FSMDTW: A Fast Index-free Subsequence Matching Algorithm
for Dynamic Time Warping

Zemin Chao
Harbin Institute of Technology
Harbin, Heilongjiang, China
chaozm@hit.edu.cn

Zhixin Qi
Harbin Institute of Technology
Harbin, Heilongjiang, China
qizhx@hit.edu.cn

ABSTRACT

The subsequence matching problem utilizing dynamic time warp-
ing as the similarity measurement has been recognized as a key
operation in time series analysis for more than two decades. Exist-
ing index-free algorithms depend on DTW lower bounds to discard
the unpromising candidate. However, these approaches typically
cost O(m) time for each candidate, where m is the length of the
query. Consequently, the overhead of computing the DTW lower
bounds occupies a significant portion of the time in subsequence
matching tasks. This paper proposes new algorithms capable of
computing the DTW lower bounds in average O(log m) time for
each candidate, substantially alleviating this bottleneck of the sub-
sequence matching problem. In addition, this paper designs novel
DTW lower bounds according to the characteristics of the subse-
quence matching problem, which is more effective without intro-
ducing significant computational overhead. Based on the above
improvements, an efficient subsequence matching algorithm called
FSMDTW is designed. Experiments conducted on both real and
synthetic datasets show that the proposed algorithm is about 2.6
times faster than SOTA on short and medium-length queries and
up to one order of magnitude faster on longer queries.
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1 INTRODUCTION

Given time series S € R", a query Q € R™, and a threshold € > 0,
the subsequence matching problem is to find all subsequences of
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S that are similar enough to Q, as depicted in Figure 1. Dynamic
Time Warping (DTW) is known as a superior similarity measure-
ment in many real-world applications [2, 3, 25, 26]. Consequently,
subsequence matching using DTW is considered one of the most
important problems in time series analysis [23, 36], and it is widely
used in disease diagnosis [19], automatic data annotation [10], and
EEG analysis [5].

Output : the subsquences of S that are simliar to Q

/ \

Time series S \
\

subsequences of series S

Query Q 7

Figure 1: An illustrative example of the subsequence match-
ing problem, which is to find subsequences (continuous seg-
ments) in time series S that are similar to query Q.

Existing subsequence matching algorithms for DTW can be
categorized into index-based or index-free algorithms. However,
all known index-based algorithms are constrained by either the
length of the query or the maximum extent of uniform scaling
[6, 17, 32, 36], and they also require additional space and time for
indexing time series. Furthermore, time series can only be accessed
once in stream processing, making index-based algorithms unfeasi-
ble in certain applications. Taking these factors into account, this
paper focuses on index-free subsequence matching algorithms us-
ing DTW as the similarity measurement.

DTW is hard to compute because of the need of finding the opti-
mal local alignment between time series. Therefore, DTW lower
bounds [13, 15, 31] are widely utilized to relieve the heavy com-
putational burden. The state-of-the-art algorithm in this field is
UCR-Suite [23] and its variants [9, 27], which is well-known for
its carefully designed cascading filtering strategy to discard can-
didates with the help of DTW lower bounds. However, the DTW
lower bounds between the query series Q and a candidate (i.e., an
m-length subsequence of the series S) require O(m) time in most
cases, where m is the length of the query Q. The overhead of ver-
ifying the DTW lower bounds for O(n) candidates has become a
critical bottleneck, especially for large m.
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This paper addresses the above challenge by designing algo-
rithms that cost only O(log m) time for lower bound of each can-
didate. Experiments show that the proposed lower bound can be
several times faster than existing lower bounds even for short series.
Considering m stands for the length of the query series, which can
be up to tens of thousands, the proposed fast lower bound demon-
strates considerable acceleration for the subsequence matching
problem.

Based on the above improvements, this paper proposes an algo-
rithm for subsequence matching named FSMDTW, which adopts
the cascading filtering strategy and takes advantage of the pro-
posed fast DTW lower bound. In addition, FSMDTW improves the
effectiveness of LByeogn With little extra cost by leveraging the
characteristics of the subsequence matching problem. Furthermore,
FSMDTW promotes the efficiency of LBpesitjean by computing the
projection vector on demand. Experiments on both real and artifi-
cial datasets demonstrate that the proposed FSMDTW algorithm
is about 2.6 times faster than SOTA for short and medium length
queries. For longer query sequences, FSMDTW outperforms SOTA
by up to one order of magnitude.

The key contributions of this paper are summarized as follows.

1. This paper designs new efficient algorithms to compute DTW
lower bounds for subsequence matching problem. To our knowl-
edge, this is the first algorithm that computes DTW lower bounds
with an average cost of ©(log m). The proposed algorithm is much
faster than the existing lower bounds that cost O(m) time, while
it is still able to discard around 98% candidates. Considering m
is the length of the query, this brings a significant advantage in
performance of subsequence matching algorithms.

2. Arefinement of LBgce,4p, has been proposed, which is named as
LBkE. LBk takes advantage of a precomputed distance table based
on the information of Q. LBk is tighter than LBg.,gp, but can be
computed with little extra burden in the subsequence matching
problem.

3. Based on the above advancements, this paper designs the
FSMDTW algorithm, which addresses the subsequence matching
problem by carefully leveraging the cascading filtering strategy
and caching shared variables. In addition, FSMDTW also improves
the efficiency of LBpeyigjeqn by computing its projection vector and
envelopes on demand.

4. The experiments carried out on both real and synthetic datasets
show that the proposed FSMDTW algorithm significantly outper-
forms SOTA, especially for long queries. The proposed algorithm
is about 2.6 times faster than the SOTA on short and medium-
length queries and is up to a magnitude faster than SOTA on longer
queries.

2 PROBLEM DEFINITION AND RELATED
WORK

2.1 Definitions Used in This Paper

Definition 1. (Time Series) In this paper, a time series S € R"
of length n is formalized as a series of n real numbers, ie., S =
(51,52, 83,
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Definition 2. (Subsequences of Time series) A subsequence is
defined as any continuous segment within the time series. In partic-
ular, an m-length subsequence starts from the ith position of series
S = (81,52, 83, .....5n) is denoted as S(;) = (i, Si+1, Si+2, ----Si+m—1),
where 1 < i < n—m+ 1. In this paper, an m-length subsequence of
S is also referred to as a candidate.

Definition 3. (Dynamic Time Warping) The DTW between two
series X = (x1,%2,....,xm) € R™ and Q = (q1,92, ... qm) € R™ is
defined as follows.

DTW(X,Q) = 4/(x1 — q1)* + MIN?, (1)

where MIN is the minimum value among the three options, that are
DTW(X’,Q’), DTW (X', Q), and DTW (X, Q"), X’ = (x2, X3..., Xm)
and Q" = (¢2,¢3... qm)- In particular, the distance between an
arbitrary series and an empty series is defined as infinity. The
restriction of the warping path is necessary to prevent pathological
alignments and to ensure that the DTW distance reflects meaningful
similarities between two series [13, 24, 29, 32]. We employ the
most commonly used Sakoe-Chiba band [26], which constrains the
maximum distortion of an element on the time axis should not
exceed w € N*, 1

Finally, some frequently used notations in the rest of the paper
are listed in Table 1.

Table 1: Frequently Used Notations

Symbol Description
S The long series to be searched S = (s1, 52, .., Sn)-
Q The query series Q = (q1, q2, - Gm)-
S(i) The m-length subsequence of S starts at the ith
position, i.e., S¢;y = (8i, Si+1, Si+2s - - -» Si+m—1)-
_ (9 119
[01% T}ée upper envglope of Q. U9 = (U1 U5,
Upy,), where Ui = max{qi—w, qi—w+l> --» Qi+w} -
L The lower envelope of Q. L9 = (]LQ, ]L?,

L%), where L,-Q = min{qi—w, Qi—w+L> - Qi+w} -

2.2 Problem Definition

The z-normalized form of a subsequence S(;) is denoted as 3( i) and
calculated as follows:
Sl - Sl - Sy [m] - p
Sy = ( s e ),

Oi Oi Oi

@

where pi; and o; represent the mean and standard deviation of S(;),
respectively. The importance of z-normalization for real-valued
subsequences has gained considerable acknowledgment in recent
years [2, 3, 18, 21, 24, 32-34, 37]. Following the perspectives of
previous studies, this paper uses DTW(§(,~), Q) to measure the
dissimilarity of candidate subsequence S(;) and query Q. 2

IN* represents the set of positive integers.

2Because Q can be easily z-normalized before query possessing, it is always safe to
assume Q = Q This paper does not explicitly normalize the query sequence Q for the
sake of brevity.



Definition 4. (Subsequence Matching Problem) Given an input
series S € R", a query Q € R and a similarity threshold € > 0,
the subsequence matching problem is to find the subsequences of
S that are similar to query Q, ie., {S(; |DTW(§(,~), Q) <€}

2.3 Related Works

2.3.1 The lower bounds for DTW. Dynamic Time Warping (DTW)
has served as one of the most important similarity measurements
in time series data in the past 50 years [26], including online boot
detection [8], sensing time series classification [20], forecasting
the spread of COVID-19 [28], etc. Unfortunately, theoretical result
indicates that the unbounded DTW cannot be exactly computed
in O(m2~9) time for any constant § > 0 if the Strong Exponential
Time Hypothesis is true [1]. This implies that we are unable to find
any algorithm for bounded DTW with parameter w that provides
a significantly better time complexity than O(wm!~%) because
the bounded DTW is a special case of DTW with Sakoe-Chiba
band (where w = m). Therefore, achieving an algorithm with a
time complexity significantly better than the existing O(wm) time
dynamic programming algorithm is nearly impossible.

Most algorithms do not compute DTW directly. Instead, they

avoid computing DTW by utilizing the lower bounds of DTW. Specif-
ically, these lower bounds are less computationally expensive than
DTW and provide approximations that are guaranteed not to ex-
ceed the true DTW score. Consequently, it is no longer necessary
to compute the exact DTW if the lower bounds exceed €. In fact,
the DTW lower bound can filter out most of the candidates, so the
computation overhead of the DTW lower bound is important for
the efficiency of subsequence matching algorithms.
DTW lower bounds of O(1) time complexity. These lower
bounds including LBy, [14] and LBgimrr> [23] utilize only con-
stant elements from a series of length m. For example, given series
X = (x1,x2,...,xm) and Q = (q1,92, - - -» qm), LBximrL is defined
as:

2
3

2
+r4,

(3
wherer; = min{(xg—ql)z, (xg—qz)z, (xl—qg)z}, ry = min{(x;;-1—
qm)% (Xm-1 = qm-1)* (Xm — qm-1)%}, r3 = min{(x1 — g3)?, (x2 —
43)% (x3 — q3)% (x3 — q2)% (x3 — q1)*}, ra = min{(xm — gm-2)%
(Xm-1— mez)zs (Xm-2— quz)z, (Xm—2— mel)z) (Xm—2— Qm)2}~
That is, only the first and the last three elements are utilized from

LBimp1(X.Q) = \(x1 ~ q1)2 + (tm — qm)? +r2 472 + 1

a series of length m.

However, the effectiveness of these lower bounds is often poor
because they consider only constant number of the elements in
the series. In general, these lower bounds are able to benefit the
subsequence matching algorithms in some cases, but they do not
work well on long time series.

Recently, an algorithm [7] has been proposed to compute DTW
lower bounds in O(n?) time for the motif discovery problem, where

3LBkimrL (X, Q) is originally defined as \/(xl —q1)% + (Xm — qm)?. Our defini-
tion is consistent with the variant implemented in the UCR-Suite. (https://www.cs.ucr.
edu/~eamonn/UCRsuite.html)
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O(n%) DTW scores between O(n) subsequences need to be com-
pared, achieving an average time cost of O(1). However, this algo-
rithm is specifically tailored for the DTW-based motif discovery
and cannot be transferred to the subsequence matching problem.
DTW lower bounds of O(m) time complexity. The vast major-
ity of DTW lower bounds belongs to this category [13, 16, 29, 31]
because accessing all the elements of an m-length series requires
O(m) time. The most successful lower bound of O(m) time com-
plexity is LBgeogn [13], which is applied in most works that involve
DTW. Given X = (x1, X2, ..., xm) and Q = (q1, g2, .- qm),

m (UlQ - xi)z, Xj > UlQ

LBKeogh(Xa Q)= Z (]LIQ —xi)z, x;i < L?, (4)
= 0 0
0, Li <x; £ Ui

where UiQ = max{qi—w, qi-w+1, - Gi+w} L,Q = min{qi-w, gi—w+1
.. @i+w}, and w is the parameter of Sakoe-Chiba band represent-
ing the maximum distance of alignment. Additionally, the series
UQ = (UQ,U;Q, U%) and L9 = (LQ,Lg, ]L%) are referred as
the upper envelope and the lower envelope of Q respectively. In
summary, these lower bounds achieve good effectiveness, but they
come with a higher time cost.

This paper introduces efficient algorithms that calculate DTW
lower bounds with an average cost of O(log m). To the best of our
knowledge, this is the first algorithm that computes DTW lower
bound with such time complexity, achieving efficiency close to O(1)
time lower bounds while still maintaining satisfactory effectiveness
with respect to O(m) time lower bounds.

2.3.2  Subsequence Matching Algorithms Based on Dynamic Time
Warping. Subsequence matching using DTW is a significant prob-
lem. However, the requirement for z-normalization and the un-
certainty of the query length m present challenges for a perfect
index-based algorithm [23]. ULISSE [17] only works when m falls
within a predefined range determined by the index. KV-match [32]
and the algorithm proposed in [6] limit the scale of z-normalization,
which must be meticulously determined, as an excessively narrow
range can result in missed query results, while a broad normaliza-
tion range can significantly undermine efficiency.

Moreover, these index-based approaches require relatively ex-
pensive prepossessing steps, which involve additional time and
space overhead before queries can be executed. The time to con-
struct these indexes may take several hours, depending on the
configuration. Furthermore, establishing such an index is not prac-
tical in streaming data processing [11, 22], therefore, it is necessary
to investigate index-free subsequence matching algorithms.

This paper focuses on designing an efficient index-free algorithm.
The index-free SOTA solution of the subsequence matching problem
is UCR-Suite [23] and its variant UCR-MON Suite [9], which utilize
LBk imrr, and LBgeogh to discard the candidates.

3 COMPUTING DTW LOWER BOUNDS IN
AVERAGE O(log m) TIME

This section introduces a lower bound for DTW named LBy,
along with efficient algorithms to compute LBy in subsequence
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matching problem. In this section, we temporally concentrate on
a {-length segment of S, denoted as T, and compute the lower
bounds between Q every subsequence in {T{; }f;l’"“. Section 3.1
formalizes the definition of LBy, and proves its correctness. Section
3.2 presents the basic idea for computing LBy, in average O(log m)
time. After that, Section 3.3 and 3.4 formally present the efficient
algorithms to compute LByy,. Finally, Section 3.5 discusses refining
the effectiveness of LBy by selecting the mask vector.

3.1 Definition and Proof of Correctness for the
Proposed DTW Lower bound

3.1.1 Overview of LBps+. As shown in Figure 2, given any X =
(x1,%2,...,xm) and Q = (q1,92,--. ,qm), a matrix of size m X m
can be constructed by taking the elements of X and Q as horizontal
and vertical coordinates, respectively. A warping path is defined as
the path in the matrix that starts from (x1, q1) (bottom left corner)
and ends at (xm,, ¢m) (top right corner) without crossing gray cells.
According to Definition 3, computing DTW (X, Q) equals finding
a warping path such that the total costs of the cells that it passed
through is minimized, where the cost of passing through cell (x;, g;)
is defined as (x; — qj)z.

In |
invalid cells by

Im-1] Sakoe-Chiba band
cost estimated

Q . by LBgimp1 (X, Q)

cost estimated

4 by LBy (X, Q)

2

q1 a warping path

X1 Xy X3 e Xm-1 Xm

Figure 2: Illustration of a warping path and LByy,.

The non-gray areas are cut into several bands which are distin-
guished by different colors in Figure 2. Any warping path must cross
every of these bands, paying at least the lowest cost for cells within
that band. Obviously, the smaller the size of a band, the tighter
the lower bound will be. LBy, basically uses the LBk, rr lower
bound on the first and last three data elements and adopts LBy [7]
as the lower bound for the middle part. Therefore, LB, Fr pro-
vides a tighter lower bound at the beginning and end of a sequence
compared to the general distance lower bound (i.e., vertical bands),
making LBy, practically tighter than LBy.

3.1.2  Definition of LBpyy. Givenquery Q = (91,92, ... ,qm) € R™,
an m-length subsequence X = (x1,x2,...,xn) € R™, and any
vector M € {0,1}™, LBy, is defined as Equation (5):

+ LBkimr1. (X, Q)?,
(5)

LBy+(X,Q) = \/[max{@ - \/P_l, 0}]2

where
P = (U? - L?)Z’
{il4<ism-3,M[i]=1}

(6)
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[(xi —L2)? + (x; - U9)?]
{ila<ism-3,M[i]=1}

P2 (7)

and UIQ and ]LIQ are the elements in envelopes of Q defined in Table
1.

3.1.3  Proof on Correctness of LBpyy.

THEOREM 5. Given any Q € R™, X € R™, and M € {0,1}™ that
satisfies p2 > pi,

LBy (X.Q) < DTW(X. Q). (®)

Proor. Given any X € R™ and Q € R™, summing the minium
costs of each band illustrated in Figure 2 implies,

m-=3
DTW(X,Q)* > LBimpr(X.Q)* + ) d, ©)
i=4
where,
— ; )2
dl B i—wgljl'gl#w {(xl qj) } ’ (10)
According to [7],
V2p2 = p1 = NP1 (1)
i=4 2
If p2 > p1, then v/2ps — p1 — +/p1 = 0, therefore,
m-=3 2
b0 — Dy —
&> [V2p2 = p1 = Vp1] 12)
i=4 4
o

It should be noted that the cost of directly computing LBy
defined as Equation (5) is still O(m) time for each candidate. To
achieve an average cost of O(logm), it is necessary to carefully
design an algorithm that makes use of the characteristics of the
subsequence matching problem.

3.2 Basic Idea for Computation LBy, Efficiently
in Subsequence Matching Problem

3.2.1 The core idea. The idea for computing LBy efficiently is as
follows. Firstly, LBy is transformed into a series of inner products
with mathematical derivation. Then, the inner products are com-
puted using the Fast Fourier Transform (FFT). Leveraging the fact
that candidate subsequences overlap with each other in the sub-
sequence matching problem, the second step incurs only O(logm)
per inner product, and the first step only takes a constant time. To
express sequence operations in a more concise way, we introduce
the notations shown in Table 2.

3.2.2  Reducing LBy into Inner Products. Given the candidate
subsequence T(;) and query Q, we convert LBM+(T(,-),Q) into
several inner products. According to Equitation (5) and (6), to
calculate LBM+(TA‘(1-), Q), we only need the value of p;, p2 and
LBKimFL(T(i)»Q)- p1 depends only on query Q, thus, its value
can be shared by any i € {1,2,...,£ — m+ 1}. Therefore, the cost
of obtaining p; can be seen as a constant. In addition, LBxmFL
costs only O(1) time. Therefore, the key to compute LBM+(T(i), Q)
depends on py. For the sake of clarity, we define M’ € {0,1}"™ as



Table 2: The Notations Used in Section 3

Symbol Description
@ The element-wise addition between series, i.e.,
X®Q=(x1+q1,x2+q2,...,Xm + qm) for any
X = (x1,x2,...,xm) € R™",0=(q1,92,....9m) € R™.
o The element-wise minus between series, i.e.,
XoQ=(x1-q1,x2—q2....Xm — qm), X,Q e R™.
0] The element-wise product between series, i.e.,
X 0 Q =(x191, X292, - - -, Xmqm)-
(X,Q) The inner product between series X and Q.

4<i<m-3

M'[i] = 1
Li] otherwise. (13)

Mli],
o

By Equation(7), p2 can be decomposed as

2 = (ti+j—1 — P _LQ)Z N (ti+j—1 — Hi —U.Q)2
) j : J
(IMTi1=1) o G
2 411; 2
= Z [—zfiz+j_1 - %tHj—l - ;(ti+j—1UjQ)
UM =y % :
2 o, U 20 0 0V? (1 0\
- ;i(tlﬂ_l]Lj )+ ? + Z(Lj +Uj )+ (U}. ) + (]Lj ) 1,
1

(14)
where U9 = (UQ,UZQ, U,Qn), LQ = (LQ,LZQ, ]L(;,)l) are the en-
velops of Q defined in Table 1, and y;, o; are the mean and standard
deviation of candidate subsequence T;).

Fortunately, all terms in Equation (18) can be efficiently com-
puted in the subsequence matching problem for i € {1,2,...,¢ —
m+1}. Because M’ € {0, 1}, summing the terms according to M’,
is equivalent to computing the inner product. For example,

tivj—1 = Z tivj—1* M'[j] = (T, M), (15)
{jIm’[j1=1} {1<j<m}

where (T{;), M’) is the inner product of T(;y € R™ and M is defined
in Table 2. Let "©" be the element-wise product defined in Table 2,
we have

tej-1 = ((T() © Tiy). M').

(16
UM [jl=1} )
Besides,
tisj-1U§ = (T, (M 0 U)). a”)
UM [jl=1}
Following the same methodology, > tit j_l]LjQ =(T()
{ilm[jl=1}
2
(M oL9), 3 (L}Q) = (LPoL9,M)Yand 3
{ilm[jl=1} M [jl=1}

0\?2 L
(Uj ) = ((UQ © UQ), M’) can also be transformed into inner
products between M’, 09,12 and T(i)-
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Consequently, we have

po = Z5((T © T M') = BT, M) = = (T, (' 0 U2))
1 1
2
- 3<T(,-), (M L)) + 2iziw',M’) + 210 o U0y, M)
oj o; Oj
+ (L2 0 LO), M) + (UL 0 U9), M’).
(18)
So far, LBM+(T( i)» Q) has been decomposed into calculations of
inner products, as well as other operations with constant time com-
plexity. These inner products can be computed in batches using the
Fourier transform, with the average cost of each inner product be-
ing only logarithmic. Therefore, the average cost of LBM+(T( i) Q)
can be reduced to O(log m) when ¢ = O(m).

3.2.3 The Sliding Inner Product Algorithm (SIP). Given any T = (1,
to,t3,...1;) € Rfand query Q € R™ Let Ty = (ti, tit1s - - - Litm—1)
and < T;), Q > be the inner product of T;) and Q. Algorithm 1
describes the subroutine to compute {< T;),Q >}f:_1m+1, the in-
ner products between Q and every m-length subsequence of T, in

O(¢log ¢) time. The inner products between Q and T(yy, . - ., T(z—m41)
can be regarded as the result of a convolution between Q and T.
Therefore, they can be computed with Discrete Fourier Transform

(DFT) and Inverse Discrete Fourier Transform (IDFT) in O(¢ log ¢)

time [30, 35].

Algorithm 1: SIP(T, X)

Input: T € R, X e R™, (£ > m).
Output: The inner product between X and T(;) for
ie{l,2,....,t—m+1}.
1 Xpaq < pad X with £ —m + 1 zeros;

2 Xpaq < inverse Xpqq;
3 TDFT — DFT(T) 5

4 Xppr « DFT (Xpaq) 5
5 COV « IDFT(Tpgr © XpFT) ;

6 return the real part of COV[m —1:¢].

// Fast Fourier Transform

3.3 Computing LBM+(T(i), Q) in Average

O(log m) Time
Now, we formally present the algorithm for calculating LBy, based
on the ideas discussed in Section 3.2.

3.3.1 Algorithm Overview. The pseudocode for computing LBy,
(T(i), Q) is described as Algorithm 2, where " ©","@", and "®" are the
element-wise operations defined in Table 2. Firstly, Lines (1-5) ini-
tialize the mask vector M. It should be noted that Algorithm 2 is cor-
rect for any mask vector M € {0, 1}, that is, [bQ; < DTW(f(l-), Q).
However, M affects the proximity of [bQ; to DTW(f"(,-), Q). The
selection of M will be further discussed in Section 3.5.

Then, Lines (6-7) compute the mean value, {,ui}fz_l’”“, and the
standard deviation, {ai}fz_l’"”, within every m-length sliding win-
dow of T. The corresponding algorithms to compute the moving



average and the moving standard deviation in O(¢) time are de-
noted as MVStd(T, m) and MVMean(T, m) respectively*. According
to algebraic knowledge, given any series T = {t1,ta,...,t7} € RY,
the mean, sum, or standard deviation of the m elements in the slid-
ing window can be obtained from the first-order central moment
Zi:']g”_l t; and the second-order central moment Zf:lgn_l(ti)z of
the elements, where k is the starting position of the sliding window.
For space limitations, this paper does not list the corresponding
pseudocode, we recommend the readers refer to [24] for details.

Algorithm 2: LB_Q(Q,T)
Input: Query Q € R™ and ¢-length series T € R’.
Output: The Lower Bound of D(Q, T(;)), {IbQ; f'7=_1m+1'
UQ,LL « the lower and upper envelopes of Q;
M « {0}™; // M is initialized with m zeros
foreach4 <i<m-3do
if 2(U9) - ®(LY) < | then
‘ M[i] « 1;

{pi f:_lmﬂ «— MVMean(T,m) ;
{(fi}fz_lm” «— MVStd(T,m) ;
UMe—MOU? IM— ML ;
UUTUQ0UYLL L2 0L TT «TOT;
{TM;}iZm+! — SIP(T, M) ; // Algorithm 1
{TTM; Y2 — SIP(TT, M) ;
{TUM;}!Zm*! — SIP(T, UM) ;

{TLM;}! 2™+ — SIP(T, LM) ;
Dyt < ED(UQ 0 M,LC 6 M) ;
c1 — (UU M); ¢z « (LL, M) ;
3 — (UL, M); cq — (L2, M); c5 — (M, M);
foreach 1 <i<f-m+1do
Dyx «

c1 — a'%- [TUMI' — pic‘3] + o’liz [TTMi — 2[1,'TMi +/JZ?C5] ;

[

©w

(S I

// O(f) time
// O(f) time

®

10

11

12

13

14

15

16

17
18

19 Drx «
cy — o’% [TLM; — picq] + ﬁ [TTMi — 2p; TM; +/Jl.2(35];

20

1bQ; « max{% [\/ZDUX +2Drx — D%IL - DUL] ,0};
if [bQ; < € then

| 160 — \[16Q)? + LBimr1(Q.T 1))

Set M « {1} and repeat procedure in Lines (8-22) to
compute {IbQ]}{Z ™+,

foreach 1 <i<f-m+1do
‘ 1bQ; « max{1bQ;, 1bQ;};

return [bQ; fori € {1,2,3,...0 —m+1};

21

22

Ny

3

N
=

Y

6

Lines (10-13) invoke Algorithm 1 to calculate the inner products.
Finally, Lines (17-22) compute LB (f(i)’ Q) according to Equation
(5). There is no need to spend extra time on LBKimFL(f(i)a Q) if
1bQ; exceeds the similarity threshold € (Lines 24-25). Additionally,
we repeat Lines (8-22) using {1}’ as the mask vector to compute
IbQ; and output max{lbQ;, [bQ;}.

4 Another variant of MVMean(T, m) is MVSum(T, m), which computes the moving
sum of the sliding window.
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3.3.2  Algorithm Analysis. We now show that when the length of
T, denoted as ¢, satisfies £ > 2m, the average cost of Algorithm 2 to
compute LBy, for each candidate is only O(logm).

THEOREM 6. The time complexity of Algorithm 2 is O(¢log?).

Proor. Line (1) computes the envelopes of Q with monotonic
queue and costs O(m). Lines (2-5) of algorithm 2 compute the mask
vector M € R™ by checking the cumulative probability distribution
of the standard normal distributions through a lookup table and
cost O(m) time. Then, Lines (6-7) compute the mean and standard
deviation for each candidate and cost O(¢) time. Lines (8-16) invoke
Algorithm 1 to compute a series of inner products, using O (£ log ¢)
time. Finally, Lines (17-22) iterate at most £ — m + 1 times, with a
constant time cost for each iteration. Therefore, the time complexity
of this part is still O(#). Finally, Lines (23-25) change the mask vector
and repeat the above subroutine. Therefore, the time complexity
of the algorithm remains unchanged under the big O notation. In
summary, the time complexity is O(¢log ¢). O

Note that T is a segment of the time series S € R”, and its
length ¢ can be dynamically determined according to m. We set
¢ = [Km], where K > 2 is a constant. Algorithm 2 computes
DTW lower bounds for £ — m + 1 candidates within O(¢log¢)
time. That is, the average time to compute each lower bound is

tlogt [Km]log([Km])
O(7=pz1) = O( ['(nK—Of;)m]ﬁ ) = O(log m).

3.4 Computing LBy, (Q, T(,-)) in Average
O(log m) Time
LB+ is asymmetric with respect to the input, i.e., LBM+(f‘(i), Q) #

LB+ (0O, T( i)), as illustrated in Figure 3. To ensure that as many
potential candidates as possible are filtered out, we need to compute

LB+ (Q.T 1))

LBy (Q,X)

LBy, (X,Q)

Figure 3: Asymmetry of the DTW lower bounds. Given X, Q €
R™, LBp1+(X, Q) computes DTW lower bound according to
X, UQ and L2 (left). LBy, (O, X) computes DTW lower bound
according to O, UX and LX (right). Therefore, LBys. (X, Q) #
LBp1+(Q, X) in the vast majority of cases.

Therefore, we still need to compute LBy (Q, T(i)) forie {1,2,
...,{ —m+ 1}. However, directly reusing Algorithm 2 simply by
exchanging T and Q is not feasible for the following reasons: 1)
T € Rf and Q € R™ are of different lengths. 2) The candidate
subsequences {T;) }i:tl’_m“ need to be normalized whereas Q does
not.

The detailed procedure to compute LBy (Q, T(i)) is described
as Algorithm 3. The detailed derivation and proof of correctness
are omitted due to space limitation. Similarly, LBy (Q, f‘(,—)) is
transformed into several inner products. These inner products are
calculated using algorithm SIP. Therefore, the time complexity of



this algorithm remains O(f log ¢), and the overhead to compute the
DTW lower bound for each candidate is still O(log m) by setting
the value of £ > 2m.

An important difference between Algorithm 2 and Algorithm 3
is their mask vectors. In Algorithm 2, the mask vector is computed
based on the envelope of Q, while in Algorithm 3 it is calculated
based on the upper and lower envelopes of T. Therefore, there are
significant differences in the length and calculation of the mask
vector between the two algorithms, which will be discussed in
Section 3.5.

Algorithm 3: LB_T(Q,T)
Input: Query Q € R™, series T € R’.
Output: The lower bound of D(Q, T(;)), {lei}f:_{"“.
1 UT, LT « the lower and upper envelopes of T;
M «— MASK_T(QT); // Algorithm 4
{ui}iZ" —MVMean(T;t) ; {o;}!_"*! —MVStd(T;¢) ;
UMe—MoUT IM—MoLT; 00— Q0 Q;
{OM;}izm+ — SIP(M, Q) ; // Algorithm 1
{QOM; =1  SIP(M, QQ) ;
{ULOM;}iZ "1 — SIP(UM @ LM, Q) ;
{a;}!Z"*! — MVSum((UMe LM) © (UM e LM), m) ;
{b:}iZ"*! — MVSum((UM© UM) & (LM © LM), m) ;
{ci}YiZ™ — MVSum(UM & LM, m) ;
{d;}i 2! — MVSum(M © M, m) ;
foreach 1 <i<f-m+1do
Dyt < +ai/oi;
Dyrx < O_ng(bi = 2pjci +2p

—2p:QM;) + 2Q0M; ;
IbT; « max {% [1'2DULX - D%]L - DUL] ,0} ;
if IbT; < € then

‘ IbT; \/(lei)2 + LBgimrL (T (1), Q)% ;
return [bT; fori € {1,2,3,...0 —m+1};

@

o

2
i

di) — 2 (ULQM,

15

16

17

=

8

3.5 Selecting Mask Vectors

To improve the efficiency of subsequence matching problems, it is
desirable that the value of LBy, is as large as possible. The mask
vector M does not affect the time complexity or the correctness
of Algorithm 2 and 3. However, M influences the value of LByy,.
Now it is time to explore how to choose M according to the data
distribution to ensure the effectiveness of LBy,

3.5.1 The Impact of Masked Vector on the Effectiveness of LB/
First, consider a simple case where there is only a candidate X (with-
out considering the impact of sequence normalization) and a query
sequence Q. Intuitively reviewing Equation (5) ~ (7), LBp4+ (X, Q)
selectively computes the lower bound of DTW only with a subset
of the elements in X and Q. The actual role of the mask vector M is
to mark the index of this subset. That is, LBy (X, Q) uses the ith
elements of X,Q, LQ and UQ (i.e. xi, qi, ]Ll.Q and U?) if and only if
Mli] =1orie€ {1,2,3, m—2,m—1,m}.Figure 4 shows the example
where the mask vector M = 00001001111000000. This means that
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only the elements in the brown dashed rectangle of the figure are
used to calculate the DTW lower bound (if we ignore the first three
elements and the last three elements).

T T T T T T T T T
8 9 10 11112 13 14 15 16 17

The selected elements
used to compute LBy,

Figure 4: Illustration of LBy (X, Q). The elements in the
brown dashed boxes are selected to compute LBy (X, Q).

A less intuitive fact is that adding more elements to this subset
determined by M may undermine the effectiveness of LBy, de-
grading LBpy to LBk jmFr in the worst case. Subsection 3.5.2 will
quantitatively analyze when this occurs. An important observa-
tion is that the elements in series contribute variously to the lower
bound LB+ (X, Q). For example, elements in the brown dashed
boxes contribute the most significant difference between X and Q
in Figure 4. Intuitively, when the selected subset of elements ex-
hibits significant differences, LBy, is more likely to yield a better
(larger) DTW lower bound. Consequently, we need a mask vector
to enhance the effectiveness of the DTW lower bound by selecting
elements that are likely to benefit the DTW lower bounds.

3.5.2  Principles for Selecting a Good Mask Vector. Given a candi-
date subsequence X € R™ and query Q = (q1,92, ..., qm), M[i]
should be set to 0 if x; € [LIQ, U?], where ]L?, U? are the ith el-
ements in the envelopes of Q, as defined in Table 1. The specific
derivation process is shown in Theorem 7.

THEOREM 7. Given any mask vector M € {0, 1} where excites
1 < t < m satisfies that M[t] = 1 and x; € [LtQ,UtQ], inequality
(19) holds true for any X and Q :

LBm+(X,Q) < LBy, (X, Q),
where LB;VH(X, Q) is computed by using M’ as the mask vector and
0,
Mi],

(19)

, i=t
M[i]={ (20)

others.
Proor. Denote y; as

= [(xi = L2+ (xi - UR)? - (UL ~LD)?].

{ila<i<m—3,M[i]=1}

(21)

If y1 < 0, then LBy+(X, Q) = LBkimrL(X,Q) < LB, (X,Q)
and the proof is complete.

Otherwise, we have y; > 0. Obviously, L? <xt < U? implies,

2

{il4a<i<sm-3,M'[i]=1}

[(xi L)%+ (x; ~U2)2 - (UL - L)) > 0.

(22)



= VLBp+(X, Q)2 — LB impr (X, Q)2 and

ro = \/LB;VH (X,0)? — LBkimrL (X, Q)2. Inequality (22) means ry >
0,and y; > 0 means r; > 0. According to the definition of LB(X, Q)
and Ml,

Denote rq

2

2r + D (U2 -1.9)2
{il4<i<m—3,M[i]=1}

2ro + Z
{ila<i<m-3,M'[i]=1}

= 2(x —L2)? + 2(x, - UL)? — (U2 —1L2)?
< (U2 -19)2

(UL -L2)2 (23)

Algebra transformation of Equation (23) indicates,

(ri—r2) |ri+r2+ > W2 -19)2| <0. (24)
{il4<i<m-3,M[i]=1}

Considering r; > 0 and r, > 0, we have r, > r; > 0. Conse-

quently, the proof is done by the fact that.

LB*(X,Q)* - LB(X,Q)* = (r2)* - (r)* > 0 (25)

]

As a direct corollary of Theorem 7, in any case where x; €
[LQ UQ] the value of M[i] should always be 0. Otherwise, there
will always be a better mask vector M’ that deterministically pro-
duces a DTW lower bound that is equal to or better than the one
obtained with the origin mask vector M.

3.5.3 Computing mask vector for Algorithm 2. The average time
budget to compute LBy, in this section is only O(logm). The prob-
lem is that applying the principle described in Theorem 7 to calcu-
late the mask vector for each candidate costs O(m) time. Therefore,
we can not individually compute the mask vector for each candi-
date. Consequently, heuristic mask vectors need to be formulated
separately for Algorithm 2 and Algorithm 3, respectively
Algorithm 2 computes LBM+(T(1) Q) with {T(,) }f m+1 e,

and LY. Since it is not possible to compute a separate mask vector
for each candidate, we only use a single mask vector M € {0, 1}""
shared by the calculation ofLBM+(f(i), Q)forie{1,2,....6—m+
1}. Consequently, the value of M[j] should be good for the majority
of candidates. That is, following the above principle, M[j] = 1 if
and only if, for more than half of the candidates, the jth elements

T(i) [j] do not fall into the interval [LQ UQ] (1<j<n).

Because subsequences {T(,) }l_ have been z-normalized, i.e.

the elements of {T( i) }lem“ follow some distribution with a mean
of 0 and a standard deviation of 1. Therefore, Algorithm 2 assumes
{T(i) [ ]]}f:_lm * subject to the standard normal distribution for
any fixed j. Let ®(X) denote the cumulative distribution function
(CDF) of the standard normal distribution, then <I>(UQ) - <1>(]L.Q)

}f m+1 fall

presents the possibility that the elements in {T( i [J]
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into []L?, U?]. Therefore, M[j] is set to 1 if this possibility is less
than % in Lines (3-5) of Algorithm 2.

3.5.4 Computing mask vector for Algorithm 3. Algorithm 3 com-
putes LB+ (O, T(i)) with Q, UTo and LT(”, which are the up-
per and lower envelopes of the normalize subsequence T (;y. The
Algorithm 3 requires a mask vector M € {0,1}¢ and computes
LBy+(Q, T (1)) using (M[i], M[i +1],...,M[i + m — 1]) € R™ for
eachl<i<f-m+1.

The choice of the mask vector still follows the principle men-

tioned above. In the ideal case we should check if g;—; € []L] (’l) R

](’l)] for each j —m < i < j. We set M[j] = 1 if and only if it
is good for computation of LBy, of most of the candidates. Un-
fortunately, U7 and LT cannot be precisely computed because
z-normalizing all the candidates {T(i) }f:’lm“ requires O(m¢) time,
which is unaffordable for our O(flog ¢) time budget. Therefore we
Ta)

estimate the envelope interval for the jth element, [L ; ('l),U B
LT i imsar U =iy s
with [ a.ﬂj Lm/2) , L ,'uj Ln/2) ]. Algorithm 4 describes the above
j-Lmj/2) Oj-lmj/2)

heuristic, where an equal-width histogram to estimate the CDF
of Q (Lines 3-6). M[j] is set to 1 if and only if the probability of

L] —pticimyz UT ﬂ: Lm/2)
m i—|m
{qi}}Z, falls into [ == mf2l Oimpa) ]

is less than %

Algorithm 4: MASK_T(Q,T)
Input: Query Q =(q1,92,...,9m) € R™ and segment
T= (tl,tz,...,tf) € Rf.
Output: The mask vector M € {0, 1}%.
1 UT,LT « the lower and upper envelopes of T ;

2 Qmax> Omin <« the maximum and minimum elements in Q ;

3 foreachi € {1,2,...,m} do
+ | Binlh(g)l+=1; 1/ h(v) = | L5 Q) lBin
5 foreachi € {2,3,...,|Bin|} do

| Bin[i] « Bin[i - 1] + Bin[i] ;

7 M« {0}¢; // M is initialized with ¢ zeros
8 foreach4 <i<¢-3do
9 te—i—-|mj2];
10 if [m/2]+1<i<¢-m+1+|m/2] then
Uy~ LT, —pe
(i) . (i) .
11 ‘ u— o il — o7 5
12 elseif i < |m/2] then
T, - LT -
(i) . (i) .
13 ‘ U — 0—1’l - =
14 else
Ul —ppem LY —to—m
15 ‘ U — (i) M +1;l<— (i) He +1;
’ Ul‘.’”“ O¢—m+1
1 if Bln[h(u)]n—zBm[h(I)] < % then
17 ‘ Mli] <« 1;

18 return M;




4 FSMDTW: A FAST SUBSEQUENCE
MATCHING ALGORITHM

This section introduces the proposed FSMDTW (Fast Subsequence
Matching algorithm for Dynamic Time Warping) approach. FS-
MDTW discards most of the candidates through LBy, resulting
in a significant improvement over previous work. To further im-
prove the efficiency of subsequence matching problems, we need to
optimize the existing DTW lower bound function from the aspects
of runtime efficiency or lower bound effect. Therefore, FSMDTW
also includes two important optimizations for the existing DTW
lower bound. The first one is to improve the effectiveness of the
LByeogh by reprocessing query Q. Moreover, the implementation
of LBpetitjean is also improved by computing the projection vector
and its envelope on the fly, ultimately improving the efficiency of
FSMDTW.

4.1 Overview of FSMDTW

The Algorithm 5 describes the pseudocode of FSMDTW. FSMDTW
firstly divides series S € R into segments and then solves the prob-
lem for each segment separately. To avoid missing subsequences
located at the junction between two segments, these segments must
overlap each other by a length of m — 1. As shown in Figure 5, the
series S is cut into p = [ ;=17 ] segments, which are denoted as

i)\ P
{T(l)}izl'

Figure 5: FSMDTW divides S into overlapping segments of
length ¢, where % > 2 and ¢ = 2 for some i € N*.

The length of each segment is set to £, where £ > 2m to ensure
that the average cost of the proposed lower bound is still O(log m).
Besides, the value of ¢ is set to some power of 2 such that the Fast
Fourier Transform can efficiently perform the divide-and-conquer
strategy on T,

After that, FSMDTW solve subsequence matching on each ¢-
length segment by checking ¢ — m + 1 subsequences of length
m. FSMDTW avoids calculating DTW by cascading utilization of
lower bounds. Specifically, lower bounds with cheaper overhead are
first computed, and candidates whose lower bound is greater than
threshold € are discarded. FSMDTW firstly computes LBy with
Algorithm 2 and Algorithm 3 Line (7-9). If the DTW lower bound
is greater than e, the candidate can be safely discarded, thereby not
necessary to compute the consequent lower bounds and DTW. In
fact, the proposed LBy pruned about 98% of the candidates in our
experiments.

Then, the surviving candidates are further checked using lower
bounds whose time complexity are O(m) in Lines (14-17). Based
on the characteristics of the subsequence matching problem, we
designed a tighter lower bound than LBgeogn, called LBk g, which
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Algorithm 5: FSMDTW (S, Q, €)
Input: Time series S € R”, query Q € R™ and
threshold ¢ > 0.
Output: {S;)|DTW(S;,Q) < €}.
10« Q;A<— 0; // normalize Q if necessary
2 { — {Zi}, where 4m < ¢ < 8mandi€ {1,2,...,[logy,(n)]};
3 pe g lige——m+1;
4 DT « MakeBin(Q) ;
5 foreacht € {1,2,..,p} do
T (stq+1,Stq+2, - - ->Stqee) 5 // the tth segment
{Ib}?, — LB Q(Q,T®); // Algorithm 2
if |{i|lb; < €}| > log ¢ then
(BT}, — LB.T(Q.TW);
foreach 1 <i < qdo
| 1b; — max{lb;,IbT;} ;
foreachic {1,2,...,q} do
if € > [b; then
if e > LBKE(Sth_], Q) then
leeogh — LBKeogh(Q,Sin—l) ;
if € > lbgeogn then )
A — LBPetitjean(Q: Si+tq—l) >A
if € > A AND € > DTW(Q, Si1q-1)
then
A — AU {Sittg-1};

// see Section 4.2

6
7
8
9 // Algorithm 3
10
11
12
13
14
15
16
17

18

19

20 return A;

will be discussed in Section 4.2. In addition, we further compute the
LBpetitjean and improve its efficiency by computing the elements on
the fly in Section 4.3.

Finally, only if a candidate passes all the tests of above lower
bounds, the DTW distance will be calculated in the last step, and
the existing result set will be updated.

4.2 Enhancing LBgeogn

LBk is a tighter lower bound than LBgceogp, and can be efficiently
approximated in subsequence matching. Given series X = (x1, xz,
cosxm) € R™and Q = (q1,92,---,9m) € R™, the procedure to
compute LBig(X, Q) is described as Algorithm 6. Firstly, we dis-
crete the range (Qmin, Qmax) into B equal-length intervals {I}, I,

..., Ig} with H(v) = L% + 1], where Qmin and Qmax
are the minimum and maximum values of Q, respectively. Then, a

distance look-up table DT € RB*™M ig defined as,
2
{(t-0)7}.

where DT [k][i] stores the minimum distance between g; and any
x; that satisfies H(x;) = k.

Clearly, the value of DT is only related to Q. Since Q remains
constant throughout the subsequence matching problem, DT can
be shared by all candidates and the time cost of establishing DT is
negligible. The process of calculating LBk is shown in Algorithm
6. Lines (3-7) of Algorithm 6 is exactly computing LBgeogn (X, Q)-
The main difference lies in the utilization of the look-up table DT to

DT[k][i] =

min
i—w<j<i+wtel

(26)



enhance the effectiveness of the lower bound. Therefore, in practice
LBkp is always "tighter" than LBgeogh-

Algorithm 6: LBxg(X, Q)
Input: X = (x1,...,xm) € R™,0=1(q1,92, .-
Output: lower bound of LBk (X, Q).
1 dist — LBgimpr (X, Q)% ;
// DT can be shared if Q does not change
2 Compute DT € RB*™ with Equation (26) ;
3 foreach4 <i<m-3do
if x; > U9 then
| dist  dist+ (x; - U9)?;
else if x; < ]L,iQ then
‘ dist « dist+ (x; — LiQ)Z ;
else
‘ dist « dist+ DT[H(x;)][i] ;
dist;

.sqm) € R™

4

5

10 return

4.3 Accelerating LBpesitjean

LBpetitjean is the tightest known DTW lower bound of O(m) time
complexity, but it is much slower than LB o gp,- Therefore, LBpetitjean
is the last DTW lower bound to check in FSMDTW. LBpgsjfjean is de-
fined based on LBgogpn and LBy, pr, which have been calculated
in FSMDTW previously. Therefore, we only need to compute the
remaining part of LBpesitiean(X, Q).

The original implementation of LBpeyijean abandons the calcula-
tion immediately once the cumulative lower bound exceeds € [31].
However, it still needs to fully compute the projection vector P
and its upper and lower envelopes U? and L for each candidate
subsequence.

This paper improves the efficiency of LBpe;isjeqn according to the
following observations: Firstly, the projection vector P and its en-
velopes (ILF and UP) are utilized element by element in LBpetitjean-
Furthermore, P, L, and U¥ can be calculated element by element
without incurring additional overhead. Therefore, we compute
LBpetitjean efficiently by computing P, UP and LY element by ele-
ment on demand, which avoids computing most envelopes, thereby
significantly speeding up LBpesitjean-

5 EXPERIMENTS
5.1 Experiment Setup

Hardware. All experiments are carried out on a server with 64GB
RAM, an Intel CORE i5-12500 CPU and 3TB SSD storage.

Algorithms The state-of-the-art index-free algorithm are UCR-
Suite [23] and its variant UCR-MON Suite[4]. We obtained the
C/C++ code for these algorithms from their official website >. UCR-
Suite was originally designed to search for only the top-1 candidate
for a given query. We have slightly modified it to adapt to the e

Shttps://www.cs.ucr.edu/~eamonn/UCRsuite.html and https://github.com/MonashTS/
UCR-Monash
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ranged subsequence matching problem. Our algorithm, FSMDTW,
is also implemented in C/C++ and available online °.

Datasets. This paper employs both synthetic and real-world datasets,
which are described in Table 3.

5.2 The Tightness and Efficiency of the
Proposed Lower Bound

This subsection evaluates LBy against the other DTW lower
bounds in terms of both efficiency and effectiveness. The effec-
tiveness of DTW lower bounds is measured by Tightness of Lower
Bound (TLB) [12], which is defined as the average ratio between
the estimated lower bound and the exact DTW value. A higher TLB
value indicates that the lower bound is more effective, as it allows
for the elimination of a greater number of candidates.

5.2.1 Effectiveness of lower bounds. Figure 6(a) reports the average
effectiveness on the five datasets mentioned in Section 5 of different
DTW lower bounds as m changes. LB_Q and LB_T represent the
lower bounds computed by Algorithm 2 and Algorithm 3, respec-
tively. The effectiveness of the proposed lower bound is measured
as max{LB_Q, LB_T,LB_F}, where LB_F is a special case of LBy
where all elements of the mask vector is set to 1.

—#%—max{LB_Q,LB_T,LB_F}

10 LB _KimFL —%— LB Keogh —&—LB

LB_Petitiean
E

—%— max{LB_QLB_T,LB_F} LB_Petitiean
~3LB_KimFL_— LB_Keogh —s— LB _KE

o
Y

Average Effectiveness

Time to Compute Lower Bounds (s)

s —

0
64 128 256 512 1024 2048 4096 8192 16384
m

64 128 256 512 1024 2048 4096 8192 16384

(a) Effectiveness vs. m

(b) Efficiency vs. m

Figure 6: The effectiveness (measured by TLB) and efficiency
(normalized by setting the cost of LBg ;1 as 1) of DTW lower
bounds with respect to query length m, without considering
the impact of early stopping techniques.

The experimental results indicate that the effectiveness of LBk jmFL
decreases rapidly with increasing query length m, while the effec-
tiveness of other lower bounds decrease slowly. This rapid decline
in effectiveness of LBk imFy is attributed to its consideration of only
six pairs of elements, which hinders its ability to reflect the dissimi-
larity between longer series. In contrast, all other lower bounds are
less affected by the query length m because they potentially utilize
every element of the series in their computation.

5.2.2 Efficiency of lower bounds. Figure 6 (b) illustrates the effi-
ciency of different DTW lower bounds as m changes. Experiments
indicate that the time overhead of these DTW lower bounds are
consistent with their theoretical time complexity. As m increases,
we observe that 1) the cost of LBgeogn and LBpetitjean increases

®https://github.com/QW1k0YA/A-Fast-Index-free-Subsequence-Matching-
Algorithm-for-Dynamic- Time- Warping


https://www.cs.ucr.edu/~eamonn/UCRsuite.html
https://github.com/MonashTS/UCR-Monash
https://github.com/MonashTS/UCR-Monash
https://github.com/QW1k0YA/A-Fast-Index-free-Subsequence-Matching-Algorithm-for-Dynamic-Time-Warping
https://github.com/QW1k0YA/A-Fast-Index-free-Subsequence-Matching-Algorithm-for-Dynamic-Time-Warping

Table 3: Datasets Used in the Experiments

Dataset Length Description of Dataset
RW 1x10° An artificial dataset where the difference of adjacent points follows the standard normal distribution.
ECG’ 1.7 x 10° An electrocardiograms dataset collected from 15 humans with a sampling frequency of 1KHz.
EEG 3 2.4 % 10° An electroencephalogram dataset collected from 22 humans, sampled at a frequency of 256Hz.
DNA’® 1.7x10Y A DNA dataset consists of nucleotide sequences derived from various species.
TEMP © 1.9x10° A dataset contains monthly average temperature data for China from January 1901 to December 2023.

linearly with m; 2) the cost of LBk, Fr remains stable; 3) the over-
head of max{LB_T,LB_Q, LB_F} increases very slowly, reflecting
its O(log m) time complexity.

Although LBy, is less effective than LBgogp. it significantly
outperforms in terms of efficiency. For example, when m = 1024,
the proposed method is nearly 20 times faster than LBgogn- When
m = 16384, our method is more than two orders of magnitude faster
than LBgeogh, and the speed advantage continues to increase with
the length of the sequence. In addition, LBkF is always tighter than
LByeogh- The calculation of LBk is slightly slower than that of
LByeogh but the difference is almost negligible.

5.3 The Efficiency of FSMDTW on Short and
Medium Length Queries

Now, we compare the proposed FSMDTW algorithm with UCR-
Suite in terms of efficiency. The reasonable distance threshold e
varies with the length of the query and the datasets. Therefore,
we determine the threshold e based on selectivity, which is the
ratio between the size of result and the total number of potential
candidates. For example, if the selectivity of the query is set to
1078, then € is adjusted to ensure that the number of results is
1078 x (n—m+1).

The selectivity of the queries is set to 107?, 1078, 1077 and
1076, The limit of the warping path, w, is set to [0.01m], [0.02m],
and [0.05m] respectively. Five query series are selected for each
combination of the parameters. Figure 7 reports the average runtime
of the subsequence matching algorithms in different datasets.

The results show that FSMDTW consistently outperforms UCR-
Suite and UCR-MON Suite in all datasets. Across the five datasets
included in the experiments, the proposed approach demonstrates
an average speedup of 2.01 ~ 3.22 times compared to the UCR-
MON Suite and is 3.32 ~ 4.24 times faster than the UCR-Suite.
This advantage can be attributed to the lower bound proposed in
this paper. It discards around 98% of the candidates on average
in the experiments, thus significantly reducing the time cost in
the computation process of the lower bound function compared to
existing works.

In addition, the experimental results show that our advantage
over UCR-Suite and UCR-MON Suite increases with increasing
query length m. The reason is that, as the increase of m, the speed ad-
vantage of the fast lower bound method proposed in this paper over
the existing DTW lower bounds continuously increases. Therefore,
the advantage of FSMDTW is more significant for longer queries.
Additionally, the space complexity of FSMDTW is O(¢log ¢), where
¢ is the length of the sequence segment (recalling Algorithm 5). In
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all experiments presented in this paper, the maximum memory
usage never exceeds 20MB. Therefore, we do not report the detailed
space usage of the Algorithms.

5.4 The Scalability for Longer Queries

This subsection evaluates the performance of the subsequence
matching algorithms against longer query series. The selectivity
of queries is set to 107%. Table 4 reports the execution time of the
algorithms on different datasets.

Table 4: Time taken to perform subsequence matching (s)

Dataset
m  Algorithm  RW EEG DNA ECG TEMP
UCR 3295 105143  1537.8 685 1783
211 UCR-MON  201.1 4153.9 12345 407  113.1
FSMDTW 175 1664.4 4152 274 678
UCR 802.3 5492.9 1659.7  97.8  355.6
22 UCR-MON 5052  4250.6 10344  62.6 2314
FSMDTW 248 2665.9 313.1 296  66.1
UCR 1370.1 724486  2859.1  80.3 3843
2 UCR-MON 8125  43507.5 17281  51.6  252.4
FSMDTW 203 214033  371.1 30.2 358
UCR 3506.5 190570.7 127245 2325 337.6
24 UCR-MON 2079.2 870149  8750.8 1339 214.1
FSMDTW  30.4 428065  379.5 365 444

The experimental results show that the proposed FSMDTW is
significantly faster than the other competitors on longer queries.
The average speedup is 20.4 when query length reaches 214. This
significant advantage can be attributed to the proposed DTW lower
bounds, which only cost O(log m) time. Our algorithm performs
better on the random walk dataset than on the other datasets. The
reason is likely to be that the random walk dataset is more consistent
with the assumptions we made about the distribution during the
calculation of mask vectors. Therefore, LBy filters out most of the
candidates on this dataset, which results in FSMDTW achieving
better performance.

"https://physionet.org/content/butqdb/1.0.0/
8https://physionet.org/content/chbmit/1.0.0
“https://hgdownload.cse.ucsc.edu/goldenpath/hg38/bigZips/,the DNA sequence is con-
verted into a numerical time series by assigning values to nucleotides: ‘A’ (+2), ‘G’ (+1),
‘C’ (-1), and ‘T’ (-2).
Ohttps://www.tpdc.ac.cn/zh-hans/data/71ab4677-b66c-4fd1-2004-b2a541c4d5bf


https://physionet.org/content/butqdb/1.0.0/
https://physionet.org/content/chbmit/1.0.0
https://hgdownload.cse.ucsc.edu/goldenpath/hg38/bigZips/ 
https://www.tpdc.ac.cn/zh-hans/data/71ab4677-b66c-4fd1-a004-b2a541c4d5bf
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Figure 7: Average time taken by subsequence matching algorithms on different datasets.

Furthermore, it can be observed that the time overhead does
not necessarily increase monotonically with the query length m.
This is because a significant portion of the time is spent calculating
the DTW lower bounds. Consequently, the filtering efficiency of
candidates plays a crucial role in the overhead of subsequence
matching. As the length of the query sequence increases, variations
in filtering efficiency may lead to a decrease in the overall time
consumption of the algorithm.

5.5 Influence of Selecting Mask Vectors

This section investigates the impact of mask vector selection strat-
egy on the effectiveness of lower bounds, and the result is shown
in Figure 8. We tested three different strategies as the baseline. The
random strategy generates a mask vector by setting each element of
the mask vector M to follow an independent binomial distribution
with the same probability to be either 1 or 0. The all-one strategy
simply configures the mask vector with all elements set to 1. The
heuristic strategy refers to the strategy we used to set the mask
vectors. Finally, "heuristic + all one" represents the maximum of
lower bounds generated with the mask vector generated by all one
and the heuristic strategy.

[ Jallone PZZrandom R heuristic B heuristic+all one
0.9 T T T T T

EEG

DNA
DataSet

TEMP

Figure 8: The effectiveness of LB, under different strategies.

The results show that the random strategy is essentially always
the worst, as it does not leverage any knowledge and blindly masks
elements compared to the all-one vector. In most cases, mask vectors
based on heuristic methods outperform the all-one mask vector
because they selectively ignore elements that may worsen the result.
Finally, the method that combines the all-one mask vector with
the heuristic mask vector has the best lower bound effectiveness.
This demonstrates the rationality of the approach adopted in this
paper, which involves using different mask vectors multiple times
to compute LBy
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5.6 Ablation Study

We conducted ablation experiments on the three main optimiza-
tions proposed in this paper, namely, the optimized algorithms for
LBpy, LBkE, and the acceleration of LBpesjfjean- The results are
shown in Table 5. We set w = [0.05m] and m = 256 and report
the execution time of the algorithm after removing or replacing
certain modules. The experimental results show that the improve-
ments proposed in this paper contribute to the performance of
the proposed FSMDTW Algorithm. However, the degree of perfor-
mance improvement varies across different datasets, which may be
attributed to data distribution differences.

Table 5: Ablation Study on Removing Different Modules

Dataset
Runtime (s) RW EEG DNA ECG TEMP
Remove LB+ 63.1 652.6 680.7 100.9 503.0
Replace LBke 346 3399 5162 944 210.9
with LBgeogh
Remove acceleration
257 3326 5162 823 189.2
of LBpetitjean
FSMDTW 24.0 2256 5149 823 182.5

6 CONCLUSION

The subsequence matching problem based on DTW plays a key
role in time series analysis. This paper designs the first algorithm
capable of generating DTW lower bounds in average ©(log m) time,
demonstrating a substantial improvement in efficiency over the
existing approaches. By meticulously integrating this fast lower
bound, enhancing the pruning power of LBgogp, and accelerating
the computation of LBpeyisjeqn. this paper proposes the FSMDTW
algorithm for the subsequence matching problem. Experimental
results demonstrate that FSMDTW significantly outperforms the
state-of-the-art algorithm, particularly for long queries, with an
improvement of up to an order of magnitude.
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