is
consumed by exactly one EinSum expression, we do not care about
the details of how the output associated with a vertex 𝑣 is computed;
we only care about (a) the output decomposition resulting from 𝑣 ,
and (b) the cost to compute 𝑣 . As long as𝐶 stores the lowest cost to
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Algorithm 2 GetStats
1: compile input EinSum DAG into SQL over relations storing

only scalars—that is, let ↑ℓU = ℓU and ↓ℓU = {} for each tensor
U, and compute statistics assuming that all tuples storing zero-
valued scalars are removed from the resulting relations

2: compile purely-relational SQL into relational algebra using
classical methods

3: cost relational algebra using classical methods, to compute/es-
timate the number of tuples for each input and intermediate
relation; for relation Ū corresponding to tensor U, let 𝑇 (U)
denote this tuple count

4: cost relational algebra using classical methods, to compute/es-
timate the number of distinct values for each attribute; for
attribute 𝑙 and relation Ū, let 𝑉 (U, 𝑙) denote this value count

compute all decompositions of an EinSum expression corresponding
to vertex 𝑣 , to optimize the decomposition of a consumer of 𝑣 , we
need only look at all entries of the form 𝐶 [𝑣, .].

The dynamic programming algorithm is given as Algorithm 1.
For each vertex 𝑣 there is a triply-nested loop. At the outer level, we
are computing the optimal cost for every possible tensor-relational
decomposition of the output of 𝑣 , described by the set of promoted
labels ↑ℓW. The goal is to compute the lowest cost to produce ↑ℓW for
𝑣 . The two inner loops consider all possible input decompositions
that are consistent with ↑ℓW. If ↑ℓW promotes a label 𝑙 so that it is
handled relationally, then both inputs must promote that label. By
considering all of these consistent input combinations, the optimal
value for 𝐶 [𝑣, ↑ℓW] is computed.

8.2 Additional Considerations

Pre-computing the required statistics. In practice, running Algo-
rithm 1 requires that for each tensor U, we have𝑇 (U) (the number
of non-zero entries in U), and that we have 𝑉 (U, 𝑙) for each label
𝑙 (the number of non-zero tensors induced by label 𝑙). Obtaining
these statistics can be achieved by running the GetStats algo-
rithm: Algorithm 2. At the highest level, this algorithm relies on
generating SQL corresponding to a fully-relational version of the
input EinSum program, and then using classical relational costing
methods to compute the required statistics.

When results are consumedmore than once. The prior dynamic
programming algorithm cannot work in this case, as the algorithm
relies on the set of entries 𝐶 [𝑣, .] fully describing all information
necessary to optimally use the EinSum expression corresponding
to vertex 𝑣 . However, data in machine learning computations (both
input and intermediate) are often used multiple times. For example,
during backpropagation, intermediate data are used both during
the forward and backward passes. In both the graph convolutional
neural network and the attention computation in our experiments,
input data are used in two EinSum expressions. If 𝑣 is used more
than once, an optimal algorithm would need to worry about both
uses of 𝑣 , and co-optimize those.

The approachwe implement is to decompose an EinSum program
into a set of “trees”. That is, we first choose a subgraph of program
𝐺 where no EinSum result is used more than once (in general, this
subgraph should be “maximal” in the sense that if we can add

Dataset Classes Features Nodes Edges

Cora 7 1,433 2,485 5,069
Planetoid.Cora [43] 7 1,433 2,708 10,556
Planetoid
.CiteSeer [43] 6 3,703 3,327 9,104
CitationFull
.CiteSeer [7] 6 602 4,230 10,674
Amazon.Photo [34] 8 745 7,650 0.2M
Amazon
.Computers [34] 10 767 13,752 0.4M
ogbn-arxiv* [21] 40 128 169,343 1.1M
ogbn-products* [21] 47 100 2.4M 61.8M
ogbn-
papers100M* [21] 172 128 111M 1.6B
friendster* [9] 100 128 65M 1.8B

Table 1: Statistics of the datasets after graph standardization.

Datasets marked with * are used for distributed execution.

another vertex and it is still the case that no vertex is used more
than once, we should do so). Then, we optimize this subgraph, using
Algorithm 1. At this point, the tensor-relational decomposition of
each tensor that has been optimized is treated as being fixed. This
process is then repeated, and another subgraph of program𝐺 where
no EinSum result is used more than once is chosen and optimized,
until all decompositions have been chosen.

This will not arrive at a globally optimal solution, and it could be
the case that some tensor-relational decompositions that are used
twice are not chosen so as to be globally optimal. However, as the
cost of this is only a sub-optimal, additional repartition, the expected
cost of this non-optimality will hopefully be inconsequential.

Memory constraints. Often, in terms of performance, the optimal
schema design is to use only massive tensors, and not to decompose
the tensors at all. In practice, this will lead to memory problems.
In our implementation, we address this by constraining the search
to reflect memory limitations—maximum sizes for the total bytes
required for the inputs and output of a kernel call, for example.

Non-Binary EinSum expressions. All of the algorithms and cost
models described thus far in the paper can easily be extended to
unary EinSum expressions, and we do not consider this issue further.

Higher-degree EinSum expressions are more challenging since
the contraction path is critical for performance. While rare in ML
computations, they do occur, particularly in other application do-
mains. Our suggested tactic is to use optimization libraries like
opt_einsum [12] to compute the contraction path and then break
such expressions as a series of binary EinSum expressions. More
sophisticated approaches are a topic for future work.

9 EXPERIMENTS

9.1 Experimental Overview

Experimentally, we wish to answer the question: Can upper-case-

lower-case Einstein notation generated by SparseEinSum show better

scalability over traditional tensor or purely relational approaches?
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Dataset and Tensor-based SparseEinSum
num machines DGL Ali Opt 2nd 3rd

ogbn-arxiv

1 4.3 12.9 8.3 13.4 21.8
2 1.6 6.9 5.2 8.8 12.6
4 0.9 3.4 2.0 4.1 6.3
8 0.6 2.0 1.2 3.6 5.7

ogbn-products

1 20.3 96.7 31.4 35.7 37.2
2 17.9 51.1 16.5 22.6 28.1
4 9.6 31.7 8.4 11.8 15.9
8 6.3 18.8 5.9 8.6 11.2
1 OOM OOM 289.5 306.1 351.9

ogbn- 2 OOM OOM 171.4 168.4 207.4
papers100M 4 92.5 OOM 82.1 93.5 95.1

8 59.3 OOM 42.4 52.0 61.1

friendster

1 OOM OOM 473.9 686.0 721.1
2 OOM OOM 324.0 413.1 556.1
4 OOM OOM 156.9 277.6 381.3
8 103.1 OOM 94.5 186.4 206.1

Table 2: Running time comparison (in seconds) for one it-

eration of GCN training across different cluster sizes. DGL

(PyTorch) and AliGraph are compared with the top three

SparseEinSum decompositions.

9.2 Evaluating SparseEinSum Decompositions

Distributed graph convolution neural networks (GCNs) [26].

We compare SparseEinSum-generated tensor-relational computa-
tions with DGL v2.4.0 1[39] running on a PyTorch backend [30]—
this is a fully tensor-based system—as well as AliGraph [51]. These
systems are chosen as they represent the most well-known systems
for graph neural network computation. The distributed engine used
to run the SparseEinSum-generated tensor-relational computation
is PlinyCompute 2 [52], a distributed relational computation en-
gine. We use TACO 3 compiler-generated kernels [11, 27, 28] to
efficiently support tensor operations of arbitrary shape within the
tensor-relational computations generated by SparseEinSum.

Computational problem. The core computation in a graph convolu-
tional neural network is given as the following EinSum:

T
0
𝑖,𝑘
←

∑︂
𝑗

D̂𝑖, 𝑗 × Â𝑗,𝑘 ; T
1
𝑖,𝑙
←

∑︂
𝑘

T
0
𝑖,𝑘
× D̂𝑘,𝑙

T
2
𝑖,𝑚 ←

∑︂
𝑙

T
1
𝑖,𝑙
×H(𝑙 )

𝑙,𝑚
; T

3
𝑖,𝑛 ←

∑︂
𝑚

T
2
𝑖,𝑚 ×W

(𝑙 )
𝑚,𝑛

H
(𝑙+1)
𝑖,𝑛

←
∑︂
∅
𝜎 (T3

𝑖,𝑛)

Here, Â is the adjacency matrix with self-loops added, D̂ is the
degree matrix, H(𝑙 ) is the node embedding matrix at layer 𝑙 , and
W
(𝑙 ) is the weight matrix at layer 𝑙 . This expression computes

the node embeddings for the next layer by: (1) normalizing the
adjacency matrix using the degree matrices (D̂−

1
2
ÂD̂

− 1
2 ), (2) aggre-

gating neighbor features through this normalized adjacency matrix,
and (3) applying a learned transformation throughW

(𝑙 ) followed
by a non-linear activation function 𝜎 .
12.4.x branch until commit c6c874b
2https://github.com/riceplinygroup/plinycompute
3https://github.com/tensor-compiler/taco

Figure 1: Example of quantum circuits partitioned into mul-

tiple layers from 1 to 12.

Dataset Qubits Depth Width Gate Count

seca_n11 11 37 11 1275
multiplier_n13 13 7 13 496
Table 3: Dataset statistics for quantum benchmarks.

Circuit Num SparseEinSum
Machines Opt 2nd Best 3rd Best

seca_n11

1 36.124 26.7 32.013
2 21.214 27.512 27.752
4 13.817 14.347 15.424
8 10.094 12.531 12.309

multiplier_n13

1 102.632 105.316 116.229
2 55.247 64.731 71.315
4 36.651 42.325 47.426
8 21.922 25.127 30.98

Table 4: Time (secs) vs. machines for quantum circuits.

We implement a two-layer GCN under transductive setting with
the following hyperparameters: Adam optimizer with learning rate
𝜂 = 0.1, dropout rate 𝛾 = 0.5, and hidden layer dimension 𝐷 = 256.

All distributed experiments were conducted on servers equipped
with Intel® Xeon® Silver 4214 CPU, 128GB DDR4 memory, and
1TB SSD storage. The nodes are interconnected via 10 Gbps Ether-
net cable. Experiments were performed using clusters from 1 to 8
machines. Statistics describing the data sets are given in Table 1.

Results and discussion. For large graphs that cannot fit into the
memory of a single machine, we use ParMETIS [1] to assist with
partitioning when running on DGL and AliGraph. The execution
times are summarized in Table 2. To evaluate how accurate the
cost model used by the SparseEinSum re-write algorithm is, we
execute the best upper-case-lower-case decomposition (Opt), and
the second (2nd) and third-best (3rd) as well.

For the smallest graph (ogbn-arxiv), DGL (running on PyTorch)
is fastest. This is not surprising, as PlinyCompute is built for scala-
bility, not low latency. For the next larger graph (ogbn-products)
the two approaches are about the same. For the larger two graphs
(1B+ edges), the SparseEinSum-generated computation has obvi-
ous advantages. It is the one that can run in all cases—DGL and
AliGraph are both plagued by out-of-memory problems, despite
manual tuning. In the cases when DGL can run, it is slower than
the SparseEinSum-generated computation by 8.6% to nearly 40%.

Note that the tensor-relational implementation scales well across
different number of machines. SparseEinSum-on-PlinyCompute
shows a speed-up of 5.3X, 6.8X, and 5.0X going from one to eight
machines on ogbn-products, ogbn-papers100M, and friendster, re-
spectively. DGL-on-Pytorch fails on the two larger graphs, but has
a speedup of only 3.2X on ogbn-products.
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Method

Datasets

Cora P. P.Cite C.Cite A. A.

Cora Seer Seer Photo Comp

Sparse Attention Computation
Hyper 866 901 1497 40 2416 7801
PstGSQL 8017 7990 12156 619 18429 OOD
SQLite 22052 22084 TLE 34875 TLE OOD
SEinSum 4.5 4.7 8.0 7.7 192 265

Dense Attention Computation
Hyper 2194 2185 3457 75 2486 8123

PstGSQL 8130 8186 12432 636 18464 OOD
SQLite 16424 15180 TLE 39470 TLE TLE
SEinSum 609 602 950 54 OOD OOD

Table 5: Running time (in seconds) for attention computa-

tions. P stands for Planetoid, C: CitationFull, A: Amazon.

OOD is Out of Disk, as the database wrote too much data.

Method

Datasets

Cora P. P.Cite C.Cite A. A.

Cora Seer Seer Photo Comp

Graph Conv. Neural Network
Hyper 10.7 10.8 21.021 4.4 197.5 390.4
PstGSQL 16.0 16.0 30.9 7.7 436.1 830.3
SQLite TLE TLE TLE TLE TLE TLE
SEinSum 7.3 8.4 22.9 3.3 19.3 37.6

Table 6: Graph convolutional neural network running times

(in seconds). TLE indicates Time Limit Exceeded.

Single-machine convolution neural networks. Single-machine
experiments focus on comparing SparseEinSum-generated tensor-
relational implementations with equivalent, purely-relational im-
plementations. These are generated using the PortableSQL EinSum
compiler [5], chosen as it is the standard method in the database
literature for converting EinSum to SQL. SparseEinSum-generated
tensor-relational computations are run on top of PostgreSQL, again
using TACO-generated kernels. The purely relational implementa-
tion is run on SQLite [3], PostgreSQL [15], and Hyper [24].

Results and Discussion. Running times are shown in Table 6. For
the four smallest data sets, there is not an appreciable difference
between options: the tensor-relational implementation is generally
fastest, but it cuts at most 25% off the running time of “pure rela-
tional + Hyper”. For the larger two data sets, the tensor-relational
implementation is ten times faster than “pure relational + Hyper”,
and more than 40 times faster than “pure relational + Postgres”.

In Table 8, we show the schema generated by the SparseEinSum
compiler for two of the input graphs. Interestingly, the computa-
tions are both implemented quite relationally. However, as one
might expect, the exception is that the features and embeddings
(which are dense) are implemented as vectors on a per-vertex basis,
and the linear transformations are implemented as dense matrices.

Distributed quantum circuit simulation [47]. We adopt the
widely used QASMbench [29] suite as the quantum circuit simulation
benchmark. Qiskit 1.2.4 [40] and cuda-quantum 24.03.0 [25] are
used to help with quantum circuit generation and execution. We

UCLC EinSum Planetoid.CiteSeer

T
0
𝐼 ,𝑘
← ∑︁

𝑀 X𝐼 ,𝑀 ×W𝑄

𝑀,𝑘

X(INT i, INT m, DOUBLE val)
W

𝑄(INT m, TENSOR[1024] val)

T
1
𝐽 ,𝑘
← ∑︁

𝑁 X𝐽 ,𝑁 ×W𝐾
𝑁,𝑘

X(INT j, INT n, DOUBLE val)
W

𝐾(INT n, TENSOR[1024] val)

T
2
𝐼 ,𝐽 ,𝑘
← ∑︁

∅ T
0
𝐼 ,𝑘
×A𝐼 ,𝐽

T
0(INT i, TENSOR[1024] val)

A(INT i, INT j, DOUBLE val)

T
3
𝐼 ,𝐽
← ∑︁

𝑘 T
2
𝐼 ,𝐽 ,𝑘
× T1

𝐽 ,𝑘

T
2(INT i, INT j,

TENSOR[1024] val)
T

1(INT j, TENSOR[1024] val)

Attn𝐼 ,𝐽 ←
∑︁
∅

1√
𝑑𝑘
(T3

𝐼 ,𝐽
) T

3(INT i, INT j, DOUBLE val)

Table 7: Upper-case-lower-case Einstein notation produced

by the SparseEinSum for Planetoid.CiteSeer.

select seca_n11 and multiplier_n13 as large scale benchmarks.
Characteristics for those benchmarks are shown in Table 3.

Computational problem. The tensor contraction for quantum gate
operations can be written as:

𝜓 ′𝑖𝑛 =
∑︂
𝑖𝑛−1

U
(𝑛)
𝑖𝑛 ,𝑖𝑛−1

∑︂
𝑖𝑛−2

U
(𝑛−1)
𝑖𝑛−1,𝑖𝑛−2

· · ·
∑︂
𝑖1

U
(2)
𝑖2,𝑖1

∑︂
𝑖0

U
(1)
𝑖1,𝑖0

𝜓𝑖0 (8)

where U(𝑘 ) represents the unitary gate operation matrix at layer 𝑘 ,
𝜓 is the initial quantum state vector, and 𝜓 ′ is the final quantum
state vector after applying all gate operations.

Each quantum circuit is partitioned into multiple layers where
multiple gates can be executed in parallel within a layer. For each
layer, we generate one unitary matrix by tensoring all gates within
the layer. The whole simulation process passes qubits vector states
into a unitary matrix for each layer one by one as shown in Figure 1.

Results and Discussion. The results for running large-scale bench-
marks on a distributed environment are shown in Table 4. We
evaluate the best, second-best, and third-best decompositions pro-
duced, according to the cost model used by the SparseEinSum
compiler. In almost all cases, the cost model has ordered the various
decompositions correctly.

Scaling efficiency is reasonable: eight machines is 3.6X faster
than one on seca_n11, and 4.6X faster on multiplier_n13. Scaling
efficiency is worse than in the case of the GCN, as data movement
overhead is high and the computation cost is relatively small.

Single-machine attention computation [45, 48]. Sparse atten-
tion resembles the classic dense attention, but it allows an arbitrary
graph to indicate which items should be attending to which items.

Computational problem. The core computation in a graph trans-
former is sparse attention computation:

T
0
𝑖,𝑘
←

∑︂
𝑀

X𝑖,𝑚 ×W𝑄

𝑚,𝑘
; T

1
𝑗,𝑘
←

∑︂
𝑛

X𝑗,𝑛 ×W𝐾
𝑛,𝑘

T
2
𝑖, 𝑗,𝑘
←

∑︂
∅

T
0
𝑖,𝑘
×A𝑖, 𝑗 ; T

3
𝑖, 𝑗 ←

∑︂
𝑘

T
2
𝑖, 𝑗,𝑘
× T1

𝑗,𝑘

Attn𝑖, 𝑗 ←
∑︂
∅

1
√
𝑑𝑘
(T3

𝑖, 𝑗 )

where X stores node features, W𝑄 and W𝐾 are learnable query
and key projection matrices respectively, A is the adjacency matrix
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Upper-Case-Lower-Case EinSum CitationFull.CiteSeer Amazon.Computers

T
0
𝐼 ,𝐾
← ∑︁

𝐽 D̂𝐼 ,𝐽 × Â𝐽 ,𝐾
D̂(INT i, INT j, DOUBLE val)

Â(INT j, INT k, DOUBLE val)

D̂(INT i, INT j, DOUBLE val)

Â(INT j, INT k, DOUBLE val)

T
1
𝐼 ,𝐿
← ∑︁

𝐾 T
0
𝐼 ,𝐾
× D̂𝐾,𝐿

T
0(INT i, INT k, DOUBLE val)

D̂(INT k, INT l, DOUBLE val)
T

0(INT i, INT k, DOUBLE val)
D̂(INT k, INT l, DOUBLE val)

T
2
𝐼 ,𝑚
← ∑︁

𝐿 T
1
𝐼 ,𝐿
×H(𝑙 )

𝐿,𝑚

T
1(INT i, INT l, DOUBLE val)

H
(𝑙 )(INT l, TENSOR[602] val)

T
1(INT i, INT l, DOUBLE val)

H
(𝑙 )(INT l, TENSOR[767] val)

T
3
𝐼 ,𝑛
← ∑︁

𝑚 T
2
𝐼 ,𝑚
×W(𝑙 )

𝑚,𝑛

T
2(INT i, TENSOR[602] val)

W
(𝑙 ) (TENSOR[602][256] val)

T
2(INT i, TENSOR[767] val)

W
(𝑙 ) (TENSOR[767][256] val)

H
(𝑙+1)
𝐼 ,𝑛

← ∑︁
∅ 𝜎 (T3

𝐼 ,𝑛
) T

3(INT i, TENSOR[256] val) T
3(INT i, TENSOR[256] val)

Table 8: Upper-case-lower-case Einstein notation produced by the SparseEinSum compiler for the GCN computation, along

with the corresponding relational schemas, for two of the test datasets.

Method

Datasets

Cora P. P.Cite C.Cite A. A.

Cora Seer Seer Photo Comp

Sparse Attention Computation
SEinSum 4.5 4.7 8.0 7.7 192 265
Greedy 21 23 52 17 769 884

Dense Attention Computation
SEinSum 609 602 950 54 OOD OOD
Greedy 2198 2124 4107 315 OOD OOD

Table 9: Comparing pure greedy runtime with the full dy-

namic programming solution for the attention computation.

indicating the graph structure, 𝑑𝑘 is the dimension of the key vec-
tors, and Attn𝑖, 𝑗 gives the attention scores before normalization.
Following prior work [45, 48], we evaluate both dense attention
(where each node attends to all other nodes) and sparse attention
(where nodes only attend to their local neighborhood in the graph).

Results and Discussion. Running time results are given in Table 5.
The surprising finding here is that even though relational computa-

tions are inherently sparse, the pure relational implementations are
not much faster when using sparse attention, compared to dense
attention. “Pure relational + Hyper” best utilizes the sparsity, and
is up to 2X as fast in the sparse case compared to the dense case. In
comparison, SparseEinSum can be more than 100X as fast when
computing sparse attention rather than dense attention, and is 30X
to 100X as fast as “Pure relational + Hyper” in the sparse case.

Table 7 shows the generated schema for one of the data sets. The
node embeddings are stored as vectors, but the weight matrices are
stored into vectors, due to memory limitations. The input data itself
is sparse and has been decomposed into purely relational tuples.

9.3 Ablations and Other Experiments

Effectiveness of the dynamic programming. It is reasonable to
ask: Is it necessary to run an expensive and complicated dynamic
programming search during the SparseEinSum decomposition?
We evaluate a simpler, greedy search: along a path through the
graph of EinSum expressions, greedily pick the decomposition that
minimizes the cost; do not remember decompositions with different
output tensor formats that are suboptimal. We compare greedy to
SparseEinSum in Table 9 for attention on one machine.

Datasets

Comp- Cora P. P.Cite C.Cite A. A.

onent Cora Seer Seer Photo Comp

Sparse Attention Computation
Exec. 4.5 4.7 8.0 7.7 192 265
Schema 253 96 428 86 344 239
SQL 46 11 32 2.0 5.4 3.4
Kernels 0.04 0.04 0.04 0.08 0.04 0.04

Dense Attention Computation
Exec 609 602 950 54 OOD OOD
Schema 146 127 533 221 862 1690
SQL 51 24 58 44 130 401
Kernels 0.06 0.06 0.06 0.06 0.06 0.06

Table 10: Running time for the various system components,

attention computation, in seconds. “Exec.” is the actual exe-

cution time, “Schema” is the time to pre-process the data and

generate the schema, “SQL” is the time to generate the SQL

including the data loading code, and “Kernels” is the time to

generate the kernels using TACO.

Perturbation

None 𝐶xfer 𝐶xfer 𝐶krnel 𝐶krnel 𝐶fixed 𝐶fixed
(as-is) × 1

10 ×10 × 1
10 ×10 × 1

10 ×10
192 130 253 294 1027 1027 305

Table 11: Effect of perturbing the various cost parameters

(𝐶
xfer

,𝐶
krnel

,𝐶
fixed

) on the running time for the sparse atten-

tion computation on the Amazon.Photo data set.

Robustness to cost model errors. Is an accurate cost model nec-
essary? We perturb the cost estimates by multiplying each cost
estimate by a Gamma(𝛼, 𝜃 ) random variate, where 𝛼 × 𝜃 = 1 so
that on expectation, the cost value is unchanged, but errors are
possible. As we decrease 𝛼 and increase 𝜃 the variance of the esti-
mate (and hence the potential for error) increases. Results on the
single-machine graph neural network computation are given in
Table 12. Running time is averaged over ten different perturbed
runs. Here we see that with 𝛼 = 𝜃 = 1, there is no difference in the
running time—as this is a significant level of noise, it suggests some
robustness. The higher perturbation levels lead to slower times.
Interestingly, 𝛼 = 1

3 , 𝜃 = 3 is worse than 𝛼 = 1
10 , 𝜃 = 10.

Robustness to cost parameters.We hold two of the three cost
parameters (𝐶xfer, 𝐶krnel, 𝐶fixed) constant, and perturb the third,
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Error

Datasets

Cora P. P.Cite C.Cite A. A.

Cora Seer Seer Photo Comp

Graph Conv. Neural Network
None 7.3 8.4 22.9 3.3 19.3 37.6
Γ(1, 1) 7.2 8.3 21.5 3.4 19.5 37.1
Γ( 1

3 , 3) 16.1 16.0 31.9 8.0 435.9 839.9
Γ( 1

10 , 10) 12.0 11.2 25.1 7.4 68.0 47.4
Table 12: Graph neural network running times (in seconds)

with erroneous/noisy cardinality estimates. Here, Γ(𝛼, 𝜃 )
means each estimate is multiplied by a random number gen-

erated using a Gamma(𝛼, 𝜃 ) distribution.

either cutting it by a factor of ten, or multiplying it by a factor of
ten. Single-machine results are given in Table 12. A poor choice in
cost parameter can be quite damaging. Interestingly, cutting 𝐶xfer
by a factor of ten actually reduced the running time of the resulting
decomposition, suggesting that the 𝐶xfer we chose was not optimal.

Running time breakdown. Table 10 compares the execution time
for the actual attention computation with the time taken by the
decomposition itself. In addition to the execution time, three other
times are given: (1) Schema: time to process the input data, compute
the necessary statistics, and run the dynamic programming. (2) SQL:
time to generate the SQL, which is dominated by the time necessary
to generate the INSERT INTO statements to load all of the data into
PostgreSQL. (3) Kernels: time to generate the TACO kernels. We see
that these times can be quite significant, though our code is written
in Python, and for the single-machine attention experiments, all
data are stored in text files. Further, to ensure portability across
engines all data loading is handled using SQL, and is verbose. During
deployment or training the attention computation would by run
hundreds of times or more, so time would be amortized across runs.

10 RELATEDWORK

EinSum was proposed by Einstein [16], and is now supported by
machine learning/AI frameworks such as NumPy [20], JAX [18], Py-
Torch [30] and Dask [13]. However, upper-case-lower-case EinSum,
where EinSum is modified to facilitate sharding specification, is
unique. A general problem in this space is how to specify sharding—
see https://jax-ml.github.io/scaling-book/sharding/ for
an example of such an effort—but upper-case-lower-case EinSum is
unique in its ability to combine a specification of the computation
with the way in which the computation is decomposed.

We propose a dynamic programming algorithm for the problem
of re-writing a DAG of EinSum expressions (where paths between
any connected vertices are unique) to a DAG of upper-case-lower-
case EinSum. Dynamic programming algorithms of this variety have
been around for a long time; our algorithm is strongly reminiscent
of Felsenstein’s algorithm [17] from computational biology, and
other efforts in sharding of compute graphs for machine learning
have used dynamic programming [8, 49]. Likewise there exist cost
models for sparse tensor computations [2, 35].

There are a number of kernel compilers for tensor computations,
such as TVM [10], Triton [38], and TACO [11, 27, 28]. Both TACO
and TVM (via SparseTIR [44]) provide explicit support for sparsity.
Of the various tensor compilers with support for sparsity, Galley

[14] is closest to our own proposal, usingmany ideas from relational
system design (such as applying relational methods for sparsity
estimation; see Section 7 of this paper). This existing work targets
the generation of CPU or GPU kernels or programs, not scalable
relational computations that are meant to run on top of a relational
system. The core idea in the SparseEinSum re-write approach
is to determine which parts of the computation should be run
relationally and which parts should utilize high-performance CPU
or GPU kernels generated by these other systems. In that sense,
SparseEinSum sits on top of these tools and is a consumer of the
kernels that they produce. In fact, our SparseEinSum prototype
uses TACO to generate dense kernels.

There has been other recent work that explores the close rela-
tionship between tensors and relations in order to optimize tensor
computations. Schleich et al. propose STOREL [31], which accepts
a user-supplied storage format for each input tensor, and then opti-
mizes the tensor computation. In contrast, SparseEinSum accepts
a declaratively-specified computation and then optimizes the rep-
resentation format, choosing how to decompose the tensors into
relations so as to optimize performance. The SparseEinSum ap-
proach relies on the underlying relational system to optimize the
computation.

In the Duck’s Brain [32], Schüle et al. are the most recent to argue
for the use of relational systems augmented with tensors for mod-
ern ML computations—using precisely the sort of tensor-relational
representations described in this paper. The Duck’s Brain is an ex-
ample of a relational platform on which the output of SparseEinSum-
generated tensor-relational computation could be run. The idea of
combined tensor and relational processing has been explored in
other works [22, 23, 37, 46], including SystemML [19] and SystemDS
[6], which extended SQL-style operations with matrix primitives.
However, these prior works do not consider how to automatically
generate optimized tensor-relational representations. Like in the
case of the Duck’s Brain, SparseEinSum could be used to generate
the decomposition used by these systems.

Another approach explored in the literature is the use of pure
relational implementations ofML or AI computations (see, for exam-
ple Pytond [33] or Portable SQL [5] for two recent works). Another
recent work proposes an algorithm to switch from dense to sparse
dynamically during runtime [36].

11 CONCLUSIONS

We introduced an algorithm that decomposes tensor computation
into equivalent tensor-relational computation, as well as SparseEin-
Sum, a system that takes EinSum computation as input, and compiles
computation into upper-case-lower-case Einstein notation. This
computation can be implemented on virtually any database sys-
tem with multidimensional array support. The compilation process
incorporates sparsity estimation techniques and automatic cost-
based schema optimization, enabling generated tensor-relational
computations to achieve significant performance improvements.
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