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ABSTRACT

Similarity search in high-dimensional metric spaces is routinely
used in many applications including content-based image retrieval,
bioinformatics, data mining, and recommender systems. Search
can be accelerated by the use of an index. However, construct-
ing a high-dimensional index can be quite expensive and may not
pay off if the number of queries against the data is not large. In
these circumstances, it is beneficial to construct an index adaptively,
while responding to a query workload. Existing work on multidi-
mensional adaptive indexing partitions space into orthotopes (i.e.,
hyperrectangular units). This approach, however, is highly ineffec-
tive in high-dimensional spaces. In this paper, we propose AV-tree:
an alternative method for adaptive high-dimensional indexing that
exploits previously computed distances, using query centers as
vantage points. Our experimental study shows that AV-tree yields
cumulative cost for the first several hundred or even thousand
queries much lower than that of pre-built indices. After thousands
of queries, the per-query performance of the AV-tree converges
or even surpasses that of the state-of-the-art MVP-tree. Arguably,
our approach is commendable in environments where the expected
number of queries is not large while there is a need to start answer-
ing queries as soon as possible, such as applications where data are
updated frequently and past data soon become obsolete.
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1 INTRODUCTION

Let𝑂 be a set of objects in a (high-dimensional) metric space. Given
a query object 𝑞, a distance bound 𝜖 , and a distance metric 𝑑 (), a
range similarity query seeks the objects 𝑜 ∈ 𝑂 for which 𝑑 (𝑞, 𝑜) ≤ 𝜖 .
Similarly, given a positive integer 𝑘 , a 𝑘-nearest-neighbor (𝑘NN)
similarity query seeks 𝑘 objects 𝑜 ∈ 𝑂 having smaller 𝑑 (𝑞, 𝑜) than
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all other objects in 𝑂 . Range and 𝑘NN similarity queries are rou-
tinely used in similarity-based search and data mining tasks (e.g.,
clustering and NN classification) for application domains including
computer vision [44], information retrieval [10], 𝑘NN search in
spatial networks [1], and recommender systems [34].

MotivationWe consider applications where data in a metric space
are short-lived and a relatively small number of queries is expected
before the data become obsolete. For example, satellite images that
depict weather phenomena or other transient information are peri-
odically received and automatically converted to feature vectors
appropriate for similarity computations. Data scientists perform
similarity search against the image collection to detect phenom-
ena. Such images become obsolete when the next batch arrives,
hence the number of queries applied on one batch is not expected
to be large. In such environments, building an index prior to query
processing for each batch of data is costly and may thus not be
worthwhile. Instead, one may evaluate each query directly on the
raw feature vectors by linear scan. Deferred data structuring [31]
introduced the idea of exploiting the work done for each query
to incrementally construct an index. This concept, now known as
adaptive indexing, was later re-introduced in the forms of database
cracking [18, 24, 26, 33, 45, 46] and progressive merging [16], leading
to hybrid versions [21, 22, 27]. Some works apply this idea to multi-
dimensional data [23, 41, 42, 52] by hyperrectangular partitioning,
which, however, (i) does not scale to high-dimensional spaces and
(ii) does not apply to generic metric spaces. Besides, these methods
do not cater to 𝑘NN queries, the most popular query type in high
dimensions. In this paper, we develop an adaptive index for generic
high-dimensional metric spaces that eschews hyperrectangular
partitioning and responds to both range and 𝑘NN queries.

Methodology Given the modern size of memories and the fact
that we target applications where the data are short-lived, hence
not voluminous, we assume that the data are stored in memory,
like the majority of previous work in adaptive indexing [18, 24, 41].
For example, a collection 𝑂 of objects in a 𝐷-dimensional vec-
tor space can be stored in a data array as a sequence of feature
vectors ⟨𝑜𝑖𝑑 , 𝑜1, 𝑜2, 𝑜3, . . . , 𝑜𝐷 ⟩, where 𝑜𝑖𝑑 is the identifier of ob-
ject 𝑜 ∈ 𝑂 and 𝑜𝑖 is the value of the object in the 𝑖-th dimension
(feature). Let (𝑞1, 𝜖1) be the first (range) query. While linearly scan-
ning the data array to derive query results, we conduct object swaps
to crack the array in two pieces: one piece containing all objects that
are query results and another all remaining objects. At the same
time, we initialize an adaptive vantage tree (AV-tree) with (𝑞1, 𝜖1) as
root. As new queries arrive, we compare them to past queries using
the AV-tree, and search only the parts of the array that may contain
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query results. Guided by the triangle inequality, we avoid accessing
irrelevant fragments of the array, while introducing cracks and
tree nodes corresponding to new queries. To prevent the tree from
becoming excessively large, we abide by a threshold 𝜃 for cracked
pieces; if a piece has fewer elements than 𝜃 , then it is fixed and not
further cracked. Further, we find that cracking based on themedian

distance of all data points in a piece rather than the current query
bound 𝜖𝑖 results in a much better index. In addition, in fixed pieces
we cache previously computed distances and exploit the sort order
to achieve an early termination of comparisons.

Figure 1 depicts the cumulative cost of the proposed AV-tree on
one of the real datasets in our experiments (MNIST) having 70K
50-dimensional points. We iteratively execute 1000 range queries,
whose centers𝑞 are sampled from the data and compare our AV-tree
to: (i) a linear scan method, which exhaustively scans all objects
and computes their distances to each query; (ii) the cost for build-
ing (before the first query) and using an MVP-tree [6], which is
the state-of-the-art index for high-dimensional points [7]; and (iii)
AKD-tree [41], the state-of-the-art multidimensional adaptive in-
dex. Notably, the AV-tree exhibits the desired behavior of an ideal
adaptive index: (i) it becomes much faster than linear scan even
after a few queries; (ii) its cumulative cost converges to that of the
MVP-tree after a few thousands of queries and does not become
worse thereafter; and (iii) it is consistently faster than the AKD-tree.
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Figure 1: Cumulative cost on a workload of range queries

Besides being much more efficient than previous multidimen-
sional adaptive indexes, our AV-tree is the first multidimensional
adaptive index that supports 𝑘NN queries. We emphasize that
distance-based range and 𝑘NN queries are the most general and
most common operations in high-dimensional metric spaces with
numerous applications [7]. The AV-tree is not only applicable in
vector spaces where, for example, an 𝐿𝑝 -norm distance (e.g., Eu-
clidean distance) is used, but also in general metric spaces; e.g., for
indexing a collection𝑂 of strings to support similarity search based
on edit distance. Our experimental evaluation demonstrates the
robustness of AV-tree to different metric spaces and distances.

Our contributions can be summarized as follows:

• We investigate, for the first time, the problem of building a
distance-based multidimensional adaptive index.

• We define the AV-tree, an index that efficiently adapts to
the query workload, forming a unified solution for both
distance range queries and 𝑘NN queries.

• We provide several enhancements on the AV-tree.
• We conduct an extensive experimental study, showing that

the AV-tree behaves as an ideal adaptive index should.

2 RELATED WORK

Our work relates to metric space indexing and to adaptive indexing
in databases. In this section, we review related work, focusing on
the state-of-the-art.

2.1 Indexing metric spaces

Indexing high-dimensional spaces is a hard problem for two main
reasons. First, due to the curse of dimensionality [5], if data points
are uniformly distributed, the probability that two points are too
close or too far from each other is very low, rendering similarity
search mostly meaningless. Still, in many real applications, data
typically form clusters, so this predicament does not apply. Sec-
ond, indexes that divide the data space into orthotopes (e.g., the
R-tree [17], the KD-tree [4], etc.) do not perform well, as they neces-
sarily use only a limited number of dimensions,1 hence orthotopes
end up spanning the entire domain on most dimensions and do not
separate the objects well. Besides, such indexes are only applicable
in vector spaces and are mostly suited for hyperrectangular range
queries rather than distance-based search.

Ref. [7] (see also [8]) is a recent comprehensive survey of exist-
ing indexes for exact similarity search in metric spaces. Based on
this study, pivot-based indexes are the most effective ones. These
methods select few vantage points (a.k.a. pivots, landmarks, represen-
tatives), partition the data space based on them, and use the vantage
points to prune the search space, guided by the triangle inequality.
Pivot-based indexes are applicable even when distances are not
computed using point coordinates, but in arbitrary metric spaces
(e.g., as shortest paths in graphs [2]). Besides being very efficient,
pivot-based indexes provide exact and explainable results to similar-
ity queries, which is imperative in application domains like public
safety [7], bioinformatics [12], and computer forensics [35]. Hence,
performing exact search in the original metric space may be prefer-
able over solutions that transform the data to a vector space using
machine-learning techniques (e.g., embedding approaches [39]) and
apply search in the transformed space or LSH-based approximate
indexes [14, 15, 37, 48]; the latter are mostly appropriate in spaces
where objects are not well-separated, thus exact similarity search
may not be meaningful or critical.

We present in detail three representative main-memory pivot-
based metric indexes that we use as competitors to our approach.

2.1.1 SimplePivot. SimplePivot employs Farthest First Traversal
(FFT) [20] to choose vantage points. The FFT algorithm starts by
selecting a random point as the first pivot. In each subsequent itera-
tion, it selects as a pivot the object𝑢 that maximizesmin𝑝∈𝑃 𝑑 (𝑢, 𝑝),
where 𝑃 is the set of previously selected pivots. Thereafter, we com-
pute the distances of each data point to all vantage points. When
evaluating queries, we use the pre-computed distances to avoid
unnecessary distance computations. Specifically, consider a query
point 𝑞 and radius 𝜖 . At the beginning of query evaluation, we com-
pute and cache 𝑑 (𝑝𝑖 , 𝑞) for all 𝑝𝑖 . For each data object 𝑜 ∈ 𝑆 , if there
exists a pivot 𝑝𝑖 , such that |𝑑 (𝑝𝑖 , 𝑜) − 𝑑 (𝑝𝑖 , 𝑞) | > 𝜖 , then 𝑜 is cer-
tainly not a result, hence we do not need calculate 𝑑𝑖𝑠𝑡 (𝑞, 𝑜). Since

1Partitioning a 𝐷-dimensional space at least once in each dimension defines 2𝐷

partitions, which are much more than the data points for large 𝐷 (e.g., 𝐷 = 100).
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𝑑 (𝑝𝑖 , 𝑜) has been precomputed, the pruning test for each object 𝑜
takes 𝑂 (𝑚) time, where𝑚 is the number of pivots.

2.1.2 Spatial Approximation Tree. The Spatial Approximation Tree

(SAT) [40] is a hierarchical data structure, where the children of a
node are its neighbors in the Delaunay graph on the entire data set.
To find the nearest neighbor (NN) of a query object 𝑞, we start from
the root 𝑛; if 𝑛 is closer to 𝑞 than its children, then search stops
reporting 𝑛 as the NN. Otherwise, we navigate to the child of 𝑛
nearest to 𝑞 and search recursively. To evaluate a range query (𝑞, 𝜖),
SAT uses the triangle inequality to prune nodes (and corresponding
sub-trees) that are guaranteed to be further than 𝜖 from 𝑞.

2.1.3 VP-tree and MVP-tree. The Vantage Point tree (VP-tree) [50]
partitions the data hierarchically based on a vantage point at each
node. Starting with the root, which indexes all data, at each node 𝑣 ,
a vantage object (pivot) 𝑝𝑣 is selected at random from the objects
indexed at this node. The data under node 𝑣 are then split in two
partitions as follows: Let 𝜇 be the mean distance of points under 𝑣
to pivot 𝑝𝑣 . Objects having distance to 𝑝𝑣 less than or equal to 𝜇 are
placed in the left sub-tree; remaining objects go to the right sub-tree.
To evaluate a range query, we recursively traverse the VP-tree. For
a query (𝑞, 𝜖), at each node 𝑣 with pivot 𝑝𝑣 having median distance
from its indexed points 𝜇, we examine the following:

• if 𝑑𝑖𝑠𝑡 (𝑞, 𝑝𝑣) ≤ 𝜖 , then 𝑝𝑣 is a result;
• if |𝑑𝑖𝑠𝑡 (𝑞, 𝑝𝑣) − 𝜇 | ≤ 𝜖 , then search the left sub-tree;
• if 𝑑𝑖𝑠𝑡 (𝑞, 𝑝𝑣) + 𝜖 > 𝜇, then search the right sub-tree.

For a single query, we may follow multiple paths of the VP-
tree, according to the above. The MVP-tree [6] generalizes the
VP-tree to a 𝑚-ary tree. Instead of splitting the objects in two
partitions, it orders them by their distance to the vantage point and
partitions them to𝑚 groups of equal cardinality. During search,
it uses the mean distance for each of the𝑚 groups to prune sub-
trees that cannot include query results. According to the extensive
experimental study in [7], the MVP-tree performs best compared
to a wide-range of main-memory metric space indexes, including
pivot-based methods [13, 29] and SAT [40]. Notable metric-space
indexes optimized for secondary memory are the M-tree [9] and
the PM-tree [47]

The AV-tree we propose differs from VP-tree variants in the fol-
lowing ways: (i) it builds the tree progressively, via query evaluation,
rather than in advance; (ii) it selects pivots adaptively from queries
rather than from the data collection; and (iii) it keeps the data in a
single array and swaps them to partition them to sub-arrays.

2.2 Adaptive indexing

Adaptive indexing constructs a data structure for a static dataset
on demand by adapting to an evaluated query workload [31]. Each
query divides the data space based on its results, triggering the
construction of a search tree that guides the evaluation of subse-
quent queries. This idea has been applied to database indexing [24],
progressively cracking an initially unsorted array to segments that
obey a total order and constructing a binary search tree to prune
sub-arrays that do not contain query results. Figure 2 shows the
cracking of an unsorted array based on query 10 < 𝑥 ≤ 20 and one
step in the progressive construction of the corresponding binary
search tree. The array is first cracked based on 10 < 𝑥 . Indices 𝑖

and 𝑗 scan the array in forward and backward, respectively. For
each out-of-order value found (i.e., a value > 10 at 𝑖 and one ≤ 10

at 𝑗 ), if 𝑖 < 𝑗 , the values are swapped and the process continues;
otherwise, cracking stops. After cracking based on 10 < 𝑥 , we
update the binary search tree: all values less than 10 are in array
positions 0 to 1 and all values of 10 or larger are in array positions 2
to 7. The second crack, based on 𝑥 ≤ 20 applies on the right child
of the root and cracks the corresponding subarray to two pieces:
positions 2 to 3 having keys less than or equal to 20 and positions 4
to 7, having keys greater than 20. The search tree (e.g., an AVL-tree)
is re-balanced after each cracking.

n {52, 37, 63, 14, 17, 8, 6, 25}

n {6, 37, 63, 14, 17, 8, 52, 25}

n {6, 37, 63, 14, 17, 8, 52, 25}
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j i
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(a) cracking based on 10 < 𝑥 (b) cracking based on 𝑥 ≤ 20

Figure 2: Standard cracking example

In effect, cracking conducts quicksort incrementally, triggered
by queries. This process has been extended to efficiently handle
updates efficiently [25]. As an alternative to quicksort, one may per-
form a mergesort operation incrementally [16], a hybrid approach
that combines merging and cracking [27], or first partition the
domain in disjoint ranges and then crack the partitions [46].

Like typical database indexes do, cracking applies on a single
attribute [26]. Adaptive indexing for multidimensional spaces has
been explored in the context of spatial and low-dimensional data.
QUASII [42] builds a tree of𝐷 levels for dimensionality𝐷 . It projects
each query on the 𝑥 dimension first and cracks on it, then cracks
the formed 𝑥-dimension pieces on the 𝑦 dimension, and so on.
AKD-tree [23] progressively partitions the data by hyperplanes and
indexes the ensuing pieces by a kd-tree [4]. The latter outperforms
QUASII on points [30, 41]; on objects with spatial extent, both are
surpassed by the AIR-tree [51], an adaptive index proposed in these
proceedings that oversees all object extents by hyperrectangles
in each index level. Still, as we show, distance-based partitioning
prevails over hyperrectangular partitioning in high dimensions.

3 DEFINITIONS AND PRELIMINARIES

We examine similarity-based queries in a metric space. A metric
space is defined as a pair {𝑀,𝑑}.𝑀 is a domain wherefrom objects
are instantiated. For example, if 𝑀 is be a 𝐷-dimensional vector
space, each object 𝑜 in it has the form ⟨𝑖𝑑, 𝑜1, 𝑜2, . . . , 𝑜𝐷 ⟩, where 𝑖𝑑
is an identifier and 𝑜𝑖 ∈ [0, 1] is the 𝑖-th dimensional value of 𝑜 ;
𝑑 is a metric distance function applied between objects in 𝑀 ; in
vector spaces, 𝑑 is typically the Euclidean distance, i.e., 𝑑 (𝑞, 𝑜) =
√︂

∑︁𝐷
𝑖=1 (𝑞𝑖 − 𝑜𝑖 )

2. In general, a metric distance function 𝑑 has the

following four properties:

• Identity. The distance of an object to itself is 0; 𝑑 (𝑥, 𝑥) = 0.

• Non-negativity. The distance between two distinct objects
is positive; if 𝑥 ≠ 𝑦 then 𝑑 (𝑥,𝑦) > 0.

2527



• Symmetry. The distance from 𝑥 to 𝑦 is the same as that
from 𝑦 to 𝑥 ; 𝑑 (𝑥,𝑦) = 𝑑 (𝑦, 𝑥).

• Triangle Inequality. For any three objects 𝑥,𝑦, 𝑧,𝑑 (𝑥, 𝑧) ≤
𝑑 (𝑥,𝑦) + 𝑑 (𝑦, 𝑧).

We consider a set 𝑂 of objects in the metric space𝑀 . The most
common similarity-based queries are the range query and the 𝑘-
nearest-neighbor query.

Definition 1. Range Query. Given an object 𝑞 and a distance

bound 𝜖 , a range query returns all objects 𝑜 ∈ 𝑂 that are within

distance 𝜖 from 𝑞, i.e., 𝑑 (𝑞, 𝑜) ≤ 𝜖 .

Definition 2. 𝑘-Nearest-Neighbor (𝑘NN) Query. Given an

object 𝑞 and a positive integer 𝑘 , 𝑘 ≤ |𝑂 |, a 𝑘-nearest-neighbor query

returns a subset 𝑅 ⊆ 𝑂 , such that |𝑅 | = 𝑘 and ∀𝑜 ∈ 𝑅, 𝑜′ ∈ 𝑂 \ 𝑅 :

𝑑 (𝑞, 𝑜) ≤ 𝑑 (𝑞, 𝑜′); in other words, a 𝑘NN query finds a set 𝑅 of 𝑘

objects in 𝑂 having no larger distances to 𝑞 than those outside 𝑅.

Answering a query amounts to finding the identifiers of the
objects 𝑜 ∈ 𝑂 in the result set. We assume that the objects are stored
row-wise in memory, i.e., the entire tuple of the first object precedes
the tuple of the second object, and so on; such a representation
facilitates efficient distance computations.
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<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit> <latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

q

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

ε

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

q

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

ε
<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

qi

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

εi

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

qj

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

εj

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit> <latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

q

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

ε

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

q

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

ε
<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

q

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

ε

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

q

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

ε

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

qj
<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

εj

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

qi
<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

εi
<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

q

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

ε

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

q

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

ε
<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

q

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

ε

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

q

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

ε

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

q
<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

ε

<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

q
<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

ε
<latexit sha1_base64="DiaORP0tn9kVo2xSTVYNBqZw7zs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtYgo3Z</latexit>

qi

<latexit sha1_base64="AFXWo/tk1PSPCv1ol42FBrnBcFA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6rFeueFVvBneZ+DmpQI56r/zV7UuaxigM5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSQWLUQTa7eOKeWKXvRlLZEsadqb8nMhJrPY5D2xkTM9SL3lT8z+ukJroOMiaS1KCg80VRyl0j3en7bp8ppIaPLSFUMXurS4dEEWpsSCUbgr/48jJpnlX9y+r5/UWldpPHUYQjOIZT8OEKanAHdWgABQHP8ApvjnZenHfnY95acPKZQ/gD5/MHz42RBA==</latexit>

εi

<latexit sha1_base64="qCHW0ktPv3H1w0W1LFtiFiU+Np4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzQOSJcxOepMxs7PrzKwQlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEsG1cd1vJ7e0vLK6ll8vbGxube8Ud/fqOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxhcj/3GEyrNY3lvhgn6Ee1JHnJGjZXuHjsPnWLJLbsTkEXizUgJZqh2il/tbszSCKVhgmrd8tzE+BlVhjOBo0I71ZhQNqA9bFkqaYTazyanjsiRVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14aWfcZmkBiWbLgpTQUxMxn+TLlfIjBhaQpni9lbC+lRRZmw6BRuCN//yIqmflL3z8untWalyNYsjDwdwCMfgwQVU4AaqUAMGPXiGV3hzhPPivDsf09acM5vZhz9wPn8AWgaN2g==</latexit>

qj

<latexit sha1_base64="X11bB8t1wzQPsbdIyZ2AJCpdTr0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7adduNmF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeOphoLmLZfeyWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9NLx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asIrP+MySQ1KNlsUpoKYmEzeJz2ukBkxsoQyxe2thA2ooszYkIo2BG/+5UXSOK14F5Wzu/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8f0RGRBQ==</latexit>

εj

(a) disjoint (b) overlap (c) 𝑞𝑖 contains 𝑞 𝑗 (d) 𝑞 𝑗 contains 𝑞𝑖

Figure 3: Four cases of overlap between 𝑞𝑖 and 𝑞 𝑗

We aim to exploit previously evaluated queries to expedite the
evaluation of subsequent queries. To do so, using the triangle in-
equality, we quickly determine whether, and how, the range of a pre-
vious query (𝑞𝑖 , 𝜖𝑖 ) overlaps with that of the current query (𝑞 𝑗 , 𝜖 𝑗 ).
There are four cases in this regard, depicted in Figure 3.

(a) (𝑞𝑖 , 𝜖𝑖 ) does not overlap (𝑞 𝑗 , 𝜖 𝑗 ), i.e., 𝑑 (𝑞𝑖 , 𝑞 𝑗 ) > 𝜖𝑖 + 𝜖 𝑗 .
(b) (𝑞𝑖 , 𝜖𝑖 ) overlaps (𝑞 𝑗 , 𝜖 𝑗 ), but neither is a subset of the other.
(c) (𝑞𝑖 , 𝜖𝑖 ) contains (𝑞 𝑗 , 𝜖 𝑗 ), i.e., 𝜖𝑖 ≥ 𝑑 (𝑞𝑖 , 𝑞 𝑗 ) + 𝜖 𝑗 .
(d) (𝑞 𝑗 , 𝜖 𝑗 ) contains (𝑞𝑖 , 𝜖𝑖 ), i.e., 𝜖 𝑗 ≥ 𝑑 (𝑞𝑖 , 𝑞 𝑗 ) + 𝜖𝑖 .

4 THE AV-TREE

In this section, we present our proposed adaptive vantage tree
(AV-tree) for high-dimensional metric spaces. We first show how
the AV-tree is incrementally constructed while evaluating range
queries and then present the corresponding algorithm for 𝑘NN
queries. Notably, range queries can be interleaved with 𝑘NN queries
in a mixed workload without affecting the data structure and its
effectiveness. In Section 4.3, we present some enhancements to the
basic version of our index, followed by a cost analysis (Sec. 4.4).

4.1 Range Query

Our algorithm builds on the framework for one-dimensional data-
base cracking with some significant departures: First, there is no

total order of the indexed data to guide the process. Second, con-
trary to existing multidimensional cracking approaches [41, 42, 52],
we partition the space based on the distances between the query
and data, rather than using hyperrectangular partitions.

We evaluate the first query (𝑞1, 𝜖1) by scanning the entire data
array 𝑂 , and, while computing the results, performing a crack-in-
two operation: we place data points 𝑜 ∈ 𝑂 with 𝑑 (𝑞1, 𝑜) ≤ 𝜖 before
data points 𝑜 ∈ 𝑂 with 𝑑 (𝑞1, 𝑜) > 𝜖 . At the same time, we define the
root of the adaptive vantage tree, or AV-tree, a binary search tree
which helps identify relevant data for subsequent queries and avoid
redundant computations. For each subsequent query, we use the
AV-tree to guide search and expand it by introducing new cracks.

Each node 𝑣 in the AV-tree contains two elements: the scope

[𝑣 .𝑙𝑜, 𝑣 .ℎ𝑖] of 𝑣 , i.e., the range of array indices that 𝑣 indexes; and
the query (𝑣 .𝑞, 𝑣 .𝜖), that guides the search in 𝑣 , if 𝑣 is not a leaf node.
The tree root has 𝑙𝑜 = 0 and ℎ𝑖 = |𝑂 | − 1, where |𝑂 | is number of
data objects. If 𝑣 is a leaf, then 𝑣 .𝑞 is null. Otherwise, 𝑣 has two
pointers 𝑣 .left, 𝑣 .right to its left and right children, respectively. For
each object 𝑜 in the scope of 𝑣 .left, it is 𝑑 (𝑞, 𝑜) ≤ 𝑣 .𝜖 , while for each
object 𝑜 in the scope of 𝑣 .right, it is 𝑑 (𝑞, 𝑜) > 𝑣 .𝜖 .

Algorithm 1 presents the search-and-crack process in detail,
outlined in two procedures. The main recursive search-and-crack
procedure takes as input an array 𝑂 with the data points, a query
point 𝑞 and the corresponding distance bound 𝜖 and the node 𝑣 of
the AV-tree on which it is applied. For a new query, we initialize
the query result to 𝑅 = ∅ and call the procedure with 𝑣 being
the tree root. If 𝑣 .𝑞 is null, then 𝑣 is a leaf node, hence we crack
by procedure crack-in-two (described later), yielding two new
vertices as children of 𝑣 . If node 𝑣 is not a leaf, then we examine the
relationship between the node query range (𝑣 .𝑞, 𝑣 .𝜖) and the new
query range (𝑞, 𝜖) as in Section 3. If the two ranges are disjoint,
all data under the scope of 𝑣 .left are not part of the query result,
hence we call search-and-crack for the right child 𝑣 .𝑟𝑖𝑔ℎ𝑡 , as its
scope may include results of 𝑞. On the other hand, if the new query
range overlaps with (𝑣 .𝑞, 𝑣 .𝜖), we distinguish two cases. If (𝑣 .𝑞, 𝑣 .𝜖)
is entirely inside (𝑞, 𝜖), then we add2 to 𝑅 all data under the scope
of 𝑣 .left as query results and search-and-crack the right subtree
of 𝑣 . Otherwise, if (𝑞, 𝜖) is entirely inside (𝑣 .𝑞, 𝑣 .𝜖), we only search-
and-crack the left subtree of 𝑣 . Lastly, if there is no containment
relationship between (𝑣 .𝑞, 𝑣 .𝜖) and (𝑞, 𝜖), as in Figure 3b, then we
also call search-and-crack for the right subtree.

Procedure crack-in-two is based on Hoare’s quicksort parti-
tioning [19]; it scans the scope of a node 𝑣 array𝑂 from position 𝑙𝑜
to position ℎ𝑖 and swaps data items to divide [𝑙𝑜, ℎ𝑖] in two parts:
[𝑙𝑜, 𝑗], including data points 𝑜 such that 𝑑 (𝑞, 𝑜) ≤ 𝜖 and [ 𝑗 + 1, ℎ𝑖]
including remaining points. We add the former part, [𝑙𝑜, 𝑗], to the
query result 𝑅 and generate two new nodes for the two new scopes,
as children of calling node 𝑣 . Note that one of the two scopes may
be empty, in case the scope of 𝑣 includes either (i) no query re-
sults or (ii) only query results. In the former case, 𝑣𝐿 .𝑙𝑜 = 𝑙𝑜 and
𝑣𝐿 .ℎ𝑖 = 𝑙𝑜 − 1; in the second case, 𝑣𝑅 .𝑙𝑜 = ℎ𝑖 + 1 and 𝑣𝐿 .ℎ𝑖 = ℎ𝑖 .
Procedure search-and-crack does not perform recursive calls for
a child having empty scope, as no query results can be obtained

2For simplicity, we denote the query result as a set of interval ranges indicating the
positions of result objects in array𝑂 .
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Algorithm 1 Distance-Range Search and Crack

1: procedure search-and-crack(data array𝑂 , query 𝑞, bound 𝜖 , node 𝑣, result 𝑅)
2: if 𝑣.𝑞 is null then ⊲ leaf node
3: (𝑣.left, 𝑣.right) ←crack-in-two(𝑂, 𝑣.𝑙𝑜, 𝑣.ℎ𝑖, 𝑞, 𝜖, 𝑅)
4: 𝑣.𝑞 ← 𝑞; 𝑣.𝜖 ← 𝜖
5: else ⊲ non-leaf node
6: if 𝑑 (𝑞, 𝑣.𝑞) > 𝜖 + 𝑣.𝜖 then ⊲ disjoint query ranges
7: search-and-crack(𝑂,𝑞, 𝜖, 𝑣.right, 𝑅)
8: else ⊲ overlapping query ranges
9: if 𝑑 (𝑞, 𝑣.𝑞) < 𝜖 − 𝑣.𝜖 then ⊲ 𝑣.𝑞 entirely inside 𝑞
10: 𝑅 ← 𝑅 ∪ [𝑣.left.𝑙𝑜, 𝑣.left.ℎ𝑖 ] ⊲ update query result
11: search-and-crack(𝑂,𝑞, 𝜖, 𝑣.right, 𝑅)
12: else
13: search-and-crack(𝑂,𝑞, 𝜖, 𝑣.left, 𝑅)
14: if 𝑑 (𝑞, 𝑣.𝑞) ≥ 𝑣.𝜖 − 𝜖 then ⊲ 𝑞 not entirely inside 𝑣.𝑞
15: search-and-crack(𝑂,𝑞, 𝜖, 𝑣.right, 𝑅)

16:
17: procedure crack-in-two(array𝑂 , int 𝑙𝑜 , int ℎ𝑖 , query pt 𝑞, bound 𝜖 , resullt 𝑅)
18: 𝑖 ← 𝑙𝑜
19: 𝑗 ← ℎ𝑖
20: while true do
21: while 𝑑 (𝑞,𝑂 [𝑖 ] ) ≤ 𝑒𝑝𝑠𝑖𝑙𝑜𝑛 and 𝑖 ≤ ℎ𝑖 do
22: 𝑖 ← 𝑖 + 1
23: while 𝑑 (𝑞,𝑂 [ 𝑗 ] ) > 𝑒𝑝𝑠𝑖𝑙𝑜𝑛 and 𝑗 ≥ 𝑙𝑜 do
24: 𝑗 ← 𝑗 − 1

25: if 𝑖 ≥ 𝑗 then
26: break
27: swap𝑂 [𝑖 ] with𝑂 [ 𝑗 ] ⊲𝑂 [𝑖 ] and𝑂 [ 𝑗 ] on wrong sides

28: 𝑅 ← 𝑅 ∪ [𝑙𝑜, 𝑗 ] ⊲ update query result
29: 𝑣𝐿 .𝑙𝑜 ← 𝑙𝑜 ; 𝑣𝐿 .ℎ𝑖 ← 𝑗 ; 𝑣𝐿 .𝑞 ← null
30: 𝑣𝑅 .𝑙𝑜 ← 𝑗 + 1; 𝑣𝑅 .ℎ𝑖 ← ℎ𝑖 ; 𝑣𝑅 .𝑞 ← null
31: return (𝑣𝐿, 𝑣𝑅 )

from such nodes. We call leaves that cannot be further cracked
because they have an empty scope empty leaves.

Example. Figure 4 presents a detailed example. Data array 𝑂 in-
cludes eight 2D points, 𝑝1 to 𝑝8, and initially the tree has a single
node 𝑣1 with scope [0, 7]. Upon the first query, (𝑞1, 𝜖1), crack-in-
two runs for the root node 𝑣1 (Line 3), which is a leaf, to produce
two new nodes, 𝑣2 and 𝑣3, as its left and right child, respectively,
as Figure 4a shows. The result of 𝑅 is the scope of 𝑣2 (i.e., 𝑝7, 𝑝2,
and 𝑝5). For the second query, (𝑞2, 𝜖2), search-and-crack runs
for (𝑞, 𝜖) = (𝑞2, 𝜖2). Figure 4b shows that the range of 𝑞2 overlaps
with the query range of the root, (𝑞1, 𝜖1). Hence, we enter Lines 13–
15. The call in Line 13 yields a crack-in-two of 𝑣1’s left child (i.e.,
node 𝑣2). However, this crack produces no results, because all points
in the scope of 𝑣2 are outside 𝑞2’s range; thus the newly produced
node 𝑣4 as left child of 𝑣2 has empty range [0,-1] (shaded in the
figure). The generated right child 𝑣5 has the same scope as its par-
ent 𝑣2. The recursive call at Line 15 invokes crack-in-two for 𝑣1’s
right child (i.e., 𝑣3). Now we do have a query result [3,4] added
to 𝑅 (i.e., points 𝑝4 and 𝑝6) and two new vertices 𝑣6 and 𝑣7 with
non-empty scopes as new children of 𝑣3. Figure 4c shows the effect
of the next query, (𝑞3, 𝜖3). Query range (𝑞3, 𝜖3) is outside the range
of the root 𝑣1, hence we only visit its right child 𝑣3 (Line 7). We find
that (𝑞3, 𝜖3) is fully contained in (𝑞2, 𝜖2), hence only visit 𝑣3’s left
child 𝑣6 (Line 13), where we find no results for 𝑞3, yielding 𝑣8 as an
empty child of, and 𝑣9 as identical to, 𝑣6.

4.2 Nearest-Neighbor Query

Like range queries, 𝑘NN queries crack the data array and progres-
sively construct and use AV-tree as a binary search tree that guides
them to relevant data, yet now we access the AV-tree nodes in a

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>
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<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>
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<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>
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<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7

0, 7, q1, ε1

data array (after q1)

<latexit sha1_base64="XsH4matLDC8g3BOMKtDa3y7sa3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcDoo2h</latexit>

q1

<latexit sha1_base64="JotCSX/LkwzLH/NKWuvUsbXy3zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6fq9c8areDO4y8XNSgRz1Xvmr25c0jVEYyonWHd9LTJARZRjlOCl1U40JoSMywI6lgsSog2x28cQ9sUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkEo2BH/x5WXSPKv6l9Xz+4tK7SaPowhHcAyn4MMV1OAO6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPeq2QzA==</latexit>

ε1

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>

p4
<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>

p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>

p6
<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>

p8

320 7

0, 2 3, 7
result of q1: [0,2]

<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>

p8

data space

0

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>

p4
<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>

p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>

p6
<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>

p8

7

0, 7

data array (initially) tree (initially)

tree (after q1)

v1

v1

v2 v3

(a) data array and tree, before and after (𝑞1, 𝜖1)

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1

<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3

<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>

p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>

p5

<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>

p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7
0, 7, q1, ε1

<latexit sha1_base64="XsH4matLDC8g3BOMKtDa3y7sa3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcDoo2h</latexit>

q1

<latexit sha1_base64="JotCSX/LkwzLH/NKWuvUsbXy3zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6fq9c8areDO4y8XNSgRz1Xvmr25c0jVEYyonWHd9LTJARZRjlOCl1U40JoSMywI6lgsSog2x28cQ9sUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkEo2BH/x5WXSPKv6l9Xz+4tK7SaPowhHcAyn4MMV1OAO6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPeq2QzA==</latexit>

ε1

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>

p4
<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>

p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>

p6
<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>

p8

320 7

0, 2, q2, ε2 3, 7, q2, ε2

<latexit sha1_base64="a/a92Z2ZeP7H5vpFtwLlBJTj8co=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laSKeix68VjBfmAbymY7aZdudsPuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2tUwVxQaVXKp2SDRyJrBhmOHYThSSOOTYCke3U7/1hEozKR7MOMEgJgPBIkaJsdJjFxPNuBS9aq9U9ireDO4y8XNShhz1Xumr25c0jVEYyonWHd9LTJARZRjlOCl2U40JoSMywI6lgsSog2x28cQ9tUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkIo2BH/x5WXSrFb8y8r5/UW5dpPHUYBjOIEz8OEKanAHdWgABQHP8ApvjnZenHfnY9664uQzR/AHzucPfDGQzQ==</latexit>

ε2

<latexit sha1_base64="7hCiKcPa1oqzXCoVhSoqGIq7PSk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rFb6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpexdlM/uzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ABSaNog==</latexit>

q2

0, -1 0, 2 3, 4 5, 7

4 5

<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>

p8

data space

result of q2: [3,4]

v1

v2 v3

v4 v5 v6 v7

tree (after q2)

data array (after q2)

(b) after (𝑞2, 𝜖2)

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1

<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3

<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>

p4

<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>

p5

<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>

p6

<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7

0, 7, q1, ε1
<latexit sha1_base64="XsH4matLDC8g3BOMKtDa3y7sa3w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0s4m7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfS8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcDoo2h</latexit>

q1

<latexit sha1_base64="JotCSX/LkwzLH/NKWuvUsbXy3zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6fq9c8areDO4y8XNSgRz1Xvmr25c0jVEYyonWHd9LTJARZRjlOCl1U40JoSMywI6lgsSog2x28cQ9sUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkEo2BH/x5WXSPKv6l9Xz+4tK7SaPowhHcAyn4MMV1OAO6tAACgKe4RXeHO28OO/Ox7y14OQzh/AHzucPeq2QzA==</latexit>

ε1

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2
<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3
<latexit sha1_base64="SlX1jmUCxZfixeLuOjObmdVwHyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGqI2j</latexit>

p4
<latexit sha1_base64="Jr2Vq+CJZsY6v0LqEOqzfP40y+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvvlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1UT+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMILI2k</latexit>

p5
<latexit sha1_base64="srwcIIBS7wGVFiMD8yED85Y+LfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6ten53Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsJsI2l</latexit>

p6
<latexit sha1_base64="tmwSSKWRiBPW2M1R6BD9TGZbVes=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUrMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt5l9fzuolK/zuMowhEcwyl4UIM63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLNI2m</latexit>

p7
<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>
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<latexit sha1_base64="a/a92Z2ZeP7H5vpFtwLlBJTj8co=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laSKeix68VjBfmAbymY7aZdudsPuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2tUwVxQaVXKp2SDRyJrBhmOHYThSSOOTYCke3U7/1hEozKR7MOMEgJgPBIkaJsdJjFxPNuBS9aq9U9ireDO4y8XNShhz1Xumr25c0jVEYyonWHd9LTJARZRjlOCl2U40JoSMywI6lgsSog2x28cQ9tUrfjaSyJYw7U39PZCTWehyHtjMmZqgXvan4n9dJTXQdZEwkqUFB54uilLtGutP33T5TSA0fW0KoYvZWlw6JItTYkIo2BH/x5WXSrFb8y8r5/UW5dpPHUYBjOIEz8OEKanAHdWgABQHP8ApvjnZenHfnY9664uQzR/AHzucPfDGQzQ==</latexit>

ε2

<latexit sha1_base64="7hCiKcPa1oqzXCoVhSoqGIq7PSk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rFb6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpexdlM/uzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ABSaNog==</latexit>
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<latexit sha1_base64="bH+2Ns+WaRzF2hVz7D9HttbtVpE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF48Y5ZHAhswODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHskHM47RD+lA8j5n1Fjp/rFb6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGWdm7KFfuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ABqqNow==</latexit>

q3

<latexit sha1_base64="w27KzFOXvs/M4BiNbagtu1H5kHY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+4FtKJvtpF262Q27G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6XHLiaacSl6571yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZxRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U7fd/tMITV8bAmhitlbXTokilBjQyrZEPzFl5dJ86zqX1bP7y8qtZs8jiIcwTGcgg9XUIM7qEMDKAh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/fbWQzg==</latexit>

ε3

3, 2 3, 4

<latexit sha1_base64="LmLiw/XyRZIFAqToBFrMU7Ifuks=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6T/q1frniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yen53Ualf53EU4QiO4RQ8uII63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsMuI2n</latexit>
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Figure 4: Search-and-crack example

best-first order that is appropriate for 𝑘NN search. Further, adaptive
indexing in response to 𝑘NN queries poses a distinct challenge, as
queries do not readily offer a distance bound. We define such a
bound as the distance between the query object and its running
𝑘-th nearest neighbor. Algorithm 2 presents the process in detail.
A query (𝑞, 𝑘) comprises a query point 𝑞 and the integer number
of sought nearest neighbors 𝑘 . We use two priority queues: a min-
heap searchPQ that organizes unvisited nodes by least possible
distance to 𝑞 to guide the search in a best-first manner, initialized
with the root; and a max-heap resultPQ that holds the running 𝑘NN
data object results. In each iteration of the while loop (Lines 5–20),
we pop the top element 𝑣 from searchPQ . If 𝑣 is a leaf (Line 8), we
compute the distance of each data object in 𝑣 to the query point 𝑞
and update resultPQ accordingly, keeping track of the 𝑘 nearest
objects to 𝑞; resultPQ is a max-heap of data-objects ordered by their
distance to the query point, hence the top element is the farthest
from 𝑞, i.e., the running 𝑘th Nearest Neighbor. When looping over
the data objects in a leaf (Line 9), if one is closer to 𝑞 than the
running 𝑘th-NN (Line 10), then we remove the current top element
(Line 11), and add this object to resultPQ (Line 12). We also crack
the leaf node using as bound (to be enhanced in Section 4.3) the
distance to the top item in resultPQ (Line 13). If 𝑣 is an internal tree
node (Line 14) then we push its children to searchPQ with their
priority key set as the least possible distance of an object under 𝑣
to 𝑞, using the triangle inequality. As the left sub-tree contains
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points that are closer than 𝑣 .𝜖 to 𝑣 ’s vantage point, 𝑞’s minimum
possible distance from an object therein is the maximum of 0 and
distance of 𝑣 ’s vantage point from the query minus 𝑣 .𝜖 (Line 15); if
the latter is negative, then 𝑞 is in the sphere of 𝑣 . The right child,
conversely, contains the objects outside the sphere centered at 𝑣 ’s
vantage point with radius 𝑣 .𝜖 , hence 𝑞’s minimum possible distance
from such an object is the maximum of 0 and 𝑣 .𝜖 minus the distance
of 𝑣 ’s vantage point from 𝑞 (Line 18); if the latter is negative, then 𝑞
is outside the sphere of 𝑣 . In both cases, if the minimum distance
is not smaller than the running 𝑘-th smallest distance at the top
of resultPQ , then we do not need to look into that child; otherwise
(Lines 16 and 19), we add the node to searchPQ (Lines 17 and 20).
The search terminates when searchPQ becomes empty.

Algorithm 2 𝑘NN Search and Crack

1: procedure 𝑘NNSearch(data array𝑂 , query 𝑞, int 𝑘)
2: searchPQ ← 𝑃𝑟𝑖𝑜𝑟𝑖𝑡𝑦𝑄𝑢𝑒𝑢𝑒 ⟨𝑑𝑖𝑠𝑡, 𝑛𝑜𝑑𝑒 ⟩ ⊲ guide search
3: resultPQ ← 𝑃𝑟𝑖𝑜𝑟𝑖𝑡𝑦𝑄𝑢𝑒𝑢𝑒 ⟨𝑑𝑖𝑠𝑡, 𝑝𝑖𝑑 ⟩ ⊲ results PQ
4: searchPQ .𝑝𝑢𝑠ℎ ( [0, 𝑟𝑜𝑜𝑡 ] )
5: while !searchPQ .𝑒𝑚𝑝𝑡𝑦 ( ) and
6: searchPQ .𝑡𝑜𝑝 ( ) .𝑑𝑖𝑠𝑡 < resultPQ .𝑡𝑜𝑝 ( ) .𝑑𝑖𝑠𝑡 do
7: 𝑣 = searchPQ .𝑡𝑜𝑝 ( ) .𝑑𝑒ℎ𝑒𝑎𝑝 ( )
8: if 𝑣 is 𝑙𝑒𝑎𝑓 then
9: for 𝑜 in 𝑣 do ⊲ 𝑜 is a data point
10: if 𝑑 (𝑝,𝑞) < resultPQ .𝑡𝑜𝑝 ( ) .𝑑𝑖𝑠𝑡 then
11: resultPQ .𝑝𝑜𝑝 ( ) ⊲ update 𝑘NN set
12: resultPQ .𝑝𝑢𝑠ℎ ( [𝑑 (𝑝,𝑞), 𝑝𝑖𝑑 ] )

13: Crack 𝑣 ⊲ on distance to current 𝑘-th NN
14: else ⊲ non-leaf node
15: leftMinDist =𝑚𝑎𝑥 {0, 𝑑 (𝑣,𝑞) − 𝑣.𝜖 }
16: if leftMinDist < resultPQ .𝑡𝑜𝑝 ( ) .𝑑𝑖𝑠𝑡 then
17: searchPQ .𝑝𝑢𝑠ℎ ( [leftMinDist, 𝑣.𝑙𝑒 𝑓 𝑡 ] )

18: rightMinDist =𝑚𝑎𝑥 {0, 𝑣.𝜖 − 𝑑 (𝑣,𝑞) }
19: if rightMinDist < resultPQ .𝑡𝑜𝑝 ( ) .𝑑𝑖𝑠𝑡 then
20: searchPQ .𝑝𝑢𝑠ℎ ( [rightMinDist, 𝑣.𝑟𝑖𝑔ℎ𝑡 ] )

4.3 Enhancements

We introduce three enhancements that significantly improve the
performance of the AV-tree: First, we crack leaves by the median
distance of objects therein to the query. Second, we eschew con-
structing empty leaves and cracking leaves that have a few objects.
Third, we cache and sort the last computed distances of objects in
leaves that cannot be cracked further, to avoid distance computa-
tions for objects that are definitely not results.

4.3.1 Cracking based on mediocre distances. A popular practice in
both cracking-based and pivot-based indexing methods is to parti-
tion the data on an intrinsic median value rather than an extrinsic
threshold. For instance, the VP-tree [50] partitions data on their
median distance to a vantage point. Likewise, in 1D cracking, using
a median or mediocre value in a cracked piece rather than a query
threshold brings efficiency benefits [51]. Inspired by such prece-
dents, we use a sample-based mediocre pivot for leaf cracking. When
we crack a sub-array corresponding to a leaf node 𝑣 , we compute
the distances from a few sample points in 𝑣 to 𝑞 and crack on the
median thereof as 𝑣 .𝜖 . We confirmed experimentally that, with as
few as 3 samples, mediocre-based cracking is superior to the default
strategy that cracks on the query range 𝜖 or the running 𝑘th NN.
Besides, mediocre-based cracking leads to a balanced tree, since
each crack yields two partitions of almost equal size.

4.3.2 Avoiding empty leaves and applying a cracking threshold. As
we saw in Section 4.1, our default algorithm may add empty leaves

to the AV-tree. Such empty leaves add space and search overhead.
In our implementation, we do not create leaves with empty scopes,
i.e., we do not commit a crack of a leaf 𝑣 that results in an empty 𝑣𝐿
or 𝑣𝑅 and let 𝑣 remain a leaf. In addition, the default algorithm
cracks a leaf 𝑣 unconditionally; however, leaf nodes that contain
few objects are not worth cracking in practice, as they increase tree
height without offering a significant pruning advantage. As in 1D
cracking [24], we do not crack leaves holding fewer objects than
cracking threshold 𝜃 , which effectively delimits the height of the
AV-tree. We thus expect average leaf size to converge to 𝜃/2 and

tree height to 1 + log2
|𝑂 |
𝜃

. We call such leaves that are not cracked
further fixed leaves. When a query reaches a fixed leaf, we obtain
query results therefrom by linear scan.

4.3.3 Distance Caching. As distance computations consume most
of the query evaluation cost, reducing them is important. While
cracking, we can cache each object’s distance to the current query.
Thereby, we get the distance of each object in a leaf 𝑣 to the leaf’s
parent node 𝑝 (𝑣). Next time we visit 𝑣 while processing another
query 𝑞, we may use the triangle inequality on 𝑑 (𝑝 (𝑣), 𝑞) and the
cached distance 𝑑 (𝑝 (𝑣), 𝑜) for each object 𝑜 ∈ 𝑣 to check whether 𝑜
can be a query result and either prune 𝑜 or add it to the result set 𝑅
accordingly, avoiding the associated distance computation.

To minimize its overhead, we apply distance caching only in
fixed leaves; we cache the distance of each object 𝑜 in leaf 𝑣 to the
leaf’s parent node 𝑝 (𝑣). We sort objects by distance to 𝑝 (𝑣) and
follow this order to conduct only a few comparisons to cached
distances with early termination, pruning distance computations
for objects directly determined to be, or not be, query results.

Algorithm 3 shows how we handle fixed leaves using cached
distances, modifying procedure search-and-crack in Algorithm 1.
We show the differing part for range queries; for 𝑘NN queries,
we use the distance to the item at the top of the result heap as a
threshold in comparisons in place of 𝜖 and update the 𝑘NN result
set when accessing qualifying data objects. We now discuss in
detail how we prune distance computations in each of four cases,
as depicted in Figure 5: two for left-child fixed leaves 𝑣 that point
to data within their parent’s query range (𝑝 (𝑣), 𝑝 (𝑣) .𝜖) and two for
right-child fixed leaves pointing to data outside the query range.

In Case L1, 𝑑 (𝑞, 𝑝 (𝑣)) > 𝜖 . Then, by the triangle inequality,
objects𝑜 with𝑑 (𝑝 (𝑣), 𝑜) < 𝑑 (𝑞, 𝑝 (𝑣))−𝜖 or𝑑 (𝑝 (𝑣), 𝑜) > 𝑑 (𝑞, 𝑝 (𝑣))+

𝜖 cannot be query results. We find, by binary search on the sorted
cached distances, the position of the first object𝑜 ∈ 𝑣 with𝑑 (𝑝 (𝑣), 𝑜)
≥ 𝑑 (𝑞, 𝑝 (𝑣)) − 𝜖 and that of the last object 𝑜 ∈ 𝑣 with 𝑑 (𝑝 (𝑣), 𝑜) ≤
𝑑 (𝑞, 𝑝 (𝑣)) + 𝜖 , scan objects in-between, and include in the result
those having distance to 𝑞 at most 𝜖 (Lines 10–14). In Figure 5a,
assume 𝑝 (𝑣) is the parent of fixed leaf 𝑣 , with objects 𝑝1 to 𝑝5
sorted by distance to 𝑝 (𝑣). Only 𝑝3 and 𝑝4 can be query results; we
compute distances only for those two, yielding 𝑝4 as a result.

In Case L2, 𝑑 (𝑞, 𝑝 (𝑣)) ≤ 𝜖 . Then, objects 𝑜 with 𝑑 (𝑝 (𝑣), 𝑜) ≤ 𝜖 −

𝑑 (𝑞, 𝑝 (𝑣)) are surely query results. Hence, we find, by binary search,
the position of the first object 𝑜 ∈ 𝑣 with 𝑑 (𝑝 (𝑣), 𝑜) > 𝜖 −𝑑 (𝑞, 𝑝 (𝑣))

(e.g., 𝑝3 in Figure 5b), add all objects heretofore to the query result
(e.g., 𝑝1 and 𝑝2 in Figure 5b), and conduct distance computations
only for objects thereafter (Lines 17–24).
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Algorithm 3 Search and Cracking with Caching

1: procedure search-and-crack-caching(data array𝑂 , query pt 𝑞, bound 𝜖 , node
𝑣, result 𝑅, threshold 𝜃 )

2: if 𝑣.𝑞 is null then
3: if 𝑣.𝑠𝑖𝑧𝑒 ≤ 𝜃 then ⊲ fixed leaf node
4: 𝑞𝐷𝑖𝑠𝑡 = distance(𝑣,𝑞)
5: 𝑝 (𝑣) = parent of 𝑣
6: if 𝑣.𝑖𝑠𝐿𝑒 𝑓 𝑡𝐶ℎ𝑖𝑙𝑑 ( ) then
7: if 𝑞𝐷𝑖𝑠𝑡 > 𝜖 then ⊲ Case L1
8: 𝑙𝑜𝑤 = first 𝑜 ∈ 𝑣, such that 𝑑 (𝑝 (𝑣), 𝑜 ) ≥ 𝑞𝐷𝑖𝑠𝑡 − 𝜖
9: ℎ𝑖𝑔ℎ = last 𝑜 ∈ 𝑣, such that 𝑑 (𝑝 (𝑣), 𝑜 ) ≤ 𝑞𝐷𝑖𝑠𝑡 + 𝜖
10: for 𝑜 ∈ 𝑣 from 𝑙𝑜𝑤 to ℎ𝑖𝑔ℎ do
11: if 𝑑 (𝑞,𝑜 ) ≤ 𝜖 then
12: 𝑅 = 𝑅 ∪ {𝑜 }

13: else ⊲ Case L2
14: 𝑙𝑜𝑤 = first 𝑜 ∈ 𝑣, s. t. 𝑑 (𝑝 (𝑣), 𝑜 ) ≥ 𝜖 − 𝑞𝐷𝑖𝑠𝑡
15: for 𝑜 ∈ 𝑣 from start until 𝑙𝑜𝑤 (excl.) do
16: 𝑅 = 𝑅 ∪ {𝑜 }

17: for 𝑜 ∈ 𝑣 from 𝑙𝑜𝑤 until end do
18: if 𝑑 (𝑞,𝑜 ) ≤ 𝜖 then
19: 𝑅 = 𝑅 ∪ {𝑜 }

20: else ⊲ 𝑣 is right child of 𝑝 (𝑣)
21: if 𝑞𝐷𝑖𝑠𝑡 ≤ 𝜖 + 𝑝 (𝑣) .𝜖 then ⊲ Case R2
22: 𝑙𝑜𝑤 = first 𝑜 ∈ 𝑣
23: else ⊲ Case R1
24: 𝑙𝑜𝑤 = first 𝑜 ∈ 𝑣, such that 𝑑 (𝑝 (𝑣), 𝑜 ) ≥ 𝑞𝐷𝑖𝑠𝑡 − 𝜖

25: ℎ𝑖𝑔ℎ = last 𝑜 ∈ 𝑣, such that 𝑑 (𝑝 (𝑣), 𝑜 ) ≤ 𝑞𝐷𝑖𝑠𝑡 + 𝜖
26: for 𝑜 ∈ 𝑣 from 𝑙𝑜𝑤 to ℎ𝑖𝑔ℎ do
27: if 𝑑 (𝑞,𝑜 ) ≤ 𝜖 then
28: 𝑅 = 𝑅 ∪ {𝑜 }

29: else ⊲ non-fixed leaf
30: Lines 3–4 of Algorithm 1
31: if 𝑣.𝑙𝑒 𝑓 𝑡 .𝑠𝑖𝑧𝑒 ≤ 𝜃 then ⊲ 𝑣.𝑙𝑒 𝑓 𝑡 is fixed
32: qsort(𝑣.𝑙𝑒 𝑓 𝑡 )

33: if 𝑣.𝑟𝑖𝑔ℎ𝑡 .𝑠𝑖𝑧𝑒 ≤ 𝜃 then ⊲ 𝑣.𝑟𝑖𝑔ℎ𝑡 is fixed
34: qsort(𝑣.𝑟𝑖𝑔ℎ𝑡 )

35: Lines 6–15 of Algorithm 1

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>

q

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>

ε

guaranteed no results

<latexit sha1_base64="5qqAjw1YTtZ9L4PvUnzbaUEklQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEG+o2k</latexit>

p4

<latexit sha1_base64="PuuWPAzGFadNj9P9bu46192aDws=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHoXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcIfo2l</latexit>

p5

<latexit sha1_base64="4gc1OAqORQiNnuiOS81eEpjzkk8=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUy7IrRT0WvXisYD+gXUo2zbah2WxMsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5oeRMG8/7dtbWNza3tgs7xd29/YPD0tFxUyepIrRBEp6odog15UzQhmGG07ZUFMchp61wdDfzW2OqNEvEo5lIGsR4IFjECDZWCmRlfOF2qdSMJ6JXKnuuNwdaJX5OypCj3it9dfsJSWMqDOFY647vSRNkWBlGOJ0Wu6mmEpMRHtCOpQLHVAfZ/OgpOrdKH0WJsiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpCa6CTImZGqoIItFUcqRSdAsAdRnihLDJ5Zgopi9FZEhVpgYm1PRhuAvv7xKmpeuf+VWH6rl2m0eRwFO4Qwq4MM11OAe6tAAAk/wDK/w5oydF+fd+Vi0rjn5zAn8gfP5AzRDkcA=</latexit>

p(v).ε

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1
<latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2

<latexit sha1_base64="PEZPE9pxOMwGlIrx4Zp+zG2lh+M=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyRbK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek/vM70yp0iyST2YWU1/gkWQhI9hkUlydXg7KFbfmLoDWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTuelfqJpjMkEj2jPUokF1X66uHWOLqwyRGGkbEmDFurviRQLrWcisJ0Cm7Fe9TLxP6+XmPDWT5mME0MlWS4KE45MhLLH0ZApSgyfWYKJYvZWRMZYYWJsPCUbgrf68jppX9W861r9sV5p3OVxFOEMzqEKHtxAAx6gCS0gMIZneIU3RzgvzrvzsWwtOPnMKfyB8/kDe4mN4g==</latexit>

p(v)

<latexit sha1_base64="r1HxXlECM1vo/+Hw2nNpPweKS/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcFJI2i</latexit>

p3

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>

q

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>

ε

guaranteed results

<latexit sha1_base64="4gc1OAqORQiNnuiOS81eEpjzkk8=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUy7IrRT0WvXisYD+gXUo2zbah2WxMsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5oeRMG8/7dtbWNza3tgs7xd29/YPD0tFxUyepIrRBEp6odog15UzQhmGG07ZUFMchp61wdDfzW2OqNEvEo5lIGsR4IFjECDZWCmRlfOF2qdSMJ6JXKnuuNwdaJX5OypCj3it9dfsJSWMqDOFY647vSRNkWBlGOJ0Wu6mmEpMRHtCOpQLHVAfZ/OgpOrdKH0WJsiUMmqu/JzIcaz2JQ9sZYzPUy95M/M/rpCa6CTImZGqoIItFUcqRSdAsAdRnihLDJ5Zgopi9FZEhVpgYm1PRhuAvv7xKmpeuf+VWH6rl2m0eRwFO4Qwq4MM11OAe6tAAAk/wDK/w5oydF+fd+Vi0rjn5zAn8gfP5AzRDkcA=</latexit>

p(v).ε

<latexit sha1_base64="5syBhnkZLiV3s00CrUvLjIm6J/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busnt9fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECHI2g</latexit>

p1 <latexit sha1_base64="Q0e3DGQlX+KiC2U+bdL4oVWjFl8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1Wzu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDoI2h</latexit>

p2

<latexit sha1_base64="PEZPE9pxOMwGlIrx4Zp+zG2lh+M=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyRbK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek/vM70yp0iyST2YWU1/gkWQhI9hkUlydXg7KFbfmLoDWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTuelfqJpjMkEj2jPUokF1X66uHWOLqwyRGGkbEmDFurviRQLrWcisJ0Cm7Fe9TLxP6+XmPDWT5mME0MlWS4KE45MhLLH0ZApSgyfWYKJYvZWRMZYYWJsPCUbgrf68jppX9W861r9sV5p3OVxFOEMzqEKHtxAAx6gCS0gMIZneIU3RzgvzrvzsWwtOPnMKfyB8/kDe4mN4g==</latexit>

p(v)

(a) case L1 (b) case L2

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>
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Figure 5: Use of cached distances at AV-tree leaves

In Case R1, the ranges of query 𝑞 and 𝑝 (𝑣) are disjoint, i.e.,
𝑑 (𝑞, 𝑝 (𝑣)) > 𝑝 (𝑣) .𝜖 + 𝜖 . Then, objects 𝑜 outside the query range
of 𝑝 (𝑣) with𝑑 (𝑝 (𝑣), 𝑜) < 𝑑 (𝑞, 𝑝 (𝑣))−𝜖 or𝑑 (𝑝 (𝑣), 𝑜) > 𝑑 (𝑞, 𝑝 (𝑣))+𝜖

(e.g., 𝑝1 and 𝑝3 in Figure 5c) cannot be query results; thus, as in
Case L1, we find, by binary search, the range of candidate query

results and compute distances only for those.Case R2 applies when
𝑑 (𝑞, 𝑝 (𝑣)) ≤ 𝑝 (𝑣) .𝜖 + 𝜖 and is similar to Case R1, except that now
there are no objects 𝑜 with 𝑑 (𝑝 (𝑣), 𝑜) < 𝑑 (𝑞, 𝑝 (𝑣)) − 𝜖 outside the
query range (𝑝 (𝑣), 𝑝 (𝑣).𝜖), hence a single binary search suffices.

In addition, when possible, we avoid binary search to compute
the range of positions in which to scan objects and compute dis-
tances. For example, in Case L1, if 𝑝 (𝑣) .𝜖 ≤ 𝑑 (𝑞, 𝑝 (𝑣)), then there
are no objects within the query range of 𝑝 (𝑣) with 𝑑 (𝑝 (𝑣), 𝑜) >

𝑑 (𝑞, 𝑝 (𝑣)) + 𝜖 , hence ℎ𝑖𝑔ℎ is the last position of 𝑣 . Similarly, in Case
L2, if 𝑑 (𝑞, 𝑝 (𝑣)) +𝑝 (𝑣) .𝜖 ≤ 𝜖 , then all objects within the query range
of 𝑝 (𝑣) are query results, hence we need not do any comparisons.
We also exploit the fact that, as objects in fixed leaves are sorted,
the first and the last object in 𝑣 provide lower and upper bounds
to 𝑑 (𝑝 (𝑣), 𝑜), respectively. Thus, in Cases R1 and R2, if the last
cached distance 𝑑𝐿𝑎𝑠𝑡 is 𝑑𝐿𝑎𝑠𝑡 ≤ 𝑑 (𝑞, 𝑝 (𝑣)) + 𝜖 , then we set ℎ𝑖𝑔ℎ
to the last object position in 𝑣 and eschew binary search.

4.4 Cost Analysis

Here, we analyze the cost of the AV-tree index with all enhance-
ments. Assuming that AV-tree leaves of size no larger than 𝜃 are
not cracked, we expect the tree to reach its maximum size after a
large number of queries, whereupon no more cracks are performed.
In this state, each leaf has 𝜃/2 objects on average, so the expected
number of leaves is 2𝑛

𝜃
, where 𝑛 is the number of objects in𝑂 . Since

the AV-tree is a binary tree, the expected number of nodes is 4𝑛
𝜃
− 1,

hence the index space complexity is 𝑂 (𝑛/𝜃). The worst-case cost
of query processing is 𝑂 (𝑛), accessing all leaves and data objects
and computing their distances to 𝑞. So is the cost of the first query
over an uncracked array. However, after a large number of queries,
we expect the cost per query to drop and to converge to that of
using a fully built VP-tree [50]. Lastly, the space requirements of
distance caching are𝑂 (𝑛), i.e., one scalar per object, whereas those
for storing the 𝐷-dimensional data array are 𝑂 (𝐷𝑛).

5 EXPERIMENTAL EVALUATION

We evaluate AV-tree against the following competitors:

• Linear scan computes distances 𝑑 (𝑞, 𝑜) for all 𝑜 ∈ 𝑂 and does
not perform any data array re-organization or indexing.

• SimplePivot is described in Section 2. After experimental tuning,
we opted to set the number of pivots𝑚 to 5, which yields the
best performance; this parameter value selection is consistent
with the experimental setup in [7].
• MVP-tree [6], described in Section 2. We used the same im-

plementation3 as in [7]. MVP-tree has two parameters, bucket
size (equivalent to the threshold 𝜃 in AV-tree) and arity (i.e.,
number of children per node). We experimentally found that the
MVP-Tree performs best with bucket size 64 and arity 5.

• AKD-tree [41] is the state-of-the-art adaptive index for multi-
dimensional points; we used the authors’ implementation4. To
prevent excessive tree growth, we select 128 as the size threshold
after experimentally assessing various values. The original im-
plementation handles rectangular queries, i.e., the 𝐿𝑚𝑎𝑥 distance
metric. To adapt it to the 𝐿2 distance metric, we first perform

3https://github.com/kaarinita/metricSpaces
4https://github.com/pdet/MultidimensionalAdaptiveIndexing
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Figure 6: AV-tree versions, 100 selectivity range workload.

an 𝐿𝑚𝑎𝑥 -query for the surrounding tangent box using the given𝑞
and 𝜖 , and then filter false positives by a 𝐿2-based linear scan.

• SAT is an implementation3 of the Spatial Approximation Tree [40]
(see Section 2.1.2), which has no construction parameters.

Table 1: Datasets used in experiments

Dataset Cardinality dimensionality distance size (MB)
MNIST 70k 5, 20, 50, 100 𝐿1 , 𝑳2 3–55
Words 650k 2-33 edit distance 8

Synthetic50k, 100k, 200k, 500k 100 𝐿1 , 𝑳2 20–450

5.1 Experimental Settings

Environment.We compiled all codes in g++ 9.4.0 with flags -O3,
-mavx, and -march=native and ran experiments on a 32GB Ubuntu
20.04.3 LTS machine with Intel Core i9-10900K CPU @3.70GHz.

Datasets. We use two publicly available real datasets and syn-
thetically generated high-dimensional vectors. Table 1 summarizes
statistics about the data with the default values of parameters and
distance metrics shown in boldface. We provide more details below.

• MNIST5 is a database of 70K handwritten digits [11]. Each digit is
stored as a grayscale image with a size of 28x28 pixels. MNIST has
been used in numerous similarity search studies (e.g., [3, 28, 36]).
We use the UMAP [38] dimensionality reductionmethod to create
various vector representations of the data with 𝐷 in 5–100.

• Words is a database of 650K proper nouns, acronyms, and com-
pound words, taken from the Moby project6, with lengths vary-
ing from 2 to 33 characters. On Words, the query goal is to find
words that are similar to a given query string by edit distance.
• Synthetic are generated datasets of 10 non-overlapping, equally

sized clusters comprising 20K–500K points in 100 dimensions,
generated as isotropic Gaussian blobs by make_blobs function
of Python’s sklearn [43] with a standard deviation of 0.5.

Queries. We ran workloads of range and 𝑘NN queries. In line
with previous work [24, 41], our query workload consists of 1000
randomly sampled query points from the target dataset.7 For range
queries, we tuned 𝜖 to ensure that queries return the desired number

5http://yann.lecun.com/exdb/mnist/
6https://en.wikipedia.org/wiki/Moby_Project
7In most real applications in metric spaces, queries are not ad hoc, but follow the data
distribution.

of results. Query selectivity ranges from 20 to 1000 (default 100).
For 𝑘NN queries, 𝑘 ranges in {5, 20, 50, 100} (default 𝑘 = 20).

Cost measures.We evaluate all methods by their (i) cost per query
and (ii) cumulative cost, as the query workload progresses; we
average results over 5 runs. As SimplePivot, MVP-tree, and SAT are
built in advance, we add their construction cost to the cumulative
cost prior to the first query. Linear scan, AV-tree, and AKD-tree do
not bear preprocessing costs.

5.2 Enhancements and parameter tuning

5.2.1 Effect of AV-tree enhancements. First, we evaluate different
AV-tree versions with 1000 queries on the 50D MNIST dataset, in-
cluding the performance of linear scan for reference. We compare
the basic version of AV-tree, which uses standard cracking with-
out any enhancements (labeled ‘standard’) to (i) its variant using
mediocre cracking (Section 4.3.1, ‘mediocre’); (ii) a variant using
mediocre cracking and threshold 𝜃 = 128 (Section 4.3.2, ‘mediocre-
128’); and (iii) a variant that applies all enhancements including
caching (Section 4.3.3, ‘mediocre-128 caching’).

Figures 6a and 6b show the per-query and cumulative costs, re-
spectively, of all AV-tree variants onMNIST, while Figures 6c and 6d
show their cumulative costs on Sythetic and Words. Notably, both
mediocre cracking and thresholding boost performance, with the
effect of thresholding being smaller on MNIST. Mediocre cracking
creates a balanced tree, as each crack splits a leaf in two partitions
of roughly equal size, while thresholding avoids building an exces-
sively tall tree, which would be detrimental to performance, as its
traversal does not pay off compared to the achieved savings. On the
other hand, caching pays off in cases where distance computation
is expensive, e.g., on the Words data, where we use edit distance.

Table 2: AV-tree versions, MNIST50, post 1k range queries

cum. time cum. distance comp. #nodes
Linear Scan 1.8548 70000 -
Standard 1.4831 38818.553 11983
Mediocre 0.1215 1602.105 85809

Mediocre-128 0.1019 1735.236 1843
Mediocre-128 caching 0.1002 1555.677 1843

Table 2 shows the cumulative costs, distance computations and
number of AV-tree nodes after 1000 range queries on the 50-di-
mensional MNIST. The fully optimized AV-tree surpasses all other

2532



versions in all respects. While on these data Mediocre without
threshold performs similarly to Mediocre-128, it incurs a significant
space overhead by building an AV-tree even bigger than Standard.
The same also holds for all other datasets; we omit the correspond-
ing tables in the interest of space.

mediocre-128 cachingmediocre-128standard mediocrelinear scan

10
0

10
1

10
2

10
3

10
−2

10
−1

10
0

Number of queries

T
im

e(
se
c)

(a) MNIST50

10
0

10
1

10
2

10
3

10
−2

10
−1

10
0

10
1

Number of queries

T
im

e(
se
c)

(b) Synthetic

Figure 7: 𝐿1 distance, 100-selectivity range workload

Figure 7 shows the cumulative cost of AV-tree variants onMNIST
and Synthetic using 𝐿1 distance instead of 𝐿2 (Euclidean). Note
that the performance difference when using 𝐿1 is insignificant.
Henceforward, we adopt all enhancements in the AV-tree and use 𝐿2
as a distance measure on MNIST and Synthetic.
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Figure 8: Parameter Tuning, 100 selectivity range workload

5.2.2 Parameter setting. We tuned the threshold parameter on AV-
tree, AKD-tree, and MVP-tree on MNIST50 and Words. Figure 8
plots the total cost for an 1K-query workload vs. different threshold
values. As the plot shows, the optimal threshold values for AV-tree,
AKD-tree, and MVP-tree, are 128, 128, and 64 respectively.

5.3 Comparative study

5.3.1 MNIST. Next, we try the fully enhanced AV-tree vs. the com-
petitors listed in Section 5 with range and 𝑘NN queries on MNIST.

Dimensionality Figure 10 shows the per-query and cumulative
cost, as the query workload (selectivity 𝑠 = 100) progresses, on
MNIST datasets of varying dimensionality. AV-tree exhibits the
ideal behavior of an adaptive index: its per-query cost gradually
drops and reaches that of theMVP-tree. Its cumulative cost outpaces
all competitors and eventually matches the MVP-tree. This progres-
sion is slower on lower dimensionality; on higher dimensionality,
the two lines meet after around 100 queries. The AKD-tree performs
competitively to the AV-tree only on very low dimensionality (𝐷=5),
where hyperplane-based partitioning works satisfactorily. Until it

reaches the size threshold, the AKD-tree creates 2𝐷 new levels per
crack, leading to an exorbitantly tall tree that is expensive to tra-
verse, hence its disadvantage on higher dimensionality. SimplePivot
is inferior to MVP-tree and SAT, especially when 𝐷 is small. These
results are consistent with the findings in [7]. MVP-tree has lower
per-query cost than SAT in data of medium dimensionality, but the
two costs are similar in high-dimensional spaces. Still, SAT incurs
a very high start-up (i.e., construction) cost compared to MVP-tree.

Figure 11 repeats the experiment with 𝑘NN queries, setting 𝑘

to 20. We excluded the AKD-tree from the comparison, as it does
not support 𝑘NN queries. Our findings reaffirm those for range
queries, as the data are reorganized (i.e., cracked) similarly in both
cases, leading to a good data structure, while the use of the two
priority queues in the AV-tree prevents redundant search.

Selectivity Figure 12 juxtaposes all methods on workloads of vary-
ing selectivity 𝑠 ; their relative performance is largely unaffected by
selectivity, with the discernible exception of the AKD-tree, which is
sensitive to large 𝑠 due to the expensive 𝐿2-filtering; as 𝑠 grows, the
items to be scanned increase. Cost is largely unaffected by 𝑘 in 𝑘NN
queries, as Figure 13 shows. The AV-tree is robust to selectivity, as
cracking is insensitive to the number of query results and thanks
to the data structures it uses to manage 𝑘NN query results.

Cost breakdown Figure 9 breaks down the total runtime of the de-
fault range workloads for the AV-tree and AKD-tree on the default
MNIST50 and Synthetic datasets. Total time comprises the costs for:
(i) searching the index for relevant partitions (Index Search); (ii) in-
dex restructuring, i.e., creating new nodes and swapping (Adap-
tation); and (iii) scanning data objects in fixed leaves that are not
being cracked further (Scan) Ð in the AKD-tree, Scan includes
the time for 𝐿2 filtering. All costs are higher for the AKD-tree: (i)
index-search cost due to the ineffectiveness of hyperplane-based
partitions and the larger index size, (ii) adaptation cost due to gen-
erating more (hyperplane-based) partitions than the AV-tree, (iii)
scan cost due to refining spherical range queries.
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Figure 9: Cost Breakdown

5.3.2 Words. We next compare all methods for range and 𝑘NN
query workloads on the Words data. We omit the AKD-tree, as it
does not support non-vector data and non-𝐿𝑝 distance measures.
First, we create range query workloads by picking 1000 random
words of fixed length (4 to 10), set 𝜖 = 2, andmeasure the cumulative
cost of all methods. As Figure 14 shows, AV-tree outperforms all
competitors, and fares better on smaller query word lengths. With
longer words, the curse of dimensionality comes into play and all
index-based methods acquire costs similar to linear scan; yet even
then, AV-tree outpaces SimplePivot and matches the MVP-tree.
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Figure 10: Effect of dimensionality, MNIST data, 100-selectivity range workload, per query (top) and cumulative time (bottom).
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Figure 11: Effect of dimensionality, MNIST data, 20NN workload, per query (top) and cumulative time (bottom).
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Figure 12: Effect of selectivity, MNIST50 data, range workload, cumulative time.
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Figure 13: Effect of 𝑘 , MNIST50 data, 𝑘NN workload, cumulative time.
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Figure 14: Effect of query length, Words data, edit distance 𝜖 = 2, cumulative time.
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Figure 15: Effect of 𝜖, Words data, 6-letter-word queries, range workload, cumulative time.

Figure 15 juxtaposes all methods the same workload of length-6
queries, tuning the values of 𝜖 , i.e., varying selectivity. With more
selective queries (lower 𝜖), index-based methods outperform linear
scan, and the AV-tree gains an advantage. However, indexes are
less effective with less selective queries (𝜖 = 4), thus the AV-tree
advantage diminishes. Lastly, Figure 16 shows the performance of
AV-tree on𝑘NNqueries vs. the value of𝑘 . The results resemble those
for range queries of varying selectivity. Overall, AV-tree presents
an ideal behavior on the Words dataset, as its cumulative cost is
consistently below that of all other methods, with the difference
being more striking in the first few hundreds of queries.

5.3.3 Synthetic data. We now compare the performance of all
methods against synthetically generated datasets of different scale,
generated as described in Section 5.1. Figure 17 shows cumulative
costs on range query workloads. Noticeably, the superior perfor-
mance of the AV-tree is insensitive to data scale; its cost is close

to that of linear scan in the first few queries and matches that of
MVP-tree after a few hundreds of queries, while linear scan re-
mains too slow. AV-tree is equally robust to data scale on 𝑘NN
query workloads, as Figure 18 shows.

Table 3: Index size (MB) after 1K range queries.

AV-tree AV-Tree (no cache) AKD-tree MVP-tree

MNIST 0.3989 0.1189 2.7989 0.2864

Words 3.2654 0.6654 - 2.7

Synthetic 0.5682 0.1682 2.6732 0.2909

5.4 Index Size

Lastly, we compare the eventual index sizes of AV-tree, AKD-tree,
and MVP-tree, after the default workload of 1K range queries of
selectivity 100. As Table 3 shows, AV-tree is lightweight, as it has
size controlled by a threshold and caches at most one distance per
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Figure 16: Effect of 𝑘 , Words data, 6-letter-word 𝑘NN queries, cumulative time.
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Figure 17: Effect of data size, Synthetic 100D data, 100-selectivity range workload, cumulative time.
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Figure 18: Effect of data size, Synthetic 100D data & 20NN workload, cumulative time.

object. Compared to the size of the corresponding datasets in Table 1,
AV-tree occupies little space; this is yet another advantage of our
method. If we eschew distance caching in AV-tree (2nd column),
the index becomes even smaller than that of MVP-tree, at the price
of a small overhead in the search performance.

6 CONCLUSIONS

We introduced the adaptive vantage tree (AV-tree), the first, to our
knowledge, adaptive index tailored for high-dimensional metric
spaces. In manner reminiscent of previously proposed adaptive
indices for single columns [18, 24] and for a few attributes [41, 42],
the AV-tree gracefully adapts to a query workload to progressively
build a complete high-quality index. Nevertheless, unlike previous
adaptive indexing methods, the AV-tree partitions the space around
query centers into units defined by hyperspheres using mediocre

distance bounds that naturally adapt to the data distribution, rather
than into orthotopes (i.e., hyperrectangular units). Our experimen-
tal study on two real datasets of different natures, with diverse

distance metrics, demonstrates that the AV-tree achieves low cumu-
lative query cost compared to (i) iteratively applying a linear scan;
(ii) using a pre-built MVP-tree, the state-of-the-art index for metric

spaces; and (iii) employing the AKD-tree, the state-of-the-art adap-
tive index for multidimensional data. In the future, we intend to
investigate the performance of a multiway AV-tree (MAV-tree) that,
unlike the current binary space partitioning, will divide the space
around each query into layers based on several distance bounds. We
also intend to examine alternative ways of measuring distance [49]
and adaptive multidimensional synopses [32].
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