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ABSTRACT
By adaptive indexing, an index grows dynamically and progres-
sively through query processing. This mode of index-building, well
explored over the past fifteen years, proves especially useful in ex-
ploratory scenarios where prebuilt indexes do not pay off the time
to construct them, as the query workload variably focuses on partic-
ular areas of the search space, or the data become quickly obsolete.
Despite a significant body of work in multidimensional adaptive
indexing, there remains a gap in comparative studies that evaluate
these methods on equal terms in a wide spectrum of settings, in-
cluding data types, distributions, sizes, and workload patterns. This
work fills this gap with a comprehensive benchmark to thoroughly
evaluate the performance, strengths, and limitations of existing
multidimensional adaptive indexing methods across diverse sce-
narios, contributing valuable insights that complement previous
works. Further, we suggest supplementary technical extensions
that enhance the efficiency of existing methods.
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1 INTRODUCTION
Adaptive indexing (AIx) has been extensively studied in the data-
base community since 2007 [18, 19]. Consider an unorganized col-
umn𝐶 of a relation, e.g., in a column store [2, 35]. AIx constructs an
in-memory index for 𝐶 progressively and in response to range (or
equality) queries along a single dimension or attribute [21]. Assume
the first range query 𝑞1 seeks records 𝑟 such that 𝑞1 .𝑙𝑜𝑤 ≤ 𝑟 .𝐶 <

𝑞1 .ℎ𝑖𝑔ℎ. AIx scans 𝐶 to answer the query and also swaps its en-
tries and divides it into three segments; the first segment contains
the values smaller than 𝑞1 .𝑙𝑜𝑤 (at no particular order), the second
the query results, and the third the values greater than or equal
to 𝑞1 .ℎ𝑖𝑔ℎ. At the same time, a binary balanced search tree (e.g., an
AVL tree) is initialized with nodes 𝑞1 .𝑙𝑜𝑤 and 𝑞1 .ℎ𝑖𝑔ℎ to indexes
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the trichotomy. Figure 1a shows an example with 𝑞1 .𝑙𝑜𝑤 = 17
and 𝑞1 .ℎ𝑖𝑔ℎ = 35. Each subsequent query 𝑞𝑖 uses the tree to find
the segments wherein 𝑞𝑖 .𝑙𝑜𝑤 and 𝑞𝑖 .ℎ𝑖𝑔ℎ fall and partitions these
segments in-place to obtain the results of 𝑞𝑖 and expand the tree.

Cracking example
[22, 5, 8, 19, 3, 56, 33, 12] 

crack using q1.low = 17

[12, 5, 8, 3, 19, 56, 33, 22] 
17 ≥<

[0,3] [4,7]

crack using q1.high = 35

[12, 5, 8, 3, 19, 22, 33, 56] 
17 ≥<

[0,3]

[7,7]

35 ≥<
[4,6]

(a) Cracking example

Motivation for cracking
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(b) Cumulative cost

Figure 1: Adaptive indexing
Figure 1b illustrates the typical cumulative cost for processing a

query sequence by adaptive indexing vs. that of two alternatives:
linearly scanning the unorganized data column for each query and
probing a bulk-loaded index for each query. Linear scan is cheaper
when a few queries are applied, while indexing fares well when
the queries are many, amortizing the construction cost. Adaptive
indexing is costly for the first few queries, which crack large data
segments, yet settles to the per-query cost of searching a fully built
index. In effect, for medium query counts, its cumulative cost is
significantly lower compared to building an index in advance.

AIx facilitates the exploration of large short-lived datasets that
become available in batches with a few, unpredictably distributed
queries [4, 6, 8, 26]. For example, in meteorology and satellite im-
agery, data arrive in batches (e.g., snapshots of an entire area mon-
itored by sensors or views of a big area of the globe), each batch
becoming obsolete when the next batch arrives. In such cases, build-
ing a traditional, static index upfront with each batch arrival would
delay query processing. Besides, if the queries are relatively few
or target limited areas of the search space, it is not worthwhile to
construct an index for the entire batch. When examining spatial en-
tities from satellite images, the workflow typically involves finding
a region of interest and zooming in to refined resolution. In effect,
only a small portion of the data is examined, rendering the building
of an index for all entities superfluous.

AIx has led to various extensions [1, 10, 11, 31], including updat-
ing operations [20], progressive merging variants [12, 15], a hybrid
that combines merging with cracking [22], and a stochastic variant
that introduces random cracks to handle skewed workloads [14].
An extensive experimental study on adaptive indexing [32, 33] also
proposed a coarse granular index (CGI) that uniformly partitions the
data to a few buckets in advance and then progressively indexing
buckets by cracking those that contain each query’s boundaries.
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This paper focuses on the in-memory adaptive indexing of mul-
tidimensional data, which has been an area of interest for several
years [16, 17, 24, 25, 29, 30, 38]. The most common queries on such
data are multidimensional range queries, including window queries
in spatial databases [27] andmulticolumn filtering in analytical data-
base engines [5, 28, 36]. Cracking a multidimensional data space is
challenging, as dimensionality provides numerous partitioning op-
tions. Furthermore, objects in applications such as spatial databases,
publish-subscribe systems, and data stream management systems
are themselves multidimensional ranges, adding to the complexity
of the ensuing indexes. While 1D adaptive indexes have reached
a maturity level already 10 years ago and have been extensively
evaluated [32, 33], multidimensional adaptive indexing is an active
research area with several recent developments [25, 29, 38] that
have yet to be evaluated within the same framework. Besides, ideas
developed for one index (e.g., as in [38]) have not been tested on
other structures (e.g., those in [29]) and composite solutions for
the 1D case [32] have not been transferred and evaluated in the
multidimensional case. Further, no practical guideline exists for the
selection of an appropriate method based on the data type (points
or ranges) and distribution. Lastly, the community currently lacks
a testbed for the development and evaluation of new methods.
Contributions. A previous experimental study on multidimen-
sional adaptive indices [23] compared QUASII [30] and AKD [16],
the only available methods at the time. Variations of these methods
were also evaluated in [29]. However, the studies in [23, 29] only
target point data and do not consider hybrid schemes that combine
multidimensional partitioning with cracking, as in [32] for 1D data.
A later study [38] reevaluated state-of-the-art methods, yet focuses
on low-dimensional spatial data. Besides, an adaptive index for
metric spaces [25] was not included in those studies. We fill these
gaps via the following contributions:
• We comprehensively evaluate existing multidimensional adap-

tive indexes using real and synthetic datasets and workloads of
diverse (i) data types (point or box), (ii) dimensionality, (iii) data
distribution, (iv) size distribution (for boxes), (v) query distribu-
tion, and (vi) query order. Thereby, we determine the superiority
of certain techniques within various areas of the problem space.

• We apply enhancements proposed for AIR [38] to AKD [29] to
craft the Advanced AKD (AAKD).

• We implement the concept of Course Granular Index (CGI) [32]
in multidimensional spaces and evaluate its effectiveness.

• We devise and evaluate a range-query version of multidimen-
sional distance-based adaptive indexing, originally developed
for radius and kNN queries [25].

• We propose an evaluation framework for multidimensional adap-
tive indexing, including module and method implementations,
real datasets, synthetic data generation modules, and generators
of query workloads.

Our experimental findings are summarized as follows.

• Among non-adaptive indexes, a uniform grid universally outper-
forms other in-memory alternatives, such as the R-tree.

• AKD [29] can benefit by adopting the enhancements of AIR [38].
• It is most robust to partition the data apriori using a coarse grid

and then adaptively index each cell by AKD for points, or AIR
for range objects.

• Among adaptive indexes, the Advanced AKD prevails on point
data, while AIR performs best on range data.

• The AV-tree [25], proposed for similarity queries in high dimen-
sional metric spaces, does not perform well on multidimensional
range queries in low dimensions.

• Currently, there is no golden use-for-all solution.

2 METHODS
Here, we describe the multidimensional (adaptive) indices that we
compare experimentally. We focus on in-memory indexing of mul-
tidimensional points and hyperrectangular ranges, which we call,
for simplicity, boxes. Table 1 summarizes the compared methods
and classifies them into three categories based on their adaptive-
ness. Pre-bulit, i.e, non-adaptive indexes are fully constructed before
query processing. The second class includes adaptive indexes that
employ database cracking: they progressively construct an index in
response to queries on an initially unorganized array. In a class of its
own is a composite index that applies CGI [32] in the multidimen-
sional space; this is not a purely adaptive index, as it first coarsely
partitions the data and then indexes the partitions adaptively.

2.1 Non-adaptive indexes
Non-adaptive indexes are general-purpose index structures for mul-
tidimensional data, applicable to index multidimensional points
and ranges. These include the R-tree [13], the quadtree [9], and a
multidimensional uniform grid [37]. The R-tree and quadtree adapt
to data skew. The R-tree yields a balanced hierarchical structure,
originally designed for disk-based indexing, yet has been imple-
mented for efficient in-memory search too [3]. Contrariwise, the
quadtree partitions the data space at varying resolution per region
adapting to data skew to yield an imbalanced structure, and is de-
signed for points, yet can be extended to handle ranges. Grids are
highly efficient data structures for in-memory indexing, originally
proposed for point data, yet extensible to handle non-points [37].
While they perform best on non-skewed data, they were shown
to perform well for moderately skewed data [37]. R-tree partitions
may overlap on each level of the hierarchy, while quadtree and grid
partitions are spatially disjoint.

2.2 Adaptive indices
The QUery-Aware Spatial Incremental Index (QUASII) [30] is the first
proposed multidimensional adaptive index. For each query, it cracks
the data partitions that overlap the query range at one dimension
per level by fixed order, following the recipe of 1D cracking. In effect,
it associates one dimension with each index level. A partition is
finalized and never re-cracked once the objects it comprises are no
more than a cracking threshold 𝜏 , which ensures that the indexing
overhead is worth the benefits it brings.

The adaptive KD-tree (AKD) [16, 29] repetitively cracks a lead
node of the incrementally constructed KD-tree in two pieces, along
a multidimensional range query boundary, as long as the piece
which includes the query has more than 𝜏 elements. For each query,
it processes all lower bounds before all higher bounds, and asso-
ciates dimensions with tree levels in round robin fashion. Unlike
QUASII, it cracks on the same dimension multiple times at different
levels. The Progressive KD-Tree (PKD) and its extension, the Greedy
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Table 1: Classification of tested methods

Method name points boxes replication (boxes) tree tree balance overlapping partitions
Pr
e-
bu

ilt R-tree [13] ✓ ✓ X ✓ ✓ ✓
Quadtree [9] ✓ ✓ ✓ ✓ X X
grid [37] ✓ ✓ ✓ X – X

A
da
pt
iv
e

QUASII [30] ✓ ✓ X ✓ ✓ X
AKD [16, 29] ✓ X X ✓ X X
AIR [38] ✓ ✓ X ✓ ✓ ✓

AV-tree [25] ✓ X X ✓ X ✓
AAKD (combines [29] and [38]) ✓ X X ✓ X X

H
yb

rid

CGI (applies CGI [32] to 𝑘D spaces) ✓ X X X X X

Progressive KD-Tree (GPKD) [16], mitigate some disadvantages
of the AKD associated with the initial query cost. PKD lets a pa-
rameter 𝛿 dictate the fraction of the dataset indexed per query, to
achieve a tradeoff between indexing overhead and pace of index-
building. Smaller 𝛿 values reduce the overhead, yet also slow down
the progress, whereas larger values accelerate construction at the
cost of higher overhead. GPKD uses a cost model to estimate the
execution time of each query and ensures that each query has a
consistent and robust execution time during index growth.

The adaptive Incremental R-tree (AIR) [38] progressively con-
structs an in-memory R-tree [13], distinguishing its leaf nodes into
regular and irregular ones. AIR cracks each irregular leaf along
each rectangular range query boundary that intersects the leaf; it
prioritizes dimensions that split the data space evenly by choosing,
in each cracking step, the query bound closest to the leaf’s midpoint
along the leaf axis with the largest extent. A partition holding fewer
than 𝜏 elements becomes a regular leaf, not to be further cracked.
Although designed for range data (i.e., MBRs), AIR is also applicable
on point data. AIR is robust to workloads by stochastically cracking
[14] the largest piece resulting from a query.

The AV-tree [25] is designed for distance-based range and NN
queries in high-dimensional spaces, where the distance measure
is typically Euclidean distance, defining spherical ranges. To apply
AV-tree for orthogonal range queries, which is the focus of this
paper, we have to convert orthogonal range queries to distance
queries. This is done by computing the geometric center of the
orthogonal query range and expand it in each dimension by half
the extent of the query in that dimension. Specifically, consider a
rectangular query 𝑞, expressed by an interval [𝑞𝑑 .𝑙𝑜𝑤, 𝑞𝑑 .ℎ𝑖𝑔ℎ] in
each dimension 𝑑 . We convert this query to a weighted 𝐿𝑚𝑎𝑥 query
using its geometric center 𝑞.𝑝 = {𝑞

𝑑 .𝑙𝑜𝑤+𝑞𝑑 .ℎ𝑖𝑔ℎ
2 ,∀𝑑} as a pivot

point and retrieve all data points 𝑝 , such that for each dimension 𝑑 ,
|𝑞.𝑝𝑑 − 𝑝𝑑 | ≤ 𝑞.𝑏𝑑 , where 𝑞.𝑏𝑑 = (𝑞𝑑 .ℎ𝑖𝑔ℎ − 𝑞𝑑 .𝑙𝑜𝑤)/2.

However, since each node of the the AV-tree uses the same (me-
dian to all data under the node) distance bound along all dimensions
(otherwise we would have the overhead of keeping multiple bounds
at each node), when constructing the AV-tree, we use these geomet-
ric centers as pivots andmedian distances as 𝜖 bounds. To determine
the cracked pieces (i.e., AV-tree leaves) relevant to a query 𝑞, we
use the 𝐿𝑚𝑎𝑥 distance of the pivot 𝑣 .𝑝 at each tree node 𝑣 , and:

• access the left subtree of 𝑣 .𝑝 , which includes all data points 𝑝 such
that ∀𝑑 : |𝑣 .𝑝𝑑 − 𝑝𝑑 | ≤ 𝑣 .𝜖 , when ∃𝑑 : |𝑣 .𝑝𝑑 − 𝑞𝑑 | − 𝑣 .𝜖 ≤ 𝑞.𝑏𝑑 .

• access the right subtree of 𝑣 .𝑝 , having all data points 𝑝 such
that ∃𝑑 : |𝑣 .𝑝𝑑 − 𝑝𝑑 | > 𝑣 .𝜖 , when ∃𝑑 : |𝑣 .𝑝𝑑 − 𝑞𝑑 | − 𝑣 .𝜖 > 𝑞.𝑏𝑑 .

QUASII
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Multidimensional cracking

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1

<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3

<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="XsH4matLDC8g3BOMKtDa3y7sa3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcDoo2h</latexit>q1

<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

<latexit sha1_base64="i5IsnKisAjNCOJ1bsioz0257myQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv54SD3ZoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+Xmeg6yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDsiiOoQ==</latexit>

b1

<latexit sha1_base64="F8wRc7VEr4Lq3GlcVbSBsbVhAvY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipFQyy2mxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHZGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/nAy5QmbE1BLKFLe3EjamijJj8ynZELzVl9dJu1b16tX6w1WlcZvHUYQzOIdL8OAaGnAPTWgBAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHs62Oog==</latexit>

b2
<latexit sha1_base64="ZJAZsoMIfgEERmT3MOaEru4FKSY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdA/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xvwt42X</latexit>

b3

<latexit sha1_base64="i5IsnKisAjNCOJ1bsioz0257myQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv54SD3ZoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+Xmeg6yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDsiiOoQ==</latexit>

b1
<latexit sha1_base64="F8wRc7VEr4Lq3GlcVbSBsbVhAvY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipFQyy2mxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHZGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/nAy5QmbE1BLKFLe3EjamijJj8ynZELzVl9dJu1b16tX6w1WlcZvHUYQzOIdL8OAaGnAPTWgBAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHs62Oog==</latexit>

b2
<latexit sha1_base64="ZJAZsoMIfgEERmT3MOaEru4FKSY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdA/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xvwt42X</latexit>

b3dim x

dim y
<latexit sha1_base64="wvyUuFRAr4J8bmGg02mH97UdS78=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2mE/q/nTfrniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje10VWQcZmklkm6WBSlAluFZ6/jAdeMWjFxhFDN3a2Yjogm1LqASi4Ef/nlVdKuVf16tX53UWlc53EU4QRO4Rx8uIQG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPySLjt0=</latexit>

b21

<latexit sha1_base64="wvyUuFRAr4J8bmGg02mH97UdS78=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2mE/q/nTfrniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje10VWQcZmklkm6WBSlAluFZ6/jAdeMWjFxhFDN3a2Yjogm1LqASi4Ef/nlVdKuVf16tX53UWlc53EU4QRO4Rx8uIQG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPySLjt0=</latexit>

b21

<latexit sha1_base64="ykrzu8JGCRma9rQhw6xxxP6lo+c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2mE/q9Wm/XLFq3pz4FXi56QCOZr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo6sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/r1av3uotK4zuMowgmcwjn4cAkNuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAmEI7e</latexit>

b22

<latexit sha1_base64="ykrzu8JGCRma9rQhw6xxxP6lo+c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2mE/q9Wm/XLFq3pz4FXi56QCOZr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo6sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/r1av3uotK4zuMowgmcwjn4cAkNuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAmEI7e</latexit>

b22
<latexit sha1_base64="iAmvS/7E8rSeTzdc95rW1hAkHsg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtUj0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2sEgrV3MBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwms/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb16tX5/WWnc5HEU4QRO4Rw8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8nlY7f</latexit>

b23

<latexit sha1_base64="iAmvS/7E8rSeTzdc95rW1hAkHsg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtUj0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2sEgrV3MBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwms/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb16tX5/WWnc5HEU4QRO4Rw8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8nlY7f</latexit>

b23

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1

<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3

<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="XsH4matLDC8g3BOMKtDa3y7sa3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcDoo2h</latexit>q1

<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

AKD

<latexit sha1_base64="CsN26hvNpKsMOfQM6Nagep37qiU=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxiIh8RVtItXWjotmvbVcmGf+HFg8Z49d94899YYA8KvmSSl/dmMjMviDnTxnW/ndzS8srqWn69sLG5tb1T3N1raJkoQutEcqlaAdaUM0HrhhlOW7GiOAo4bQbDy4nffKBKMyluzCimfoT7goWMYGOl2/uud5c+cfk47hZLbtmdAi0SLyMlyFDrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07alAkdU++n04jE6skoPhVLZEgZN1d8TKY60HkWB7YywGeh5byL+57UTE577KRNxYqggs0VhwpGRaPI+6jFFieEjSzBRzN6KyAArTIwNqWBD8OZfXiSNk7JXKVeuT0vViyyOPBzAIRyDB2dQhSuoQR0ICHiGV3hztPPivDsfs9ack83swx84nz/UAJEK</latexit>

qxlow
1

<latexit sha1_base64="B/Kl2vrTSGbBiEg1Xaj1mZGHHak=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WPRi8cK9gPbtWTTbBuaTdYkqyxL/4UXD4p49d9489+YtnvQ1gcDj/dmmJkXxJxp47rfztLyyuraemGjuLm1vbNb2ttvapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWjq4nfeqRKMyluTRpTP8IDwUJGsLHS3UPPu89SLp/GvVLZrbhToEXi5aQMOeq90le3L0kSUWEIx1p3PDc2foaVYYTTcbGbaBpjMsID2rFU4IhqP5tePEbHVumjUCpbwqCp+nsiw5HWaRTYzgiboZ73JuJ/Xicx4YWfMREnhgoyWxQmHBmJJu+jPlOUGJ5agoli9lZEhlhhYmxIRRuCN//yImmeVrxqpXpzVq5d5nEU4BCO4AQ8OIcaXEMdGkBAwDO8wpujnRfn3fmYtS45+cwB/IHz+QPViJEL</latexit>

qylow
1

<latexit sha1_base64="2c+aJS1zUAW1bcp6zLGWSTGgG0I=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2ls120yzd7MbdjRBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXJJxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kqQltEcqm6AdaUM0FbhhlOu4miOA447QTjm6nfeaJKMynuTZZQP8YjwUJGsLFS73HgPeRZxEbRZFCpujV3BrRMvIJUoUBzUPnqDyVJYyoM4Vjrnucmxs+xMoxwOin3U00TTMZ4RHuWChxT7eezkyfo1CpDFEplSxg0U39P5DjWOosD2xljE+lFbyr+5/VSE175ORNJaqgg80VhypGRaPo/GjJFieGZJZgoZm9FJMIKE2NTKtsQvMWXl0n7vObVa/W7i2rjuoijBMdwAmfgwSU04Baa0AICEp7hFd4c47w4787HvHXFKWaO4A+czx90kJFj</latexit>

qyhigh
1

<latexit sha1_base64="g1OVl4gmVzvWU9BRyVb2l20xCsM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A/YriWbZtvQbLIms2JZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QMirVlDWpEkp3QmKY4JI1gYNgnUQzEoeCtcPR9dRvPzJtuJJ3ME5YEJOB5BGnBKzkP/S8++xpyAfDSa9ccavuDHiZeDmpoByNXvmr21c0jZkEKogxvucmEGREA6eCTUrd1LCE0BEZMN9SSWJmgmx28gSfWKWPI6VtScAz9fdERmJjxnFoO2MCQ7PoTcX/PD+F6DLIuExSYJLOF0WpwKDw9H/c55pREGNLCNXc3orpkGhCwaZUsiF4iy8vk9ZZ1atVa7fnlfpVHkcRHaFjdIo8dIHq6AY1UBNRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MHcweRYg==</latexit>

qxhigh
1

Initial data

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1

<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3

<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="XsH4matLDC8g3BOMKtDa3y7sa3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcDoo2h</latexit>q1

<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>p8

<latexit sha1_base64="i5IsnKisAjNCOJ1bsioz0257myQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv54SD3ZoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+Xmeg6yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDsiiOoQ==</latexit>

b1 <latexit sha1_base64="ZJAZsoMIfgEERmT3MOaEru4FKSY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdA/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xvwt42X</latexit>

b3

<latexit sha1_base64="i5IsnKisAjNCOJ1bsioz0257myQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv54SD3ZoNqza27C5C/xCtIDQq0BtXP/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fkzCpDEiXKljRkof6cyGms9TQObWdMzVivenPxP6+Xmeg6yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9+S9pX9S9Rr1xf1lr3hRxlOEETuEcPLiCJtxBC3xgwOEJXuDVkc6z8+a8L1tLTjFzDL/gfHwDsiiOoQ==</latexit>

b1
<latexit sha1_base64="F8wRc7VEr4Lq3GlcVbSBsbVhAvY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipFQyy2mxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHZGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/nAy5QmbE1BLKFLe3EjamijJj8ynZELzVl9dJu1b16tX6w1WlcZvHUYQzOIdL8OAaGnAPTWgBAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHs62Oog==</latexit>

b2

<latexit sha1_base64="ZJAZsoMIfgEERmT3MOaEru4FKSY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdA/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xvwt42X</latexit>

b3

<latexit sha1_base64="ykrzu8JGCRma9rQhw6xxxP6lo+c=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2mE/q9Wm/XLFq3pz4FXi56QCOZr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo6sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/r1av3uotK4zuMowgmcwjn4cAkNuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAmEI7e</latexit>

b22

AIR

<latexit sha1_base64="J0Pn+Dq4UhVkJcoWQ77XZn3g1Us=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJssxOJsmQ2dl1plcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh9RwKRRvoEDJ24nmNAolb4Wj26nfeuLaiFg94DjhfkQHSvQFo2ilVhhkj4E3CcoVt+rOQJaJl5MK5KgH5a9uL2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn83OnZATq/RIP9a2FJKZ+nsio5Ex4yi0nRHFoVn0puJ/XifF/rWfCZWkyBWbL+qnkmBMpr+TntCcoRxbQpkW9lbChlRThjahkg3BW3x5mTTPqt5l9eL+vFK7yeMowhEcwyl4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeWvByWcO4Q+czx87l4+E</latexit>

bq1

<latexit sha1_base64="F8wRc7VEr4Lq3GlcVbSBsbVhAvY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipFQyy2mxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHZGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/nAy5QmbE1BLKFLe3EjamijJj8ynZELzVl9dJu1b16tX6w1WlcZvHUYQzOIdL8OAaGnAPTWgBAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHs62Oog==</latexit>

b2

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>p1

<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>p2
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Figure 2: Multidimensional adaptive indices

Figure 2 illustrates the cracks that each of the four compared
multidimensional adaptive indexes induces to an unorganized ar-
ray [𝑝1, 𝑝2, . . . , 𝑝8] of 2D points. For the sake of fairness, apart
from the aforementioned methods, we also test an Advanced AKD
(AAKD), which, instead of a round robin process, prioritizes the
cracked dimensions by the heuristics of AIR, proved in Ref. [38]
to be more robust than other alternatives. We crack a piece on the
minimum query bound along the dimension of its largest extent.
We also introduce a stochastic crack to the largest ensuing piece,
as also successfully applied in AIR.

2.3 Hybrid indexing
The Coarse Granular Index (CGI) [32] is hybrid method proposed
for 1D data. Initially, CGI scans and partitions the data domain to
equi-width ranges. For each query 𝑞, CGI determines the partitions
relevant to 𝑞 in O(1), cracks the borderline relevant partitions on
the query bounds, updates an AVL tree accordingly, and returns
the query results. Hence, in 1D, each query requires at most two
cracks, one for each bound.

As CGI has yet to be generalized to the multidimensional case,
we explore the effectiveness of a coarse multidimensional grid that
partitions the data before the first query, and then cracks each
partition using a local adaptive multidimensional index, such as
AKD or AIR. Figure 3 sketches a multidimensional GCI. First, we
partition the data space into tiles 𝑇1 to 𝑇16 by a 4 × 4 uniform grid
and place the data in each tile 𝑇𝑖 into an (unorganized) array. Upon
the first query 𝑞1, we identify the set of relevant tiles, 𝑇4,𝑇5,𝑇8,𝑇9
and crack the array of each of those on the query boundaries to
initialize a local adaptive index (e.g., AKD tree), which guides and
grows with subsequent queries.
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We name CGI methods by the granularity and adaptive index
they use, e.g., CGI100+AKD denotes a CGI of granularity 100 per
dimension where each partition hosts an AKD index. We include
CGI with AIR in experiments with shape data, where AIR is compe-
tent vs. AKD. We apply CGI only on 2D and 3D data, as the number
of tiles, and hence the partitioning and storage costs and partition
sparsity, grow exponentially with dimensionality.

Multidimensional CGI
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Figure 3: Multidimensional CGI using AKD

3 EXPERIMENTAL SETUP
We implemented all methods in C++ and compiled them in g++ 7.4.0
with the -o3 switch; experiments ran on a 3.10GHz 10-core Intel
Xeon machine with 396G RAM running Ubuntu 18.04.3 LTS. Here,
we provide details on datasets (Section 3.1), query workloads (Sec-
tion 3.2), and performance measures (Section 3.3). We also conduct
tuning experiments (Section 3.4) that suggest the most robust pa-
rameter values for the compared methods.

Table 2: Data sets

Size Dim Max Ext.
Uniform 20M 2 0.0035 0.0035
Clustered 20M 2 0.0038 0.0038
SkewNormal 20M 2 0.00069 0.00069
ROADS 19M 2 0.0076 0.029

3.1 Datasets
3.1.1 Synthetic data. To test adaptive indexing across various datasets
and query workloads with diverse characteristics, we generate syn-
thetic datasets comprising of 20 to 80 million data objects, both
points and range objects. The dimensionality of point datasets
ranges from 2 to 6, while for range (i.e., hyperrectangular) data, we
tested 2 and 3 dimensions, as ranges of higher dimensions rarely
arise in real applications [37, 38]. We normalize the values in each
dimension to the range [0, 1]. We generated the following synthetic
point datasets:

• Uniform data. Random values following a uniform distribution
in each dimension.

• Clustered data. We generate isotropic Gaussian blobs using
the make_blobs function of Python scikit-learn module, with
standard deviation 0.37 to ensure the formation of five non-
overlapping clusters of equal cardinality. These values were set
empirically to ensure minimum overlap, which challenges in-
dices with the problem of handling white space.

• Skewed data. We generate random values by the skewnorm
function from the SciPy library in Python, which produces data
that follow a skew-normal distribution, which extends the nor-
mal distribution to incorporate non-zero skewness, allowing
for asymmetric data shapes. We set the skewness parameter
to 𝛼 = 20. For 𝛼 = 0, the distribution reverts to a standard nor-
mal distribution. We chose the value empirically to ensure that
the generated data points exhibit sufficient skewness.
For range data, we generate points as above and use them as cen-

ters, then generate two randomnumberswithin the range [0.0001, 0.02]
as mid-height and mid-width, to be added to and subtracted from
the coordinates of the center point to determine the top right and
bottom left corners. To assess the performance of methods such as
the AKD, which is affected by the extent of range objects as they
require query extension, we generated a 2D dataset with objects
centered uniformly, and width and height following an exponential
distribution 𝑔(𝑢) = 3−3𝑢 .

3.1.2 Real data. As real data, we utilize the publicly available
ROADS dataset which features the shape of roads in the US [7].
We use the bottom left corner of each road shape as points. For
points of higher dimensionality we use the Taxi1 dataset which
contains records of New York yellow-taxi trips. Each record cap-
tures the pick-up and drop-off location and time, trip distance, and
fare amount for a period that spans January to July 2024.

(a) Uniform (b) Clustered (c) SkewNormal (d) ROADS

Figure 4: Distribution of point datasets

(a) Uniform (b) Clustered

(c) Skewed (d) Roads

Figure 5: Distribution of shape datasets

Figures 4 and 5 visualize the distribution of our data, both syn-
thetically generated and real, points and ranges. The distribution
1https://www.nyc.gov/site/tlc/about/tlc-trip-record-data.page
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of the real dataset depicting U.S. roads is notably uneven, denser
in urban areas and sparser in rural regions, leading to a skewed
distribution. The generated shapes vary in both width and length,
reflecting realistic and diverse spatial extents.

3.2 Workloads
Figure 6 depicts the access patterns in our workloads. For the ran-
dom access pattern, we randomly select a point from the data and
assign it an extent such that the average query selectivity is 0.01%
(the default selectivity). The query distribution thus follows the data
distribution. The sequential workload consists of non-overlapping
diagonally consecutive queries. This workload presents a worst-
case scenario for adaptive indexing, as each new query cracks a
large area without benefit from previous ones. Lastly, the ‘Zoom
In’ workload models a stylized exploratory search scenario.

(a) Random (b) Sequential (c) Zoom In

Figure 6: Access pattern of synthetic workloads

3.3 Measures
As all adaptive indexes are in-memory access methods, the main
evaluationmeasure is the evolving cumulative cost for a sequence of
queries. Side-by-side to cumulative cost, we plot how the per-query
cost changes while constructing the adaptive index. We expect the
cost per query to progressively become lower and settle to that of
a pre-built index. We average both the per-query and cumulative
costs over 5 runs. For pre-built indexes, such as the R-Tree, we
add their construction cost to the cumulative time prior to the first
query. We also measure space requirements.

Table 3: Grid size tuning

Grid CGI+AAKD
Grid Size 100 200 500 100 200 500
Uniform 1.140 1.029 1.348 1.050 0.970 1.364
Clustered 1.181 1.190 1.234 1.881 1.133 1.199
Skewed 1.183 1.166 1.186 1.844 1.101 1.185
Roads 0.909 0.826 0.935 3.274 0.972 1.430

3.4 Tuning
Prior to comparative studies, we select values of the following
parameters for our investigation: the cracking threshold for AIR,
QUASII, and AKD, node cardinality for the RTree, the 𝛿 variable for
the GPKD, and grid size for the static grid and the course granular
index. The 𝛿 variable for the GPKD controls the percentage of data
that are used to expand the index in each query. A value of 0 means
that no indexing occurs, only full scans, while 𝛿 = 1 means that the
index is fully built upon the first query.

We tune parameters across different values on our four main
datasets: the synthetic uniform, clustered, and skewed points, as

Table 4: Irregular Grid and Quadtree tuning

Irregural - Grid Size QuadTree - Height
10 50 100 8 10 12

100 2.848 3.491 3.846 14.253 19.551 19.511
1000 2.866 3.582 4.054 12.058 12.014 12.138
10000 2.875 3.601 3.963 8.311 8.313 8.330 U

ni
fo
rm

100 2.768 3.470 3.810 10.659 17.209 20.532
1000 2.835 3.558 3.932 10.301 12.312 12.330
10000 2.826 3.593 3.970 9.177 9.156 9.197 Cl

us
te
re
d

100 2.858 3.541 3.988 10.469 16.740 20.363
1000 2.947 3.792 3.945 10.037 11.914 11.875
10000 2.873 3.618 3.978 8.914 8.952 8.948 Sk

ew
ed

100 2.151 2.965 3.477 8.672 12.185 19.170
1000 2.149 3.077 3.546 8.550 11.441 12.830

Ba
tc
h/
Ca

pa
ci
ty

10000 2.130 3.121 3.576 8.369 9.502 9.362 Ro
ad
s

well as the ROADS dataset. Tables 3 and 5 show the total (cumula-
tive) cost for workloads of 10k queries. We chose the most robust
parameters, indicated via highlighted cells, for further experiments.
Interestingly, while we expected the best size for the coarse granu-
lar index (CGI) to be smaller, i.e., coarser, than for the static grid,
it turned out to have the same empirically best size. We attribute
this result to the low creation cost of regular grids, which do not
warrant waiting for the adaptation. When applying an irregular
(data-adaptive) grid, we use a sample of the data to estimate the data
distribution, whose size affects the quality of the estimate, hence
the need to tune it. Similarly, the quad-tree has two parameters,
node capacity and height. The former controls the amount of data
a quadrant can hold before it splits further, while the latter controls
the maximum tree depth, which can help avoid excessive splitting
on skewed data. Table 4 details the search for the best empirical
values of these parameters.

4 EXPERIMENTAL EVALUATION
This section presents the results of our evaluation.

(1) First, we compare methods within each category: static,
AKD-based, and grid-based using point and shape data to
identify the most robustly performing representative for
each category (§4.1).

(2) Next, we thoroughly evaluate the top methods across vari-
ous types of data (points and ranges), with different distri-
butions of object locations (§4.2) and query access (§4.7).

(3) Then, we assess how the distribution of object extents af-
fects performance (§4.3).

(4) We also examine the effect of dataset size (§4.5) and query
selectivity (§4.6).

(5) Finally, we examine the effect of dimensionality using high-
dimensional point data (§4.8).

We plot the results in groups to maintain readable plots.
Since QUASII and AKD-based methods are not designed to han-

dle data with spatial extent, we adjust them to achieve proper
functioning with the query window extension technique [34] on
data with spatial extent. We adjust the lower coordinates of the
query window by the maximum object extent in the data, in each
dimension, so that it overlaps any qualifying object. This extension
introduces the overhead of filtering out false positives from the
results, as the window then overlaps non-qualifying objects too.
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Table 5: AIR, QUASII, AKD, RTree, and GPKD tuning

AIR - Threshold QUASII - Threshold AKD - Threshold R-Tree Node size GPKD - 𝛿
2048 4096 8192 1024 2048 4096 1024 2048 4096 1024 2048 4096 0.4 0.6 0.8

Uniform 2.071 2.056 2.060 2.498 2.408 2.414 2.515 2.426 2.431 4.589 4.552 4.641 2.641 2.582 2.584
Clustered 2.018 2.003 2.002 2.423 2.335 2.340 2.539 2.472 2.455 4.612 4.551 4.561 2.674 2.616 2.662
Skewed 2.031 2.014 2.179 2.464 2.377 2.393 2.509 2.471 2.481 4.687 4.641 4.483 2.709 2.562 2.592
Roads 1.283 1.304 1.307 1.881 1.812 1.808 1.516 1.506 1.570 4.235 4.061 4.070 2.575 2.450 2.473
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Figure 7: Comparison of indices in each category (cumulative time), point data
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Figure 8: Comparison of indices in each category (cumulative time), shape data

4.1 Method Selection
4.1.1 Pre-built Indices. Figures 7a and 8a illustrate the total work-
load time for index construction and evaluation of 10k queries, for
three pre-built indices: R-tree, Quadtree, and a Grid with granular-
ity of 200×200, for points and shapes data respectively. Surprisingly,
while simply partitioning the space into equally sized cells, the grid
index significantly and consistently outperforms the competition
across all datasets and data types, independently of data skew. More
complex indexes, such as the R-tree and the quadtree, take longer
time to construct, which does not pay off; the simpler and less costly
to construct grid index performs better overall. We thus use the grid
as the representative of static methods in subsequent experiments.

4.1.2 Grid Indices. Next, we examine the performance of grid-
based indices, both static and hybrid, comparing Grid (static) to
two hybrid indices: CGI+AAKD (regular grid) and Irregular+AAKD
(irregular grid). Recall that the latter two (i) prebuild a coarse grid
with spatially equal cells and (ii) adaptively and progressively grow
an AAKD adaptive index within each grid cell. We consider the
option of complementing CGI with an AIR index later, when dealing
with range data.We set the granularity of all coarse grids to 200×200,
as the tuning experiments indicated, and measure the cumulative
cost for index creation and evaluation of 10k random queries.

Figures 7b and 8b show that CGI+AAKD is the best choice, apart
from when dealing with the ROADS dataset, as the inclusion of an
AAKD endowed with ample indexing space within each grid cell
renders query evaluation faster, with uniform data benefiting the
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Figure 9: Effect of data distribution on 2D point datasets.

most. The AAKD index refinement reduces the number of elements
accessed, leading to improved query evaluation performance. Al-
though one might have expected the irregular grid to outperform
the regular one on non-uniform data, this is not the case, as the
irregular grid incurs a higher cost for data partitioning, compared
to the linear-time cost of constructing a regular grid. We thus use
CGI+AAKD to represent the CGI index in subsequent experiments.

4.1.3 AKD Indices. Three adaptive KD-tree variants are suggested
in [29]: the simple adaptive KD-tree (AKD), the progressive adap-
tive KD-tree (PKD), and the greedy progressive adaptive KD-tree
(GPKD). We have formulated another option, the Advanced Adap-
tive KD-tree (AAKD), which adapts the heuristic ordering of cracks
proposed by AIR. Specifically, AKD performs 2𝑑 cracks along the
ends of a query range in each dimension by a fixed order, e.g.,

100 101 102 103 104

10−4

10−3

10−2

10−1

100

Ti
m
e(
se
c)

Per Query

100 101 102 103 104

100

Accumulated

AIR AKD AAKD QUASII CGI+AAKD Grid CGI+AIR

(a) Uniform

100 101 102 103 104

10−5

10−4

10−3

10−2

10−1

100

Ti
m
e(
se
c)

100 101 102 103 104

100

(b) Skewed

100 101 102 103 104

10−5

10−4

10−3

10−2

10−1

100

Ti
m
e(
se
c)

100 101 102 103 104

100

(c) Clustered

100 101 102 103 104
10−5

10−4

10−3

10−2

10−1

100

query progress

Ti
m
e(
se
c)

100 101 102 103 104

100

101

query progress
(d) ROADS

Figure 10: Effect of data distribution on 2D shapes.

𝑥𝑙𝑜𝑤 , 𝑥ℎ𝑖𝑔ℎ , 𝑦𝑙𝑜𝑤 , then 𝑦ℎ𝑖𝑔ℎ . Contrariwise, AIR orders cracks by a
heuristic aiming to enhance the marginality of the ensuing struc-
ture. AAKD applies this heuristic on the AKD structure. We also
introduce a stochastic crack on the largest resulting piece. Fig-
ures 7c and 8c show the total time to process a workload of 10k
queries by these four options on different data distributions, for
points and shapes respectively. As expected, GPKD outperforms
the non-greedy on points. Additionally, the simple AKD outpaces
progressive options. That is expected, as the progressive options
are meant to overcome variance in the query time over the work-
load rather than to achieve low total workload time. Besides, the
application of the crack-order-heuristic on the simple AKD proves
worthwhile, as it outperforms other variants in all data distributions.
In the remaining experiments we only include AKD and AAKD.
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Figure 11: Effect of object extent (2D shapes)

4.2 Effect of object location
4.2.1 Point Data. We commence our comparative study for static,
adaptive, and hybrid indexing options with 2D point data. Figure 9
shows how the methods selected in Section 4.1, i.e., static grid,
CGI+AAKD, and AAKD, perform alongside the adaptive indexes:
AIR, AKD, AV-tree, and QUASII. We present results for a random ac-
cess pattern, showing both per-query and accumulated time across
various datasets. Adaptive methods exhibit the typical behavior,
starting with a high per-query cost, continuing with a declining
trend, and eventually settling to the performance of a pre-built
index. QUASII has an expensive start and subsequent slow growth,
and does not overcome its initial handicap. AIR and AKD exhibit
similar performance, with AAKD holding a small edge over both of
them. This is expected as the datasets in question are point datasets.
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Figure 12: Effect of data cardinality on point data
We discuss experiments with range data in the following. These
three indexes also appear largely insensitive to the data distribution.

The coarse granular index option with a regular grid comple-
mented with an AAKD (CGI+AAKD) performs robustly across all
datasets. So much so, that the per query performance resembles a
pre-built static index even though the AAKD is still extending itself.
Remarkably, this benefit does not come at an exorbitant initial cost,
as the initial cost often resembles QUASII’s first query cost, while
this investment is vindicated by the total cost remaining competi-
tive. Besides, the cumulative cost of CGI crosses the fully adaptive
method latest after 100 queries. Another interesting observation is
the comparison among the static grid and CGI. As mentioned in the
tuning discussion (§3.4), the grid size of the static and CGI methods
are equal, hence their initial building costs match. The total costs
are on par with each other in all dataset comparisons except the
ROADS data. As Figure 4 shows, the ROADS data has a few areas
that are extremely crowded, and queries follow this data pattern.
Therefore, the grid cells in those areas are overwhelmed with too
many points to manage and many queries to respond to. This is
where the extra layer of the adaptive index comes into play and
facilitates better performance. Grid-based methods perform best
when faced with a uniform data distribution.

On the other hand, the AV-tree performs significantly worse than
its competitors. We attribute this gap to two factors: (i) a fundamen-
tal change in the query processing mechanism to accommodate
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Figure 13: Effect of query selectivity.
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Figure 14: Effect of query access pattern, uniform point data.

rectangular range queries; as the index was designed to accom-
modate 𝐿2 distance queries, it creates suboptimal partitions when
faced with 𝐿𝑚𝑎𝑥 distance queries. And (ii) the low data dimension-
ality, which renders distance-based partitioning less appropriate.
The combination of these two factors contributes to AV-tree’s poor
results. As its inclusion limits our ability to compare to other lines
in the figures, we exclude this method from the remaining plots.

4.2.2 Shape Data. Figure 10 shows the per-query and cumula-
tive workload time for the methods in Section 4.2.1 apart from
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Figure 15: Effect of query access pattern, uniform shape data.

the excluded AV-tree. CGI+AAKD performs consistently well for
our synthetic data but struggles on real data. Interestingly, AIR
shows the opposite behavior, which calls for further investigation.
In the same context, QUASII, AKD, and AAKD also take a hit with
different size distributions. We discuss this matter in detail in Sec-
tion 4.3. The performance of AAKD, AKD, and QUASII has shifted
up compared to the point experiments due to the query-window-
extension overhead on shape datasets. This effect makes AAKD
and AIR perform similarly for uniformly sized objects.
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Figure 16: Effect of dimensionality, point data.

While the static grid does not outperform the current state of
the art for shape datasets, AIR, in the uniform and ROADS data
experiment, it does cross under in the other synthetic datasets,
which is an important finding.We create another hybrid to complete
the space of investigation: CGI using an AIR index. At first glance
it may seem that this is a simple extension; however, we had to
make an effectual design choice: We had to choose between either
treating the dataset objects as shapes, creating the initial grid with
replication, and consequently having shapes in our AIR indices,
which would then deal with raw queries, or treat the dataset as
points, create the initial grid without replication, inserting points
into the AIR indexes, and applying the query window extension
technique to reach correct results. The first option has almost the
same startup cost and performance as the static Grid; as Figure 10
shows, this cost is much higher compared with the second option

denoted by CGI+AAKD. Thus, we decided to use the second option
as the standard implementation of CGI for boxes.

Another important finding is the performance of AAKD on real
shape data. Several factors need to be considered here. First, the
shape data are treated as points and the search simulates retrieval
of shape data using the query window extension technique. Second,
the heuristic employed by AAKD aims to create partitions that are
square-like by cracking on the longest axis on mediocre bounds.
This combination limits the pruning ability, resulting in more data
being scanned per query and, consequently slower search times.
If the data were handled as actual shapes then we would expect a
performance more similar to AIR.

Figure 17 illustrates the breakdown of the cumulative running
time over a random workload of 10k queries on shape data. The
running time consists of several components: the start-up cost
(which is the time to build the grid), the adaptation time (the time
spent extending the index during query processing), the search
time (the time spent traversing the tree until the algorithm reaches
leaf nodes), and finally, the filtering time (the time taken to filter
false positives for CGI+AAKD).

When dealing with uniform data, adaptation time is negligible
and due to the uniformity of data, search and filtering times show
minimal variation across the different grid-based methods. The
experiment on the non-uniform Roads data reveal more interesting
insights. Search time is substantially higher for both methods, pri-
marily because these methods utilize the query window extension.
This extension results in a much bigger search area compared to
the original window query. Consequently, filtering becomes consid-
erably more expensive, again due to the query window extension.
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Figure 17: Cumulative time breakdown.

4.3 Effect of object size
AKD-based methods are not tailored handle shapes, and as a result,
the extent of a single object in the dataset can significantly impact
performance, as queries have to be extended by the largest object
extent. Table 2 indicates that our synthetically generated datasets
have more uniformly sized shapes, while the real data have shapes
of varying size distributions. To further improve our argument that
the distribution of the shapes can affect the performance the indexes
under study, we vary the sizes in twomanners: First we changed the
parameters of the widths and heights of the shapes from a uniform
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distribution with an average of 0.2% of the dimension range, to
0.5%, 1%, and 5% of the dimension range. The details of these new
distributions are found in Table 6. And second we synthetically gen-
erated a dataset where shapes are uniformly placed in the domain
space but have extents that follow an exponential distribution, as
described in section 3.1.1. Figure 11 shows the performance of the
different indexes under these settings.

Table 6: Extent of datasets with different object sizes.

Extent AVG MAX MIN
Uniform 0.5% [0.0049, 0.0049] [0.009, 0.009] [4.64𝑒−10, 1.92𝑒−9]
Uniform 1% [0.009, 0.009] [0.019,0.019] [5.62𝑒−10, 1.31𝑒−10]
Uniform 5% [0.045,0.045] [0.09,0.09] [2.05𝑒−8, 1.39𝑒−9]

The static grid’s index creation cost grows as the average size of
the objects grows. This is due to the rising number of objects that
are replicated in the grid cells. The performance of AIR remains
immune to changes in the size of the data objects. AKD, AAKD,
and QUASII get more and more hindered with larger data objects
as a consequence of the extensions. An interesting pattern to notice
is the behaviour of AAKD when dealing with particularly large
objects, as in Figure 11d, and even in the ROADS dataset in Fig-
ure 10d. We can see that the AAKD performs worse than than both
of its parents, AIR and AKD. This is because trying to fit left corner
points of large objects into square-like partitions, actually backfires,
and creates a badly shaped index. We notice this in the number of
shapes scanned per query, which is the most fundamental measure
for index performance. The coarse granular indexes try to resist
the unusual sizes and have best performance for objects with sizes
up to 1% of the space, but eventually for larger and exponentially
sized objects, AIR prevails as the best choice.

4.4 Complex distributions
In the next experiment, test various combinations of shape size and
location distribution parameters that accommodate more diverse
scenarios. First, we synthetically generate shapes that are placed
in the domain using a normal distribution, while their size follows
a uniform distribution, and vice versa. In addition, we generate a
dataset of 10M shape objects where their location and size are corre-
lated, such that shapes become smaller and denser as they move to-
wards the bottom right corner and bigger and sparser as they move
towards the upper right corner. Figure 18 shows how the methods
under study perform in these new and diverse settings. Similarly
to the previous findings, CGI+AAKD performs consistently well in
these complex distributions. AIR outperforms CGI+AAKD in Fig-
ure 18(c), where object density and size are anti-correlated, which
can be attributed to the large objects that appear in the upper right
corner, causing large query extensions and extensive post-filtering
in CGI+AAKD.

4.5 Effect of object cardinality
Figure 12 illustrates the scalability performance of the indices across
datasets of varying cardinality. In this experiment, we use uniform
point datasets of varying size. All other experiments use 20 million
objects, in this section and examine the performance of the methods
for larger sizes, namely 40, 60, and 80 million objects. Consistent
with previous studies [25, 29, 38], the results demonstrate that data
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Figure 18: Complex distributions

cardinality has little to no impact on the relative performance of
the indices under evaluation, highlighting their robustness and
scalability. As in other experiments, we see that using a simple
static grid seems to be the best choice for point datasets. The
performance of the course granular index in also equivalent.

4.6 Effect of query selectivity
This subsection includes experiments showcasing the effect of query
selectivity on point data. Figure 13 shows the per-query and cumu-
lative performance of the indices when faced a workload of varying
selectivity. When the selectivity is very high, adaptive indices strug-
gle to create good enough indexes that can filter out future searches.
This is evident in the per query times displayed in the 0.1% selec-
tivity that do not decrease down to the static index performance. A
similar phenomenon can be seen in too small selectivities, although
not as harshly for the 0.0001% selectivity. We have set 0.001% as
our default selectivity for all other experiments as a reasonable size.
Overall, the coarse granular index, or equivalently the static
grid performs reliably even while affected by the query size.

4.7 Effect of query pattern
Figures 14 and 15 show the performance of the methods in work-
loads with non-random access patterns for points and shapes re-
spectively. The number of queries are lower for these experiments,
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as the normalized data space limits the number of sequential non-
overlapping queries and meaningful zoom-in queries we can create.
As expected, the stochastic crack employed by AIR and AAKD
helps mitigate the negative effects of a sequential workload. Note
that CGI+AAKD is extremely robust and not affected by the query
access pattern when dealing with points.

While a decreasing trend in the per-query times is expected
for adaptive indexes, we see a similar trend for static indexes in
the zoom-in patterns. This is due to the decrease in the extent and
selectivity of queries as we zoom in. As we access fewer grid cells as
the workload goes on, the benefits of the CGI with AAKD over the
plain AAKD, and CGI with AIR over the plain AIR become moot. As
seen in the object size experiments in section 4.3, the performance
of AKD, AAKD, CGI with AAKD, and QUASII are affected by the
query windows extension and the static grid by its replication. As
such, AIR seems to be performing better. However, it is important
to remember these workloads are very short therefore the benefit
of the coarse grid does not have time to shine.

4.8 Effect of dimensionality
Figure 16 shows results on the effect of dimensionality on point
data, performing the same set of experiments on uniform data of
higher dimensionality. Most of the indexing methods in this study
are designed to support multidimensional data. We have included
more indexes in this experiment to make the results come across
more clearly. Grids do not scale to higher than 3 dimensions, so they
were excluded. The AV-tree still struggles due to the 𝐿𝑚𝑎𝑥 distances.
The AAKD becomes worse with higher dimensional data, while the
plain AKD is less affected. Evidently, the heuristic choice becomes
less worthwhile and instead just becomes a burden with higher
dimensions. Given the datasets are points, AKD and AIR have
similar reliable behavior regardless of dimensionality as expected.

Table 7: Memory Usage (MB)

Before 1st query After workload
AAKD 320 323.16
AIR 320 326.06
AKD 320 322.67
QUASII 320 320.77
Grid 623 623
CGI+AAKD 623 626

4.9 Memory usage
Table 7 shows the memory usage of various indices for 20 million
shape data objects uniformly distributed, measured both before
any queries are evaluated and after the workload has been com-
pleted. Initially, all adaptive indices consume the same amount of
memory (accounting for storing the data objects), as no indexing
has occurred at that point. In contrast, the grid index allocates dis-
crete memory space for each cell, since the partition is out-of-place.
Since the objects are shapes, they may span across multiple cells,
resulting in replicated entries across these cells. The grid combined
with AAKD (CGI+AAKD) shows that the overhead of the adaptive
index in minimal. That is the case for uniform data where the data
are equally distributed among the cells and their cardinality is not
much bigger than the threshold used.

5 CONCLUSIONS & FINDINGS
We evaluated the performance and robustness of multidimensional
adaptive indexes in diverse scenarios, tuning factors such as object
size and distribution, workload pattern, and more. Our comparison
includes an advanced AKD implementation which adopts cracking
heuristics from AIR [38]. We also included a first-time implemen-
tation of multidimensional coarse granular indexing (CGI) [32].
We found that grid-based methods perform best on uniformly dis-
tributed data and are robust on non-uniform point data, yet their
advantage is limited to low-dimensional spaces. Highly clustered
collections of real shape data collections pose challenges arising
from object sizes and data density in small areas. On such data,
the query window extension method impairs KD-based methods,
whereas those ingesting data with extent, such as AIR, are more
resilient. On shape data, AIR is unaffected by object size, while the
hybrid CGI+AAKD method maintains good performance with ob-
ject size up to 1% of the dimension range. Linearly growing dataset
size (i.e., cardinality) has a minor effect on efficiency, towards which
static grids and coarse-granular indexes on point datasets are par-
ticularly robust. We experimented with up to 10k queries, as we
observed that larger workloads did not hamper performance, as
the best adaptive indexes eventually match the performance of the
best pre-build indices. On the other hand, query selectivity signif-
icantly affects adaptive indexing. With high selectivity, adaptive
indexes struggle to filter searches effectively. Low selectivity also
impacts performance, to a lesser extent. In contrast, static grid meth-
ods maintain stable performance regardless of query selectivity.
Query patterns also affect performance. Adaptive indexes benefit
from zoom-in query patterns that progressively refine search areas.
CGI+AAKD remains robust and is largely unaffected by different
query access patterns. Dimensionality presents challenges, particu-
larly for grid-based approaches, which do not scale well beyond 3D.
AAKD struggles with higher-dimensional data, whereas AIR and
AKD deliver reliable performance as dimensionality increases. The
AV-tree falters due to its reliance on cumbersome 𝐿𝑚𝑎𝑥 distance
queries to express ranges.

Our main experimental findings can be summarized as follows:

• On point data CGI+AAKD performs best.
• On data of small objects, CGI is most effective; still, for larger

and less regular objects, AIR supercedes other methods.
• In space above 3D, AKD and AIR are the best choices.
• On irregular query patterns, no method consistently performs

best, yet AIR and AAKD are the most robust.

Our key conclusion is that a static grid index, which had not been
considered as a competitor of adaptive indexes in previous studies,
is highly effective and robust on point data. Our findings challenge
the assumption that adaptive indexes always outperform static ones
with a reasonable workload. One of our proposed extensions, the
coarse-granular index, is based on this observation, aiming to create
a coarse grid that gets refined via adaptation throughout the query
workload. However, we found the best-performing grid sizes to
be equal, thus the simplicity and inexpensive build of the grid is
hard for adaptive indexes to overcome on point data. Nonetheless,
on shape data, which incur replication in grids, inherently shape-
oriented indexes like AIR perform the best, especially so on oddly-
sized shape data.
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