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ABSTRACT

Approximate graph pattern mining (A-GPM) is an important data
analysis tool for numerous graph-based applications. There exist
sampling-based A-GPM systems to provide automation and general-
ization over a wide variety of use cases. Despite improved usability,
there are two major obstacles that prevent existing A-GPM systems
being adopted in practice. First, the termination mechanism that
decides when to terminate sampling lacks theoretical backup on
confidence, and performs significantly unstable and thus slow in
practice. Second, they particularly suffer poor performance when
dealing with the “needle-in-the-hay” cases, because a huge number
of samples are required to converge, given the extremely low hit
rate of their lazy-pruning strategy and fixed sampling schemes.

We build SCALEGPM, an accurate and fast A-GPM system that
removes the two obstacles. First, we propose a novel on-the-fly con-
vergence detection mechanism to achieve stable termination and
provide theoretical guarantee on the confidence, with negligible
online overhead. Second, we propose two techniques to deal with
the “needle-in-the-hay” problem, eager-verify and hybrid sampling.
Our eager-verify method drastically improves sampling hit rate by
pruning unpromising candidates as early as possible. Hybrid sam-
pling further improves performance by automatically choosing the
better scheme between fine-grained and coarse-grained sampling
schemes. Experiments show that our online convergence detection
mechanism can precisely detect convergence, and results in stable
and rapid termination with theoretically guaranteed confidence.
We also show the effectiveness of eager-verify in improving the hit
rate, and the scheme-selection mechanism in correctly choosing
the better scheme for various cases. Overall, SCALEGPM achieves
an geomean average of 565X (up to 610169x) speedup over the
state-of-the-art A-GPM system, Arya. In particular, SCALEGPM han-
dles billion-scale graphs in seconds, where existing systems either
run out of memory or fail to complete in hours.
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1 INTRODUCTION

Graph Pattern Mining (GPM) [26, 29, 36, 45, 60, 66, 70, 71], which
searches for instances of small patterns (e.g., triangles) in a data
graph, is a key building block in graph-based data mining. Despite
its wide adoption in real-world applications, GPM is hard to scale
to large problem size as it is computationally quite expensive [70].
Fortunately, many real-world use cases do not require exact GPM
solutions. For instance, to characterize network structures in bio-
chemistry [54], we just estimate the pattern frequency distribution
and use it as a signature for the graph. Therefore we only need
Approximate GPM (A-GPM), which trades accuracy for speed, as
long as some error bound is met in a given application context.

There have been A-GPM systems, e.g., ASAP [34] and Arya [78],
that are built to simplify programming and improve usability. The
system responsibility is two fold. First, they provide generalized
sampling techniques for arbitrary patterns and programming APIs
to support a wide variety of use cases. Second, they provide au-
tomated mechanisms to determine key sampling parameters, e.g.,
how many samples required to draw for a given error bound.

However, existing A-GPM systems have two major limitations
that prevent them from being adopted in practice. First, the auto-
mated termination mechanism to determine when it is confident
enough to terminate sampling, does not have strong theoretical
backup on confidence, and thus is significantly unstable and slow in
practice (see §3.1 for detail). In existing systems, sampling is termi-
nated when the predicted number of samples N have been drawn.
They predict Ns based on an offline error-latency profiling (ELP)
procedure before launching the sampling. However, the ELP predic-
tion of N is dependent on the true count, which is supposed to be
estimated on the N samples, creating a circular dependency. There-
fore, ELP cannot theoretically guarantee confidence in bounding
the error. Also, ELP returns unstable predictions, i.e., huge variances
or even failures in predicting N, which leads to poor performance.

The second limitation is the poor performance when dealing
with the extremely sparse, a.k.a, needle-in-the-hay cases, where only
a small number of matches of the pattern exist in a big graph (see
Fig. 2). In this case, neighbor sampling (NS), the sampling scheme
used in ASAP and Arya, fails to hit a match in most of the samples,
leading to a very low sampling hit rate, e.g., 0.0000017%. This results
in slow convergence as a huge number of samples are required to
meet the error bound. In some extreme cases, we observe that Arya
can be even slower than exact GPM solutions.

To address the unstable termination problem, we propose a novel
on-the-fly convergence detection method for NS. Instead of offline
predicting the termination condition before execution, our online
method dynamically collects statistics and predicts errors during
the sampling execution, until convergence. The convergence is
detected when the predicted error is below the user specified error
bound. We prove formally in Theorem 1 that the probability of
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the true error being smaller than our predicted error is 1 — §, for
a given confidence 1 — §. This provides us theoretical guarantee
in confidence, which prior systems lack. Meanwhile, our detected
termination points are stable across different runs while the ELP
method in prior systems is highly unstable. Therefore, our online
method can significantly accelerate the execution, because it needs
much fewer samples than prior systems, while causing negligible
online overhead as statistics can be trivially collected.

As for the low hit rate problem in NS, we find that the root cause
is the delayed check on pattern closure in prior systems, which we
call lazy-verify. We then introduce eager-verify that applying prun-
ing at its earliest possible point to avoid unpromising candidates
and thus improve hit rates. We prove theoretically that eager-verify
is unbiased, and show that it drastically improves the sampling
hit rate, which in turn significantly accelerate convergence. Fur-
thermore, for extremely sparse cases where the fine-grained NS
sampling scheme can not handle, we propose a hybrid sampling
method by adaptively selecting the better sampling scheme, be-
tween NS and a coarse-grained scheme, graph sparsification (GS),
for various graphs and patterns. For scheme selection, we build
a cost model for each sampling scheme to estimate the execution
time. With our models, hybrid sampling manages to always select
the cheaper one from NS and GS for a wide variety of test cases.

We then build SCALEGPM, an accurate and fast A-GPM system
that incorporates our proposed mechanisms: online convergence
detection, eager-verify and hybrid sampling. SCALEGPM efficiently
leverages parallel hardware and provides flexible modes to meet
various accuracy requirements with confidence. Our experiments
on a multicore CPU show that, with orders-of-magnitude reduc-
tion in required samples and improvement in hit rates, SCALEGPM
achieves an average of 565X (up to 610169x) speedup over the
state-of-the-art A-GPM system, Arya. The hybrid method further
improves performance by 61X on extremely hard (i.e. sparse) cases.
Particularly, SCALEGPM handles billion-scale graphs in seconds
where previous frameworks either run out of memory or fail to
complete in hours. This paper makes the following contributions:
e We conduct analysis and empirical study on sampling schemes,

and identify the two major limitations and their root causes in

existing A-GPM systems.

o We propose a novel on-the-fly convergence detection method for
the NS sampling scheme, which is the first to provide theoretical
guarantee on confidence.

o We introduce the eager-verify mechanism to improve hit rate of
the NS scheme and thus achieve faster convergence speed.

e We propose hybrid sampling to further improve performance,
by adaptively selecting a better scheme based on cost models.

e We build SCALEGPM that incorporates the above novel mecha-
nisms, and evaluation shows that it significantly outperforms
the state-of-the-art system, and efficiently handles huge graphs.

2 BACKGROUND

2.1 Approximate Graph Pattern Mining

Graph Pattern Mining (GPM) finds subgraphs that match given
pattern(s) # in a given data graph G. There exist explicit GPM
tasks like subgraph counting (SC) and motif counting (MC), and
implicit tasks like frequent subgraph mining (FSM) [27]. GPM has
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Algorithm 1 Neighbor Sampling

1: for each sampler i € [1, Ns] do

2 Ci—0,ae—m

3 Sample an edge e; from &, let E; < {e;}

4 for jin [2, k — 1] do

5: Sample a neighboring edge e; from E;_;’s neighborhood
6 Ej — Ej_1U{ej},a —axc; > ¢; is the neighborhood size
7 if closing edges for (Ex_1, P) exist in G then C; «— « > closure check
8:

C’ =3, C;i/ Ny is the estimated count

numerous applications in Al and big-data [70], including bioin-
formatics, chemical engineering, fraud detection, social network
analysis, recommender systems.

Exact GPM is solved by enumerating subgraphs in the data graph
and searching for matches. The search space can be defined as a
subgraph tree: each node in the tree is a subgraph of the data graph
G. A subgraph H in level [ of the tree have [ vertices. The root (level
0) is an empty subgraph. A parent node H at level i can be extended
to a child node H’, by adding a vertex/edge in H’s neighborhood in
G, ie,H =H+ {v},v € N(H). Each leaf of the tree is a candidate
of match, which is then compared with the pattern P, to test if it is a
match. Pruning schemes, e.g., matching order [36, 45, 70], symmetry
breaking [26, 27, 44] and decomposition [24, 52], are applied to
reduce the search space (i.e., prune the subgraph tree). Nevertheless,
this search is extremely expensive, as the computational complexity
increases exponentially in the size of the pattern.

Many real-world use cases do not require exact GPM solutions.
For example, when we use motif (a.k.a graphlet) distribution as
a “signature” (e.g., graph similarity) for network analysis or fraud
detection, it is quite sufficient to just provide approximate counts of
the motifs. Also in FSM the users only want to find those frequent
patterns whose occurrences are above some user specified threshold,
or simply top-K most frequent patterns, where estimated counts
would be sufficient to give high quality solutions. Therefore, for
all these use cases, we can perform Approximate GPM (A-GPM)
instead to substantially reduce the total amount of computation.

In this paper we focus on sampling based A-GPM approaches.
Generally, such an approach first samples a portion of the graph,
searches for match in the sample, and makes the estimation by scal-
ing the sampled result. This process can be repeated multiple times
to improve the confidence of estimation. Formally, given G and P,
an A-GPM solver aims to use a randomized (e, §)-approximation
scheme, which estimates the number of (non-induced or induced)
occurrences of £ in G within a factor of (1 + €), with probability at
least 1 — 8, where € and § are user defined parameters.

There are a large volume of A-GPM applications [31], such as
triangle counting [2, 12, 21, 25, 49, 51, 67-69], clique/cycle count-
ing [25, 59, 75], motif counting [5, 14, 18-20, 30, 37, 50, 61, 72, 76],
butterfly counting [57], frequent subgraph mining [1, 13, 40, 53, 55].
They all use sampling to reduce computation, though their sampling
schemes are customized for the specific problems. These custom
implementations do not offer system support, like automated ter-
mination, generic APIs, or choices in speed and error trade-off.

2.2 Sampling Schemes for GPM Problems

2.2.1  Neighbor Sampling (NS). Algorithm 1 shows how neighbor
sampling works. For each sample, it starts with sampling one edge
from G uniformly at random (Line 3), and then repetitively samples



Algorithm 2 Edge Sparsification

1: Randomly select a subset E” of p X m edges fromE,m = |[E|,0 <p < 1
2: Generate an induced subgraph G” = (V, E’)
3: C’ += ExacTCouNTING(G', P)

4: C=C"x p’l is the estimated count in G

> Exact counting on G’
> [ is # of edges in P

one more edge from the neighborhood of the currently sampled
edges (Line 5), until the size (number of sampled vertices) is the
same as the pattern. It then does closure check (Line 7), i.e., check
in G the existence of the closing edges, which form a match of the
pattern together with existing edges. We can draw multiple samples
(Line 1) in parallel, and average them for improved accuracy (Line 8).

For a given match M where €] is the first edge, Pr[M] = ﬁ
m-lly €

where ¢; = [N(Hj-1)|, Hj-1 is the Ej_; induced subgraph, and
N(H) is the neighbor set of H. So the count is scaled by a =
m- ]_[12“_1 c¢;j (Line 6). Apparently a varies in different samples,
meaning matches are not equally likely to be sampled. Thus « is
maintained for each sample and used for normalization.

NS has been widely used in A-GPM applications [17, 50, 51,
69] with customized optimizations. In NS, each time an arbitrary
neighbor is sampled from H;’s neighborhood, which may lead to
a high failure rate in the closure check. Therefore, restrictions are
added to make the sampled subgraph more likely be a match. For
example, if P is a cycle, we can sample a path [37], i.e, restrict the
next neighbor to be from the two endpoints’ neighborhood. For an
arbitrary pattern $, we can do neighbor sampling following #’s
spanning tree [19]. Furthermore, automorphism check can be added
to avoid redundant subgraphs [38]. More generally, we can sample
multiple neighbors each time, instead of a single neighbor [38].

2.2.2  Subgraph Sampling. The idea is to sample a subset of vertices
or edges from G with some probability p, to form a subgraph G’,
and then do exact search in G’, and finally scale the count based
on p. One popular way to sample a subgraph is to use the graph
sparsification (GS) technique [10, 32, 63-65], which sparsifies G
by randomly removing some edges. Bernoulli Edge Sparsification
(BES) [68] is such an example, as shown in Algorithm 2. For each
edge in G, include it with probability p (Line 1) to get graph G’
(Line 2). For each match M of P in G, the probability that M exists
in G’ is p!, hence the expected count in G’ is C’ = p! x C. BES is
simple and easy to implement, and can be trivially parallelized.

Color Sparsification [49] (CS), another GS approach, sparsifies G
by first randomly assigning a color from {1, 2, - - - , ¢} to each vertex
and then only preserving edges whose two endpoints are in the
same color. The probability of choosing an edge is p = 1/c, and the
probability of choosing a match is _pl ~1. Hence the expected count
in G’ is C’ = p!~! x C. Apparently, the probability of preserving a
match of P is higher than that in BES. In other words, it could meet
the same error bound with more edges removed, thus less compu-
tation. The downside is that different edges are not independent
of each other any more, which means potentially higher variance.
Usually a single sampler is used for sparsification, though more
samplers can be used to improve confidence.

Another way to sample a subgraph is Egonet Sampling [56, 57],
in which an element (vertex or edge) of G is sampled and the
egonet, i.e., the local neighborhood, of this element is extracted as a
subgraph. It often requires many samplers.
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Figure 1: Three different runs (three curves) of Arya’s ELP predic-
tion given the LivedJ graph and triangle pattern. With an error
bound of 10%, the curves give dramatically different prediction on
the number of samples N;: 5,260, 26,510 and 121,210. This leads to a
25x performance difference in the sampling execution phase.

In subgraph sampling we can apply a state-of-the-art exact count-
ing algorithm on the sampled subgraph. But the cost is extra time
and space to extract the subgraph(s), and the time complexity is still
exponential in the pattern size. Subgraph sampling has only been
used in A-GPM applications for specific patterns [49, 56-59, 67, 68].

2.3 Approximate GPM Systems

A-GPM systems, such as ASAP [34] and Arya [78], have been pro-
posed to simplify A-GPM programming. These systems provide
APIs to the users for them to easily compose various A-GPM appli-
cations. As opposed to those case-by-case customized implemen-
tations, an A-GPM system provides a generalized, sampling-based
approximation method, for arbitrary patterns. Moreover, unlike
hand-implemented applications which require hand tuning the
key sampling parameters, these systems automatically pick the
sampling parameters to meet the user specified error bound. For in-
stance, given € and §, ASAP and Arya use the Error-Latency Profile
(ELP) method to determine N, the number of samples needed. N
is derived from the Chernoff bound in ASAP [34] or Chebyshev’s
inequality in Arya [78]. For example, the lower bound in Arya is
N, > Ko (1)
ST Ce2s
where K is a constant, m = |E|, p is a pattern specific constant, and
C is the true count. ELP then estimates K and C on a sparsified
subgraph G’ of G. This estimation is repeated for several rounds
until convergence (i.e., estimated counts occur within a small range).
With estimated K and C, ELP returns a predicted N;. Note that ELP
has no error-confidence bound on the estimate of K and C.
Nevertheless, all the prior systems use fixed sampling schemes to
make approximation. For example, ASAP uses the NS scheme, in the
edge streaming fashion [4, 8, 9, 23, 39] where edges are streamed
in, instead of loaded all at once, to save memory space. Arya is
also based on NS, but incorporates pattern decomposition to reduce
the amount of work in each sample for large, easy-to-decompose
patterns. Since both ASAP and Arya are based on NS, they both
suffer the shortcomings of NS, which are discussed in detail next.

3 UNDERSTANDING SAMPLING TRADEOFFS

3.1 Termination Condition and Confidence

A major responsibility of an A-GPM system is to decide when
the sampling can be terminated with confidence to meet the error
bound. Existing systems use error-latency profile (ELP), before the
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Figure 2: Sample hits and misses in Arya, on Twitter40 (top) and
Friendster (bottom) graphs. The pattern is 4-clique for both. In
total 108 samples are drawn in both cases. Each green point is a hit
sample, while each red point is a miss sample. For Twitter40, there
are 7,033 hits with a hit rate of 7 X 107°. For Friendster, there are
only 5 hits with a 5 x 1078 hit rate (i.e. needle in the hay).

execution of the sampling procedure, to pre-determine the number
of samples N required. The sampling is then terminated when N
samples have been drawn. However, we observe that the value of
N; that ELP predicts vary dramatically across different runs of ELP.
Fig. 1 shows the results of three runs of ELP. Each curve represents
the prediction of one run. We get predictions of N as 5,260, 26,510
and 121,210, respectively. This huge prediction difference leads to a
25x performance difference in the sampling execution phase.

More importantly, the ELP method for termination condition
adds an indirection between the error estimation and the confidence.
The problem is, the lower bound in Eq. (1) contains the true count
C, which is the output that is supposed to be estimated. Therefore,
what ELP does is to essentially first estimate C without theoretical
error-confidence (e-§) guarantees, and then feed it into the lower
bound to get N;. Ny is then used to do sampling and estimate a more
accurate C. Although Eq. (1) contains &, estimating C by ELP has no
involvement of §. It means the estimation of N loses connection to
the confidence. The root cause is the circular dependency between
C and N, i.e., C is used to estimate Ns, and N is used to estimate
C, which is fundamentally unavoidable in the ELP based approach.

Due to the circular dependency, ELP provides only a heuristic
rather than a strong theoretical bound. Another limitation of ELP
is its own convergence speed. We observe that in some cases, ELP
fails to converge within 10 hours (see details in Table 2).

3.2 Characterizing Neighbor Sampling

For the sampling based approximation approach, the estimation
difficulty depends on the density and distribution of the matches
of # in the graph G. When there are plenty of matches, defined as
the dense case, it is easier to make estimation than the sparse case,
where there exist only a few matches. This is because it is more
likely to draw a successful sample (i.e., find a match) if there are
more matches, and the confidence to meet an error bound depends
on seeing enough number of successful samples. Note that the
extremely sparse case is known as finding the needle in the hay.
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Figure 3: Execution time variance of Neighbor Sampling (NS) and
Graph Sparsification (GS), under the same error bounds.

We call a sample that finds a match a hit, otherwise a miss.
Fig. 2 shows how the hits and misses are distributed in 1 x 102
samples drawn by Arya [78], for the 4—clique pattern on graphs
Twitter (top) and Friendster (bottom). The two graphs have
similar sizes but quite different degree distribution (see maximum
degree in Table 1), and thus different hit rates. There are 7,033
hits in Twitter (7 X 107 hit rate), while only 5 hits appeared
in Friendster (5 x 108 hit rate) which is a typical needle-in-
the-hay case. Since the execution time is roughly linear in Ng,
this difference in hit rates would result in a ~700Xx execution time
difference in practice, assuming the same average time per sample.

It is known that NS works poorly in the sparse case, for example,
when P is dense and G is sparse, and particularly in the case of
needle in the hay [78]. One can expect that in this case, the closure
check fails frequently, which means a large number of samples N
is required to meet a certain error bound. Moreover, dense patterns
are particularly problematic for Arya [78] which decomposes the
pattern into sub-patterns, as a dense pattern would be split with
many edgecuts, and checking closure is quite expensive. Arya thus
suffers significant slowdown in those cases, and in some extreme
cases it is even slower than the exact solution.

Note that finding "needle-in-the-hay" patterns is very important.
First, A low hit-rate does not mean a small overall count. For in-
stance, even though Friendster—4clique hasonlya5x 1078
hit rate using Arya, there are 8.96 billion instances in total. Second,
GPM tasks like clique and motif counting, where "needle-in-the-
hay" counting is required, are the most important bases in network
analysis applications, such as community detection and dense sub-
graph discovery [11, 35, 47, 55, 75]. Exact solutions can still take
hours to count in these cases (see Table 2 and Table 4a). Lastly, for
applications like anomaly detection, a fast and accurate measure of
rare patterns is especially useful [3, 48].

3.3 Coarse-grain vs. Fine-grain Sampling

A key difference between NS and GS is the granularity of each
sample. Since each sample contains at most one match, we classify
NS to be a fine-grain sampling scheme, as opposite to coarse-grain
sampling schemes, each of whose samples can contain multiple
matches. For NS, each sample is in the size of the pattern size k,
and each sample task is lightweight. But we need a lot of samples,
i.e, N5 > 1, to get a meaningful estimation, since each sample con-
tains at most one match. In contrast, subgraph sampling schemes,



including GS, are coarse grained. In GS, a sample is a sparsified
graph, which could potentially contain many matches in it. As the
sample granularity in GS is much larger, it performs better than
NS when given a sparse case, as it is more likely to hit matches
in a big region of the graph. However, this advantage comes at
the cost of several drawbacks. First, each sample in GS is a much
larger computational task, and the complexity is exponential in
the pattern size. Second, as multiple matches appear in the same
sample, GS may yield worse variance than NS in the worst case.

To summarize, given the distinct characteristics in the input data
(graph and pattern), none of these sampling schemes can always
be the best solution. Fig. 3 compares the running time of NS with
GS, when given the same error bound. On the left we mine the
house pattern on the Friendster graph with an error bound
of 0.1%, where GS is 6.7X faster than NS. On the right we mine the
5-path pattern in the Live j graph with an error bound of 2%,
where GS is 10X slower than NS.

4 PROPOSED MECHANISMS

To achieve stable termination with confidence, we propose a novel
on-the-fly convergence detection mechanism in §4.1 that is fun-
damentally different from the existing ELP approach. To improve
hit rate in NS, we introduce eager-verify and prove it unbiased in
§4.2. To further improve performance in handling needle-in-the-
hay cases, we propose a hybrid method that adaptively selects the
best-performing sampling scheme. For scheme selection, we es-
tablish cost models (a.k.a. performance models) for the NS (§4.3)
and GS (§4.4) scheme to estimate their execution time, and select
the faster one. We only focus on the two schemes, but this hybrid
method can be extended to include other schemes in the future.

4.1 Online Convergence Detection

Due to circular dependency (§3.1), the ELP method breaks the theo-
retical guarantee on confidence. Also, it is fundamentally hard for
ELP to establish confidence because it is done before execution, and
there is little information we can leverage. Therefore, we propose
an on-the-fly approach to establish confidence. This is based on our
observation in NS sampling procedures, that the estimation errors
tend to converge over time (see Fig. 10). Instead of predetermining
the required number of samples offline (i.e. before execution), we
detect online if the estimates have converged, and then terminate
the execution subsequently. However, convergence detection is not
trivial. A straightforward method is to check if the difference of the
error curve is small enough, i.e., within a fixed threshold. But this
does not work because the termination point depends on the user
defined confidence and error bound. The key challenge is then how
to decide termination to meet error bound with confidence.

To address it, we propose to predict the error online periodically
with confidence, and terminate when the predicted error is below
the error bound. To make predictions with confidence, we collect on-
line statistics during execution, which allows us to formally derive
predicted errors based on the probability theory. Our key insight
is that confidence can be established by the normal distribution of
sampled means (formally proved in Theorem 1), as shown in Fig. 4.
Specifically, we keep track of the mean p of the estimated counts
and the standard deviation o of the means, and then use y, o and §
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Figure 4: The normal distribution of the means of sampled counts
(i.e. our predicted counts) using neighbor sampling (NS). We ran NS
to collect 10° samples on LiveJ, 4-clique. We obtained a predicted
count by taking the mean of a random subset of 100 of these underly-
ing samples. We simulated 1000 of these predicted counts. Although
the underlying distribution of the sampled counts (green bars) is
not a normal distribution, their means (purple bars), which are our
predicted counts, do follow a normal distribution (dashed red line).

to compute a relative error ¢ using Eq. (2), where ®~! is inverse of
the cumulative distribution function of the standard normal. Note
that y is also used as the estimate of téhe true count C.
-1
o7 (1-%)o @
K

When we detect that ¢ is below the user specified error bound e,
according to Theorem 1, we can safely terminate the sampling, and
conclude that y is an estimate of C, under an error bound € with a
confidence of 1 — §. We refer our approach as NS-online.

é=

THEOREM 1. Given §, n samples X1, . .., Xy, drawn by using the NS
sampling scheme, and the mean of sampled counts u = % X, let
C be the true count and & be the estimated error computed by Eq. (2).

Asn — oo, the probability of the true relative error being smaller
ln—Cl <é)—1—5
c = .

than the estimated relative error is P(

Proor. Let D be the distribution Xj, . .., X}, are sampled from.
Since the NS estimator is unbiased, the true count C is the mean of
the distribution D. Our estimator of Cis yi := % >, X;. This estima-
tor satisfies E[p] = E[% Xl = % L E[X] = % >r,c=C
and Var[y] = Var[% TXil = # Xy Var[X;] = %Var[Xl].
Because p is the average of n samples from a distribution D (which

clearly has finite mean and variance), the central limit theorem
(CLT) applies, so i follows the normal distribution. Formally, FVL[F,]]

arlp
converges in distribution to a standard normal as n — co.

By the law of large numbers, as n — oo, the sample variance
% o Xl.2 — 4% converges in probability to Var[X;]. Letting 02 =
1(1yn 2 _ 2 : Var[p] _ %Var[xl] _
ﬁ (ﬁ =1 Xi u ) this means that ey G el

Var[X; . “1s o
% converges in probability to 1. Additionally, y con-
verges in probability to C, so % converges in probability to 1. There-
p#=E[p] Var[p] p _ p=C p

’ Var[u] a? C C 4

converges in distribution to a standard normal. This means that for

fore, by Slutsky’s Theorem [73]



Algorithm 3 NS-online convergence detection

Algorithm 4 NS-prune for 4-cycle

1: sum « 0, squaredSum <— 0,n =0, W < Np,in
2: while € > € do
for each sampler i € [1, W] do

@

> W is the window size

X; < DRAWASAMPLE () > Xj is the i-th sampled count
sum «— sum +X; > Y Xi
squaredSum <« squaredSum +X; * X; > Z?:1 XiZ

ne—n+l
M <sum/n
var < squaredSum / n — j1 % j1
o < sqrt(var/n)
=01 (1- g) xo/p

> mean of sampled counts
> variance of sampled counts
> standard deviation

—_
el AN

—_

> predicted error

any fixed x, we have
]P(g-ﬁ <x)—><I)(x)asn—>oo.
C o

This implies that
i
Plugging in x = &~ 1(1 - 9), we get

d

Rearranging terms and simplifying yields

— o 1(1- %)
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C 7 2

H=C K
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P

|

<é)—>1—5asn—>oo.

O

Algorithm 3 shows the NS-online algorithm. Each time we draw
a sample (Line 4), the only information we need to keep track of is
the accumulated sum 7, X; (Line 5) and the accumulated squared
sum Y7, Xl.2 (Line 6). At the end of each interval (i.e. W samples in
Line 3), we compute the standard deviation o (Line 10) and predict
the error € (Line 11). If € is below the user’s error bound (Line 2),
sampling is then terminated and it reports the estimated count .

When Algorithm 3 terminates, we have ¢ < ¢,so IP (I#;CCI < e) >

P (@ < é) = IP. Theorem 1 rigorously guarantees that I ap-

proaches 1 — § as n approaches oo. For a finite n, I is close to 1 — §
if the distribution of y is close to a normal distribution. A common
approximation in statistics is to assume the average of a large, finite
number of samples is normally distributed, as this is backed by the
Central Limit Theorem. In practice, we observed that the number
of samples taken before sampling is terminated is much larger than
the number of samples required for a normal distribution shape
(like Fig. 4) to emerge. Therefore when Algorithm 3 terminates,

IP('”EC[ <g)z1_5,so]P(@ <e) is close to 1 — 4.

4.2 Eager Verify for Neighbor Sampling

A major drawback of NS in prior systems is the low hit rate in
dealing with sparse cases. By looking at individual samples, we find
that most of these samples fail to pass the closure check (Line 7
in Algorithm 1). Therefore we looked deeper into the failures (i.e.
missed samples). Our key observation is that many of the failures
have been unpromising candidates even at the early stage of the
sampling. For example, if we search for 6-c1iques, and the first
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for each sampler i € [1, Ng] do
: e(vg,v1) < sAMPLE(E) , a < 0
A «— N(v1) -{vo, v1}, bound by v
if |A| = 0 then break

1:

2 > sample an edge (v, v1)
3

4

5: Uy < SAMPLE(A)

6:

7

8

9

> set difference

> sample node v, from set A
B « N(v) & N(v2), bound by v, > set intersection
if [B| = 0 then break
v3 < SAMPLE(B)

X; &« mx |A| = |B|

> sample node v3 from set B
> sampled count

four vertices in the sample does not form a 4-c1ique, this sample
is impossible to form a 6-c1ique. Therefore, in general, the low
hit rate in ASAP and Arya is because the closure check is delayed
to the very last step, which we refer to as lazy-verify. Based on this
understanding, we propose a eager-verify approach to improve NS
performance. The key idea is to sample from promising candidates
by verifying the pattern’s connectivity constraints as early as pos-
sible. This strategy has two advantages. First, since unpromising
candidates are pruned at early stage, and we only sample from
promising candidates, each sample is more likely to succeed, i.e., hit
a match. Second, if a sample starts from an edge whose neighbor-
hood contains no or very few matches (unlikely to hit), eager-verify
can minimize the work as this sample would fail at its early stage,
while lazy-verify will have to proceed until the end and fail.

The challenge in implementing eager-verify is how to avoid
unpromising candidates but still retain unbiasedness in sampling.
Based on the subgraph tree abstraction (§2.1), our key finding is
that each leaf in the tree corresponds to a unique path. As long
as the pruning does not change this one-to-one mapping, we can
prove that the sampler is unbiased. We find that two typical pruning
techniques, symmetry breaking [44] and matching order [70], meet
this requirement. There exist other pruning schemes in the litera-
ture [24, 46], which could be applied as well, but we leave this as a
future work. We refer NS used in ASAP as NS-base, and NS with
the two pruning techniques as NS-prune. We first give an example
to show how pruning avoids unpromising candidates, and then
prove NS-prune an unbiased estimator in Lemma 2. Algorithm 4
shows the pseudo-code for finding 4-cycle using NS-prune. In
Line 6 we compute a set intersection N(vp) & N(v2) which is the
candidate set of the third vertex v3, because v3 is a common neigh-
bor of vy and v; in the 4—cycle pattern. In contrast, in NS-base,
because both vy’s and vy’s neighbors are possible candidates, v3
is sampled from set union N(vp) U N(v3), and in the final step it
checks closure between v3 and vy if v3 is from vy’s neighborhood,
otherwise it checks closure between v3 with vg. If the closure check
fails, it is a miss. However, in NS-prune the closure check is unnec-
essary because v3 is guaranteed to be connected to vy and vy, and
thus much more likely to hit a match.

LEMMA 2. NS-prune is an unbiased estimator.

ProoF. Let (vp,...,vr_1) be the vertices of an occurrence, i.e.,
a match, of the pattern # in the matching order (e.g. for 4-cycle,
(vo, v1), (v1,02), (v2,03), (v3,00) € E). Each match corresponds to a
unique k-tuple (vo, ...,0x_1), e.g., for 4—cycle, we enforce vy =
max (v, v1,v2,03) and v3 < v1. During the execution of NS-prune,
the probability that vy and vy are chosen is 1/m (see Line 2 in
Algorithm 4), as all edges are equally likely. The probability that v,
is chosen (see Line 5) is 1/|A| as vy € A. In general, the probability
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Figure 5: Comparing the hit rate of NS-prune with NS-base, with the
4-clique pattern on various graphs.

that v; is chosen is 1/|S;|, where S; is the candidate set that v; is
drawn from. Therefore the probability that this particular match
is sampled by NS-prune is the product of these probabilities (e.g.
1/(m-|A| - |B|) for 4-cycle). The scaling factor « is the inverse
of this probability, so the expected contribution of this match to the
estimated count for one sampler is é -a = 1. Let C be the true count
of PinG,andlet X;; = a = (m-|Sz]| - - - |Sg_4|) if the ith sample hits
the jth match of P, otherwise X;; = 0, where 1 <i < N;,1 < j <

C. The estimated count is E (NLS 2ij X,-j) = NLS (Zi,j E(Xij))

ﬁ 2.i,j 1 = C. Therefore NS-prune is an unbiased estimator. O

Note that the scaling factor in NS-prune tends to be much smaller
than that in NS-base, because it involves the sizes of intersection
instead of union sets. This results in lower variances and more
stable and faster convergence, as we will show in §6.

4.3 Cost Model for Neighbor Sampling

In NS, the total work is Zg‘l W;, where W; is the work of the i-th
sample s;. Given that N5 > 1 in the NS scheme, it is reasonable
to assume that the NS execution time is linear in the number of
samples Ns. So we can predict the execution time as tzo; = tayg *
Ns = ¢ Wgyg * N5, where Wyyq is the average work per sample, and
c is a hardware specific constant factor to translate work to time. We
estimate N by profiling §5.3. As this is only used for performance
prediction, it does not affect error and confidence. To estimate c, a
simple profiler can be run on each hardware machine to determine
this constant scale factor. This profiling overhead is negligible, as it
can be determined by running only once per machine or once per
graph on only a small number of points.

The challenge, however, is to estimate Wyy4 for the given G and
P, as W; varies for different samples. In fact W; depends on the local
neighborhood structure of s;. More specifically, the task of each
sample is a sequence of set operations and sample operations, for
example, see Algorithm 4. Given a specific pattern £, this sequence
of operations is fixed, but each set operation in the sequence may
take different (worse-case) time depending on the cardinality of
the input sets, which overall depends on the structure of G. So it
is difficult to get an accurate estimation of Wgyy, i.e., the slope the
linear relationship, without really running NS.

At each break point (e.g., Line 4 in Algorithm 4), we must
consider the possibility of an early-exit from the sampling pro-
cedure. Each break point is triggered based on the probability
of being empty based on the candidate set size. However, it can
be hard to predict this probability in practice, as certain graphs
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Figure 6: The execution time for 6clique-Friendster using Color
Sparsification under different numbers of colors. Each point is one
run. Red region is the stabilization window.

have many dense clustered areas, when sampled in few breakpoints
occur, whereas others frequently terminate early. To address this,
we model the performance as a performance cone (see example in
Fig. 13) consisting of two slopes instead of one, where the perfor-
mance is upper bounded by none of the breakpoints triggering
(completing the full work of the sampling procedure) and lower
bounded by the first break point.

4.4 Cost Model for Graph Sparsification

GS running time contains two parts, one is the preprocessing time
to generate the sparsified graph G’, the other is the time spent on
exact search in the sparsified graph G’.

Preprocessing involves looping over every edge in order to re-
move edges. Therefore, the total work is |E| - (w1 + p X wg), where
p is the probability that an edge is kept, wy is the work on every
edge, wy is the work on kept edges. In our implementation wy is
one read operation, wy is one write operation.

For exact search in G’, our estimation is again based on set opera-
tions. But instead of a sequence of operations in NS, the work in GS
consists of nested loops, each of which corresponds to one vertex
in the pattern and iterates over the candidates of that vertex. The
candidate vertex set is computed by set operations. If we describe a
GPM algorithm as a sequence of nested for loops M = (X1, ..., Xy),
which refine the candidate set to a possible match. Each nested
loop can be described as X; = (0j,ij). Where o; is the number
of operations performed in the inner body of that loop to refine
the candidate set. i; is the number of iterations for the jth loop.
ij = |Z;|, the size of the candidate set at the jth level. o; is the work
of the operations to generate the candidate set | Z;41|. Then the total
1Z;1

. i
work can be described as ]_[j’ 0j = Hj

we need to estimate the cardinality of each candidate set Z.

If Z = A - B, i.e, set difference, |Z| is bounded by |A|, which
can be estimated as the average degree, |V|/|E|. If Z = AN B, i.e.,
set intersection, |Z| is bounded by min(|Al, |B|). To get a better

bound, we can use the method in [60] and estimate |Z| as |V]| -
-1 _ 2E] _ TV
p1- Pg , where p; = V> p2 = 2-1E[?

count in G. Intuitively, p; is the probability of any pair of vertices
being neighbors. p; is the probability of any pair of vertices in a
neighborhood being directly connected to each other. To use this
estimation for GS, we make the following adjustments. As discussed
in §2.2.2, in a sparsified graph G’, |V’| = |V| and |E’| = |E| X p, and

0j. To estimate ij and o,

and T is the triangle

T’ =Txp? . Thenif Z = A-B, |Z| is estimated as \1|5‘|/|p IfZ = ANB,
. . — 2-|E|- T-|V
|Z| is estimated as V| - p1 - p} 1 where p; = ||V||2p,p2 = 2~\E|\2~L4'
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Figure 7: SCALEGPM system overview. The three red boxes are our
proposed novel techniques: online convergence detection, early
pruning and hybrid sampling. NS: neighbor sampling. GS: graph
sparsification. The system execution flow is @ fast profiler estimates
input parameters (e.g., #colors, #samples), @ cost models predict
performance and select from NS and GS sampling schemes, and ®
the selected (NS or GS) engine is invoked to conduct sampling.

5 SYSTEM DESIGN AND IMPLEMENTATION

We give an overview of our system in §5.1, describe details of the
GS engine in §5.2 and our proposed profiling mechanism in §5.3.

5.1 System Overview and Interface

Fig. 7 illustrates the major components in our system. SCALEGPM
is composed of a fast profiler, two cost models and two execution
engines for NS and and GS respectively. The cost models have
been described in §4.3 and §4.4 respectively. The NS engine is en-
hanced with our novel convergence detection mechanism (§4.1)
and is significantly improved by our proven unbiased optimizations
(§4.2). Our GS engine is the first generalized color sparsification for
arbitrary patterns, as all prior GS-based work are customized for
specific patterns, e.g., triangle. To generalize the GS approach for
an arbitrary pattern £, we need to (1) generate a pattern specific
exact search program, (2) determine the scaling factor for £ and
(3) determine the values of its key parameter, i.e., the sparsify prob-
ability p or the number of colors ¢ (c = %) For (1) we can leverage
the state-of-art compiler based approach [44]. For (2) we explain in
§5.2. For (3) our fast profiler in §5.3 determines it.

To meet various accuracy requirements in applications, SCALEGPM
provides two modes for the user to choose, strict mode (default)
and loose mode. The strict mode uses only the NS engine with on-
line convergence detection to guarantee high confidence. In this
mode the fast profiling and cost models are bypassed. The loose
mode, however, employs our proposed hybrid approach. It uses the
fast profiler and cost models to determine if the GS or NS engine
is used. When comparing the predicted performance of NS and
GS, ScALEGPM uses a thresholding mechanism to check if the pre-
dicted performance of GS overlaps with the performance cone of
NS, i.e., it is either entirely above or entirely below the cone. If not,
ScALEGPM chooses the faster one and activates the corresponding
engine. Otherwise, the two schemes should perform similarly well,
hence SCALEGPM chooses NS to guarantee high confidence.

5.2 Tradeoff in the GS Engine

For simplicity, we discuss edge sparsification, while color sparsifica-
tion is similar. The estimated count is C = Y-p~/, where the random

GS engine ﬁ)

100

Table 1: Data graphs (symmetric, no loops or duplicate edges). Maxi-
mum degrees are smaller when orientation is applied for cliques.

Graph Source V]| |[E| Avgdeg. Maxdeg. Cluster Coeff.
13 liveJournal [42] 4.8M 43M 17.7 20,333 18
tw twitter40 [41] 42M  24B 57.7 2,997,487 .0002
fr friendster [74] 66M  3.6B 55.1 5,214 .005
uk uk2007 [15] 106M  6.6B 62.4 975,419 .011

gsh gsh-2015[16]  988M  51B 520 58,860,305 022
cw clueweb12 [16] 978M  75B 76.4 75,611,696 .00002

variable Y denotes the number of matches in the sampled graph G’,
which is sparsified from G with probability p. For each match M
in G, the probability that M exists in G’ is p’, hence the expected
number of matches in G’ is E[Y] = plC, ie,B[Y - p_l] =C, so we
have E[C] = C. Although the edges are sampled independently, the
matches are not. Consider an edge e shared between two matches
M; and M; of P. When e gets removed during sparsification, neces-
sarily both M; and M; will not be counted. So the Chernoff bounds
do not apply directly for GS. We can use Chebyshev’s bounds in-
stead. Var[C] = C- (p_l —1)+Cou, where Cov = lec:—21 t,-(pl7%-1)
and t, is the number of pairs of matches that share z vertices. The
variance depends on both the number of matches C in G and the
number of pairs of matches that share one or more edges.
Apparently, the key knob to tune accuracy is p. As we increase
p, the variance decreases and accuracy increases. Since GS speed is
insensitive to the number of colors ¢ = 1 within a wide stabilization
window (Fig. 6), we can pick a large p to achieve better accuracy.
Note that the variance increases exponentially in the pattern size k.
This means larger patterns are more difficult to estimate accurately,
and so we may need a larger p, to guarantee the same error bound.

5.3 Fast Profiling for Cost Models

To predict performance in our cost models, we need the number
of samples N for NS and the number of colors ¢ for GS. Our fast
profiler is used to quickly determine the values of these parameters.
Note that N; here is only used in the NS cost model, not used
for NS sampling (as our NS-online does not need to predict Nj).
The profiler first generates a sparsified graph G’, e.g., 10% of the
original graph. Then, it runs our NS-online engine with an internal
error bound (50%) and confidence (99%). By detecting convergence,
_ No-ép-p(P.G)
- §<ez~p(P,G’)
of samples NS-online converged with, y is the count returned by
NS-online, S is the scaled count from G’ to G (see 2.2.2), € is the
final predicted error by NS-online, p(P,G) is the probability of
sampling pattern P in G, which is used in prior systems [34, 78],
and determined by properties of G, e.g., A and |E|.

we can determine N , where N, is the number

6 EVALUATION

We implement SCALEGPM in C++ and OpenMP for parallelization.
Our GS engine is parallelized among subgraph partitions, as each
partition can be searched independently. Within each partition, we
further parallelize it over each vertex in the subgraph, which pro-
vides enough parallelism. In NS, as each sample is an independent
task, it can be embarrassingly parallelized across samples.

We use SCALEGPM-NS, SCALEGPM-GS, SCALEGPM-HY to rep-
resent the NS, GS, and hybrid mode of our system respectively.



In this evaluation we focus on comparing with prior A-GPM sys-
tems that provide both generalization and automation (see §7 for
discussion on non-systematic solutions). We compare SCALEGPM
with the state-of-the-art A-GPM system, Arya [78], and exact GPM
system, GraphZero [44]. All methods are parallelized across the 48
available cores. We do not include ASAP since Arya always outper-
forms ASAP. We test on a 3.0 GHz, 48-core (2-sockets, 24 cores per
socket) Intel CPU without hyperthreading, with up to 1TB of mem-
ory. Table 1 shows the graphs used in our experiments, which are
representative real-world graphs with varying sizes and topology
characteristics. Note that 11, tw, and fr are tested in Arya [78]
or ASAP [34]. We add larger graphs uk, gsh and cw, which are
evaluated separately in Table 4b, as for most of the cases Arya runs
overtime or out of memory on these datasets. In SCALEGPM, graphs
are represented in the Compressed Sparse Row (CSR) format. We
evaluate two types of GPM tasks: subgraph counting (edge-induced)
and motif counting (vertex-induced). For subgraph counting, we test
on patterns including k-cliques, 5-path, house, and dumbbell.
We do not include even larger non-clique patterns, because we can
not verify the errors as their exact counts are unknown for most
of the graphs. In all the experiments, we time out at 10 hours. We
then conservatively use 10 hours for the timed-out cases when
calculating speedups over them.

We first compare the overall performance of ScCALEGPM with
state-of-the-art systems in §6.1. We show how our convergence
detection performs in §6.2, and the accuracy the NS and GS cost
models in §6.3. We discuss system efficiency in §6.4.

6.1 Sampling Performance vs. State-of-the-Art

We compare performance with Arya and GraphZero. For the hybrid
mode we show its profiling time in §6.4. For SCALEGPM-GS, we
include the preprocessing time on sparsifying the data graph. We
use an error bound of 10% and confidence of 99%, which is a common
practice in ASAP and Arya. A lower error bound (e.g., 5%) leads
to (10-hour) timeout on many of the cases for Arya, thus we do a
separate study by varying the error bounds in Table 5b.

Table 2 compares k-c11ique (k=3,4,6) running time of SCALEGPM
with Arya and GraphZero. Overall cliques, SCALEGPM achieves a
geomean average speedup of 2747 (up to 610169x) against Arya,
and 4045x over (up to 65525%) GraphZero respectively. In general,
the speedup of SCALEGPM-NS over Arya comes from two parts.
First, our online convergence detection gives stable and precise
termination condition (demonstrated later in Fig. 8 and Fig. 9),
while ELP in Arya could suggest very conservative termination
conditions that do way more samples than necessary (see Fig. 11).
Second, our NS-prune approach dramatically improves the hit rate
over NS-base and thus the total number of samples is reduced. This
is evidenced in Fig. 5 and further confirmed in Fig. 10. The signif-
icant speedups over Arya are expected because (1) Arya is based
on pattern decomposition and cliques are hard to decompose, (2)
cliques are more likely to fall in the needle-in-the-hay cases which
Arya handles poorly. The speedups are further evidenced by the hit
rate and number of samples N used. In particular, for 4-c1lique,
Arya requires 3 to 5 orders of magnitude more samples, while its
hit rates are extremely low, e.g., 1.7x107%% for Fr. Notably, Arya
is 28X slower than GraphZero for the sparse case 4-clique on
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Fr. Moreover, Arya’s ELP can not converge within 10 hours for
the even more sparse case, 6-clique on Fr, emphasizing the lim-
itation of ELP. For triangle on Fr, SCALEGPM-NS is slightly
slower than Arya due to synchronization overhead.

Table 3 compares performance on large, non-clique patterns,
including 5-path, 5-house and 6-dumbbe11. Note that it is well
known that for exact GPM solvers (e.g. GraphZero) it is much more
expensive to search for these patterns than cliques, as they are
sparser and their sizes are beyond 4. We observe that GraphZero is
timed out for most of the cases, which shows that it is critical to use
approximation for large (sparse) patterns. Arya enjoys fairly good
speedups over GraphZero. This is because, compared to cliques,
these patterns are easier to decompose, which is the case that favors
Arya. However, for Fr, Arya still suffers extremely high Ny and
low hit rate, and hence runs more than 10 hours for 5-house and 6-
dumbbell.In all these cases, SCALEGPM significantly improves hit
rates and reduces N, which lead to fast convergence speed. Across
these patterns, SCALEGPM achieves an geomean average of 599x
and 27641X speedup against Arya and GraphZero respectively. Note
that for Tw on house, as shown in Table 5a, SCALEGPM-HY selects
the GS engine in this case, since GS is predicted to be faster, based
on our prediction on the number of samples and time per sample.

Table 4a reports the motif counting performance. Note that in
motif counting, we look for vertex-induced subgraphs, unlike cases
in Table 3 which search for edge-induced subgraphs. The key dif-
ference in computation is that we need both set intersection and
set difference to find vertex-induced subgraphs, but only set in-
tersection is needed for edge-induced subgraphs. Despite more
computation needed, SCALEGPM is still significantly faster than
Arya. Across motifs, SCALEGPM achieves a geomean speedup of
125x speedup against Arya, and 10563x speedup over GraphZero.

Table 4b compares performance on huge graphs, i.e., uk2007
(uk) gsh-2015 (gsh) and clueweb12 (cw). Note that Arya mostly
runs out of memory for cw because (1) it has to maintain the set
union results (for each of the parallel threads) in memory, and
(2) its internal representation of the graph stream is implemented
in COO-like format, which is less compact than CSR. SCALEGPM
achieves a geomean average 130X compared to Arya and a 7245x
speedup compared to GraphZero.

Table 5a shows the cases where SCALEGPM-HY selects the GS
mode. The time spent in the pre-processing color sparsification
step of GS is shown as a percentage of the total time taken. Notably,
for Fr and k = 9 (sparse graph and big dense pattern) which is a
needle-in-the-hay case, SCALEGPM successfully chose to use GS
instead of NS. This switch from NS to GS brings us a 61X speedup.
Over all the cases where the GS engine is selected, the GS engine
leads to a geomean average 13X speedup over the NS engine.

Table 5b shows Arya and SCALEGPM running time with varied
error bounds. We observe that the performance gap between Arya
and SCALEGPM remains huge (from 31 to 49 thousand times) as we
decrease the error bound. Overall, we achieve 565X speedup over
Arya, and four orders of magnitude speedup over GraphZero.

6.2 Effectiveness of Convergence Detection

Fig. 8 compares the error predicted by SCALEGPM-NS with the
actual error throughout the sampling procedure, to show the ef-
fectiveness of SCALEGPM-NS’s online convergence detection. We



Table 2: k-clique performance (10% error). TO: timed out. Arya uses ELP. x: ELP does not converge. Fastest time in bold.

Pattern 3-clique (triangle) 4-clique 6-clique
Graph Lj Tw Fr Lj Tw Fr L3 Tw Fr
time (sec) | 0.001 0.046 0.026 0.003 0.068 0.090 | 0.059 0.707 1.132
error (observed) | 3.04% 3.32% 0.23% 4.86% 0.39% 0.04% | 3.82% - 2.23%
ScaLEGPM-NS hit rate 18% 55% 53% 7.3% 46% 31% 6.4% 46% 16%
# samples led 2e4 le4 8e4 2e5 5e4 | 2.1e6 4.1le6 7.7e7
time (sec) | 0.014 1.193 0.017 94.2 9656.9  2057.7 TO TO TO
error (observed) | 0.76% 4.92% 1.12% 0.03%  0.89% 7.37% - - -
Arya hitrate | 10.6% 3.9%  2.9% | 3.2e-3% 2.7e-3% 1.7e-6% - - -
#samples | 4.3e4 6.3e4 4.6e4 3.3e8 2.6e8 5.1e9 X X X
GraphZero time (sec) | 0.434 58.0 83.0 2.1 4004.5 73.1 | 2502.5 TO 1604

Table 3: Non-clique pattern performance (10% error). TO: timed out.

x: ELP does not converge. * GS is selected by our hybrid method.

Pattern 5-path 5-house 6-dumbbell
Graph Lj Tw Fr Lj Tw Fr Lj Tw Fr
time (sec) | 0.004 0.91 0.10 0.008 944.6* 0.159 | 0.017 159.3 0.331
error (observed) | 5.13% - 868% 2.88% - 2.28% | 2.53% - -
ScALEGPM-NS hit rate 29% 99% 90% 43% 43% 15% 16% 43% 32%
# samples 3e4 led 2e4 5e4 1.9e7  3.3e5 | 1.5e5 1.6e7  6.9e5
time (sec) | 4.422 13.78 77.93 395.6 12974 TO | 346.2 4644.4 TO
error (observed) | 6.90% - 743% 1.76% - - | 6.85% - -
Arya hit rate | 0.04% 5.8e-03% 1.7% | 2.6e-3% 0.02% -1 0.04% 2.2e-3% -
# samples | 1.1e7 1.4e7  3.4e5 1.5e9 6.8e7 X | 2.1e8 1.1e9 X
GraphZero time (sec) | 262.1 TO TO TO TO TO TO TO TO

Table 4: Running time (sec) (10% error). TO: timed out. X: ELP does not converge. * the true count is unknown, so accuracy is not verified.

(a) Performance on Motif Counting,.

(b) Performance on huge graphs.

Pattern 3-motif 4-motif Pattern triangle 4-clique 5-path*
Graph L3 Tw Fr Lj Tw Fr Graph uk gsh cw uk gsh cw | uk gsh cw
ScaLEGPM-NS | 0.004 0.5 0.14 0.06 82.7 0.2 ScAaLeGPM-NS | 0.09 0.28 0.19 0.11 0.88 1.09 | 0.1 11.2 156.0
Arya | 0.020 1.9  0.08 | 231.63 131802 6157.9 Arya | 02 07 OoM | 1755 X OoM | 42 X OoM
GraphZero | 1.283 16316.2 242.62 | 1927.27 TO TO GraphZero | 73.3 153.6 198.2 TO TO TO | TO TO TO

Table 5: (a) Comparing NS and GS performance when ScCALEGPM-HY

(a) running time (sec) of NS and GS, with sparsification time percent

selects GS; (b) performance changes when varying error bounds.

(b) running time (sec) under error bounds from 10% to 1%

Pattern 8-clique 9-clique 5-house Pattern-Graph house - Lj 4-clique - Tw

Graph 1j fr 13 fr tw Error bound 10% 5% 2% 1% 10% 5% 2% 1%
ScALEGPM- NS 3.0 1663.6 17.4 8358.0 944.6 ScALEGPM-NS | 0.008  0.053 03 1.1 0.07 0.13 0.69 2.68
ScALEGPM- GS | 0.7 (19%) 43.4(9%) | 2.1(6%) 134.9 (2%) | 200.1 (1%) Arya | 395.6 1639.6 9873.8 TO | 96568 TO TO TO

4clique-friendster Run 1 4clique-friendster Run 2

g 10 4 g 10+
£ 51 S s
w w
04! o n ol s
0.0 0.5 1.0 0.0 0.5 1.0
Number of Samples 17 Mumber of Samples 1e7
4cligue-twitter40 Run 1 4cligue-twitter40 Run 2
30 4 1
g 50 g 20
5 5
s i c 10
& 10 &
0 1 T S 0 T T
0.0 0.5 1.0 0.0 0.5 1.0

Numnber of Samples 1e7 Mumber of Samples 1e7

illustrate two cases here, but we have verified the same trend for
all our test cases in the evaluation. In Fig. 8 we observe that for
both cases, the predicted error curves strictly bound the actual
error, which verifies the high confidence that our method achieves.
In addition to our theoretical proof in §4.1, this empirical study
further demonstrates that our method provides strong guarantee
on confidence, which is critical in applications where users want
to have strict accuracy requirement.

Fig. 9 shows the stability of the error estimation method in
ScALEGPM-NS. We do three repeated runs on the 4-clique pat-
tern and L3 graph. In contrast to the unstable predictions (Fig. 1)
given by ELP in prior systems, our estimated errors are almost the
same across three independent runs. Moreover, our online mech-
anism never fails, while ELP suffers convergence issue that may
lead to endless preprocessing (e.g., for 6-c1lique in Table 2). We
observe the same trend in stability on other graphs and patterns.

Figure 8: Comparing SCALEGPM-NS’s estimated errors (black curves)
with actual errors (red and blue curves). We do two runs of 4-clique
counting on two graphs Fr and Tw.

This experiment further demonstrates that our method is highly
reliable and can be adopted in practice.

Fig. 10 compares the convergence rate of NS-prune and NS-base,
both under our online detection framework. We observe that our
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Figure 9: Predicted errors in our convergence detection mechanism
across three different runs (4-clique on Lj) are extremely stable.
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Figure 10: Comparison between the convergence rate of NS-prune
and NS-base. The same formula (with two standard deviations of
confidence) was used to generate the error estimate curves.
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Figure 11: The reduction on the number of samples.

proposed early-pruning mechanism employed in NS-prune result
in roughly an order of magnitude lower error for the same number
of samples. Therefore, with pruning, our system can converge much
faster that ASAP and Arya, which is the other major reason why
ScALEGPM achieves much better performance.

Fig. 11 shows the reduction on the number of samples N, by
incrementally applying online convergence detection (orange) and
eager-verify (green), against ELP in Arya (blue). Note that in Table 2
and Table 3 we report N only for NS-online-prune, but here we
breakdown the contributions of online detection and pruning. We
observe that our online method reduces N sharply over Arya.
Applying pruning in eager-verify further reduces N by a significant
amount. Together, we can meet the same error bound with much
few samples, and more importantly, with confidence.

6.3 Prediction Accuracy of Cost Models

Fig. 12 shows the effectiveness of our cost model in predicting the
running time of the GS engine in SCALEGPM. As we increase the
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number of colors ¢ = ’% used in GS, the total work is exponentially
decreased. Thus, the GS execution time rapidly becomes domi-
nated by the preprocessing time spent on sparsifying the graph. For
4clique and house on L7 and Fr, we see that the cost model
precisely captures the exponential trend, as well as the stabilization
window of the GS engine that we discussed in Fig. 6. Note that
when c is extremely small, e.g., ¢ < 5, it is hard to accurately model
the performance due to the steep slope in that curve. However, in
this case (which is a needle-in-the-hay case) we would favor the
use of NS or even exact counting, as GS with a small ¢ won’t be
much faster than exact counting.

Fig. 13 shows the effectiveness of our NS cost model. We see that
our proposed performance cone correctly captures the running time
of the NS engine at varying numbers of samples. Note that for Fr, a
relatively sparse graph, the execution time approaches the bottom
of the performance cone as expected. We find in practice, that GS
and NS are often predicted to have very distinct performance, so
the width of the cone is not an obstacle in making the correct choice.
The fluctuation in the sparse case 4c1lique-Fr is also expected, as
sample hits are less frequent and thus more randomness is involved.

6.4 System Efficiency

Timing Breakdown. Fig. 14 shows the breakdown of the execution
time spent on different components of SCALEGPM. We consider
the profiling time, the GS preprocessing time, and the sampling
time (either exact counting in GS or drawing samples in NS). We
see that profiling remains a low percentage of the overall runtime.
As for the sampling time, L.j-8clique requires less time using
the GS engine, while Fr-dumbbe11 is processed faster using the
NS engine, which aligns with our cost model prediction and thus
ScALEGPM-HY makes the correct thresholding decision.

Scalability. Fig. 15 shows how the performance of GS engine
and NS engine in SCALEGPM (error bound of 10%) scales in response
to the increase of parallel cores (i.e., the number of threads). We
evaluate the NS engine on 5path-Lj which is a case that favors
the use of the NS engine (i.e., NS is faster than GS). GS is evaluated
on8clique-Fr as 8-clique is a dense pattern and is rare in F'r,
preferably executed in GS. In both cases, we observe strong scaling
that the execution time of both engines increases linearly as we
range the number of cores from 1 to 48.

7 RELATED WORK

There exist many sampling methods other than neighbor sampling
and graph sparsification. We discuss some of the typical methods in
the following. We do not compare with them in §6 because they do
not provide either generalization or automated termination (with
confidence). However, they can potentially be used to replace the
GS engine in SCALEGPM. We leave it as a future work.

Color Coding. It first colors each vertex in G using a color ran-
domly chosen from {1,2,...,c} (¢ > k), and then counts colorful
matches, i.e., every vertex in the matched subgraph has a unique
color. The requirement of distinct colors allows for heavy pruning:
the number of colorful matches Z can be naturally determined by a
dynamic programming based counting routine [61]. Color-coding
is originally for finding paths or cycles [6, 7], and is then adapted
for motif counting [5, 33, 76]. There also exist many parallel and
distributed implementations [22, 61, 62, 77]. In addition, the colorful
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Figure 15: SCALEGPM speedup scaling over single-thread.

matches can be further sampled [18-20], instead of exactly counted,
to reduce computation. Like GS, color-coding is also a coarse-grain
scheme, which can be included in SCALEGPM.

Loop Perforation. SampleMine [38] proposed to perforate the
nested for loops in GPM programs, with a certain probability p; for
the i-th loop. The count is then scaled based on the p;. SampleMine
can be thought of as a generalization of the vanilla NS scheme, as it
collectively samples multiple candidates, instead of a single one, at
a time. Although it has larger sampling granularity than the vanilla
NS, its granularity is still limited by the egonet of a vertex or edge,
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similar to Egonet Sampling [56]. More importantly, SampleMine
does not provide a systematic way for sampling termination, which
is instead hand-tuned by executing the sampling procedure multiple
times and manually observing convergence (i.e. small variance).
Other Schemes and Approaches. Monte Carlo Markov Chain
(MCMC) [12, 14, 28, 72] defines a random walk over the set of sub-
graphs until it reaches stationarity. MCMC has been used for motif
counting. However, it has been shown that MCMC can be extremely
inefficient as the random walk may take a huge amount of steps
to reach stationarity [18-20]. There also exist GPM algorithms for
non-deterministic graphs, whose edges only exist probabilistically
[43]. Though also based on probability theory, they are not for
sampling, and thus out of scope of this paper.

8 CONCLUSION

Approximate graph pattern mining (A-GPM) systems can be the
backbone to support numerous real-world data analytics applica-
tions. The key obstacles that prevent A-GPM systems from being
adopted in practice is a) the lack of stable, confident termination
mechanism and b) poor performance and scalability when dealing
with the “hard” cases. We present SCALEGPM, an accurate, high
performance and scalable A-GPM systems. SCALEGPM involves
two key innovations that remove the obstacles. First, we propose
a novel online convergence detection mechanism, which can pro-
vide theoretical guarantee on prediction confidence and also yield
stable termination condition. Second, we introduce pruning tech-
niques into sampling to improve its success rate, and propose a
hybrid method to adaptively select the best-performing sampling
scheme from two complementary schemes, based on our proposed
cost models. The resulting system, SCALEGPM, achieves an aver-
age of 565X speedup over the state-of-the-art A-GPM systems, and
manages to rapidly mine billion-scale graphs.
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