
Advancing Fact Attribution forQuery Answering: Aggregate
Queries and Novel Algorithms

Omer Abramovich

Tel Aviv University

Tel Aviv, Israel

omera1@mail.tau.ac.il

Daniel Deutch

Tel Aviv University

Tel Aviv, Israel

danielde@post.tau.ac.il

Nave Frost

eBay Research

Netanya, Israel

nafrost@ebay.com

Ahmet Kara

OTH Regensburg

Regensburg, Germany

ahmet.kara@oth-regensburg.de

Dan Olteanu

University of Zurich

Zurich, Switzerland

olteanu@ifi.uzh.ch

ABSTRACT

In this paper, we introduce a novel approach to computing the

contribution of input tuples to the result of the query, quantified

by the Banzhaf and Shapley values. In contrast to prior algorithmic

work that focuses on Select-Project-Join-Union queries, ours is the

first practical approach for queries with aggregates. It relies on

two novel optimizations that are essential for its practicality and

significantly improve the runtime performance already for queries

without aggregates. The first optimization exploits the observation

that many input tuples have the same contribution to the query

result, so it is enough to compute the contribution of one of them.

The second optimization uses the gradient of the query lineage to

compute the contributions of all tuples with the same complexity

as for one of them. Experiments with a million instances over 3

databases show that our approach achieves up to 3 orders of mag-

nitude runtime improvements over the state-of-the-art for queries

without aggregates, and that it is practical for aggregate queries.

PVLDB Reference Format:

Omer Abramovich, Daniel Deutch, Nave Frost, Ahmet Kara, and Dan

Olteanu. Advancing Fact Attribution for Query Answering: Aggregate

Queries and Novel Algorithms. PVLDB, 18(11): 3996 - 4008, 2025.

doi:10.14778/3749646.3749670

PVLDB Artifact Availability:

The source code, data, and/or other artifacts have been made available at

https://github.com/Omer-Abramovich/LExaBan-LExaShap.

1 INTRODUCTION

Recent years have witnessed a surge of development that uses

game theoretic measures to quantify the contribution of each data-

base tuple to the query answer, also referred to as attribution. The
Banzhaf [6, 26] and Shapley [30] values are two prominent exam-

ples of such measures. They originate in cooperative game theory,

where they are used to quantify the contribution of a player to

the game outcome by summing up the marginal contributions of
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the player over the subsets (or permutations, for Shapley) of play-

ers. Prior work used Banzhaf and Shapley values for attribution

in query answering: the contribution of a database tuple to the

query result is quantified by defining a game where the players

are database tuples and the objective function is given by each

tuple in the query result [2, 12, 20]. Banzhaf and Shapley values are

different, yet closely related measurements. Previous works have

demonstrated the usefulness of both values for explanations in

query answering [2, 8, 9, 17–20, 22, 27] and for feature importance,

data valuation, feature selection, and explanations in machine learn-

ing [14, 28, 31, 32]. The main difference is that the sum of Shapley

values over all input tuples is equal to the query result (this is 1

in case of a Boolean query and the numeric result for an aggre-

gate query), whereas this is not the case for Banzhaf. This may

be considered an advantage of Shapley values, in that they better

capture relative contributions. Nevertheless, prior work [2] showed

experimentally that they tend to agree on the relative order of fact

contribution in query answering. Yet computing Banzhaf values

is typically more efficient than computing Shapley values [2]. Our

work observes this for aggregate queries, too.

Example 1.1. Figure 1 includes a fragment of an IMDB-like data-

base and two queries. Query 𝑄1 asks whether Tarantino was nom-

inated for “best director” for movies with actors from the Cast

relation. The answer is true: two such movies appear in the frag-

ment (three in the full database). We wish to understand which

actor contributed most to this answer, using Banzhaf/Shapley val-

ues. In our fragment, both Brad Pitt and Zoë Bell contributed most

as they appear in the two movies. If we consider the full database

but restrict MovieCast to only include the first 5 actors listed in

IMDB for each movie, the most influential actor is Brad Pitt, who

had a leading role in two of the three movies. Query 𝑄2 retrieves

the maximum revenue of a movie directed by Tarantino. Again, we

look for actors who contributed most to the query answer. In our

fragment, Brad Pitt and Zoë Bell are the top contributors according

to Banzhaf/Shapley values. For the full database (again with the

top-5 actors in MovieCast), the top contributor is Samuel L. Jackson.

In this paper, we study the problem of computing the contribution
of database tuples to the results of aggregate queries, quantified by the
Banzhaf and Shapley values. The computational problem is highly

intractable in general: already for Boolean non-hierarchical queries,

exact computation of Shapley and Banzhaf values is #P-hard [20].

3996

https://doi.org/10.14778/3749646.3749670
https://github.com/Omer-Abramovich/LExaBan-LExaShap
https://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:info@vldb.org
https://doi.org/10.14778/3749646.3749670
https://www.acm.org/publications/policies/artifact-review-and-badging-current


DirectingAwards (endo)
Award

𝑑1 Academy

𝑑2 BAFTA

Movies (endo)

Title Director Gross revenue(M$)

𝑚1 Kill Bill: Vol. 1 Tarantino 176

𝑚2 Inglourious Basterds Tarantino 322

𝑚3 Once Upon a Time in Hollywood Tarantino 377

Cast (endo)

Name

𝑎1 Brad Pitt

𝑎2 Leonardo DiCaprio

𝑎3 Zoë Bell

𝑎4 Uma Thurman

MovieAwards (exo)

Movie Award

Inglourious Basterds Academy

Inglourious Basterds BAFTA

Once Upon a Time in Hollywood Academy

Once Upon a Time in Hollywood BAFTA

Query 𝑄1

𝑄 ( ) = Movies(𝑋, Tarantino, 𝑅),
Cast(𝑌 ),
DirectingAwards(𝑍 ),
MovieCast(𝑋,𝑌 ),
MovieAwards(𝑋,𝑍 )

Query 𝑄2⟨︁
𝑀𝐴𝑋,𝑅,

𝑄 (𝑋,𝑌, 𝑅) =
Movies(𝑋, Tarantino, 𝑅),
Cast(𝑌 ),

MovieCast(𝑋,𝑌 )
⟩︁

MovieCast (exo)

Movie Actor

Kill Bill: Vol. 1 Uma Thurman

Inglourious Basterds Brad Pitt

Once Upon a Time in Hollywood Brad Pitt

Inglourious Basterds Zoë Bell

Once Upon a Time in Hollywood Zoë Bell

Once Upon a Time in Hollywood Leonardo DiCaprio

Figure 1: Running example: a fragment of an IMDB-like database and two queries.

All prior practical approaches were designed for Select-Project-Join-
Union (SPJU) queries and do not work for queries with aggregates.
Their runtime is far from negligible, especially for computing the
Banzhaf/Shapley values for all input-output tuple pairs.

In this paper, we go beyond prior work by adding support for

the COUNT, SUM, MIN, MAX aggregates in the select clause of the

query. Aggregation is key to practical OLAP and decision support

workloads. All 22 TPC-H queries involve aggregation.

The computation of Shapley and Banzhaf values resorts to the

compilation of the query lineage, which is a polynomial over vari-

ables representing the input tuples [10, 15, 25] into tractable cir-

cuits, such as d-trees [13]. Yet aggregate queries require lineage

formalisms beyond the Boolean semiring for queries without ag-

gregates. The first main contribution of this paper is an extension of
this compilation approach to the lineage of queries with aggregates.

Computing Banzhaf/Shapley values for aggregate queries re-

mains expensive for most benchmarks used in the literature [2, 12].

The second main contribution of this paper is the interplay of two
novel techniques that we incorporate in our compilation algorithm:
lifted compilation and gradient-based Banzhaf/Shapley value compu-
tation. These techniques significantly reduce the computation time

for fact attribution for queries with and even without aggregates.
In more detail, our contributions are as follows.

We introduce LExaBan and LExaShap, two novel algorithms

to compute Banzhaf and respectively Shapley values for SPJUA

(Select-Project-Join-Union-Aggregate) queries. We evaluate them

against the state-of-the-art ExaBan and ExaShap (for SPJU queries)

on over one million instances [2]. For queries without aggregates,

LExaBan achieves 2-3 orders of magnitude (OOM) improvement

over ExaBan, while LExaShap achieves more than 2 OOM im-

provement over ExaShap. For queries with aggregates, LExaBan

and LExaShap are, to our knowledge, the first practical algorithms

for Banzhaf and Shapley value computation. The performance gains

of LExaBan and LExaShap over the state-of-the-art are primarily

due to two novel techniques.

Lifted compilation. Lifting exploits the observation that some

variables (input tuples) in Boolean functions (query lineage) are

interchangeable in the sense that they behave the same; in particular,

the Banzhaf/Shapley values of interchangeable variables are the

same. For instance, the pairs of variables {𝑥1, 𝑥2} and {𝑦1, 𝑧1} are
interchangeable in (𝑥1 ∧𝑦1 ∧𝑧1) ∨ (𝑥2 ∧𝑦1 ∧𝑧1). We accommodate

lifting into lineage compilation by extending the d-trees with a

new gate type, which replaces conjunctions and disjunctions of

interchangeable variables with a fresh variable. Lifting preserves

equi-satisfiability. In our experiments, lifting leads to more than 2

OOM speedup and more than 1 OOM smaller d-trees.

Gradient computation. Computing Banzhaf/Shapley values

separately for each input fact, as done in all prior work, is expensive.

We show how to compute them for all the facts in the same complex-

ity as for one fact. For this, we expose a fundamental connection

between the vector of Banzhaf/Shapley values, one per input fact,

and the gradient of a function that computes the probability of the

query lineage with respect to each of its variables. In particular,

we show that the Banzhaf value vector is precisely this gradient

where the probability of each variable is 1/2. The vector of Shapley

values can be recovered similarly. We devise a back-propagation

algorithm to compute these values efficiently over any d-tree. In our

experiments, this gradient technique speeds up the computation

by a factor that grows with the size of the instance and up to 2

OOM speedup for large instances. This enables the computation

for instances larger than previously possible.

We first introduce these two techniques for SPJU queries in Sec. 3

and then extend them to SPJUA queries in Sec. 4. In Sec. 5 we show

that the interplay of both techniques can lead to 3 OOM speedup.

An extended version of this paper is available online [3].

2 PRELIMINARIES

Table 1 summarizes the notation used in the paper. We use N to

denote the set of natural numbers including 0.

Boolean Formulas. A (Boolean) formula 𝜑 over a set𝑿 of Boolean

variables is either a constant 0 or 1, a variable 𝑥 ∈ 𝑿 , a negation¬𝜑1,
a conjunction𝜑1∧𝜑2, or a disjunction𝜑1∨𝜑2 of formulas𝜑1 and𝜑2.

Bool(𝑿 ) ( PosBool(𝑿 ) ) is the set of all (positive) Boolean formulas

over 𝑿 . A literal is a constant, a variable, or its negation. The set
of variables in 𝜑 is denoted vars(𝜑). A formula is read-once if each
variable appears at most once. 𝜑 [𝑥 := 𝑏] denotes the substitution of

𝑥 ∈ 𝑿 with 𝑏 ∈ {0, 1} in 𝜑 . A valuation 𝜃 : vars(𝜑) → {0, 1} maps

each variable in𝜑 to 0 or 1; we identify 𝜃 with {𝑥 ∈ vars(𝜑) | 𝜃 (𝑥) =
1}, where |𝜃 | is the number of variables mapped to 1. The Boolean

value of 𝜑 under 𝜃 is 𝜑 [𝜃 ], and 𝜃 is a model of 𝜑 if 𝜑 [𝜃 ] = 1. The

model set models(𝜑) consists of all models of 𝜑 , with model count
#𝜑 = |models(𝜑) | and 𝑘-model count #𝑘𝜑 = |models(𝜑) ∩

(︁𝑿
𝑘

)︁
|,

where

(︁𝑿
𝑘

)︁
is the set of 𝑘-element subsets of 𝑿 . Two formulas 𝜑1
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Table 1: Overview of notation introduced in Sec. 2. 𝜑 is a

Boolean formula; Φ is a Boolean⊗Number Pairs expression.

[𝑛] {1, . . . , 𝑛}; [𝑛] = ∅ if 𝑛 = 0

Bool(𝑿 ) (PosBool(𝑿 )) Set of all (positive) Boolean formulas over 𝑿
𝜑 [𝑥 := 𝑏 ] Substitution of variable 𝑥 in 𝜑 by 𝑏 ∈ {0, 1}
𝜑 [𝜃 ] Boolean value of 𝜑 under valuation 𝜃

#𝜑 (#𝑘𝜑) Number of models of 𝜑 (of size 𝑘)∑︁𝑀
𝑖 𝜑𝑖 ⊗𝑚𝑖 Boolean⊗Number Pairs (BNP) using monoid𝑀

#
𝑝Φ (#

𝑝

𝑘
Φ) Number of valuations 𝜃 (of size 𝑘) s.t. Φ[𝜃 ] = 𝑝

𝐷𝑥 , 𝐷𝑛 ⊆ 𝐷 Exogenous/endogenous facts in database 𝐷

lin(𝑄,𝐷, 𝒕 ) Lineage of 𝒕 with respect to𝑄 over 𝐷

lin(⟨𝛼,𝛾,𝑄 ⟩, 𝐷 ) Lineage of aggregate query ⟨𝛼,𝛾,𝑄 ⟩ over 𝐷

and 𝜑2 are independent if vars(𝜑1) ∩ vars(𝜑2) = ∅ and exclusive if
models(𝜑1) ∩models(𝜑2) = ∅.

Example 2.1. Consider the formula 𝜑 = 𝑥 ∨𝑦. The models of 𝜑 are

{𝑥}, {𝑦}, and {𝑥,𝑦}. Hence, #𝜑 = 3, #0𝜑 = 0, #1𝜑 = 2, and #2𝜑 = 1.

Databases. We assume a countably infinite setConst of constants
used as database values. A 𝑘-tuple 𝒕 for 𝑘 ∈ N is an element from

Const𝑘 . A database consists of facts 𝑅(𝒕), where 𝑅 is a relation name

with some arity 𝑘 ∈ N and 𝒕 is a 𝑘-tuple. As in [20], each database𝐷

is partitioned into endogenous facts 𝐷𝑛 and exogenous facts 𝐷𝑥 . We

focus on the contribution of endogenous facts to the query result.

Intuitively, we separate the facts in the database that are under

analysis/control from those that are fixed/externally imposed.

Example 2.2. In Fig. 1, all facts labeled “endo" (“exo") are endoge-

nous (respectively exogenous), meaning that we (do not) wish to

analyze their contributions, e.g., Cast is labeled “endo" and we want

to find out which actors contributed the most to the query result.

Conjunctive Queries. A conjunctive query (CQ) [1] has the form
𝑄 (𝑿 ) = 𝑅1 (𝑿1), . . . , 𝑅𝑚 (𝑿𝑚), where each 𝑅𝑖 (𝑿𝑖 ) is an atom, 𝑅𝑖 is

a relation symbol, and 𝑿𝑖 is a tuple of variables and constants. The

set 𝑿 ⊆ 𝑿1 ∪ · · · ∪𝑿𝑚 consists of the free (head) variables. A CQ is

𝑘-ary if |𝑿 | = 𝑘 and Boolean if 𝑘 = 0. A union of conjunctive queries
(UCQ) consists of a set of 𝑘-ary CQs for some 𝑘 ∈ N.

Query Grounding. A grounding of a CQ𝑄 w.r.t. a database 𝐷 is a

mapping 𝐺 of the variables of 𝑄 to constants such that replacing

every variable 𝑋 by 𝐺 (𝑋 ) turns every atom in 𝑄 to a fact in 𝐷 . We

denote this set of facts by facts(𝑄,𝐷,𝐺). A grounding for a UCQ is

a grounding for one of its CQs. Each grounding 𝐺 yields an output
tuple, as the restriction of 𝐺 to the head variables of 𝑄 . Multiple

groundings may yield the same output tuple. We denote the set of

groundings yielding 𝒕 by𝐺 (𝑄, 𝐷, 𝒕) and the set of all output tuples,

which defines the result of 𝑄 over 𝐷 , by 𝑄 (𝐷). A Boolean query is

satisfied if it has a grounding.

Example 2.3. For𝑄1 in Fig. 1 and𝑋 = ’Inglourious Basterds’, 𝑅 =

322, 𝑌 = ’Brad Pitt’, and 𝑍 = ’Academy’, we obtain a grounding

and thus the query is satisfied.

Aggregate Queries. An aggregate query is a triple ⟨𝛼,𝛾,𝑄⟩, where
𝑄 is a 𝑘-ary UCQ for some 𝑘 ∈ N, 𝛾 : Const𝑘 → R maps each

k-tuple over Const to a numeric value and 𝛼 : R∗ → R aggregates

tuples of numbers to single numbers [20]. When evaluating an

aggregate query 𝑄 over a database 𝐷 , 𝛾 is applied to each tuple

in 𝑄 (𝐷) to yield a number, and 𝛼 is applied on the set of these

numbers. Let 𝑄 (𝐷) = {𝒕1, . . . , 𝒕𝑛}. The result of ⟨𝛼,𝛾,𝑄⟩ is defined
as ⟨𝛼,𝛾,𝑄⟩(𝐷) := 𝛼

(︁
(𝛾 (𝒕𝑖 ))𝑖∈[𝑛]

)︁
. If 𝛾 (𝒕) returns the 𝑋 -value of 𝒕

for a head variable 𝑋 , we just write 𝑋 instead of 𝛾 (𝒕). We focus on

the aggregations MAX, MIN, SUM, and COUNT defined as follows:

⟨SUM, 𝛾,𝑄 ⟩ (𝐷 ) 𝑑𝑒𝑓=
∑︂

𝒕 ∈𝑄 (𝐷 )
𝛾 (𝒕 )

⟨MAX, 𝛾,𝑄 ⟩ (𝐷 ) 𝑑𝑒𝑓=
{︄
max {𝛾 (𝒕 ) | 𝒕 ∈ 𝑄 (𝐷 ) } if𝑄 (𝐷 ) ≠ ∅
0 if𝑄 (𝐷 ) = ∅

The query ⟨MIN, 𝛾,𝑄⟩ is defined analogously to ⟨MAX, 𝛾,𝑄⟩. We

define ⟨COUNT, 𝑄⟩ 𝑑𝑒𝑓
= ⟨SUM, 1, 𝑄⟩, where 1 maps each output

tuple in 𝑄 (𝐷) to 1, yielding the number of output tuples of 𝑄 . If 𝛼

and 𝛾 are clear from context, we refer to an aggregate query by 𝑄 .

Remark 2.4. The choice for theMAX/MIN queries to evaluate to 0

if𝑄 (𝐷) = ∅, as in [20], is not arbitrary. In the definition of Banzhaf

and Shapley values below, we sum over marginal contributions w.r.t.

the query result of individual tuples for different sub-databases,

potentially including ones for which the query result is empty. The

alternative of defining the result of aggregation over the empty set

to be ±∞ would lead to unintuitive Banzhaf/Shapley values of ±∞.

Example 2.5. Query 𝑄2 of Fig. 1 is an aggregate query that asks

for the maximal revenue of a movie directed by Tarantino. By

setting 𝑋 = ’Once Upon a Time in Hollywood’, 𝑅 = 377, and 𝑌 =

’Brad Pitt’, we obtain the maximal revenue 377.

Monoids. We denote byR the real numbersR including {∞,−∞}.

Definition 2.6. A (numeric) monoid𝑀 = (R, +𝑀 , 0𝑀 ) consists of
a binary operation +𝑀 : R×R→ R, and a neutral element 0𝑀 ∈ R
s.t. for all𝑚1,𝑚2,𝑚3 ∈ R, the following holds:

(𝑚1 +𝑀 𝑚2 ) +𝑀 𝑚3 =𝑚1 +𝑀 (𝑚2 +𝑀 𝑚3 )
0𝑀 +𝑀 𝑚1 =𝑚1 +𝑀 0𝑀 =𝑚1

A monoid is commutative if𝑚1 +𝑚2 =𝑚2 +𝑚1 for all𝑚1,𝑚2 ∈ R.
It is idempotent if𝑚 +𝑚 =𝑚 for all𝑚 ∈ R.

Monoids naturally model aggregate functions, as illustrated next:

Example 2.7. To model the aggregate functions MAX and MIN,

we use the monoids (R,max,−∞) and respectively (R,min,∞). We

use ±∞ as neutral values as usual for MIN and MAX despite of

Remark 2.4, because 0 is not a neutral value for MIN (MAX) in

presence of positive (resp. negative) numbers; adjustments in light

of the remark will be made in our notion of valuations below. For

SUM and COUNT, we use (R, +, 0). The monoids for MIN andMAX

are idempotent and the monoid for SUM and COUNT is not.

Boolean⊗Number Pairs. A Boolean⊗Number Pair (BNP) repre-

sents a collection of numeric values conditioned on Boolean formu-

las. Consider a variable set 𝑿 and a bag B = {{(𝜑𝑖 ,𝑚𝑖 ) | 𝑖 ∈ [𝑛]}},
where each 𝜑𝑖 is a positive Boolean formula from PosBool(𝑿 ) and
each𝑚𝑖 is an element from R for a commutative numeric monoid

𝑀 = (R, +𝑀 , 0𝑀 ). We call Φ =
∑︁𝑀
𝑖 𝜑𝑖 ⊗𝑚𝑖 a BNP over 𝑿 and 𝑀 .

The Boolean part of Φ is defined as 𝜑 =
⋁︁

𝑖 𝜑𝑖 and its variables

are vars(Φ) = vars(𝜑) = ⋃︁
𝑖 vars(𝜑𝑖 ). Given a valuation 𝜃 of 𝜑 , we

define 𝑉𝐵 as the bag of values𝑚𝑖 whose formulas 𝜑𝑖 evaluate to 1

under 𝜃 : 𝑉𝐵 = {{𝑚𝑖 | (𝜑𝑖 ,𝑚𝑖 ) ∈ B and 𝜑𝑖 [𝜃 ] = 1}}. We define the

value of Φ under 𝜃 as Φ[𝜃 ] = ∑︁𝑀
𝑚∈𝑉𝐵

𝑚 if 𝑉𝐵 ≠ ∅ and Φ[𝜃 ] = 0R

3998



otherwise, where 0R is the real number 0 and the summation

∑︁𝑀

uses the +𝑀 operator of the monoid. The explicit account for the

case of valuations that yield an empty set is due to Remark 2.4. A

valuation 𝜃 is a model of Φ if it is a model of 𝜑 . The model count #Φ
of Φ is defined as the model count #𝜑 of 𝜑 . For a value 𝑝 ∈ R, we
denote by #

𝑝Φ the number of valuations 𝜃 such that Φ[𝜃 ] = 𝑝 and

by #
𝑝

𝑘
Φ the number of such valuations of size 𝑘 . We say that two

BNP expressions Φ1 and Φ2 are independent (resp. exclusive) if their
Boolean parts are independent (resp. exclusive).

Example 2.8. Consider the BNP Φ = (𝑥 ∨ 𝑦) ⊗ 3 + (𝑥 ∨ 𝑦) ⊗
3 + 𝑥 ⊗ 2 + 𝑦 ⊗ 4 using the monoid (R, +, 0). Its Boolean part is

equivalent to 𝜑 = 𝑥 ∨ 𝑦 and its set of variables is vars(Φ) = {𝑥,𝑦}.
The valuation 𝜃 = {𝑥 ↦→ 1, 𝑦 ↦→ 0} only satisfies the first three

formulas in Φ. Hence, Φ[𝜃 ] = 3 + 3 + 2 = 8. We have #Φ = #𝜑 = 3

and #
8Φ = 1. It holds that #

8

2
Φ = 0, since the only valuation of size

2 is 𝜃 ′ = {𝑥 ↦→ 1, 𝑦 ↦→ 1} and Φ[𝜃 ′] = 12.

Semimodules. If the monoid 𝑀 = (R, +𝑀 , 0𝑀 ) used by a BNP

is idempotent, then the BNP can be interpreted as a semimodule

expression
1
, where the operator ⊗ : PosBool(𝑿 ) × R→ R obeys

the following axioms: (1) 𝜑1 ⊗ (𝑚1 +𝑀 𝑚2 ) = 𝜑1 ⊗𝑚1 +𝑀 𝜑1 ⊗𝑚2;

(2) (𝜑1∨𝜑2 )⊗𝑚1 = 𝜑1⊗𝑚1+𝑀𝜑2⊗𝑚1; (3) (𝜑1∧𝜑2 )⊗𝑚1 = 𝜑1⊗(𝜑2⊗𝑚1 ) ;
(4) 𝜑1 ⊗ 0𝑀 = 0 ⊗𝑚1 = 0𝑀 ; (5) 1 ⊗𝑚1 =𝑚1.

Our notion of valuation for BNPs also extends to semimodules.

Query Lineage. Consider a database 𝐷 = 𝐷𝑛 ∪ 𝐷𝑥 . To construct

the lineage of a query over 𝐷 , we first associate each endogenous

fact (or tuple) 𝑓 in 𝐷𝑛 with a Boolean variable 𝑣 (𝑓 ). Given a UCQ

𝑄 and an output tuple 𝒕 , the lineage of 𝒕 with respect to 𝑄 over 𝐷 ,

denoted by lin(𝑄, 𝐷, 𝒕), is a positive Boolean formula in Disjunctive

Normal Form over the variables 𝑣 (𝑓 ) of facts 𝑓 in 𝐷𝑛 :

lin(𝑄,𝐷, 𝒕 ) =
⋁︂

𝐺∈𝐺 (𝑄,𝐷,𝒕 )

⋀︂
𝑓 ∈𝑓 𝑎𝑐𝑡𝑠 (𝑄,𝐷,𝐺 )∩𝐷𝑛

𝑣 (𝑓 )

That is, the lineage is a disjunction over all groundings yielding 𝒕 .
For each such grounding 𝐺 , the lineage has a conjunctive clause

consisting of all endogenous facts from facts(𝑄, 𝐷,𝐺). If 𝑄 is a

Boolean query, we abbreviate lin(𝑄, 𝐷, ()) by lin(𝑄,𝐷).
For an aggregate query ⟨𝛼,𝛾,𝑄⟩, let 𝑄 (𝐷) = {𝒕1, . . . , 𝒕𝑛}. The

lineage of the query over 𝐷 is a BNP expression of the form:

lin(⟨𝛼,𝛾,𝑄 ⟩, 𝐷 ) =
∑︂𝑀

𝑖
lin(𝑄,𝐷, 𝒕𝑖 ) ⊗ 𝛾 (𝒕𝑖 ),

where the summation uses the +𝑀 operator of the monoid 𝑀

associated with 𝛼 . For MIN and MAX, this lineage is a semimodule

expression since their corresponding monoids are idempotent.

Example 2.9. Table 2 shows the lineage of the queries from Fig. 1:

This is a positive DNF formula for𝑄1 and a semimodule expression

with the Max monoid for 𝑄2. The Boolean variables correspond to

database facts, e.g., 𝑎1 corresponds to Cast(’Brad Pitt’).

Banzhaf and Shapley Values. We use such values to measure the

contribution of database facts to query results [2, 20].

Definition 2.10 (Banzhaf Value). Given a Boolean or aggregate

query 𝑄 and a database 𝐷 = 𝐷𝑥 ∪ 𝐷𝑛 , the Banzhaf value of an

1
Previous work [4], which proposed using semimodules to capture lineage, also noted

that PosBool[X] is only “compatible" in the context of this constructionwith idempotent

monoids. This is why for the non-idempotent case we use BNP instead.

endogenous fact 𝑓 ∈ 𝐷𝑛 is defined as:

Banzhaf (𝑄, 𝑓 , 𝐷 ) 𝑑𝑒𝑓=
∑︂

𝐷′⊆𝐷𝑛\{𝑓 }
𝑄 (𝐷 ′ ∪ { 𝑓 } ∪𝐷𝑥 ) − 𝑄 (𝐷 ′ ∪𝐷𝑥 )

Definition 2.11 (Shapley Value). Let 𝐶𝑿
𝒀 =

|𝒀 |!( |𝑿 |− |𝒀 |−1)!
|𝑿 |! for

variable sets 𝒀 ,𝑿 (when 𝑿 is clear from context, we just use 𝐶𝒀 ).

Given a Boolean or aggregate query𝑄 and a database 𝐷 = 𝐷𝑥 ∪𝐷𝑛 ,

the Shapley value of an endogenous fact 𝑓 ∈ 𝐷𝑛 is defined as:

Shapley(𝑄, 𝑓 , 𝐷 ) 𝑑𝑒𝑓=
∑︂

𝑌 ⊆𝐷𝑛\{𝑓 }
𝐶
𝑫𝑛
𝑌
·
(︁
𝑄 (𝑌 ∪ { 𝑓 } ∪𝐷𝑥 ) − 𝑄 (𝑌 ∪𝐷𝑥 )

)︁
Banzhaf and Shapley values sum up marginal contributions of

facts to query results over sub-databases. They differ in that the

former weigh this contribution based on sub-database sizes. These

weights guarantee that the sum of Shapley values over all facts

equals the query result. This is not the case for Banzhaf.

Given a Boolean formula or a BNP Ψ over a variable set 𝑿 , the

Banzhaf and Shapley values of 𝑥 ∈ 𝑿 are:

Banzhaf (Ψ, 𝑥 ) =
∑︂

𝒀 ⊆𝑿\{𝑥 }
Ψ[𝒀 ∪ {𝑥 } ] − Ψ[𝒀 ] (1)

Shapley(Ψ, 𝑥 ) =
∑︂

𝒀 ⊆𝑿\{𝑥 }
𝐶𝑿
𝒀 · (Ψ[𝒀 ∪ {𝑥 } ] − Ψ[𝒀 ] ) (2)

In case of a Boolean formula 𝜑 , the Banzhaf value of a variable

𝑥 can be computed based on the model counts of the formulas

obtained from 𝜑 by substituting 𝑥 by the constants 1 and 0 [2]:

Banzhaf (𝜑, 𝑥 ) = #𝜑 [𝑥 := 1] − #𝜑 [𝑥 := 0] (3)

Prior work connected the Banzhaf and Shapley values for data-

base facts and those of Boolean variables [20]. Given a Boolean or

aggregate query 𝑄 , a database 𝐷 = 𝐷𝑥 ∪ 𝐷𝑛 and a fact 𝑓 ∈ 𝐷𝑛 :

Banzhaf (𝑄,𝐷, 𝑓 ) =Banzhaf (lin(𝑄,𝐷 ), 𝑣 (𝑓 ) )
Shapley(𝑄,𝐷, 𝑓 ) =Shapley(lin(𝑄,𝐷 ), 𝑣 (𝑓 ) )

For non-Boolean queries, the Banzhaf and Shapley values are

defined with respect to each output tuple.

Example 2.12. Consider the lineage 𝜑 of𝑄1 in Table 2. We sketch

the computation of the Banzhaf and Shapley values of the variable

𝑎1 representing the fact Cast(’Brad Pitt’). Consider the valuation

𝜃 = {𝑑1,𝑚3}. The marginal contribution of 𝑎1 on 𝜃 is 𝜑 [𝜃 ∪ {𝑎1}] −
𝜑 [𝜃 ] = 1 because 𝜃 is not a model for 𝜑 but 𝜃 ∪{𝑎1} is. The Banzhaf
value sums such contributions over all valuations. The Shapley

value weights them by coefficients; e.g., 𝑎1’s contribution to 𝜃 is

scaled by
2!(7−2−1)!

7!
, since |𝜃 | = 2 and |vars(𝜑) | = 7. Consider now

the lineage Φ of 𝑄2 in Table 2 and the valuation 𝜃 ′ = {𝑚3}. We

have Φ[𝜃 ′] = 0, since 𝜃 ′ is not a model of any Boolean formula in

the BNP Φ, illustrating the special treatment of aggregation over an

empty set of values. Further, Φ[𝜃 ′ ∪ {𝑎1}] = 377, so the marginal

contribution of 𝑎1 to the sub-database consisting of only𝑚3 is 377.

Decomposition Trees. We next introduce decomposition trees for

Boolean and semimodule expressions.

Definition 2.13 ( [13]). A decomposition tree (d-tree), is defined
recursively as follows:

• If 𝑣 is a 0/1 constant or a variable then 𝑣 is a d-tree.

• Let 𝑇𝜑1
, . . . ,𝑇𝜑𝑛

be d-trees for pairwise independent for-

mulas 𝜑1, . . . , 𝜑𝑛 , respectively, let 𝑇𝜑 and 𝑇𝜓 be d-trees for
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Table 2: Lineages and lifted lineages for queries 𝑄1 and 𝑄2 from Fig. 1. Colored variables are mapped to formulas.

Query Lineage Lifted Lineage

𝑄1

(𝑑1 ∧ 𝑎1 ∧𝑚3 ) ∨ (𝑑1 ∧ 𝑎1 ∧𝑚2 ) ∨ (𝑑1 ∧ 𝑎3 ∧𝑚3 ) ∨ (𝑑1 ∧ 𝑎2 ∧𝑚3 ) ∨ (𝑑1 ∧ 𝑎3 ∧𝑚2 )
∨ (𝑑2 ∧ 𝑎1 ∧𝑚3 ) ∨ (𝑑2 ∧ 𝑎1 ∧𝑚2 ) ∨ (𝑑2 ∧ 𝑎3 ∧𝑚3 ) ∨ (𝑑2 ∧ 𝑎2 ∧𝑚3 ) ∨ (𝑑2 ∧ 𝑎3 ∧𝑚2 )

(𝑑1,2 ∧ 𝑎1,3 ∧𝑚3 ) ∨ (𝑑1,2 ∧ 𝑎1,3 ∧𝑚2 ) ∨ (𝑑1,2 ∧ 𝑎2 ∧𝑚3 )
ℓ = {𝑑1,2 ↦→ (𝑑1 ∨ 𝑑2 ), 𝑎1,3 ↦→ (𝑎1 ∨ 𝑎3 ), 𝑎2 ↦→ 𝑎2,𝑚2 ↦→𝑚2,𝑚3 ↦→𝑚3 }

𝑄2

(𝑎1 ∧𝑚3 ) ⊗ 377 +max (𝑎2 ∧𝑚3 ) ⊗ 377 +max (𝑎3 ∧𝑚3 ) ⊗ 377

+max (𝑎1 ∧𝑚2 ) ⊗ 322 +max (𝑎3 ∧𝑚2 ) ⊗ 322 +max (𝑎4 ∧𝑚1 ) ⊗ 176

(𝑎1,3 ∧ 𝑤3 ) ∨ (𝑎2 ∧ 𝑤3 ) ∨ (𝑎1,3 ∧ 𝑤2 ) ∨ (𝑤1 ) ℓ = {𝑎1,3 ↦→ (𝑎1 ∨ 𝑎3 ),
𝑤1 ↦→ ( (𝑎4 ∧𝑚1 ) ⊗ 176), 𝑤2 ↦→ (𝑚2 ⊗ 322), 𝑤3 ↦→ (𝑚3 ⊗ 377), 𝑎2 ↦→ 𝑎2 }

formulas 𝜑 and𝜓 , respectively and let 𝑣 be a variable not

in 𝑣𝑎𝑟𝑠 (𝜑) ∪ 𝑣𝑎𝑟𝑠 (𝜓 ), Then,
⊕

𝑇𝜑1

... 𝑇𝜑𝑛

,

⊙

𝑇𝜑1

... 𝑇𝜑𝑛

, and

⊔𝑣
𝑇𝜑 𝑇𝜓

are d-trees for

⋁︁
𝑖∈[𝑛] 𝜑𝑖 ,

⋀︁
𝑖∈[𝑛] 𝜑𝑖 , and (𝑣 ∧𝜑) ∨ (¬𝑣 ∧𝜓 ).

The latter is the Shannon expansion. 𝜑 and𝜓 are the 1 and

respectively 0 branches and 𝑣 is the condition variable.

We next extend d-trees to represent semimodule expressions [13]:

• Every monoid value𝑚 ∈ R is a d-tree.

• Let𝑇𝜑1
, . . . ,𝑇𝜑𝑛

be d-trees for pairwise independent Boolean

formulas 𝜑1, . . . , 𝜑𝑛 , and 𝑇Φ be a d-tree for a semimodule

expression Φ whose Boolean part is independent from each

of 𝜑1, . . . , 𝜑𝑛 . Let 𝑇Φ1
, . . . ,𝑇Φ𝑛

be d-trees for pairwise inde-

pendent semimodule expressions Φ1, . . . ,Φ𝑛 . Then,

⊗

𝑇𝜑1

. . . 𝑇𝜑𝑛 𝑇Φ
and

⊕

𝑇Φ1

. . . 𝑇Φ𝑛

are d-trees for (⋀︁𝑖∈[𝑛] 𝜑𝑖 ) ⊗ Φ and

∑︁
𝑀 Φ𝑖 respectively.

The size of a d-tree is its number of nodes. D-trees can be con-

structed by iteratively decomposing a Boolean formula or a semi-

module expression into simpler parts.

Example 2.14. Consider the semimodule expression (𝑎1 ∧ 𝑏1) ⊗
3 +𝑀 (𝑎1 ∧ 𝑏2) ⊗ 7. Using Axiom (3) of semimodules, we rewrite

it as (𝑎1 ⊗ (𝑏1 ⊗ 3)) +𝑀 (𝑎1 ⊗ (𝑏2 ⊗ 7)), and applying Axiom (1)

gives 𝑎1 ⊗ ((𝑏1 ⊗ 3) +𝑀 (𝑏2 ⊗ 7)). This expression corresponds to

a d-tree ⊗(𝑎1, ⊕(⊗(𝑏1, 3), ⊗(𝑏2, 7))).
The notions of variables, valuations and Banzhaf and Shapley

values extend naturally to d-trees as they may be interpreted with

respect to the Boolean formula represented by the d-tree. We thus

use them for formulas and d-trees interchangeably.

3 ATTRIBUTION FOR UNION OF

CONJUNCTIVE QUERIES

We present our algorithms LExaBan and LExaShap for computing

Banzhaf and Shapley values for UCQs. Starting with the query lin-

eage in DNF (computed by tools such as ProvSQL [29] or GProM

[5]), we first compile it into a d-tree using a novel lifting optimiza-

tion (Sec. 3.1), then introduce gradient-based algorithms (Sec. 3.2)

to compute Banzhaf/Shapley based on the lifted d-tree.

3.1 Lifted Compilation of Lineage Into D-tree

Consider two disjoint sets 𝑿 and 𝒀 of Boolean variables. A lifted
formula over 𝑿 ∪ 𝒀 is a pair (𝜑, ℓ), where 𝜑 ∈ Bool(𝒀 ∪ 𝑿 ) is a
formula over 𝒀 ∪𝑿 and ℓ : vars(𝜑) → Bool(𝑿 ) maps each variable

in 𝜑 to a formula over𝑿 . The inlining inline(𝜑, ℓ) of a lifted formula

Algorithm 1 Lift

Input: Lifted DNF formula (𝜑, ℓ )
Output: Saturated lifted DNF formula

1: while (𝜑, ℓ ) is not saturated do

2: if 𝜑 has a maximal set 𝑽 of cofactor-equivalent variables with

|𝑽 | > 1 then

3: (𝜑, ℓ ) ← lift-or(𝜑, ℓ,𝑽 )
4: if 𝜑 has a maximal set 𝑽 of interchangeable variables with |𝑽 | > 1

then

5: (𝜑, ℓ ) ← lift-and(𝜑, ℓ,𝑽 )
6: return (𝜑, ℓ )

is obtained by replacing each variable 𝑦 in 𝜑 by the formula ℓ (𝑦).
A lifted DNF formula is a lifted formula (𝜑, ℓ), where 𝜑 is in DNF.

In the rest of this section, we refer only to positive DNF formulas.

Example 3.1. Consider the DNF formulas 𝜑0 = (𝑥1 ∧ 𝑥2 ∧ 𝑥3) ∨
(𝑥4∧𝑥5∧𝑥3), 𝜑1 = (𝑦1∧𝑦2) ∨ (𝑦3∧𝑦2), and 𝜑2 = (𝑦4∧𝑦2) and the
functions ℓ0 = {𝑥 ↦→ 𝑥 |𝑥 ∈ vars(𝜑0)}, ℓ1 = {𝑦1 ↦→ (𝑥1 ∧ 𝑥2), 𝑦2 ↦→
𝑥3, 𝑦3 ↦→ (𝑥4∧𝑥5)}, and ℓ2 = {𝑦2 ↦→ 𝑥3, 𝑦4 ↦→

(︁
(𝑥1∧𝑥2)∨(𝑥4∧𝑥5)

)︁
}.

We have inline(𝜑0, ℓ0) = 𝜑0, inline(𝜑1, ℓ1) =
(︁
(𝑥1∧𝑥2)∧𝑥3

)︁
∨

(︁
(𝑥4∧

𝑥5) ∧𝑥3
)︁
, and inline(𝜑2, ℓ2) =

(︁
𝑥1 ∧𝑥2) ∨ (𝑥4 ∧𝑥5)

)︁
∧𝑥3. The latter

two inlinings are equivalent to the formula 𝜑0.

Consider a DNF formula 𝜑 =
⋁︁

𝑖∈𝑛 𝐶𝑖 , where each clause 𝐶𝑖
is a conjunction of variables. For a clause 𝐶𝑖 and variable 𝑥 , we

denote by 𝐶𝑖 \ {𝑥} the clause that results from 𝐶𝑖 by omitting

𝑥 . We call the set {𝐶𝑖 \ {𝑥} | 𝑖 ∈ [𝑛], 𝑥 ∈ 𝐶𝑖 } the cofactor of 𝑥 .
Two variables in 𝜑 are called cofactor-equivalent if they have the

same cofactor. Two variables 𝑥 and 𝑦 are called interchangeable
if for each clause 𝐶𝑖 , it holds that 𝑥 appears in 𝐶𝑖 if and only if 𝑦

appears in 𝐶𝑖 . A variable set 𝑽 is called a maximal set of cofactor-
equivalent (interchangeable) variables if every pair of variables in 𝑽
is cofactor-equivalent (interchangeable) and this does not hold for

any superset of 𝑽 . A lifted DNF formula (𝜑, ℓ) is called saturated if
it contains neither a set of cofactor-equivalent variables nor a set

of interchangeable variables of size greater than one.

Example 3.2. Consider again the formulas 𝜑0, 𝜑1, and 𝜑2 from

Example 3.1. The sets {𝑥1, 𝑥2} and {𝑥4, 𝑥5} are both maximal sets

of interchangeable variables in 𝜑0. The set {𝑦1, 𝑦3} is a maximal set

of cofactor-equivalent variables in 𝜑1 with cofactor {𝑦2}. Whereas

the formulas 𝜑0 and 𝜑1 are not saturated, the formula 𝜑2 is.

Lifting DNF Formulas. We describe how a DNF formula can be

translated into a saturated lifted DNF formula. We first introduce

some further notation. Consider a lifted DNF formula (𝜑, ℓ) over
𝑿 ∪ 𝒀 , where 𝜑 =

⋀︁
𝑖∈[𝑛] 𝐶𝑖 . Let 𝑽 = {𝑦1, . . . , 𝑦𝑘 } be a set of

cofactor-equivalent variables in 𝜑 , where each variable has cofac-

tor {𝑁1, . . . , 𝑁𝑝 }. Let 𝐶𝑖1 , . . . ,𝐶𝑖𝑚 be all clauses in 𝜑 containing
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variables from 𝑽 . We define lift-or(𝜑, ℓ, 𝑽 ) to be the lifted DNF for-

mula (𝜑 ′, ℓ′), where: (1) 𝜑 ′ results from 𝜑 by omitting the clauses

𝐶𝑖1 , . . . ,𝐶𝑖𝑚 and adding the new clauses 𝑦 ∧ 𝑁1, . . . , 𝑦 ∧ 𝑁𝑝 for a

fresh variable 𝑦 ∈ 𝒀 \ vars(𝜑); (2) the function ℓ′ is defined by

ℓ′ (𝑦) = ⋁︁
𝑖∈[𝑘 ] ℓ (𝑦𝑖 )} and ℓ′ (𝑦′) = ℓ (𝑦′) for all 𝑦′ ∈ vars(𝜑 ′) with

𝑦′ ≠ 𝑦. Now, assume that 𝑽 = {𝑦1, . . . , 𝑦𝑘 } consists of interchange-
able variables in 𝜑 . We denote by lift-and(𝜑, ℓ, 𝑽 ) the lifted DNF

formula (𝜑 ′, ℓ′), where: (1)𝜑 ′ = 𝐶′
1
∧· · ·∧𝐶′𝑛 such that, given a fresh

variable 𝑦 ∈ 𝒀 \ vars(𝜑), each 𝐶′
𝑖
results from 𝐶𝑖 by replacing the

variables 𝑦1, . . . , 𝑦𝑘 by 𝑦; (2) ℓ′ is defined by ℓ′ (𝑦) = ⋀︁
𝑖∈[𝑘 ] ℓ (𝑦𝑖 )}

and ℓ′ (𝑦′) = ℓ (𝑦′) for all 𝑦′ ∈ vars(𝜑 ′) with 𝑦′ ≠ 𝑦.

The function Lift in Algorithm 1 transforms a lifted DNF formula

𝜑 into a saturated one. It repeatedly invokes lift-or or lift-andwhile

𝜑 contains a variable set 𝑽 with |𝑽 | > 1, such that all variables in

𝑽 are either cofactor-equivalent or interchangeable, respectively.

Intuitively, both properties capture structural symmetries in the

formula, enabling simplification without loss of information.

Proposition 3.3. Let 𝜑 be a DNF formula, ℓ the identity function

on vars(𝜑), and (𝜑 ′, ℓ′) the output of Lift(𝜑, ℓ) in Algorithm 1. Then,

(𝜑 ′, ℓ′) is a saturated lifted formula such that: (1) inline(𝜑 ′, ℓ′) is
equivalent to 𝜑 . (2) ℓ′ (𝑥) and ℓ′ (𝑦) are independent formulas for

each distinct variables 𝑥,𝑦 ∈ vars(𝜑 ′). (3) ℓ′ (𝑥) is a read-once

formula for each 𝑥 ∈ vars(𝜑 ′).

Example 3.4. We show how the procedure Lift transforms the

lineage 𝜑0 of the query 𝑄1 in Table 2 (top left). Let ℓ0 be the func-

tion mapping each variable in 𝜑0 to itself. The variables 𝑑1 and 𝑑2
share a cofactor

{︁
{𝑎1,𝑚3}, {𝑎1,𝑚2}, {𝑎3,𝑚3}, {𝑎2,𝑚3}, {𝑎3,𝑚2}

}︁
.

The procedure runs lift-or(𝜑0, ℓ0, {𝑑1, 𝑑2}), returning the lifted for-

mula (𝜑1, ℓ1), where 𝜑1 = (𝑑1,2 ∧ 𝑎1 ∧𝑚3) ∨ (𝑑1,2 ∧ 𝑎1 ∧𝑚2) ∨
(𝑑1,2 ∧ 𝑎3 ∧𝑚3) ∨ (𝑑1,2 ∧ 𝑎2 ∧𝑚3) ∨ (𝑑1,2 ∧ 𝑎3 ∧𝑚2), and ℓ1 =

{𝑑1,2 ↦→ (𝑑1 ∨ 𝑑2)} ∪ {𝑥 ↦→ 𝑥 |𝑥 ∈ vars(𝜑), 𝑥 ≠ 𝑑1,2}. In 𝜑1, the

variables 𝑎1 and 𝑎3 have the same cofactor {{𝑑1,2, 𝑚3}, {𝑑1,2, 𝑚2}}.
The procedure executes lift-or(𝜑1, ℓ1, {𝑎1, 𝑎3}) and obtains (𝜑2, ℓ2)
shown in Table 2 (top right). The formula𝜑2 does not have cofactor-

equivalent or interchangeable variables, so (𝜑2, ℓ2) is saturated.

Algorithm 2 LiftedCompile

Input: DNF lineage 𝜑 for query𝑄 on database 𝐷

Output: d-tree for 𝜑

1: (𝜓, ℓ ) ← Lift(𝜑, ℓ ′ ) where ℓ ′ is identity function on vars(𝜑 )
2: return _Compile(𝜓, ℓ )

3: procedure _Compile(𝜓, ℓ)
4: if 𝜓 is a variable 𝑥 then return ℓ (𝑥 )

switch𝜓

5: case𝜓1 ∨ · · · ∨𝜓𝑛 for independent𝜓1, . . . ,𝜓𝑛

6: 𝑇𝜓 ←
⨁︁

𝑖∈ [𝑛] _Compile(𝜓𝑖 , ℓ |𝜓𝑖
)

7: case𝜓1 ∧ · · · ∧𝜓𝑛 for independent𝜓1, . . . ,𝜓𝑛

8: 𝑇𝜓 ←
⨀︁

𝑖∈ [𝑛] _Compile(𝜓𝑖 , ℓ |𝜓𝑖
)

9: default

10: Pick a most frequent variable 𝑦 in𝜓

11: 𝑇𝜓 ← (𝑦 ⊙ _Compile(Lift(𝜓 [𝑦 := 1], ℓ |𝜓 [𝑦:=1] ) ) ) ⊕
(¬𝑦 ⊙ _Compile(Lift(𝜓 [𝑦 := 0], ℓ |𝜓 [𝑦:=0] ) )

return𝑇𝜓

⊙

⊕ ⊔(𝑎1∨𝑎3 )

𝑑1 𝑑2 ⊕ ⊙ ⊕

𝑎1𝑎3𝑚3 𝑎2𝑚2 𝑚3

𝑝 = 0.46875,𝑔 = 64

𝑝 = 0.75,𝑔 = 40

𝑝 = 0.5
𝑔 = 20

𝑝 = 0.5
𝑔 = 20

𝑝 = 0.625,𝑔 = 48

𝑝 = 0.5
𝑔 = 18

𝑝 = 0.5 𝑝 = 0.5
𝑔 = 18 𝑔 = 6

𝑝 = 0.5
𝑔 = 6

𝑝 = 0.75,𝑔 = 24

𝑝 = 0.5
𝑔 = 12

𝑝 = 0.5
𝑔 = 12

𝑝 = 0.75
𝑔 = 36

𝑝 = 0.25
𝑔 = 12

Figure 2: Lifted d-tree for the lineage in Figure 1. Each node

is annotated with probability 𝑝 and partial derivative 𝑔 com-

puted during Banzhaf value computation using gradients.

D-Tree Compilation Using Lifting. Algorithm 2 gives our lifted

compilation procedure for the query lineage (Boolean formula) into

a d-tree. The input lineage 𝜑 is first translated into a saturated

lifted formula (𝜓, ℓ) (Line 1). The lifted formula is then passed to

the sub-procedure _Compile, which traverses recursively over the

structure of 𝜓 . If 𝜓 is a single variable 𝑥 , the procedure returns

ℓ (𝑥), which is a read-once formula (Line 4). If𝜓 is a disjunction of

independent sub-formulas𝜓1, . . . ,𝜓𝑛 , it first constructs the d-trees

for (𝜓1, ℓ |𝜓1
), . . . , (𝜓𝑛, ℓ |𝜓𝑛

), where ℓ |𝜓𝑖
is the restriction of the do-

main of ℓ onto the variables of 𝜓𝑖 . Then, it combines the d-trees

using ⊕ (Line 5). For conjunctions of independent subformulas, the

procedure similarly combines the compiled trees using ⊙ (Line 7).

Otherwise, it performs Shannon expansion on a variable 𝑦: it com-

piles Lift(𝜓 [𝑦 := 0], ℓ |𝜓 [𝑦 := 0]) and Lift(𝜓 [𝑦 := 1], ℓ |𝜓 [𝑦 := 1])
into d-trees𝑇0 and𝑇1, then combines themwith a ⊔ℓ (𝑦) gate, where
𝑇0 and𝑇1 become the 0- and 1-branches, respectively (Lines 10–11).

The lifting procedure is applied to 𝜓 [𝑦 := 1] and 𝜓 [𝑦 := 0], since
the substitution of 𝑦 by a constant can create new symmetries.

Example 3.5. We apply Algorithm 2 to the lineage of𝑄1 in Table 2

(top left). The saturated lifted lineage (𝜑, ℓ) constructed in Line 1

is given in Table 2 (top right). Since the variable 𝑑1,2 appears in all

clauses of𝜑 , we factor it out and decompose using independent-and:

𝑑1,2⊙
(︁
(𝑎1,3∧𝑚3) ∨ (𝑎1,3∧𝑚2) ∨ (𝑎2∧𝑚3)

)︁
, proceeding recursively

on both sides of ⊙. Since ℓ maps𝑑1,2 to the read-once formula𝑑1∨𝑑2,
we return the latter formula for 𝑑1,2. The formula on the right side

of ⊙ can only be decomposed using Shannon expansion on one of

its variables. We choose 𝑎1,3, one of its most frequent variables. We

then perform lifting on each of the resulting formulas. This process

continues until we obtain the d-tree from Figure 2 (ignore for now

the numeric values appearing next to nodes).

Examples 3.4 and 3.5 demonstrate two benefits of our lifting ap-

proach over compilationwithout lifting: faster compilation time and

smaller resulting d-tree. The compilation is more efficient since the

lifted lineage can be small and Shannon expansion can be applied

to the new fresh variables, which can represent large formulas.

3.2 Gradient-Based Computation

We propose a novel approach for Banzhaf and Shaply computation,

yielding the following result:

Theorem 3.6. For a d-tree 𝑇 , the Banzhaf and Shapley values of

all variables in 𝑇 can be computed in time O(|𝑇 |) and respectively

O(|𝑇 | · |vars(𝑇 ) |2).
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We will interpret a d-tree as a function over random variables

and reduces the computation of Banzhaf and Shapley values to the

computation of the gradient of this function.
2
We first show the

computation for Banzhaf and then extend it to Shapley values.

Probabilistic Interpretation of D-Trees. We associate with each

Boolean variable 𝑥 occurring in a d-tree leaf, a variable 𝑝𝑥 taking

values in [0, 1]. A value assigned to 𝑝𝑥 is the probability for 𝑥 = 1.

𝑃𝑟 [𝑇 ] is then a function over these variables, defined recursively

using the definitions in Table 3. Its value is the probability that the

Boolean formula represented by the d-tree 𝑇 evaluates to 1.

From 𝑃𝑟 [𝑇 ] to Banzhaf values. We next connect the Banzhaf

value of a variable 𝑥 to the partial derivative of 𝑃𝑟 [𝑇 ] w.r.t. 𝑥 .

Proposition 3.7. Given a d-tree 𝑇 and a variable 𝑥 ∈ vars(𝑇 ):

Banzhaf (𝑇, 𝑥 ) =2|vars(𝑇 ) |−1 ·
(︄
𝜕𝑃𝑟 [𝑇 ]
𝜕𝑝𝑥

(︄
1

2

⃗
)︄)︄

where 𝑝𝑥 is the Boolean variable corresponding to 𝑥 ,
𝜕𝑃𝑟 [𝑇 ]
𝜕𝑝𝑥

is the

partial derivative of 𝑃𝑟 [𝑇 ] with respect to 𝑝𝑥 , and
1

2

⃗
is the column

vector ( 1
2
, . . . , 1

2
) of length |vars(𝑇 ) |.

Proof.

𝑃𝑟 [𝑇 ] =
∑︂

𝑆⊆vars(𝑇 )
𝑃𝑟 [𝑆 ] · 𝑇 [𝑆 ] =

∑︂
𝑆⊆vars(𝑇 )

⎛⎜⎝
∏︂
𝑥 ∈𝑆

𝑝𝑥 ·
∏︂
𝑦∉𝑆

(1 − 𝑝𝑦 )
⎞⎟⎠𝑇 [𝑆 ],

where 𝑇 [𝑆] is the Boolean value of the formula represented by

𝑇 under the valuation 𝑆 . For each variable 𝑥 and valuation 𝑆 , we

separately consider the cases where 𝑥 ∈ 𝑆 and 𝑥 ∉ 𝑆 , and obtain:

𝑃𝑟 [𝑇 ] =
∑︂

𝑆⊆vars(𝑇 )\{𝑥 }

(︂ ∏︂
𝑧∈𝑆

𝑝𝑧 ·
∏︂

𝑦∉𝑆∪{𝑥 }
(1 − 𝑝𝑦 )

·
(︁
𝑝𝑥 · 𝑇 [𝑆 ∪ {𝑥 } ] + (1 − 𝑝𝑥 ) · 𝑇 [𝑆 ]

)︁ )︂
Differentiating w.r.t. 𝑝𝑥 and assigning the point

1

2

⃗
, we get:

𝜕𝑃𝑟 [𝑇 ]
𝜕𝑝𝑥

( 1
2

⃗
) =

∑︂
𝑆⊆vars(𝑇 )\{𝑥 }

(︃
1

2

)︃ |vars(𝑇 ) |−1
· (𝑇 [𝑆 ∪ {𝑥 } ] − 𝑇 [𝑆 ] )

=

(︃
1

2

)︃ |vars(𝑇 ) |−1
· Banzhaf (𝑇, 𝑥 ) □

Intuitively, evaluating the derivative at
1

2

⃗
gives each subset equal

likelihood. Thus, the partial derivative increases the weight of sub-

sets containing the variable and decreases it for those that do not.

Efficient Computation. Using Prop. 3.7, we can express the proba-

bility of a d-tree as a function of the probabilities of its leaf variables

and derive its partial derivatives with respect to each variable by re-

cursively applying the chain rule. Prop. 3.7 shows that these deriva-

tives coincide with the Banzhaf values up to normalization. Table 3

gives rules for computing the probability of a d-tree 𝑇 from its sub-

trees, following standard probability theory, as well as the partial

derivatives 𝜕𝑃𝑟 [𝑇 ]/𝜕𝑃𝑟 [𝑇𝑖 ] for each sub-tree 𝑇𝑖 , which together

enable gradient computation with respect to the leaf variables.

2
Two seminal works are related to our gradient-based approach: Baur-Strassen’s work

on efficient computation of gradients for a multivariate function [7], and Darwiche’s

work on efficient inference in Bayesian networks [11]. To our knowledge, no prior

work used gradients for Banzhaf/Shapley values computation.

Table 3: Equations defining the probability and the partial

derivatives for different gates. 𝑇 is the d-tree rooted at the

gate and the 𝑇𝑖 ’s are its child sub-trees.

Gate Probability Expression 𝑃𝑟 [𝑇 ] Partial Derivative

⊕ 1 − ∏︁
𝑖∈ [𝑛]

(1 − 𝑃𝑟 [𝑇𝑖 ] ) 𝜕 (𝑃𝑟 [𝑇 ])
𝜕 (𝑃𝑟 [𝑇𝑖 ])

=
∏︁

𝑗 ∈ [𝑛]\{𝑖}
(1 − 𝑃𝑟 [𝑇𝑗 ] ) = 1−𝑃𝑟 [𝑇 ]

1−𝑃𝑟 [𝑇𝑖 ]

⊙ ∏︁
𝑖∈ [𝑛] 𝑃𝑟 [𝑇𝑖 ]

𝜕 (𝑃𝑟 [𝑇 ])
𝜕 (𝑃𝑟 [𝑇𝑖 ])

=
∏︁

𝑗 ∈ [𝑛]\{𝑖} 𝑃𝑟 [𝑇𝑗 ] =
𝑃𝑟 [𝑇 ]
𝑃𝑟 [𝑇𝑖 ]

⊔𝑓
𝑃𝑟 [ 𝑓 ] · 𝑃𝑟 [𝑇1 ]

+(1 − 𝑃𝑟 [ 𝑓 ] ) · 𝑃𝑟 [𝑇0 ]

𝜕 (𝑃𝑟 [𝑇 ])
𝜕 (𝑃𝑟 [𝑇

1
]) = 𝑃𝑟 [ 𝑓 ]

𝜕 (𝑃𝑟 [𝑇 ])
𝜕 (𝑃𝑟 [𝑇

0
]) = 1 − 𝑃𝑟 [ 𝑓 ]

𝜕 (𝑃𝑟 [𝑇 ])
𝜕 (𝑃𝑟 [𝑓 ]) = 𝑃𝑟 [𝑇1 ] − 𝑃𝑟 [𝑇0 ]

The procedureGradientBanzhaf in Algorithm 3 implements this

as follows. Given a d-tree𝑇𝜑 , the algorithm gradually computes two

quantities for each tree node 𝑣 : 𝑣 .𝑝 which is the probability of 𝑇𝑣 ,

and 𝑣 .𝑔which is
𝜕𝑃𝑟 (𝑇𝜑 )
𝜕𝑃𝑟 (𝑇𝑣 ) (

1

2

⃗), where𝑇𝑣 is the d-tree rooted at 𝑣 . First,
𝑣 .𝑝 values are initialized to

1

2
, as our goal is to compute derivatives

as in Table 3, and evaluate them at
1

2

⃗
, as in Prop. 3.7; the 𝑣 .𝑔 value of

the root is initialized to 2
|vars(𝑇𝜑 ) |−1

to account for normalization.

Probabilities are computed bottom-up using the expressions in

the second column of Table 3 (Lines 1 - 3). Partial derivatives are

computed in a top-down fashion, using the expressions in the third

column of Table 3 and the chain rule (Lines 5- 6). For a variable 𝑣 ,

the sum of partial derivatives for different leaf nodes representing 𝑣

is equal to
𝜕𝑃𝑟 [𝑇 ]

𝑝𝑣
( 1
2

⃗) which equals its Banzhaf value by Prop. 3.7.

Example 3.8. Reconsider the d-tree from Figure 2, where its nodes

are now annotated with 𝑝 and 𝑔 values. Consider the ⊕ node 𝑣 that

is the root’s left child. Its 𝑝 value is computed using the equation

for ⊕ from Table 3 and the probability of its sub-trees 𝑑1 and 𝑑2:

𝑣 .𝑝 = 1−(1−𝑑1 .𝑝)·(1−𝑑2 .𝑝) = 1−0.5·0.5 = 0.75.We then have 𝑣 .𝑔 =

𝑣 .𝑝𝑎𝑟𝑒𝑛𝑡 .𝑔 · 𝜕𝑣.𝑝𝑎𝑟𝑒𝑛𝑡 .𝑝𝜕𝑣.𝑝 = 𝑣 .𝑝𝑎𝑟𝑒𝑛𝑡 .𝑔 · 𝑣.𝑝𝑎𝑟𝑒𝑛𝑡 .𝑝𝑣.𝑝 = 64 · 0.46875
0.75 = 40.

Shapley values. We next link Shapley values to gradients:

Shapley(𝑇, 𝑥 ) =2|vars(𝑇 ) |−1 ·
∑︂

𝑘∈ [|vars(𝑇 ) | ]
𝐶𝑘−1 ·

(︄
𝜕𝑃𝑟𝑘 [𝑇 ]

𝜕𝑝𝑥

(︄
1

2

⃗
)︄)︄

,where

𝑃𝑟𝑘 [𝑇 ] =
∑︂

𝑆⊆𝑣𝑎𝑟𝑠 (𝑇 ),|𝑆 |=𝑘

(︃
1

2

)︃ |vars(𝑇 ) |−𝑘 ∑︂
𝑆′ ⊆𝑆

𝑇 [𝑆 ′ ] ·
∏︂
𝑦∈𝑆′

𝑝𝑦

∏︂
𝑧∈𝑆\𝑆′

(︃
1

2

− 𝑝𝑧
)︃

To compute Shapley values, the equations in Table 3 are adapted to

compute 𝑃𝑟𝑘 [𝑇 ] instead of 𝑃𝑟 [𝑇 ], and
𝜕 (∑︁𝑘 𝐶𝑘 ·Pr𝑘 [𝑇 ] )

𝜕𝑃𝑟 𝑗 [𝑇𝑖 ] ( 1
2

⃗) for each

𝑗 ∈ [𝑛] instead of
𝜕𝑃𝑟 [𝑇 ]
𝜕𝑃𝑟 [𝑇𝑖 ] (

1

2

⃗). Similar equations to those shown in

Table 3 are obtained for these partial derivatives. Lines 1 - 3 are then

changed to compute a vector of all 𝑘-probabilities for each node.

Line 4 is modified to initialize the root’s vector of derivatives to be

the Shapley coefficients, and Lines 5 - 6 are modified to compute

the partial derivative for each value of 𝑗 .

Algorithms. The LExaBan (LExaShap) algorithm for computing

Banzhaf (Shapley) values uses Algorithm 2 to compile the query

lineage to a d-tree𝑇 and then Algorithm 3 (its adaptation to Shapley

values) to 𝑇 to compute Banzhaf (Shapley) values for all variables

in 𝑇 , or equivalently for all tuples contributing to the lineage.
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Complexity. For each node 𝑣 , 𝑃𝑟 [𝑣] is computable in time lin-

ear in its number of children, so O(|𝑇 |) for all nodes. For Banzhaf,
the gradient w.r.t. each leaf node can be computed in O(1) fol-
lowing Table 3, so in O(|𝑇 |) total time. For Shapley, we need to

compute |vars(𝑇𝑣) | expressions and partial derivatives at each node

𝑣 and each may be computed in O(|vars(𝑇 ) |) time, resulting in

O(|vars(𝑇 ) |2) per node and O(|𝑇 | · |vars(𝑇 ) |2) in total.

Algorithm 3 GradientBanzhaf

Input: D-tree𝑇𝜑 for formula 𝜑

Output: Banzhaf values for all variables in 𝜑

1: Initialize 𝑣.𝑝 ← 1

2
for each variable node 𝑣

2: for each node 𝑣 in the tree in bottom-up order do

3: Compute 𝑣.𝑝 according to Table 3 and 𝑣.𝑔𝑎𝑡𝑒

4: 𝑇 .𝑟𝑜𝑜𝑡 .𝑔 = 2
|vars(𝜑 ) |−1

5: for each node 𝑣 excluding𝑇 .𝑟𝑜𝑜𝑡 in top-down order do

6: 𝑣.𝑔← 𝑣.𝑝𝑎𝑟𝑒𝑛𝑡 .𝑔 · 𝜕𝑣.𝑝𝑎𝑟𝑒𝑛𝑡 .𝑝
𝜕𝑣.𝑝

according to Table 3 and

𝑣.𝑝𝑎𝑟𝑒𝑛𝑡 .𝑔𝑎𝑡𝑒

7: for each variable 𝑥 ∈ vars(𝜑 ) do
8: Banzhaf (𝑇𝜑 , 𝑥 ) ←

∑︁
node 𝑣 in𝑇 for variable 𝑥 𝑣.𝑔

9: return Banzhaf (𝑇𝜑 , 𝑥 ) for all variables 𝑥 ∈ vars(𝜑 )

4 ATTRIBUTION FOR AGGREGATE QUERIES

4.1 Basic Algorithms

We separately consider linear aggregates (SUM and COUNT) and

non-linear but idempotent ones (MIN and MAX).

SUM and COUNT. Our solution for linear aggregates uses lin-

earity of Banzhaf and Shapley to reduce the problem to the case of

SPJU queries. Let Φ =
∑︁𝑀
𝑖 𝜑𝑖 ⊗𝑚𝑖 be a BNP where the sum uses

the +𝑀 -operator of the monoid𝑀 , and let 𝜑 =
⋁︁
𝜑𝑖 be the Boolean

part of Φ. For SUM, +𝑀 is the standard +, and we obtain:

Banzhaf (Φ, 𝑥 ) =
∑︂

𝑆⊆vars(𝜑 )\{𝑥 }
Φ[𝑆 ∪ {𝑥 } ] − Φ[𝑆 ]

=
∑︂

𝑆⊆vars(𝜑 )\{𝑥 }

∑︂
𝑖

(︁
𝜑𝑖 [𝑆 ∪ {𝑥 } ] − 𝜑𝑖 [𝑆 ]

)︁
·𝑚𝑖 =

∑︂
𝑖

Banzhaf (𝜑𝑖 , 𝑥 ) ·𝑚𝑖

Analogously, Shapley(Φ, 𝑥) = ∑︁
𝑖 Shapley(𝜑𝑖 , 𝑥) ·𝑚𝑖 (as observed

already in [20]). For COUNT, we set 𝑚𝑖 = 1 for all 𝑖 . Thus, to

compute the Banzhaf/Shapley value for a variable 𝑥 in Φ, we (1)
construct a d-tree 𝑇𝑖 for each 𝜑𝑖 , (2) compute for each 𝑇𝑖 and each

𝑥 ∈ 𝜑𝑖 the Banzhaf/Shapley value for 𝑥 as in Sec. 3, and (3) derive

the Banzhaf/Shapley of 𝑥 in Φ using the above equations.

MIN and MAX. For MIN and MAX which are not linear, we

adopt a different approach. As explained in Sec. 2, the lineage for

queries with these aggregates is a semimodule expression. We first

construct a d-tree for the entire semimodule expression and then

compute Banzhaf/Shapley values from the d-tree. The former was

shown in [13] and we next show how the latter is performed.

Let PVΦ = {Φ[𝜃 ] |𝜃 ⊆ vars(Φ)} be the set of values to which the

semimodule expression Φ can evaluate to under possible valuations.

If Φ is the lineage of an aggregate query ⟨MIN, 𝛾,𝑄⟩ or ⟨MAX, 𝛾,𝑄⟩,
the size of PVΦ is bounded by the size of the result of 𝑄 , which is

polynomial in the input database size. We relate Banzhaf/Shapley

values of a variable 𝑥 in a semimodule expression with the model

counts of the expression under substitutions that set 𝑥 to 0 or 1:

Proposition 4.1. Given a semimodule expression Φ and a variable

𝑥 ∈ vars(Φ), let 𝐶𝑘 =
|𝑘!| · | |vars(Φ) |−𝑘−1|!

|vars(Φ) |! . The following holds:

Banzhaf (Φ, 𝑥 ) =
∑︂

𝑝∈PVΦ
(#𝑝Φ[𝑥 := 1] − #

𝑝Φ[𝑥 := 0] ) · 𝑝

Shapley(Φ, 𝑥 ) =
∑︂

𝑝∈PVΦ,𝑘∈ [|vars(Φ) | ]

[︁
(#𝑝

𝑘
Φ[𝑥 := 1] − #

𝑝

𝑘
Φ[𝑥 := 0] ) · 𝑝

]︁
· 𝐶𝑘

We can further show, via a dynamic programming algorithm:

Proposition 4.2. Let 𝑇 be a d-tree representing a semimodule ex-

pression Φ over a variable set 𝑿 and the monoid𝑀 = (R,max,−∞)
or the monoid 𝑀 = (R,min,∞). For 𝑝 ∈ PVΦ and 𝑘 ∈ [|vars(𝑇 ) |],
we can compute #

𝑝Φ and #
𝑝

𝑘
Φ in PTIME.

Combined, the two propositions provide a PTIME algorithm for

computing Banzhaf/Shapley values given a d-tree representation of

the lineage. Note that d-trees can be built in PTIME for hierarchical

queries [13], yielding an overall PTIME algorithm for this class.

4.2 Lifting for Aggregates

We extend our lifting technique (Sec. 3.1) from UCQs to aggregate

queries. First, for linear aggregates (SUM and COUNT), our solution

in Sec. 4.1 constructs a separate d-tree for each formula 𝜑𝑖 in the

Boolean part

⋁︁
𝑖 𝜑𝑖 of the given BNP expression. Thus, we can

apply Lift and LiftedCompile in Algorithms 1 and 2 to each formula

𝜑𝑖 . For MIN and MAX, new machinery is needed. We show the

construction for MAX; the construction for MIN is analogous.

Extending the Definitions. Given disjoint variable sets 𝑿 and 𝒀 ,
a lifted semimodule expression over 𝑿 ∪ 𝒀 is a pair (𝜑, ℓ), where 𝜑
is a Boolean formula over 𝑿 ∪ 𝒀 and ℓ : vars(𝜑) → PosBool(𝑿 ) ∪
(PosBool(𝑿 )⊗𝑀) is amapping from variables in𝜑 to either positive

Boolean formulas over 𝑿 or semimodule expressions over 𝑿 and

semimodule 𝑀 . If 𝜑 is in DNF, we refer to (𝜑, ℓ) as a lifted DNF
semimodule expression. The inlining inline(𝜑, ℓ) is obtained in two

steps: First, we replace each variable 𝑥 ∈ vars(𝜑) by ℓ (𝑥); then, we
replace each ∨ between semimodule expressions by +𝑀 and each

∧ between a formula and a semimodule expression by ⊗. We call a

lifted semimodule expression valid if exactly one variable in each

DNF clause is mapped to a semimodule expression.

Translating Lineage to a Lifted DNF Semimodule Expression. Re-
call that the lineage of an aggregate query is a semimodule expres-

sion Φ =
∑︁𝑀
𝑖 𝜑𝑖 ⊗𝑚𝑖 , s.t. each 𝜑𝑖 =

⋁︁
𝑗 𝐶𝑖 𝑗 is in DNF. We transform

Φ to Φ′ =
∑︁𝑀
𝑖,𝑗 𝐶𝑖 𝑗 ⊗𝑚𝑖 , which is equivalent under (R,max,−∞)

and (R,min,∞) due to idempotence. We further transform Φ′ into
a lifted DNF semimodule expression (𝜑, ℓ) with 𝜑 =

⋁︁
𝑖, 𝑗 (𝐶𝑖, 𝑗 ∧𝑤𝑖 )

and ℓ = {𝑤𝑖 ↦→ 𝑚𝑖 } ∪ {𝑥 ↦→ 𝑥 | 𝑥 ∈ vars(𝜑) and 𝑥 ≠ 𝑤𝑖 }. Note
that (𝜑, ℓ) is valid and its inlining is equivalent to Φ. We add this

translation as an initial preprocessing step to Algorithm 2.

Extending the Lifting Algorithm. Given a lifted DNF semimodule

expression (𝜑, ℓ), cofactor-equivalence and interchangeability are

defined as for lifted Boolean DNF formulas. The application of

lift-and or lift-or to a set of cofactor-equivalent or interchangeable

variables maintains the validity of the expression. Algorithm 1 may

then be applied to lifted DNF semimodule expressions.
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Example 4.3. Consider the lineage of Query 𝑄2 in Table 2. We

first translate it into the lifted DNF semimodule expression 𝜑 =

(𝑎1 ∧𝑚3 ∧ 𝑡1) ∨ (𝑎2 ∧𝑚3 ∧ 𝑡1) ∨ (𝑎3 ∧𝑚3 ∧ 𝑡1) ∨ (𝑎1 ∧𝑚2 ∧ 𝑡2) ∨
(𝑎3 ∧𝑚2 ∧ 𝑡2) ∨ (𝑎4 ∧𝑚1 ∧ 𝑡3); ℓ = {𝑡1 ↦→ 377, 𝑡2 ↦→ 322, 𝑡3 ↦→
176} ∪ {𝑥 ↦→ 𝑥 |𝑥 ∈ vars(𝜑) \ {𝑡1, 𝑡2, 𝑡3}}. Then, we execute the

initial lifting in Algorithm 2. The algorithm searches for cofactor-

equivalent or interchangeable sets of variables. It detects that 𝑎1
and 𝑎3 are cofactor-equivalent and performs lift-or on them. It also

detects that each of the sets {𝑚3, 𝑡1}, {𝑚2, 𝑡2}, and {𝑎4,𝑚1, 𝑡3} are
interchangeable and thus performs lift-and on them. Table 2 gives

the resulting expression. The algorithm continues he compilation

as described in Sec. 3.1 to obtain a d-tree for the lineage.

4.3 Gradients for Aggregates

We now adapt the gradient-based computation from Sec. 3.2 to

the MAX aggregate (the case of MIN is similar). In contrast to d-

trees with Boolean outcomes, a semimodule expression can yield a

numeric value for a given valuation over its Boolean variables. Our

probabilistic interpretation looks at expected values.

Expected Values and Gradients. Given a d-tree𝑇 for a semimodule

expression Φ, 𝐸 [𝑇 ] denotes the expected value of 𝑇 given probabil-

ities 𝑝𝑥 for the Boolean variables: 𝐸 [𝑇 ] = ∑︁
𝑆⊆vars(𝑇 ) 𝑃𝑟 [𝑆] ·𝑇 [𝑆].

Prop. 3.7 extends to expected values:

Banzhaf (𝑇, 𝑥 ) =2|vars(𝑇 ) |−1 ·
(︄
𝜕𝐸 [𝑇 ]
𝜕𝑝𝑥

(︄
1

2

⃗
)︄)︄

(4)

We define the probability and k-probability of a d-tree 𝑇 as fol-

lows: 𝑃𝑟 [𝑇 = 𝑚𝑖 ] =
∑︁
𝑆⊆vars(𝑇 ),𝑇 [𝑆 ]=𝑚𝑖

𝑃𝑟 [𝑆] and 𝑃𝑟𝑘 [𝑇 =𝑚𝑖 ] =(︁
1

2

)︁ |vars(𝑇 ) |−𝑘 ∑︁
𝑆⊆vars(𝑇 )
|𝑆 |=𝑘,𝑇 [𝑆 ]=𝑚𝑖

∑︁
𝑆 ′⊆𝑆 𝑇 [𝑆 ′ ] ·

∏︁
𝑦∈𝑆 ′ 𝑝𝑦

∏︁
𝑧∈𝑆\𝑆 ′

(︁
1

2
− 𝑝𝑧

)︁
.

Using the linearity of expectation, we can write:

𝜕𝐸 [𝑇 ]
𝜕𝑝𝑥

=
∑︂

𝑚𝑖 ∈PVΦ
𝑚𝑖 ·

𝜕𝑃𝑟 [𝑇 =𝑚𝑖 ]
𝜕𝑝𝑥

From Gradients to Banzhaf and Shapley. Similarly to Sec. 3.2, we

obtain the Banzhaf and Shapley values of all facts via partial deriva-

tives. Assume an order over the variables and then use variable

names as indices (identifying each variable with its position in the

order). Let 𝐽 be the Jacobian matrix, namely 𝐽 𝑖𝑥 =
𝜕 (𝑣𝑖 ·𝑃𝑟 [𝑇=𝑣𝑖 ] )

𝜕𝑝𝑥
.

Further let 𝐽𝑘 be the matrix defined by 𝐽
𝑘,𝑖
𝑥 =

𝜕 (𝑣𝑖 ·𝑃𝑟𝑘 [𝑇=𝑣𝑖 ] )
𝜕𝑝𝑥

for

each variable 𝑥 . Note that the entries 𝐽 𝑖𝑥 and 𝐽
𝑘,𝑖
𝑥 in the Jacobian

matrices are functions of all variables in vars(𝑇 ). We can show:

Banzhaf (𝑇, 𝑥 ) =2|vars(𝑇 ) |−1 ·
∑︂
𝑖∈ [𝑛]

𝐽 𝑖𝑥

(︄
1

2

⃗
)︄

Shapley(𝑇, 𝑥 ) =2|vars(𝑇 ) |−1 ·
∑︂
𝑖∈ [𝑛]

∑︂
𝑘∈ [|vars(𝑇 ) | ]

𝐽
𝑘,𝑖
𝑥

(︄
1

2

⃗
)︄
· 𝐶𝑘−1

where 𝐶𝑘 =
|𝑘! | · |𝐷𝑛−𝑘−1 |!

|𝐷𝑛 |! .

Banzhaf and Shapley Computation. Similarly to Sec. 3.2, we can

compute the Banzhaf or Shapley value by using the d-trees to

compute the expectation, and then compute the Jacobians via back

propagation. We adapt Algorithm 3 to incorporate these changes

for a d-tree representing the lineage of an aggregate query. Lines

1-3 are replaced with the computation of the probability for each

different possible value. The root derivative in Line 4 is initialized to

a vector of possible values. The computation in Lines 5-6 is replaced

with the computation of the Jacobian matrix values. This allows us

to compute a vector/matrix of derivatives at each node and obtain

the Banzhaf/Shapley values at the leaves according to Equation 4.

GROUP-BY and Additional Aggregates. We have focused so far on

aggregate queries without grouping and with MIN, MAX, SUM and

COUNT. Our solution directly extends to queries with GROUP BY:

as in prior work [4, 20], lineage is defined for each group as a

BNP/semimodule expression. Shapley and Banzhaf values are then

defined and computed with respect to each group, exactly as for

aggregates without GROUP BY. Linear aggregates can be supported

like SUM and COUNT, by computing the Banzhaf/Shapley value

for each term in the BNP and then combining these values using

the aggregate function. In contrast, non-linear aggregates such as

AVG require non-trivial development, in particular to define the

aggregate-specific gradients as in Table 3. This is left as future work.

5 EXPERIMENTS

5.1 Experimental Setup and Benchmarks

We implemented all algorithms in Python 3.11 and performed ex-

periments on a Linux Debian 14.04 machine with 1TB of RAM and

an Intel(R) Xeon(R) Gold 6252 CPU @ 2.10GHz processor.

Algorithms. We benchmarked variants of our algorithms LExa-

Ban and LExaShap, with and without the two optimization tech-

niques, on SPJU and aggregate queries. We compared them to the

state-of-the-art solutions for Banzhaf and Shapley computation [2],

that only work for SPJU queries and do not use variable lifting

and gradient-based optimizations: ExaBan and ExaShap for exact

computation, and AdaBan for approximate Banzhaf values with

error guarantees (such approximation is not available for Shapley).

For SUM/COUNT aggregates, we also compared to a variant that

applies ExaBan to each Boolean formula and then use linearity as

explained in Section 4.1 to compute Banzhaf values.

Datasets. Theworkload (Table 4) of 301 queries over three datasets:
Academic, IMDB and TPC-H (SF1) is based on priorwork on Banzhaf/

Shapley values for query answering [2, 12]. Lineage for all output

tuples of all queries was constructed using ProvSQL [29]. We cre-

ated two benchmark variants: one with SPJU queries, and one with

aggregate queries. The SPJU variant includes all queries from IMDB

and Academic as is (do not include aggregates), and all queries

without nested subqueries and with aggregates removed from TPC-

H. The aggregate queries variant, Academic𝑎𝑔𝑔 , IMDB𝑎𝑔𝑔 , TPC-

H𝑎𝑔𝑔 , was constructed as follows. For TPC-H it includes 7 queries

preserved as is, namely without removing aggregation - those for

which ProvSQL computed all lineages within one hour. All 7 queries

have GROUP BY clauses, resulting in 140 lineage instances. To ex-

tend the benchmark, we created multiple variants of each query: for

TPC-H we changed the aggregation to MAX,COUNT, SUM (solu-

tion for MIN is similar to that of MAX); for IMDB and Academic, we

created a synthetic aggregate variant with each of MAX,COUNT

and SUM introduced to each query, applied over randomly chosen

values. These datasets include very large, highly challenging lin-

eage expressions. In total, the workload includes nearly 1M Boolean

lineage expressions and 429 lineage expressions for each aggregate.
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Table 4: Statistics of the datasets used in the experiments.

Dataset #Queries # Lineages #Vars #Clauses

avg/max avg/max

Academic 92 7,865 79 / 6,027 74 / 6,025

IMDB 197 986,030 25 / 27,993 15 / 13,800

TPC-H 12 165 1,918 / 139,095 863 / 75,983

TPC-H𝑎𝑔𝑔 7 140 746 / 6959 233 / 2076

Table 5: Query success rate: Percentage of queries for which

the algorithms finish for all instances of a query. Lineage

success rate: Percentage of instances (over all queries) for

which the algorithms finish. The timeout is one hour.

Dataset Algorithm Query Success Rate Lineage Success Rate

Academic

LExaBan 100.00% 100.00%

ExaBan 98.85% 99.99%

AdaBan 98.85% 99.99%

LExaShap 97.82% 98.84%

ExaShap 97.82% 98.84%

IMDB

LExaBan 95.43% 99.98%

ExaBan 81.73% 99.63%

AdaBan 87.82% 99.81%

LExaShap 87.31% 99.89%

ExaShap 65.48% 99.53%

TPC-H

LExaBan 75.00% 93.33%

ExaBan 58.33% 91.52%

AdaBan 75.00% 92.73%

LExaShap 58.33% 91.52%

ExaShap 50.00% 85.46%

Measurements. We define an instance as the computation of the

Banzhaf or Shapley values for all variables in a lineage of an output

tuple of a query over a dataset. We report the success rate of each

algorithm over the instances, where failure is declared in case an

algorithm did not terminate an instance within one hour. We also

report statistics of runtimes across all instances (average, median,

maximal runtime, and percentiles). The p𝑋 columns in the tables

give the execution times for the 𝑋 -th percentile of the instances.

Percentiles are computed with respect to the set of instances each al-

gorithm succeeded on. Since the algorithms success rate is different,

these percentiles generally correspond to different instances.

5.2 Banzhaf Computation for SPJU Queries

Success rate. Table 5 reports the success rates of LExaBan, Exa-
Ban, and AdaBan for queries without aggregates. On Academic,

LExaBan succeeded on all instances. On IMDB, LExaBan topped

ExaBan and even the approximate solution AdaBan in the lineage-

level and achieved significantly greater query-level success (>95%).

LExaBan succeeds on more than 95% (90%) of instances on which

ExaBan (AdaBan) failed. For TPC-H, many queries exhibit hard

lineage instances and so the query success rates are lower for all

algorithms. LExaBan again tops both ExaBan and AdaBan in

lineage success rate and is tied with AdaBan in query success rate.

Runtime performance. Table 6 gives the runtime of LExaBan,

ExaBan and AdaBan for the Academic, IMDB and TPC-H datasets.

LExaBan outperforms both competitors significantly. Despite achiev-

ing success for more instances, it keeps a smaller mean runtime

than ExaBan and AdaBan. For Academic, except for the unique

instance where it succeeds and the other algorithms fail on, run-

time is below 5 seconds, yielding 119X and 36X speedups over

ExaBan and AdaBan, respectively. Similar trends are observed for

the IMDB and TPC-H datasets, where LExaBan achieves 110X and

Table 6: Runtime of LExaBan, ExaBan and AdaBan. Note

that the instance for Academic on which LExaBan is slowest

is one on which ExaBan and AdaBan failed on.

Dataset Algorithm Success

rate

Execution times [sec]

Mean p50 p90 p95 p99 Max

Academic
LExaBan 100.00% 0.44 4E-4 2E-3 5E-3 0.14 3455

ExaBan 99.99% 2.07 1E-3 0.01 0.20 164.5 563.5

ADaBan 99.99% 0.76 1E-3 7E-3 0.05 60.05 173.7

IMDB
LExaBan 99.98% 0.18 1E-3 5E-3 0.01 0.09 1219

ExaBan 99.63% 1.58 2E-3 0.02 0.08 10.37 1793

ADaBan 99.81% 1.82 1E-3 0.01 0.05 7.81 1802

TPC-H
LExaBan 93.33% 0.12 7E-4 3E-3 0.62 1.95 8.73

ExaBan 91.52% 4.23 0.89 0.94 51.05 61.98 69.18

ADaBan 92.73% 2.37 3E-3 0.14 3.15 81.55 166.3

Table 7: Runtime of LExaBan and ExaBan on instances for

which ExaBan succeeded.

Dataset algorithm Execution times [sec]

Mean p50 p75 p90 p95 p99 Max

Academic
LExaBan 4E-3 4E-4 1E-3 2E-3 5E-3 0.14 4.99

ExaBan 2.07 1E-3 2E-3 0.01 0.20 164.5 563.5

IMDB
LExaBan 7E-3 1E-3 2E-3 4E-3 9E-3 0.05 16.26

ExaBan 1.58 2E-3 3E-3 0.02 0.08 10.37 1793

TPC-H
LExaBan 0.04 7E-4 8E-4 1E-3 0.53 0.65 0.65

ExaBan 4.23 0.89 0.93 0.94 51.05 61.98 69.18

Table 8: Runtime of LExaBan on instances forwhich ExaBan

failed. There was one such instance in Academic.

Dataset Success

rate

Execution times [sec]

Mean p50 p75 p90 p95 p99 Max

Academic 100% 3455 - - - - - 3455

IMDB 94.74% 48.97 4.73 22.88 168.2 375.9 448.2 1219

TPC-H 21.43% 4.21 1.95 5.34 7.38 8.05 8.60 8.73

respectively 106X improvements for the most expensive instance

for ExaBan (Table 7). For the instances on which ExaBan failed

(Table 8), LExaBan still achieves success and low runtimes. For

IMDB, this is an almost 95% success rate with a median runtime

of 4.73 seconds, representing at least 761X speedup for more than

half of those instances. For TPC-H, LExaBan succeeded on 3 more

instances; for one such instance LExaBan needed 1.95 seconds,

which means a speedup of at least 1846X over ExaBan.

5.3 Banzhaf Computation for Aggregate Queries

Table 9 reports results for LExaBan on TPC-H𝑎𝑔𝑔 . Performance is

excellent for SUM and COUNT (under 1 msec per instance), and

remains fast for most MAX instances. Without optimizations, LEx-

aBan succeeds in only 86.43% of instances, compared to 93.57%

with optimizations. Table 10 shows results for the synthetic and

challenging IMDB𝑎𝑔𝑔 and Academic𝑎𝑔𝑔 datasets. We again observe

good performance for SUM (and COUNT, for which results are very

similar and omitted), succeeding on all instances for Academic𝑎𝑔𝑔

and 95.43% for IMDB𝑎𝑔𝑔 . It clearly outperforms the variant using

ExaBan for individual Boolean formulas in the semimodule expres-

sions. For MAX, no baseline exists to compare against; LExaBan

succeeds in 78% (61%) of instances for Academic𝑎𝑔𝑔 (IMDB𝑎𝑔𝑔), and

completes in under 0.1 sec for over half of the lineage instances.

Fig. 3 shows average runtime on all lineage instances of a represen-

tative hard query (TPC-H Query 5) as the Lineitem relation size

varies. Even with 3M facts, LExaBan averages 1.6 sec, compared to

over 10 minutes for the “naive“ unoptimized version.
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Table 9: Success rate and runtime of LExaBan for the TPC-

H𝑎𝑔𝑔 aggregate queries.

Aggregate Success

rate

Execution times [sec]

Mean p50 p75 p90 p95 p99 Max

SUM 100% 2E-4 2E-6 2E-6 1E-3 2E-3 2E-3 2E-3

COUNT 100% 2E-4 1E-6 2E-6 1E-3 2E-3 2E-3 2E-3

MAX 93.57% 224.8 2E-3 3E-3 5E-3 2990 3349 3517

Table 10: Success rate and runtime of LExaBan and ExaBan

for queries with SUM aggregate (similar results for COUNT

aggregate are not shown) and MAX aggregates.

Dataset Algorithm Success

rate

Execution times [sec]

& Aggregate Mean p50 p90 p95 p99 Max

Academic
𝑎𝑔𝑔

LExaBan𝑠𝑢𝑚 100% 40.1 0.08 0.48 0.58 496 3561

ExaBan𝑠𝑢𝑚 97.70% 6.20 0.09 1.88 12.6 105 379.4

LExaBanmax 78.26% 15.11 3E-3 37.04 104.5 253.4 289.1

IMDB
𝑎𝑔𝑔

LExaBan𝑠𝑢𝑚 95.43% 37.54 0.06 9.77 71.56 774 2450

ExaBan𝑠𝑢𝑚 81.19% 62.7 0.27 65.8 117 1767 3286

LExaBanmax 61.93% 52.25 0.09 23.79 242.6 734.9 2407
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Figure 3: Runtime of LExaBan for a TPC-H query 5 with

MAX aggregate, when varying the number of Lineitem facts.
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Figure 4: Effect of variable lifting on LExaBan’s compilation

of lineage of Boolean queries into d-trees.

5.4 Effect of Lifting and Gradient Techniques

Fig. 4 shows that variable lifting can speed-up lineage compilation

by over one order of magnitude and reduce the d-tree size by over

two orders of magnitude. These benefits increase as the lineage size

grows. This experiment includes all Boolean queries that can be

processed within 10 min. Fig. 5 shows the success rate and runtime

of LExaBan with and without the gradient technique for Boolean

queries lineages. The technique is beneficial for all instances; the

benefit increases with the instance size. For instances with over 1600

variables, the average speedup is more than 2 orders of magnitude.

5.5 Shapley Computation

Table 5 shows that our extension of LExaBan to compute the

Shapley value achieves higher query and lineage success rates than

the state-of-the-art ExaShap [2]. Table 11 shows the runtimes of

LExaShap and ExaShap on instances where ExaShap succeeds.

Table 12 shows LExaShap’s success rates and runtimes on instances

where ExaShap fails. LExaShap is over an order of magnitude faster

(0,100]

(100,200]

(200,400]

(400,800]

(800,1600]

(1600,3200]

Variable Count

10−4
10−3
10−2
10−1
100
101
102
103

R
un

 T
im

e

With Gradient Without Gradient

(0,100]

(100,200]

(200,400]

(400,800]

(800,1600]

(1600,3200]

Variable Count

0.0

0.2

0.4

0.6

0.8

1.0

Su
cc

es
s 

R
at

e 1.00 1.00 1.00 0.99 0.93
0.85

1.00 1.00 1.00 0.93
0.80 0.78

With Gradient Without Gradient

Figure 5: Effect of the gradient technique on the success rate

and runtime of LExaBan for lineage of Boolean queries.

Table 11: Runtimes for LExaShap and ExaShap on instances

for which ExaShap succeeds.

Dataset Algorithm Execution times [sec]

Mean p50 p75 p90 p95 p99 Max

Academic
LExaShap 0.02 2E-3 4E-3 9E-3 0.01 0.05 48.40

ExaShap 0.45 1E-3 3E-3 0.04 0.22 0.37 1397

IMDB
LExaShap 0.07 6E-3 0.02 0.05 0.10 0.57 520.3

ExaShap 3.35 3E-3 0.01 0.12 0.79 44.00 3574

TPCH
LExaShap 2E-3 2E-3 4E-3 5E-3 5E-3 5E-3 5E-3

ExaShap 7E-3 3E-3 3E-3 5E-3 9E-3 0.02 0.56

Table 12: Runtimes for LExaShap on instances for which

ExaShap fails.

Dataset Success

rate

Execution times [sec]

Mean p50 p75 p90 p95 p99 Max

IMDB 79.13% 61.54 13.04 59.41 171.8 295.7 689.3 2835

TPCH 41.68% 22.90 23.94 26.82 27.89 29.02 29.92 30.14

Table 13: Memory usage for various percentiles of d-tree sizes

on instances (all datasets) for which ExaBan succeeds.

Algorithm

Memory consumption (MB)

p25 p50 p75 p90 p99 Max

LExaBan 11.65 11.71 11.77 11.90 13.31 109.67

ExaBan 18.54 18.71 18.82 19.06 21.13 7516.16

LExaShap 74.85 75.05 75.25 75.70 77.20 268.10

ExaShap 18.52 18.62 18.87 18.94 21.45 -

on average. LExaShap also has a much higher success rate: 79% of

IMDB and 41% of TPC-H instances on which ExaShap fails, with

a median time of 13.04 sec and 23.94 sec, respectively - yielding

speedups of at least 276X and 150X, respectively.

5.6 Memory Consumption

Table 13 shows the memory consumption (measured as peak res-

ident memory, sampled throughout execution using the psutil
Python library) of LExaBan, ExaBan, LExaShap, and ExaShap on

representative instances for which ExaBan succeeds, with d-tree

sizes spanning different percentiles of the overall distribution. For

99% of these instances, LExaBan uses less than 15MB and up to

37% less memory than ExaBan. For the largest instance solved

by ExaBan, ExaBan uses over 7.3GB, while LExaBan uses only

109MB, 69x less. LExaShap incurs an overhead that is independent

of the problem size and is due to the scipy.signal library that

handles the gradient. For the largest instance solved by ExaBan,

LExaShap uses 268MB, while ExaShap fails.

5.7 Effect of Lineage Structure

Fig. 6 shows the effect of the variables and clauses number in the

lineage on the performance of LExaBan and ExaBan. LExaBan’s
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Figure 6: Performance of LExaBan and ExaBan for all lin-

eages, grouped by number of variables/clauses. [𝑖, 𝑗] repre-
sents lineages with #vars (# clauses) between 𝑖 and 𝑗 .

consistently succeeds in more cases and faster than ExaBan. Fig.

7 presents the effect of two measurements of lineage connectivity:

(1) h-index [16], namely the maximal 𝑘 so that at least 𝑘 variables

occur at least 𝑘 times in the lineage; (2) maximal connected com-

ponent size of a graph whose nodes are variables and edges reflect

variable co-occurrence in a clause. All algorithms slow down as

connectivity grows (fluctuations are due to small sample sizes for

some values of these measurements), yet LExaBan and LExaShap

handle highly interconnected lineages much better than ExaBan

and ExaShap. ExaBan and ExaShap do not terminate for lineages

with h-index greater than 53, whereas LExaBan and LExaShap

can handle lineages with h-index of 120.

5.8 Breakdown of Total Runtime

We conclude with a runtime breakdown, including computation

time of the output tuples (query execution), the lineage via ProvSQL,

and the Banzhaf values for all datasets (Fig. 8). As queries may yield

many output tuples and ProvSQL outputs lineage for each of them,

we break down LExaBan runtime by percentiles of the execution

time w.r.t. output tuples. LExaBan usually incurs a small overhead:

for 81% (85%) of queries, attribution for all input tuples w.r.t any

output tuple is faster than query execution (resp. query execution

and lineage computation, combined). For 7% of queries, attribution

for some output tuple is 2 OOM slower than query execution. Over-

all, the explanation time (lineage + Banzhaf) exceeds the query

execution in only 27% of queries, and exceeds it by over 10x in 13%.

6 RELATEDWORK

Recentwork laid the theoretical foundation of attribution via Banzhaf

and Shapley values in query answering [8, 12, 17, 18, 20, 27]. All

prior practical approaches to computing such values rely on com-

piling the lineage into tractable circuits such as d-DNNFs [12] or

d-trees [2]. In this paper, we follow the latter approach, extending it
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Figure 7: Effect of the H-index and maximum component

size of the lineage on the algorithms’ execution time. Both

metrics were smoothed using amoving average, with window

sizes 3 (H-index) and 25 (component size).
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Figure 8: Breakdown of runtime for all queries sorted by the

time to compute the output tuples (query execution time).

along two dimensions. First, we accommodate aggregate queries for

which the complex lineage structure and the interaction between

aggregates and Shapley/Banzhaf values yield novel challenges. Ours

is the first practical approach for aggregate queries: [20] includes

a theoretical investigation of aggregate queries but no practically

efficient algorithm, whereas [2, 12] do not support aggregates.

Second, our approach consistently and significantly outperforms

the state-of-the-art, by up to 3 (2) orders of magnitude for Banzhaf

(Shapley), enabling attribution computation for instances prior

work cannot handle (over 90% of these difficult instances for Banzhaf

and over 75% for Shapley). The novel techniques of lifting and

gradient-based computation introduced in this paper are the rea-

son for this speedup and enable the processing of expensive SPJU

queries far beyond the reach of prior work, and of aggregate queries.

Beyond Shapley and Banzhaf, further notions have been used

to quantify fact contribution in query answering: causality [25],

responsibility [23], and counterfactuals [24]. The SHAP score [21]

uses and adapts Shapley values to explain model predictions.

7 CONCLUSIONS

We have introduced a novel approach for computing attribution

for query answering. Our approach is more general, as it supports

aggregate queries, and faster by several orders of magnitude than

the state of the art. Future work includes extending our approach

to broader query classes, e.g., queries with AVG aggregation and

negation, and further attribution measures, e.g., the SHAP score.
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