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ABSTRACT

Significant pattern mining is a fundamental task in mining transac-
tional data, requiring to identify patterns significantly associated
with the value of a given feature, the target. In several applications,
such as biomedicine, basket market analysis, and social networks,
the goal is to discover patterns whose association with the target
is defined with respect to an underlying population, or process,
of which the dataset represents only a collection of observations,
or samples. A natural way to capture the association of a pattern
with the target is to consider its statistical significance, assessing
its deviation from the (null) hypothesis of independence between
the pattern and the target. While several algorithms have been
proposed to find statistically significant patterns, it remains a com-
putationally demanding task, and for complex patterns such as
subgroups, no efficient solution exists.

We present FSR, an efficient algorithm to identify statistically
significant patterns with rigorous guarantees on the probability
of false discoveries. FSR builds on a novel general framework for
mining significant patterns that captures some of the most com-
monly considered patterns, including itemsets, sequential patterns,
and subgroups. FSR uses a small number of resampled datasets,
obtained by assigning i.i.d. labels to each transaction, to rigorously
bound the supremum deviation of a quality statistic measuring the
significance of patterns. FSR builds on novel tight bounds on the
supremum deviation that require to mine a small number of resam-
pled datasets, while providing a high effectiveness in discovering
significant patterns. As a test case, we consider significant subgroup
mining, and our evaluation on several real datasets shows that FSR
is effective in discovering significant subgroups, while requiring a
small number of resampled datasets.
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1 INTRODUCTION

Pattern mining is a fundamental task in data mining that, in its most
common definition [17], requires to find patterns that occur more
often than a given frequency threshold in a database of transactions.
Pattern mining finds applications in several areas such as market
basket analysis [2], graph databases [1, 3, 11], and the analysis of
spatial and temporal data [9, 10, 18].

Significant pattern mining [16, 30] is an extension of pattern
mining that, in its most general formulation, requires to discover
patterns with a significant association with a binary label from a
dataset consisting of a collection of elements, where each element
comprises the values of features, which may be categorical, binary,
or continuous, and the value of the binary label of interests, also
called the target. Such formulation captures various types of pat-
terns, such as itemsets, when all features are binary, or subgroups [4],
with more general features. This task finds applications in a wide
range of domains, such as market basket analysis, medicine, and
molecular biology, where finding reliable associations is paramount.

Significance is usually assessed using the statistical hypothesis
testing framework. In such framework one defines a measure of
quality for patterns, and assumes the null hypothesis of no associa-
tion between a pattern and the target label. The significant patterns
are then the ones with quality that significantly deviate from the
null distribution, that is, the distribution of the quality under the
null hypothesis. The deviation from the null distribution is usually
measured by a p-value, that is the probability, under the null distri-
bution, that the pattern has quality as large as the one observed in
the dataset.

A major complication in the use of the statistical hypothesis
testing framework in data mining is given by the huge number
of candidate patterns that are considered, resulting in a multiple
hypothesis testing problem. With a huge number of candidate pat-
terns, some non-significant patterns display a substantial deviation
from the null distribution just by chance. Therefore, it is critical to
account for testing multiple hypotheses when mining significant
patterns, in order to avoid reporting a large number of spurious dis-
coveries. Several methods have been proposed to deal with multiple
hypothesis testing [6, 7, 46]. While these methods provide various
guarantees, the one most commonly considered is the Family-Wise
Error Rate (FWER), which is the probability of reporting in output
one or more false discoveries.

Current approaches for significant pattern mining with guar-
antees on the FWER belong to one of two classes. The first class
is given by approaches that assess the significance of each single
pattern (e.g., through a p-value or related quantities), and then
perform an analytical correction to account for multiple hypothe-
sis testing [43-45]. A widely used procedure in this class is given
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by Bonferroni correction [6], which computes a corrected p-value
by multiplying the p-value pp of a pattern # by the number h of
candidate hypotheses. If patterns with corrected p-value h X pp
below a threshold « are flagged as significant, the FWER of the
output is guaranteed to be < a. While these approaches and their
improved versions [28, 40] are fairly efficient, thanks to the use
of analytical derivations, they suffer from a low statistical power,
that is they often fail in identifying significant patterns, due to the
multiple hypothesis corrections that must provide guarantees for
every situation, independently of the observed data.

The second class is given by approaches that use the dataset to
estimate the overall distribution of the patterns’ statistics (or corre-
sponding measures, such as the p-values) under the null hypothe-
sis [25, 32, 39]. The distribution is estimated using permuted ver-
sions of the data, obtained by keeping the features in each element
of the dataset fixed and randomly permuting the target labels among
elements. For example, the Westfall-Young (WY) method [46] uses
permuted datasets to estimate the quantiles of the smallest p-value
under the null hypotheses (or, equivalently, largest qualities or test
statistics), and uses such estimate to derive a corrected threshold
to flag patterns as significant. These approaches usually improve
the statistical power for detecting significant patterns compared to
approaches in the first class, but are often computationally demand-
ing, since they need to mine a large number of permuted datasets
to obtain good estimates of the overall distribution of the patterns’
statistics. While this can be achieved fairly efficiently for simple
patterns such as itemsets [25, 32], the overall approach is impracti-
cal for more complex patterns such as subgroups, for which mining
even a single dataset is extremely time-consuming.

An additional limitation of permutational approaches is that
they focus on conditional testing [15]. In conditional testing one
assumes that the variables of interest, in our case the frequency
of patterns and the fraction of elements with target label 1, are
the same in every dataset from the null distribution. In contrast, in
unconditional testing [5] one assumes that the variables of interest
are the realization of corresponding random variables. Conditional
testing and unconditional testing capture different assumptions
regarding how data is generated and collected, that is, whether the
variables of interest would be the same in different repetitions of the
experiment. The choice between the two types of testing depends
on the specific scenarios. However, in practice conditional tests are
often used for computational reasons, since unconditional tests are
much more demanding from the computational standpoint due to
the need to account for uncertainties in the observed quantities.
In fact, while for simple patterns such as itemsets [31] significant
pattern mining procedures with (partial) unconditional testing have
been designed, for more complex patterns such as subgroups no
unconditional testing procedure is available.

1.1 Contributions

This work focuses on the efficient discovery of significant patterns.
Our contributions are four-fold. Firstly, we propose the first general
framework to discover significant patterns that can be used for both
conditional and unconditional testing. Our framework is based on
a natural definition of a pattern’s quality that captures its signifi-
cance, and applies to any type of pattern for which the appearance
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of the pattern in an element of the dataset is well defined. Such
patterns include widely used patterns such as itemsets, subgroups,
sequential patterns, and subgraphs. Second, we propose FSR, an
algorithm for the efficient discovery of a rigorous approximation
of significant patterns while controlling the Family-Wise Error Rate,
which is the probability of reporting even a single false discovery.
FSR uses a few-shot resampling approach, that is, it mines a small
number of resampled datasets, obtained by keeping the features
of each element of the dataset fixed and assigning i.i.d. values to
the target. Moreover, FSR can leverage any existing algorithm for
mining the patterns of interest. Third, we provide novel tight theo-
retical results relating the distribution of patterns’ qualities under
the conditional and the unconditional distributions, and relating the
estimated maximum deviation of patterns’ qualities in resampled
datasets with their (unknown) true quality in the corresponding
distribution. These results are crucial in making our approach prac-
tical, since they imply that mining a small number of resampled
datasets is enough to identify significant patterns. Fourth, we con-
sider significant subgroups mining as a test case in our extensive
empirical evaluation. We use our algorithm FSR to derive the first
approach for mining significant subgroups with unconditional test-
ing, and an approach for the conditional testing scenario which is
much more efficient than permutation testing while maintaining
an extremely high power. For the most challenging datasets, FSR is
the only approach that allows to mine significant subgroups within
reasonable time. More importantly, we remark that the considered
test case of subgroups is well representative of other settings. In fact,
we expect the sensible improvements obtained by FSR to transfer
to other cases (i.e., other pattern types), given the generality of our
framework and the characteristics of our permutational approaches,
which are shared by all significant pattern tasks.

Due to space constraints, we defer some of the proofs and addi-
tional results to the Appendix in the online extended version [33].

2 RELATED WORKS

Our work focuses on efficiently mining significant patterns. We now
discuss the previous works most related to our contributions. We
refer the reader to recent comprehensive reviews and tutorials for
an overview of commonly used techniques for mining significant
patterns [16, 30].

Several approaches [43-45] have used general methods for mul-
tiple hypotheses testing, such as Bonferroni [7] and Holm meth-
ods [19], within significant pattern mining. Such methods result
in low statistical power, since they correct the p-value, or a mea-
sure of the significance of a pattern, by the number of candidate
hypotheses (i.e., the number of patterns), which is extremely large
in data mining applications. LAMP [28, 40] is a recently introduced
method that partially addresses such issue by selecting a subset of
patterns for testing, while discarding the patterns with no chance of
being significant. Such approach leads to identifying an improved
(i.e., smaller) correction factor, resulting in higher statistical power
while controlling the FWER. However, since each selected pattern
is still tested as a distinct hypothesis, LAMP still leads to reduced
statistical power [25, 39]. Our algorithm FSR instead uses resam-
pled datasets, taking into account dependencies among patterns, to
achieve high statistical power.



Several permutation-based methods have been proposed to iden-
tify patterns significantly associated with a binary target label.
[25, 32, 39] use the Westfall-Young (WY) permutation test [46]. The
WY permutation procedure requires to estimate the §-quantile of
the distribution of the minimum (overall all patterns) p-value (or,
equivalently, of the distribution of the maximum deviation, over all
patterns, of the measure of significance). The use of such quantiles
makes WY permutation testing more powerful than LAMP, but
also more computationally expensive, since the estimation of such
quantiles requires to mine a large number of permuted datasets.
For these reasons, all such methods may need impractical resources.
Our algorithm FSR instead requires to mine a small number of
resampled datasets, leading to an efficient approach even for com-
plex patterns such as subgroups. In addition, permutation-based
methods only consider the conditional distribution, where patterns’
frequencies and the fraction of elements with target label equal to
1 are assumed fixed in all permuted datasets. Our approach instead
works for both the conditional and the unconditional distribution.

The identification of significant patterns with unconditional test-
ing has received scant attention. This is due, in part, to the higher
computational cost required for assessing the significance of even
a single hypothesis in the unconditional setting, for example us-
ing Barnard’s test [5]. As far as we know, the only approach for
mining significant patterns in a partially unconditional setting is
SPuManTE [31]. In the partially unconditional setting considered by
SPuManTE only the frequencies of the patterns are not fixed, while
the target is fixed by design. In contrast our algorithm FSR consid-
ers a fully unconditional setting, where the fraction of elements
with target label equal to 1 is not fixed either. Moreover, SPuManTE
leverages specialized techniques for mining significant itemsets
that cannot be easily generalized to other pattern types, while our
approach applies directly to several pattern languages, including
itemsets, sequential patterns, and subgroups.

Other works, orthogonal to ours, consider improving the diver-
sity or limiting redundancy of the output [12, 21, 41].

3 PRELIMINARIES

We consider a dataset D as a collection of m transactions D =
{(s1,%1), - - (Sm>tm)}, where each transaction (s,f) € D is com-
posed by a set s of d features, either binary, categorical, or contin-
uous, and a binary target variable £ € {0, 1}. More generally, we
assume that s belongs to a domain X. By defining the multisets
A ={s1,....,sm}and T = {f1,..., 0y}, a dataset D is also repre-
sented by the pair D = (A, 7). We assume to have a language L
containing the patterns of potential interest. This scenario captures
widely used pattern mining tasks, such as: itemset mining, where
all features correspond to (binary) items and the language L corre-
sponds to the set of all itemsets, i.e., (non-empty) subsets of items;
subgroup mining, where the language £ contains all subgroups, i.e.,
the sets of conjunctions with at most z conditions over features
from A, where each condition is either an equality, on a categorical
feature, or an interval, on a continuous feature.

Given a transaction (s,f), we use the notation € s to say
that the set s of features supports pattern £, where the meaning
of £ € s depends on the specific data mining task. For example,
for itemset mining, $ € s means that the pattern # is contained in
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the set s, while for subgroup mining it means that the conditions
defined by % are all satisfied by the features of s. We define the set
Cp (D) of transactions in the dataset D that support a pattern P as
Cp(D) ={(s,£) € D : P € s}. The frequency fp (D) of a pattern
% in the dataset D is the fraction of transactions of O that support

Pifp(D)=Lym 1P ey =122
Finally, let y(9) denote the average value of the target ¢ for

transactions in the dataset D: u(D) = ﬁ 2s0en L

3.1 Significant Patterns

Our goal is to find significant patterns, where a pattern P is signif-
icant if the presence of # in a transaction is associated with the
target variable of the transaction being 1. In particular, we con-
sider the significance of a pattern in the framework of statistical
significance, assuming that the transactions {(s1, 1), - .., (Sm, tm) }
constituting the dataset D are samples from an unknown distri-
bution y. A pattern P is associated with the target variable if the
probability of the event “P € s and ¢ = 1” is higher than the
corresponding probability when the event “P € s” and the event
“¢ = 1” are independent. Formally, this corresponds to consider the
following null hypothesis for a pattern $:

(Pes) Pr
(s.0)~y

Pr
(s:6)~y
Since we are interested in patterns with a significant association
with the target variable being 1, we are interested in finding patterns
for which the following alternative hypothesis holds:
(Pesnt=1)> Pr (PES)(
Y

(st

Pr

(Pesnt=1)=
(s.0)~y

(t=1).

Pr
(s,0)~y

Pr

(t=1).
s,)~y

To this end, we define the quality! of a pattern P as

Pr (Pesnt=1)- (Pes)

(s:6)~y
Note that the alternative hypothesis is equivalent to qp > 0, and
the null hypothesis is equivalent to qp = 0. Therefore, finding
significant patterns is equivalent to finding patterns with quality
qe > 0.

For example, consider the study of the association between the
characteristics of the users of an online social network and users’
interests in a given topic. In this case, each user is a transaction,
users’ characteristics are the features, and being interested or not
in the topic defines the target variable. Significant patterns in this
example are associations between users’ characteristics and users’
interests that are significantly stronger than expected under the null
hypothesis of independence between characteristics and interests.
For example, if the probability that a user has a given binary feature
f is 0.3, and the probability that a user is interested in the topic is
0.5, then under the null hypothesis of independence we have that
the probability that a user has feature f and is interested in the
topic is 0.15. Therefore, the feature f is significantly associated with
the topic of interest if the actual probability that a user has feature
f and is interested in the topic is > 0.15.

Task Definition. Given a dataset O and the corresponding pat-
tern language £, our goal is to identify significant patterns, that

Pr

qp =
(s,0)~y

Pr (¢=1).
L)~y

(s.0)

The quality qp is often called leverage for general patterns [16], but we use the term
quality given its relation to the 1-quality commonly employed to find interesting
subgroups.



is, patterns # € L with quality qp > 0. Since the distribution y
is unknown and we have access only to the dataset ) comprising
transactions sampled from y, we cannot hope to discover all signif-
icant patterns without errors. As a consequence, we must resort to
approximations. In particular, define the subset £* of the language
L of patterns for which the null hypothesis holds:

L*={PeL:qp=0}.

Our task is then to produce a subset O C L of all patterns in the
language with Family-Wise Error Rate (FWER) below a user-defined
threshold 8, such that the probability that O contains at least one
element from £* is at most &:

Iz’)r(OHL*;t@)S(S. (1)
Note that (1) implies that O is false discovery free approximation,
which have previously been considered for other pattern mining
tasks [36, 37].

Since qp depends on the unknown distribution y, we define a
statistic Gp (D) that corresponds to an estimate of qp from data
and that we will use in our algorithm FSR to identify significant
patterns. For each pattern P, we define the functions fp and gp
as follows: each fp : X — {0, 1} is defined as fip(s) = 1 [P € 5],
such that fp(s) = 1if P € s, and fp(s) = 0 otherwise; each
gp : X X {0,1} - [-p(D),1 — p(D)] is defined as gp(s,¢) =
fp(s)(€ — p(D)). Then, the estimate qp (D) of qp for pattern P
from the dataset D is

1 m
dp(D) = P 2973(% ).
-1

Interestingly, qp (D) corresponds to the 1-quality commonly used
in subgroup mining [4] (see Appendix A.1), even if the way it is
used in our algorithm FSR (see Section 4) is different from its usual
application, due to our focus on statistically significant patterns.

Intuitively, we expect significant patterns to have a sufficiently
high empirical quality qp(2D) measured on the data D, since
qp (D) estimates the (true) quality qp of . To take into account
the multiple hypothesis testing issue described above, we need to
identify a threshold ¢ such that reporting in output all patterns with
quality > ¢ has bounded FWER. Note that ¢ should be as small as
possible in order to have high statistical power (i.e., to report the
largest set of results with guarantees on false discoveries). A critical
quantity we study to address this issue is the supremum deviation
of the empirical qualities of non-significant patterns, defined as

sup {qp(D)}.
PeLl*

We address this challenge with FSR: we derive novel analytical
bounds on the concentration of the supremum deviation (2), and
build on these tools an efficient few-shot resampling algorithm
to sharply estimate it. FSR achieves high statistical power while
scaling to large datasets and complex languages. Our approach
applies to both conditional and unconditional testing, both of great
interest in data mining.

@

3.2 Conditional and Unconditional Testing

When assessing the statistical significance of a pattern #, one has to
choose between conditional and unconditional tests. A conditional
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test assumes that the data-generating process represented by the
unknown distribution y only produces datasets with m transactions
in which both the frequency fp (D) of pattern # and the fraction
1(D) of transactions with target value 1 are the same as in the
observed dataset; that is, it conditions on the observed variables
of interest. In contrast, unconditional tests assume that fp (D) and
(D) are the realization of corresponding random variables. Un-
conditional tests therefore assess the association between a pattern
and class labels considering also scenarios (i.e., datasets) where all
frequencies of the patterns and/or the average target value may
differ from what is observed in the data. Equivalently, conditional
tests and unconditional tests are based on different assumptions
regarding how data is generated and collected, namely, whether
the variables of interest would be the same in a different repetition
of the experiment (conditional tests) or not (unconditional tests).

Consider for example the scenario of online social networks
described in Section 3.1, and assume for simplicity that we are
interested in associations between the single features and the target.
If the data is collected so that the total number of transactions for
each value of the target is fixed and the fraction of transactions
with given values of the features is fixed as well, then conditional
testing is more appropriate. If instead one collects the data without
constraints on the features/target values (e.g., simply collecting as
many transactions as possible), then unconditional testing is more
appropriate.

Conditional tests and unconditional tests are therefore both valid
and of interest for data mining applications, and the choice between
the two classes depends on the specific scenario, even if in practice
conditional tests are usually preferred for computational reasons,
since unconditional tests need to take into account more uncer-
tainties in the observed quantities. In what follows, we introduce a
general algorithm to identify significant patterns for both condi-
tional testing and unconditional testing. Our algorithm is extremely
efficient in both cases due to the use of few-shot resampling.

4 FSR ALGORITHM

We now describe our algorithm FSR (Algorithm 1) to find significant
patterns for both conditional testing and unconditional testing. We
first present the general approach, that is common to both testing
scenarios, and then present the details for conditional testing in
Section 4.1, and the details for unconditional testing in Section 4.2.

In a nutshell, FSR identifies significant patterns from a dataset
D ={(s1,1), ..., (Sm, tm)} using a few-shot resampling approach
to compute rigorous probabilistic bounds to the deviation of the es-
timated qualities Gp (D) of the patterns, under the null hypothesis
of no association between the patterns and the target label. It then
reports in output all patterns with estimated quality qp (D) above
such deviation.

FSR considers a collection R* = {D¥,..., DX} of ¢ > 1i.id.
resampled datasets, each obtained by resampling the target labels of
D while maintaining the same features of the transactions of D.
Each resampled dataset is Z);.‘ = {(sl, &j)os (Sm, §m,j)}, where
&; j are ii.d. random variables with

& j ~ Bern(p),Vi € [1,m],Vj € [1,¢c],

and Bern(p) is the Bernoulli random variable with parameter p (i.e.,
it is 1 with probability p, and 0 otherwise).



We now describe the general approach followed by FSR (Al-
gorithm 1). FSR starts by computing an upper bound er to the
deviation between the average target value (D) observed in D
and its expected value y = Ep [¢(D)] under the null hypoth-
esis (line 1). Note that y is the probability that a sample from
the unknown distribution y has target label ¢ equal to 1, that is
p = Pr(sp) (¢ =1). The computation of er is performed by the
procedure boundTarget and it depends on whether one is inter-
ested in conditional testing or in unconditional testing. The de-
tails of boundTarget for the two settings are described in Sec-
tion 4.1 and in Section 4.2, respectively. Then FSR uses ¢7 to ob-
tain the upper bound /i (line 2) and lower bound i (line 3) to u
(we trivially assume 0 < j < g < 1). It then uses the procedure
resampleTarget to generate ¢ resampled datasets R* (line 4) as-
signing to each transaction in the datasets of R* the target label
1 with probability p = /i (i.e, the upper bound to y). Note that the
resampleTarget procedure is the same for both conditional and un-
conditional testing. The algorithm then computes, from each of the
c resampled datasets of R*, an estimate of the maximum deviation
of the empirical quality Gp (D) for non-significant patterns. This is
achieved by computing, for every resampled dataset Z);f, the quan-

tity suppe 7 G (D, ). where Gp (DX ) = & 572, fip (s1) (i
f1). The value supp o Gp (Z);, /1) can be interpreted as an empiri-
cal estimate of the maximum quality of non-significant patterns,
measured from datasets sampled from the null distribution. Note
that we use q¢>(2)]’.‘, /1) as ji is a lower bound to y; consequently,
qp (D]’T, /1) provides a proper upper bound to such maximum devia-
tion. Then, note that it is necessary to consider the supremum over
the language L, since the set of true null hypothesis £* is unknown.
We remark that the computation of supp¢ Qp(.‘l)]’.‘, fi) can be per-
formed with fast pattern enumeration strategies, similar to the ones
leveraged by previous methods for frequent and significant pattern
mining; in fact, FSR can be combined with any efficient exploration
procedure, such as the ones that explore the search space of the
pattern language of interest using pruning bounds, for instance
depth-first [25, 28, 39] or best-first searches [29, 32, 34]. The algo-
rithm then stores the empirical deviations supp¢ » Gp (Z);.‘, 1) in

the variables d;. Then, the average maximum deviation d (R*, 1)
over the c resampled datasets is computed (line 6) as the mean of
the values {d}, j € [1,c]}, and it is then used to compute a rigor-
ous upper bound ¢ to the supremum deviation suppc o+ {qe (D)}
(Eq. (2)) under the null hypothesis (line 7) through the procedure
boundStatistic. The implementation of this procedure, i.e., the
returned value of ¢, depends on whether conditional testing or un-
conditional testing is considered, and it is described in Section 4.1
and Section 4.2, respectively. In both cases, we use advanced con-
centration bounds [8, 26] that allow us to obtain small values of
¢ with a small number ¢ of resampled datasets. Finally, the set of
patterns with estimated quality qp (D) greater than ¢ + erfp (D)
is reported in output (lines 8-9).

Note that while the computation of e7 and ¢ depends on whether
conditional testing or unconditional testing is considered, the over-
all approach followed by FSR is the same in both cases. In particular,
for both cases FSR relies on the resampled datasets R* to estimate
the maximum deviation, over all patterns $ € L, of the estimate
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Algorithm 1: FSR

Input: Pattern language £; dataset D of m transactions;
c>1;6¢€(0,1).

Output: Set O C L of significant patterns with FWER < 6.

er « boundTarget(u(D), m, J);

e p(D) +er;

f— (D) —er;

R* « resampleTarget(D,c, fi);

forall j € [1,c] dodj « suppe_i{q?(ﬂ]’.‘,[l)} ;

. ’ 1 .

d(R*, i) « = 2521 dj; )

£ « boundStatistic(D, L, d(R*, ji), 8);

O—A{PecL:qp(D)2c+erfp(D)};

return O;

«

o

N1

©

qp (D) from the (unknown) value qp under the null hypothesis.
Moreover, the exact same procedure is used to generate the resam-
pled datasets. Note that our approach is similar to permutation
approaches for significant pattern mining, which use permuted
datasets to estimate the significance of patterns, but with two cru-
cial differences. First, our datasets are obtained by resampling the
target values, and not by permuting them, which allows us to obtain
rigorous bounds for both conditional and unconditional testing,
while permutation approaches can be used for conditional test-
ing only. Second, since our analysis depends on the expectation
of the maximum deviation, we can employ advanced bounds on
the concentration of the expected value of functions of indepen-
dent random variables; this allows us to use a small number ¢ of
resampled datasets, as shown by our analysis and experimental
evaluation. This is in contrast with permutation approaches (e.g.,
the ones based on WY permutation testing [25, 32, 39]) that instead
estimate the quantiles of the distribution of the maximum devia-
tion using a large number of permutations (see also Section A.2 in
Appendix for a more detailed comparison).

4.1 FSR for Conditional Testing

We now describe the details of procedures boundTarget and
boundStatistic for the version of FSR that uses conditional test-
ing, which we refer to as FSR-C. As a reminder, a conditional test for
our problem assumes that the average target value y and patterns
frequencies fp (D) are fixed, for all # € L, to the values observed
in the dataset D.

For boundTarget, since the average target value y is fixed to
the value u(D) observed in the dataset D, the bound er on its
deviation from the expectation is 0, that is, boundTarget simply
returns 0. Note that this implies that the output of FSR-C consists
of all patterns in £ with qp (D) > ¢ (line 8).

For boundStatistic, we now show how to compute a
rigorous probabilistic bound ¢ to the supremum deviation
suppe p+ {Gp (D)} (Eq. (2)) under the null hypothesis. The bound
is obtained by computing the average maximum deviation d(R*, 1)
over ¢ resampled datasets, and then applying advanced concen-
tration results [8]. Note that since 7 = 0, in this case (i(‘R*, ) =
d(R*, (D).



Since FSR-C is based on resampled datasets, where each tar-
get label is sampled independently, our estimate d(R*, u(D)) of
the expected maximum deviation is not based on the conditional
distribution assumed by conditional tests, where the fraction of
target labels equal to 1 is exactly p(D) in every dataset (while in
our resampled datasets such fraction may vary, and it is equal to
£1(D) only in expectation). We therefore need to relate the supre-
mum deviation of the observed quality of patterns on resampled
datasets with the one observed in datasets sampled from the condi-
tional distribution. Interestingly, we show that the resampling and
conditional distributions are closely related, in the sense that high
probability bounds for the former also apply to the latter.

We first prove a general result (Lemma 1) relating the expec-
tation of monotone functions of permutations of binary vectors,
corresponding to the conditional distribution, with the expectation
taken w.r.t. to independent resamples, corresponding to resampled
datasets. For an integer k with 0 < k < m, define the set B(k) of
binary vectors with k entries equal to one as

B(k) = {v € (0,1} zm:vi - k},
i=1

and let U(B(k)) be the uniform distribution over the set B(k).
Equivalently, U(B(k)) corresponds to the set of uniform permu-
tations of a binary vector with k ones. Then, define I(p) as a
probability distribution over {0, 1}"”, such that each entry v; of
a random vector v taken from I(p) is an i.i.d. Bernoulli r.v. with
Pr(vi=1) =p =1-"Pr(v; = 0), for some p € [0, 1].

LeEmMA 1. Let f : {0,1}'™ — R be a nonnegative function such
that By.u (B(k)) [f (V)] is either monotonically increasing or mono-
tonically decreasing in k. It holds

<2

[f("] fl.

E E
v~U (B(k)) v~I(k/m)

To prove Lemma 1, we need the following technical result, pro-
viding bounds to the probability that a Binomial random variable

exceeds its expectation [20].

LEMMA 2. Let um be an integer. Then it holds

o (Zvl . ,um) (Z . um)

We now prove Lemma 1.

<-< Pr
v~I(p)

PrOOF OF LEMMA 1. We prove the result assuming that
Ev~U(B(k)) Lf(v)] is monotonically increasing in k, as the other
case is analogous. First, we note that

k} |

[f(W)]

E
v~U(B(k)) i=1
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Therefore, we have

()]

E
v~I(k/m)

m

FMJ%MPM|; 4 ;w=
Z;wﬁwpw”; ]}HWJ;W
= V~I(k/m) [f(V) | IZVi - k} jzkv~l(k/m) (

m
2.
m
i 32

i=1
e
where the last inequality follows from Lemma 2.

)
)
)

I(k/m) (

—_

[f(v
v~U(B(k))

[f(v

> E
v~U(B(k))

We make use of Lemma 1 to prove the following result.

THEOREM 3. Define the constant i = y(D) and let k = fim. For
any z > 0, it holds

VNUI()‘EUC)) (PEL m Zf@(sl)(vl i) = Z)

| )

ProoF oF THEOREM 3. Define the function g : {0, 1}'* — {0, 1}

<2 Pr
v~I(f1)

wp—Zﬁmmlm>z

PeLx M

gv)=1

1 & _
PSSLP* P ;f?’(si)(vi - )= Z] .

In order to apply Lemma 1, we prove that Ey.y(B(k)) [9(V)] is
nondecreasing with k. This is equivalent to show that

[g(v)],

[g(v)] <

E E
v~U(B(k)) v~U(B(K’))

where k€’ = k + j, for any pair of integers k € [0,m] and j €
[0,m — k]. To do so, we build a coupling = (k, k") between the two
distributions U(B(k)) and U(B(k")) as follows. For any v taken
from U (B(k)), define v’ as a copy of v (i.e., such that v; = vg, Vi e
[1, m]), that is modified according to the following procedure: for
Jj times, select uniformly at random an index i such that v; =0,
and set v} to 1. Denote the pair v, v’ sampled according to z(k, k’)
as the output of this procedure. It is immediate to observe that
v/ ~ U(B(k")) (i.e., that the marginal distribution of v’ is U(B(k")),
and that v; < v;,Vi € [1,m]. This implies that, for any pair of
vectors v, v’ ~ x(k, k"), it holds

1 < 1<
sup — > fp(s)(vi=f) < sup — 3 fp(si)(v; — )
PeL* M3 peL* M5



A consequence of this fact is

J

v’ U(B(k+ ) [g

) V’~U(I1;r(k+j)) (Pe[ Z;fp(s")("i - = z)
awp L3 G- 2 )
i=1

= Pr
v,V ~7(k,k") (7)6
pr(slxvl e )

Zf;o(sl)(vl B2 )

= Pr
v~U(B(k)) (Pe[*
[g(v)].

E
v~U(B(k))
Therefore, g is nonnegative and Eyy7(B(k)) [9(v)] is nondecreas-
ing in k. We apply Lemma 1 to the function g, obtaining the state-
ment. ]

We note that Theorem 3 is precisely what we seek: it implies that
large supremum deviations that are unlikely in the independent
resamples distribution v ~ I(j7) are also unlikely in the conditional
distribution v ~ U(B(k)). By using Theorem 3, we prove the fol-
lowing result, that implies strong concentration of the supremum
deviation of pattern qualities w.r.t. their expectations, taken w.r.t.
independent resamples of the target labels rather than permuta-
tions.

THEOREM 4. Define i = (D), and
1 m
o=0-pmin{s sup — " fpis)].
PeLm ; l
With probability at least 1 — § over v ~ U(B(k)), it holds

1 m
sip £ 3 fp(s0)(vi - )
PeLx M ; B

<
v~I (#)

sup — ) fp(si)(vi—f) |+
PeL* M Z

To prove Theorem 4, we need the following technical result
regarding the concentration of functions of independent random
variables.

THEOREM 5 (THEOREM 6.7 OF [8]). Letg : Y™ — R be a function,
and let X = (X1,...,Xm) € Y™ a collection of m independent
random variables. Define X = (Xy,. ..,Xj_l,Xjf,Xj+1, ..o Xm) €
Y™ as a copy of X, where its j-th element X; is replaced by an
independent copy X]f. Assume that, for some constant q > 0,

m

>E
=1
holds almost surely. Then, it holds, for allt > 0,

Prg(X) 2 B19(X)] +1) < exp(~*/(20)).

90 - g% x| <q
+

We use these results to prove Theorem 4.
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PrOOF OF THEOREM 4. Define the function g : {0,1}™ — R as
l m

gv) = sup — " fp(s)(vi — f).
PelL* m =1

We first note that, from the result of Theorem 3, it is sufficient to
show that, choosing the constants t and z as

wa log((—zs)
= _— z=
m

(g 22) <62

E
v~I(@)

[g(V)] +1¢ (©)

it holds

v~I

To do so, we make use of Theorem 5. Define ¥/ a copy of v, where
its j-th element v; is replaced by an independent copy v;.. We want
to upper bound
m
>E
j=1

(o0 9051 1v

below some constant g > 0. Define P* as one of the elements of
L* that achieve the supremum in g(v). We observe that

(9 -9(+),
< (% ;fwsi)(vi - ;fwsi)(v{ - p))+
= (e 08 =)= e ) =),

4)

L (s (v, - v;~>)+.

We now observe that V} = 0 is the only possible value of V} that
makes (4) be > 0. Therefore, we have

S [(g(v) ~9@) I
j=1
el
Jj=1
N

3=

2
f(s)) (v, - v})) |v}

2
( ﬁ»(sj)vj-)

j=1
1-) < (1
( /1) ; ;fp* (Sj)Vj)
(1-p) Nl PN R
<8 g ) <

We apply Theorem 5 to the function g with ¢ = w/m, obtaining
that

P (a2 B o) ) < expomi’(2o),

V~I(ﬂ) v~

Setting ¢ as in (3), it is immediate to observe that the probability
above is < §/2, obtaining the statement. O



Note that Theorem 4 provides a probabilistic upper bound, hold-
ing with probability at least 1 — &, to the maximum observed value
of the pattern quality suppc r« % X, fp(si)(vi — i) when the
conditional distribution v ~ U(B(k)) is considered, in terms of the
expectation of the maximum observed value of the pattern quality
according to the resampled distribution v ~ I(j). Then, the fol-
lowing result proves that the estimation d(R*, f1) of the expected
deviation in the upper bound above is very accurate.

THEOREM 6. With probability at least 1 — §/4 over R*, it holds

o
]sd(ﬂ )+ -

1 m
sup — si)(vi—

VB ;fp( )i = )

By combining the results above, we prove the guarantees pro-
vided by FSR for the task of finding significant patterns when condi-
tional testing is used. In particular, the following Corollary proves
that, when boundStatistic returns the value ¢ defined below, then
the output set O of significant patterns returned by FSR has FWER
bounded by the user-defined parameter §.

COROLLARY 7. Fixd € (0,1) andc > 1. Let O be the output of FSR
with input parameters L, D, ¢, 5, and let

. log(5
e =d(R*, i) +\/2w () +\/
m

be the value returned by boundStatistic in line 7. Then, the set O
has FWER < & under the conditional null distribution.

log(5)
2cm

Note that the value of ¢ returned by boundStatistic requires
to compute supp o {C]p(Z);‘, /,7)}, which is costly, but only needs
to be performed on c resampled datasets. As we will show in our
experimental evaluation (see Section 5), small values of ¢ suffice.
Moreover, the maximum frequency of a pattern in the language
L is required in order to compute w (see Theorem 4). Such max-
imum frequency can be computed very efficiently in most data
mining tasks. For example: in itemset mining it corresponds to the
frequency of the most frequent item; in subgroup mining, it is equal
to 1 whenever a continuous feature is present and the conditions
defining the pattern language £ include inequalities.

Power analysis. The results above show that FSR rigorously con-
trols the probability of false positives (i.e., patterns for which the
null hypothesis hold but are wrongly reported in output as sig-
nificant). However, they do not provide guarantees on the power
of FSR, that is, its ability to report patterns ¥ with sufficiently
high quality qp. The following result provides guarantees on the
power of FSR-C, the version of FSR that uses conditional testing,
for the pattern language of subgroups. Our analysis is based on a
probabilistic upper bound to d(R*, 1), obtained from bounds to the
pseudodimension [24, 35, 38] of subgroups, and an advanced con-
centration bound for sums of dependent random variables [13], that
hold under mild (but necessary) assumptions on the distribution
of alternative hypotheses (the set of patterns with qp > 0). More
precisely, we assume that the target labels of the transactions that
support a pattern £ with qp > 0 are distributed according to a
noncentral hypergeometric distribution [42], i.e., a biased version of
the standard hypergeometric distribution. We provide the proofs
and additional details in Appendix A.5.
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THEOREM 8. Fix§ € (0,1) andc,z > 1. Let O be the output of FSR
with input parameters L, D, c, and §, where L is the language of
subgroups composed by conjunctions with at most z conditions over d
continuous features. Then, with probability at least 1 — 8, O contains
all patterns with quality qp satisfying

\/ ) \/m(g)
qp = + em +
. \/ \/mg(%>+ \/

2cm
where f(D) = supp , fp (D) and & = (1 — HF(D).

e

N 3 2 3 2
20z In( ;im %)

3m

zIn(

m

e3dm?
2235

2f(D)z1n(

m

20 log(4
3(5) +
m

)

4.2 FSR for Unconditional Testing

We now describe the details of procedures boundTarget and
boundStatistic for the version of FSR that uses unconditional
testing, which we refer to as FSR-U. As a reminder, in our scenario
an unconditional test assumes that the average target value and
patterns frequencies fp (D) are observations of random variables,
whose expected values are unknown. In particular, here we consider
the transactions {(s1,#1), ..., (Sm, &m)} constituting the dataset D
as i.i.d. samples from an unknown distribution y. This scenario is
more complex than the conditional testing one, since we need to
account for the unknown deviation of all observed values when
computing a bound to the maximum pattern quality under the null
hypothesis. However, we show that the use of resampled datasets
allow us to efficiently take into account such deviations.

For boundTarget, recall that y is the the probability that a sample
from the unknown distribution y has target label ¢ equal to 1, such
that 4 = Ep [#(D)] = Pr(s¢)~, (£ = 1). More importantly, in this
setting p is unknown (as y is). However, given that the samples in
D are i.i.d., the following result provides a probabilistic bound er
to the deviation of the observed value p(9) from its expectation p.

LEmMMA 9. Let D be a collection of m samples taken i.i.d. fromy.
For § € (0,1), it holds with probability > 1 - §/4

JZmin{p(D),}}}ln(%) 21n (3)
|p(D) —pl < e7 = - + .

boundTarget returns the value et as defined in Lemma 9, which
requires the values (D), 6, and m.

For boundStatistic, the computation of the upper bound ¢ to
the maximum deviation between the observed pattern qualities and
their expectations is more involved than in the conditional case. We
show that the quality qp of a pattern #, which depends on several
unknown quantities (see Section 3.1), can be sharply estimated from
a dataset D provided that p is known, which is not the case for the
unconditional distribution. We then show that using p(9) in place
of y1 provides a good estimate of qp, and prove a probabilistic upper
bound on the difference between the two estimates.

First, we introduce the function family that we use to analyze
the supremum deviation of the empirical quality of patterns from
the dataset . We define the family of functions gy, : X X {0,1} —
[-p 1 — p], where g*,P is defined as g’;)(s, t) = fp(s)(¢£ — p). Note
that g’;, (s,£) = fp(s)(£ — p) corresponds to the function g (s, £)
used by the FSR statistic where the unknown value y is used in

m



place of its estimate p(2D) obtained from dataset D. Define the
estimator qp (D) of the quality qp of P from D as the average of
gyp over D, that is

15,
qp (D) = p” qua(si, 4).
=1

Note that Ep [qp(D)] = qp, as qp (D) is an unbiased estima-
tor of qp. However, qp (D) depends on the unknown quantity
p. Even if qp (D) # qp (D) (since p(D) may be # p), FSR-U
exploits the fact that y(D) is sharply concentrated around y, as
proved in Lemma 9. This implies that the maximum deviation
suppe r 1qp (D) — qp (D)| for all patterns P € L can be sharply
estimated from D. To this aim, we prove the following result.

THEOREM 10. Let D be a collection of m samples taken i.i.d. from
y. For 8 € (0,1), with probability > 1 — §/4 it holds

|4p(D) — 4p (D) < erfp(D).VP € L.

Proor. Using Lemma 9, VP € L it holds with prob. > 1 - §/4
1 < 1 <
- Z 9p(sisli) = — Z g (si, ti)

i=1 i=1

- '% 3 (s (D) -
i=1

lgp (D) - qp(D)| =

< erfp (D).

We remark that the definition of qp (D) is crucial to the analysis
of our algorithm FSR-U, as qp (D) is an average of m independent
random variables, while o (D) is not (since it depends on p(D),
that is estimated from the observations in the whole dataset).

Recall the definition of the set £* of non-significant patterns:
L* ={P € L : qp = 0}. To output significant patterns while con-
trolling the FWER below &, our goal is to bound the supremum devi-
ation supp ¢ p+ {Gp (D)} (Eq. (2)) below some value  with proba-
bility at least 16, for some § € (0, 1), and provide in output all pat-
terns with qp (D) > 5. To bound (2), we study the surrogate quan-
tity suppe £+ {qp (D)}, as Theorem 10 guarantees a small bound
on |qp (D) —-qp (D). Consider the collection R* = {D},..., DX}
of ¢ > 1ii.d. resampled datasets computed by FSR (line 4). We prove
the following result.

THEOREM 11. Let D be a dataset of m samples taken i.i.d. from
a distribution y, and R* a collection of ¢ > 1 i.i.d. resamples of

the target labels of D. For any § € (0,1), define vr > p(1 — p),
v 2 vy suppe rx {Ep [fp (D)1}, and € as

. y 1< B 5
d(R*, i) = = ) sup {Gp (D}, )}
i PeL
. ln(i)
PR+ 5
. (zmn(g))2 2¢In(%)  2vrin(d)
=7+ + +
\ m m m
R 2In(%) (v+2d) n(4
e=d+ 0 ( ) + (5). (5)
m 3m
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With probability at least 1 — § over the choice of D and R* it holds
suppe p+ {qp (D)} < e

We use the following simple upper bound for both vz and v: vy =
V = SUP|y_ ()| <er X(1 — x), and note that while slightly more
refined bounds are possible, we omit them to improve readability.

Note that Theorem 11 does not require the knowledge of the
unknown parameter y, but only of an upper bound /i and of a
lower bound fi. Theorem 11 allows to implement the procedure
boundStatistic for the unconditional setting: boundStatistic
computes ¢ as in Eq. (5). Analogously to the conditional case, evalu-
ating ¢ requires to compute supp. , {Qp (Z);, ﬁ)}, which is costly,
but only needs to be performed on c resampled datasets, and c is in
practice small (as we show in Section 5).

By combining the results in this section, we prove the guarantees
provided by FSR for the task of finding significant patterns when
unconditional testing is used. In particular, the following Corollary
proves that, when boundStatistic returns the value ¢ defined in
Eq. 5, then the output set O of significant patterns returned by
FSR-U has FWER bounded by the user-defined parameter 6.

COROLLARY 12. Fix € (0,1) and ¢ > 1. Let O be the output of
FSR with input parameters L, D, c, §, and let ¢ as in Eq. (5). Then,
the set O has FWER < § under the unconditional null distribution.

Power analysis. The following result provides guarantees on the
power of FSR-U, the version of FSR that uses unconditional testing,
building on the probabilistic upper bound to J(R*, /1) proved in
Appendix A.5, and on concentration bounds based on the pseudodi-
mension of the language of subgroups.

THEOREM 13. Fixd € (0,1) andc,z > 1. Let O be the output of
FSR with input parameters L, D, c, and 5, where L is the language
of subgroups composed by conjunctions with at most z conditions over
d continuous features. Define & = i(1 - 1) supp , fp (D), and let
¢ be defined as in Theorem 11, where 7 is replaced by

|

Then, define fp = Eqp [fp(D)]. With probability at least 1 — 6, O
contains all patterns P with quality qp satisfying
2ed

qP25+2€T(fp+\/21n(7)+1n(%))+\/Zln(%dzz:ln(%).

2m
5 EXPERIMENTS

This section presents the results of our experiments. The goal of
our experimental evaluation is to assess FSR’s capabilities of dis-
covering significant patterns with high statistical power, analyzing
efficiently large real-world datasets with few-shot resampling, in
both conditional (FSR-C) and unconditional (FSR-U) settings.

Pattern Language. In our experimental evaluation we focus on the
problem of discovering significant subgroups from large real-world
datasets with mixed feature types (both categorical and continuous).
The language £ is composed of conjunctions of up to z conditions
on the features of the data [4], where z is a fixed parameter (see be-
low). These conditions are either equalities (for categorical features),
inequalities, or intervals (on continuous features).

e3m?d
4z3

26>z In( In(%)

3,2
In(3) . zIn(24d
2cm

2cm

)
+

m 3m




Datasets. We tested FSR on 12 standard benchmarks and real-
world datasets to evaluate subgroup discovery algorithms from
UCI2. The statistics of the datasets are described in Table 1. These
datasets cover a wide range of sizes, dimensionalities, and appli-
cation domains. The column z of Table 1 reports the maximum
number of conjunction terms for the subgroups in the language £
for each dataset.

Implementation of FSR. We implemented FSR in Python. The code
and the scripts to reproduce all experiments are available online3.
To mine subgroups, we make use of a fast depth-first enumeration
algorithm included in the library pysubgroup* [23].

Baselines. Since our algorithm FSR is the first algorithm that can
be used for mining significant patterns with both conditional and
unconditional testing, we consider different baselines for condi-
tional testing and for unconditional testing.

For conditional testing, we compare FSR-C with a variant of
TopKWY [32], the state-of-the-art method for significant pattern
mining with conditional testing, based on the WY permutation
testing procedure [46]. The original implementation of TopKWY
is only tailored to identify significant itemsets and subgraphs, and
does not support subgroups from categorical and continuous fea-
tures; however, we note that it is fairly simple to adapt its strategy
to such case. In particular, we extended TopKWY to identify sig-
nificant subgroups by estimating the distribution of the supremum
deviation using permuted datasets (instead of the p-values as done
in the original TopKWY implementation [32]). That is, our variant
of TopKWY considers the same statistic of FSR-C (i.e., the supre-
mum deviation), but instead of generating resamples and taking
the average of supremum deviations as done by FSR-C, it efficiently
computes its §-quantiles considering permutations of the labels. In
addition, in our variant of TopKWY we use pysubgroup to mine
subgroups. Note that since our variant of TopKWY and FSR-C share
the same, equally optimized, procedure to explore the search space
of the language £, all comparisons in terms of running times are
fair. For TopKWY we use 10% permutations, a good trade-off in
terms of running time and accuracy for estimating the §-quantile
for typical values of § (e.g., 0.05) [25].

Regarding unconditional testing, we note that FSR-U is the first
method to discover significant patterns in a (fully) unconditional
setting. Therefore, a baseline that may seem reasonable to control
the FWER is the standard Bonferroni correction: each pattern # is
flagged as significant if the probability (under the null hypothesis)
of observing a quality greater or equal than the one measured in
the data is at most §/|L|, where | L] is the size of the language
L (see also Section 1). Note, however, that this simple method is
not useful for subgroups as | L] is infinite (e.g., as the number of
inequalities over a continuous feature is unbounded)s. Therefore,
we compare FSR-U with a novel non-trivial baseline, that we call
FSR-U-UB, that resolves this issue. We describe FSR-U-UB at high
level and defer additional details to Appendix A.6. For FSR-U-UB,
we use part of the concentration bounds developed for FSR-U to

Zhttps://archive.ics.uci.edu/

Shttps://github.com/VandinLab/FSR

“https://github.com/flemmerich/pysubgroup

SWe remark that, while there exist other correction procedures more powerful than
Bonferroni (e.g., the Holm procedure), they all require to fix a finite set of hypothesis,
therefore do not apply to our setting.
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Table 1: Statistics of the datasets considered in our exper-
iments. m is the number of transactions, d is the number
of features (categorical/continuous), u(D) is the fraction of
transactions with target equal to 1, z is the maximum number
of conjunction terms in the language L.

D m d pu®D) =z
abalone 4177 1/7  0.663 5
adult 32561 8/6 0.241 5
bank 41188 10/10 0.113 3
brain-cancer 862 22/1 0421 5
cancer-rna-seq 801 0/20531 0.375 2
covtype 581012 0/54 0365 3
gisette 7000 0/5000 0.500 2
HIGGS 11000000 0/28 0529 3
kdd-cup 95370 73/405 0.050 2
mushroom 8124 22/0 0482 5
SUSY 5000000 0/18 0457 3
theorem-prover 3059 0/51 0.420 3

upper bound the supremum deviation in terms of its expectation
(taken w.r.t. the resamples but conditionally on the transactions,
see Theorem 11 and Appendix A.6, but instead of estimating the
expected supremum deviation with ¢ resamples (as done by FSR-U),
we compute an upper bound to it via an union bound over the
(finite) number of distinct subgroups that are observed in the data in
at least one transaction, i.e., we consider the finite projection of £ on
D, instead of all | L| possible subgroups. Note that such approach
bounds the FWER while being much less conservative than Bonfer-
roni, since it corrects for the size of the projection instead of the
size of L. By comparing FSR-U to FSR-U-UB we directly evaluate
the advantage of computing bounds from resampled datasets that
consider dependencies among patterns, as done by FSR-U.

Experimental setup. All the experiments were run on a machine
with 2.30 GHz Intel Xeon CPU, 512 GB of RAM, on Ubuntu 20.04.
In all experiments we use § = 0.05 (i.e., we control the FWER below
0.05). We repeated all experiments 10 times, and report averages =
stds over the 10 repetitions.

Impact of parameters on FSR. In the first set of experiments we
evaluate the effect of the number of resamples ¢ on the deviation
bound ¢ computed by FSR and its running time. We consider both
FSR-C and FSR-U, respectively designed to compute significant
patterns with conditional and unconditional testing. To ease the
presentation, for this first experiment we focus on 3 of the datasets
we considered; the results for the other datasets are very similar.
In Figure 1-(a) we show the deviation bounds computed by FSR-C
for different values of ¢, while Figure 1-(b) is analogous for FSR-U.
From these plots we clearly conclude that using ¢ = 10 resamples
is sufficient to obtain a small deviation bound, and that using more
than 10 resamples is marginally beneficial as all curves flatten.
Remarkably, for all datasets (and in particular for the larger dataset
adult), and for both methods, even using one resample is enough to
compute a meaningful deviation bound. This is in striking contrast
with state-of-the-art methods based on permutation testing, that
instead require a number of 103-10* permutations of the target
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Figure 1: Effect of the number of resamples c on the deviation bounds (a)-(b) and running times (c)-(d) for FSR algorithms.
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Figure 2: Comparison of FSR-C with TopKWY in terms of deviation bounds (a), running times (b), and number of results (c)-(d).
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Figure 3: Comparison of FSR-U with the baseline FSR-U-UB (Appendix A.6) in terms of deviation bounds (a), running times (b),

and number of results (c)-(d).

labels to properly estimate the §-quantile. Furthermore, we observe
that the deviation bounds computed by FSR-C, in the conditional
setting, are smaller than the bounds computed by FSR-U, for the
unconditional scenario; this confirms the fact that the assumptions
made on the process generating the data have a sensible effect
on this aspect, a consequence of properly taking into account the
uncertainty of the collected data.

Figures 1-(c)-(d) show the running time of the two methods
FSR-C and FSR-U as functions of ¢. Not surprisingly, we clearly
observe that the running time increases linearly with the number of
resamples c for both methods. Therefore, we expect that processing
a small number of resampled datasets is extremely advantageous
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in terms of running time. We also observe that FSR-U is faster than
FSR-C for all values of c. This is due to the fact that FSR-C, by
computing a smaller deviation bound, explores a wider portion of
the pattern language L. In any case, using at most 10 resamples is
always feasible (since both algorithms terminate after at most 17
minutes for these datasets). From these observation, we fix ¢ to 10
for FSR-C and FSR-U in all our experiments.

Evaluation of FSR-C. In this experiment we report the perfor-
mance of FSR-C to identify significant patterns with conditional
testing, comparing it with a variant of TopKWY, the state-of-the-art
method to identify significant patterns with permutation testing.
In Figure 2 we show the deviation bounds (a), the running times



(b), and the number of reported results (c)-(d) for both algorithms.
From Figure 2-(a), we observe that the deviation bounds computed
by FSR-C are larger than the ones computed by TopKWY. This is
not surprising, as the deviation bound returned by TopKWY, that
is based on the WY procedure, is a very accurate estimate of the
optimal corrected threshold to bound the FWER (since the WY
estimator converges asymptotically to it [27]); on the other hand,
FSR-C computes an upper bound to such quantity with stronger
probabilistic guarantees (i.e., the bound does not only converge
asymptotically and in expectation, but rather holds in finite samples
with high probability). While the deviation bounds computed by
TopKWY are smaller than FSR-C, from Figure 2-(b) we observe a
significant gap in terms of running time between the two methods.
In fact, TopKWY requires two orders of magnitude more time than
FSR-C to compute its deviation bound; this is mainly due to the
fact that TopKWY has to process two orders of magnitude more
permutations of the target label than FSR-C. Note that using 10*
permutations (instead of 103, to have a more accurate estimation of
the §-quantile, as often done in practice) in TopKWY would result
in an even more substantial gap.

We now compare the two methods in terms of number of re-
ported significant patterns. To do so, we follow a typical subgroup
discovery analysis, based on the task of identifying the k most “in-
teresting” subgroups in terms of quality: first, we mine the set of
top-k subgroups with highest quality; then, we count the number
of them that are flagged as significant by the two methods. We use
k € {5-10% 10%}. Figures 2-(c)-(d) show the number of patterns
that are reported in output by both methods. We observe that, for
k =5-103, for 6 of the 12 datasets we considered, both algorithms
output all the top-k patterns, i.e., they have the same output; for
such datasets TopKWY reports all top-k patterns also for k = 10,
while FSR-C outputs the same set of results for all but two datasets,
for which it reports more than 70% of them. For the remaining 6
datasets, which consist of the 4 largest datasets (in terms of the
number m of transactions) and the 2 datasets with highest number
of features, TopKWY could not complete in reasonable time (i.e., we
stopped it after 10 days), while FSR-C finished the analysis while re-
turning a large number of significant results (i.e., either all the top-k
patterns or more than 600 of them for the kdd-cup dataset). For the
most challenging datasets (HIGGS, with 11 millions transactions,
and cancer-rna-seq, with > 10 continuous features), FSR-C con-
cludes after 5 days, while TopKWY would require (approximately)
1.5 years of computation. Therefore, in such cases FSR-C enables
the analysis of these challenging instances while identifying many
significant patterns. These results confirm that FSR-C, while pro-
viding a slightly more conservative upper bound to the supremum
deviation, is still capable of discovering the same (or almost the
same) most significant patterns, while being more than two orders
of magnitude faster, and reporting many patterns as significant
for challenging instances out of reach for the state-of-the-art. We
conclude that FSR-C provides an excellent trade-off between the
number of patterns identified as significant and the computational
requirement of the analysis.

Evaluation of FSR-U. We now evaluate the performance of FSR-U
to discover significant patterns with unconditional testing. We show
the results in Figure 3. We compare FSR-U with the baseline FSR-
U-UB (described above) in terms of deviation bounds (a), running
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time (b), and number of results (c)-(d). From Figure 3-(a) we clearly
observe that FSR-U computes deviation bounds that are always
smaller than FSR-U-UB. We conclude that processing the resamples
of the target label provides much more accurate deviation bounds
w.r.t. more standard techniques (i.e., a Bonferroni correction). This
is a consequence of taking into account the dependencies among
patterns when upper bounding the expected supremum deviation.
In terms of running time, FSR-U always conclude in reasonable
time (similarly to FSR-C), while FSR-U-UB is faster (since it does
not consider any resamples). On the other hand, in many cases
the baseline FSR-U-UB terminates quickly but without reporting
anything in output: Figures 3-(c)-(d) show that for 5 datasets it
does not report significant patterns, while for the other datasets it
outputs a significantly smaller amount (e.g., for adult, FSR-U finds
almost an order of magnitude more results than FSR-U-UB). This
experiment shows that FSR-U is a practical and powerful method
to discover significant patterns with unconditional testing, and that
it significantly improves over more standard techniques such as
Bonferroni correction.

Application to Neural Network interpretation. In this final exper-
iment we evaluate a practical application of FSR to the task of
Neural Network interpretation [14]. More precisely, we consider
the MNIST dataset [22] and train a Convolutional Neural Network
(CNN), with the goal of identifying correlations between the acti-
vation values of neurons with the predicted target. To do so, we
evaluate the association of the activation values of neurons in a
convolutional filter with a binary target, composed by drawings of
digits composed by straight lines only (1 and 7), versus the other dig-
its. While we defer most details of this experiment to Appendix A.7,
we observed that FSR successfully identifies interpretable activation
patterns of several neurons, while requiring orders of magnitude
less time than previous methods (as discussed previously).

6 CONCLUSIONS

We presented FSR, a novel algorithm to identify statistically sig-
nificant patterns with rigorous bounds on the FWER. FSR uses
a few-shot resampling strategy, which leads to an efficient and
practical approach that can be used for both conditional and un-
conditional testing. Our experimental evaluation shows that FSR is
an effective and accurate method for significant patterns discovery,
while significantly reducing the computational cost of state-of-the-
art multiple comparisons procedures, such as permutation testing,
that hardly scale the analysis to complex languages, such as sub-
groups, and large datasets. While the experiments presented in this
work are focused on subgroups, we expect the relative improve-
ments obtained by FSR to directly transfer to other pattern types,
given the generality of our framework and of the design of our
resampling procedures, which are shared by all types of patterns.
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