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ABSTRACT

Canned patterns (i.e., small subgraph patterns) in visual graph query
interfaces (a.k.a gui) facilitate efficient query formulation by en-
abling pattern-at-a-time construction mode. However, existing guis
for querying large networks either do not expose any canned pat-
terns or if they do then they are typically selected manually based
on domain knowledge. Unfortunately, manual generation of canned
patterns is not only labor intensive but may also lack diversity for
supporting efficient visual formulation of a wide range of subgraph
queries. In this paper, we present a novel, generic, and extensi-
ble framework called Tattoo that takes a data-driven approach
to automatically select canned patterns for a gui from large net-
works. Specifically, it first decomposes the underlying network into
truss-infested and truss-oblivious regions. Then candidate canned
patterns capturing different real-world query topologies are gener-
ated from these regions. Canned patterns based on a user-specified
plug are then selected for the gui from these candidates by maxi-
mizing coverage and diversity, and by minimizing the cognitive load
of the pattern set. Experimental studies with real-world datasets
demonstrate the benefits of Tattoo. Importantly, this work takes a
concrete step towards realizing plug-and-play visual graph query
interfaces for large networks.
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1 INTRODUCTION

A recent survey [34] revealed that graph query languages and us-
ability are considered as some of the top challenges for graph pro-
cessing. A common starting point for addressing these challenges is
the deployment of a visual query interface (a.k.a gui) that can enable
an end user to draw a graph query interactively by utilizing direct-

manipulation [36] and visualize the result matches effectively [1, 31].
A useful component of such a gui is a panel containing a set of
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Figure 1: Q12 in BSBM and canned patterns.

canned patterns (i.e., small subgraphs) which is beneficial to visual
querying in at least three possible ways [9, 23, 24]. First, it can
potentially decrease the time taken to visually construct a query by
facilitating pattern-at-a-time query mode (i.e., construct multiple
nodes and edges by performing a single click-and-drag action) in
lieu of edge-at-a-time mode. Second, it can facilitate “bottom-up”
search when a user does not have upfront knowledge of what to
search for. Third, canned patterns (patterns for brevity) may alle-
viate user frustration of repeated edge construction especially for
larger queries.

Example 1.1. Consider the subgraph query in Figure 1 from
bsbm [2] (Query Q12). Suppose Wei, a non-programmer, wishes
to formulate it using a gui containing a set of canned patterns (a
subset of them is shown). Specifically, he may drag and drop p2 and
p3 on the Query Canvas, merge the yellow vertex of p3 with the
center vertex of p2, add a vertex and connect it with the grey vertex
of p2. Finally, Wei can assign appropriate vertex labels. Observe
that it requires five steps to construct the topology. On the other
hand, if Wei takes an edge-at-a-time approach, it would require 23
steps to construct it. Clearly, canned patterns enable more efficient
(i.e., fewer number of steps or lesser time) formulation of the query.

It is worth noting thatWeimay not necessarily have the complete
query structure “in his head” during query formulation. Hemay find
p3 interesting while browsing the pattern set, which may initiate
his bottom-up search leading to the query. Clearly, without the
existence of a pattern set, such bottom-up searchwould be infeasible
in practice.

Data-driven selection of relevant canned patterns for a gui (e.g.,
p1, p2, p3 in Fig. 1.1) is important to facilitate efficient query formu-
lation [9, 23]. In particular, data-driven selection paves the way for
plug-and-play visual graph query interfaces, which are like a plug-
and-play device that can be plugged into any kind of socket (i.e.,
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Figure 2: Overview of TATTOO.

graph data) and used. A plug-and-play gui is dynamically built from
a high-level specification of canned pattern properties known as
the plug (detailed in Section 3). Specifically, given a network G and
a plug b, the gui is automatically constructed by populating its vari-
ous components (e.g., node/edge attributes, canned patterns) fromG
without the need for manual gui coding. This enhances portability
and maintainability of guis across different data sources [9].

In this paper, we present a novel framework called Tattoo (daTa-
driven cAnned paTtern selecTiOn from netwOrks) that takes a
data-driven approach to the canned pattern selection (cps) problem
for large networks. Given a networkG , a user-specified plug specifi-
cationb which is the number of canned patterns to display and their
minimum and maximum permissible sizes, Tattoo automatically
selects canned patterns from G that satisfy b.

The cps problem is technically challenging. First, it is a NP-hard
problem [23]. Second, the availability of query logs can facilitate
the selection of relevant patterns as they provide rich information
of past queries. In practice, however, such information is often
publicly unavailable (e.g., none of the networks in snap [5] reveal
query logs) due to privacy and legal reasons. Hence, we cannot
realistically assume the availability of query logs to select patterns.
Furthermore, users may demand a gui prior to querying a network.
Hence, there may not exist any query log prior to the creation of
a visual query interface. Third, it is paramount to find unlabeled

patterns (e.g., Example 1.1) that are potentially useful for query
formulation (detailed in Sec. 4). However, the selection of such
patterns is challenging as there is an exponential number of them
in a large network. Fourth, these selected patterns should not only
be topologically diverse so that they are useful for a wide variety of
queries but they should also impose low cognitive load (i.e., mental
load to visually interpret a pattern’s edge relationships to determine
if it is useful for a query) on users. In particular, large graphs over-
load the human perception and cognitive systems, resulting in poor
performance of tasks such as identifying edge relationships [22, 42].

At this point, a keen reader may wonder why building blocks of
real-world networks (e.g., paths of length k , triangle patterns) [29,
40] cannot be simply utilized as canned patterns since they have
high coverage and low cognitive load. Unfortunately, it may take a
larger number of steps to formulate a variety of queries using these
patterns due to their small size. For instance, reconsider Example 1.1.
Suppose the pattern set consists of an edge, a path of length 2 (i.e., 2-
path), a triangle, and a rectangle. In this case,Q12 may be formulated
by dragging and dropping the rectangle once, the 2-path three times,
construction of a single node and two edges, along with three node
mergers. That is, it takes 10 steps altogether, which is more than
using the patterns in Figure 1. Furthermore, these patterns do not
expose “interesting” substructures to facilitate bottom-up search as
they occur in almost all large real-world networks.

Tattoo addresses the aforementioned challenges as follows. It
exploits a recent analysis of real-world query logs [12] to classify

topologies of canned patterns into categories that are consistent
with the topologies of real-world queries (detailed in Section 5).
This enables us to reach a middle ground where Tattoo does not
need to be restricted by the availability of query logs but yet ex-
ploit topological characteristics of real-world queries to guide the
selection process. Next, it realizes a novel and efficient candidate
canned pattern generation technique based on the classified topolo-
gies to identify potentially useful patterns. Lastly, canned patterns
are selected from these candidates for display on the gui based on
a novel pattern set score that is sensitive to coverage, diversity, and
cognitive load of patterns. Specifically, we leverage recent progress
in the algorithm community to propose a selection algorithm that

guarantees 1
e -approximation [13]. Figure 2 depicts an overview of

the Tattoo framework. Experiments with several real-world large
networks and users reveal that Tattoo can select canned patterns
within few minutes. Importantly, these patterns can reduce the
number of steps taken to formulate a subgraph query and query
formulation time by up to 9.7X and 18X, respectively, compared to
several baseline strategies.

In summary, this paper makes the following contributions: (1)
We describe Tattoo, an end-to-end canned pattern selection frame-
work for any plug-and-play visual graph query interface for large
networks independent of domains and data sources. A video of a
plug-and-play interface that incorporates Tattoo can be viewed
at https://youtu.be/sL0yHV1eEPw. (2) We formally introduce the
cps problem for large networks (Section 4) and present a novel cat-
egorization of potentially useful canned patterns in Section 5. (3)
We present an efficient solution to select canned patterns for a gui
(Sections 6 - 7). Specifically, we present a novel candidate pattern
generation framework that is grounded on topologies of real-world
subgraph queries. Furthermore, for the first time in graph querying
literature, we utilize the recent technique in [13] from the algorithm
community to select canned patterns with good theoretical quality
guarantees. (4) Using real-world networks, we show the superiority
of Tattoo to several baselines (Section 8).

Formal algorithms and selected proofs of theorems and lemmas
are provided in [41].

2 RELATEDWORK

Most germane to our work is our prior efforts on data-driven con-
struction of visual graph query interfaces in [10, 23, 44]. The work
in [24] focuses on the maintenance of canned patterns for evolving
data graphs. Our work differs from these efforts in the following
ways. First, we focus on selecting unlabelled canned patterns from
large networks in contrast to labelled patterns from a collection of
small- or medium-sized data graphs in [10, 23, 24, 44]. Specifically,
existing efforts such as Catapult [23] first partitions a collection
of data graphs into a set of clusters and summarizes each cluster to
a cluster summary graph (csg). Then, it selects the canned patterns
with the aforementioned characteristics from these csgs using a
weighted random walk approach. This clustering-based approach is
prohibitively expensive for large networks as detailed in Section 8.
Second, these approaches do not exploit characteristics of real-
world subgraph queries for selecting canned patterns. In contrast,
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we uttffiflffize ttopoflogfficafl charactterffisttffics off reafl-worfld querffies tto guffide
our sofluttffion desffign. Thffird, we presentt a novefl reafl-worfld query
ttopoflogy-aware candffidatte pattttern generattffion ttechnffique and a se-
flecttffion ttechnffique tthatt provffides quaflffitty guaranttee. No ttheorettfficafl
guaranttee ffis provffided ffin [10,23,44] ffor seflecttffing canned patttterns.
Lasttfly, as dettaffifled ffin Secttffion 7, tthe computtattffion offpattttern scoretto
assess tthe quaflffitty off canned patttterns ffis dffifferentt as tthe computtattffion
off cognffittffive fload and dffiversffitty ffis dffifferentt ffrom [23] due tto tthe
natture off flarge nettworks. Furtthermore, ffin tthffis work we provffide a
ttheorettfficafl anaflysffis off tthe pattttern score.
Mottffiff dffiscovery ttechnffiques [19,29] do nott consffider dffiversffitty

and cognffittffive fload. Sffizes off tthese mottffiffs are generaflfly bounded ffin
tthe range off [3-7] [19,29]. For tthe same reason, ffitt ffis dffifficufltt tto
use graphfletts [7,20,33] as patttterns. Aflso, ffrequentt subgraphs [16]
may nott consttffittutte good canned patttterns [9] and are prohffibffittffivefly
expensffive tto computte ffor flarge nettworks (dettaffifled ffin Secttffion 8).

3 BACKGROUND

We ffirstt ffinttroduce severafl graph ttermffinoflogffies tthatt we shaflfl be
usffing subsequenttfly. Nextt, we fformaflfly deffine tthe nottffion offpflugs.
Fffinaflfly, we brffiefly descrffibe tthe desffirabfle charactterffisttffics off canned
patttterns as ffinttroduced ffin [23].

3.1 Termffinoflogy

We denotte a graph or nettwork asG=(V,E), whereVffis a sett off
nodes/verttffices andE⊆V×Vffis a sett off edges. Verttffices and edges
can have flabefls as attttrffibuttes. ThesffizeoffGffis deffined as|G|=|E|.
Thedegreeoff a verttexv∈Vffis denotted asdeд(v). In tthffis paper,
we assume tthattGffis an undffirectted, unweffightted graph wffitth flabefled
verttffices.
Attrffiangfleffis a cycfle off flengtth 3 ffinG. Thesupporttoff an edge

e=(u,v)∈E(denotted bysup(e)) ffis tthe number off ttrffiangfles ffinG
conttaffinffinguandv[38].GS=(VS,ES)ffis asubgraphoffG(denotted
byGS⊆G)ffiffVS⊆VandES⊆E. Consffider anotther graphG =
(V,E)where|V|=|V|.GandG areffisomorphfficffiff tthere exffistts
a bffijecttffionff:V→ V such tthatt(u,v)∈Effiff(ff(u),ff(v)) ∈E.
Furtther, tthere exffistts asubgraph ffisomorphffismffromGtto a graphQ
ffiffGconttaffins a subgraphGStthatt ffis ffisomorphffic ttoQ. We reffer tto
GSas ttheembeddffingoffQffinG.
GffivenG, tthek-ttrussoffGffis tthe flargestt subgraphG =(V,E)

offGffin whffich every edgee∈Effis conttaffined ffin att fleasttk−2
ttrffiangfles wffitthffin tthe subgraph. A 2-ttruss ffis sffimpflyGffittseflff. We
deffine tthettrussnessoff an edgeeastt(e)=max{k|e∈ETk}where
Tk=(VTk,ETk)ffis tthek-ttruss ffinG. Furtther,kmax denottes tthe
maxffimum ttrussness.

3.2 Pflugs

Recaflfl tthatt datta-drffiven seflecttffion off canned patttterns ffacffiflffittattes tthe
consttructtffion off a pflug-and-pflay vffisuafl query ffintterfface. Apflugffis a
hffigh-flevefl specffifficattffion off tthe patttterns ffin a guffi. Gffiven tthe specffiffica-
ttffion, Tattttoo dynamfficaflfly generattes tthe canned patttterns sattffisffyffing
ffitt ffrom tthe underflyffing nettwork. Formaflfly, ffitt ffis deffined as ffoflflows.

Deffinffittffion 3.1.[Pflug]Gffiven a nettworkGand a guffiI,apflug
b=(ηmffin,ηmax,γ)whereηmffin >2(resp.ηmax) ffis tthe mffinffimum
(resp. maxffimum) sffize off a pattttern,γ>0ffis tthe number off patttterns tto
be dffispflayed onI.

Essenttffiaflfly a pflug1ffis a coflflecttffion off attttrffibutte-vaflue paffirs tthatt
specffiffies tthe hffigh-flevefl conttentt off a canned pattttern panefl ffin a guffi.
For exampfle,b=(3,15,30)ffis a pflug. Accordffingfly, tthe mffinffimum
and maxffimum sffizes off patttterns ffinIare 3 and 15, respecttffivefly, and
tthe ttottafl number off patttterns tto be dffispflayed ffis 30. Observe tthatt
tthere can be muflttffipfle pflugs fforGas weflfl. Sffimffiflarfly, tthe same pflug
can be used ffor dffifferenttG. Hence, dffifferentt guffis can be consttructted
by dffifferentt pflug specffifficattffions.
A pflug shoufld possess tthe ffoflflowffing properttffies. (a)Datta ffinde-

pendence- A pflug shoufld nott depend upon a specffiffic nettwork (ffi.e.,
sockett). The specffifficattffion off pflug enabfles tthffis by nott admffittttffing
any nettwork-specffiffic ffinfformattffion. Observe tthatt tthffis propertty ffis
ffimporttantt ffor pflug-and-pflay ffintterffaces as a pflug can be used on dffiff-
fferentt nettwork datta across dffifferentt appflfficattffion domaffins. (b)Abfle tto
seflectt canned patttterns wffitth tthe requffired specffifficattffions- The resuflttffing
canned pattttern seflecttffion mechanffism shoufld seflectt patttterns exacttfly
as specffiffied by tthe pflug.

3.3 Charactterffisttffics off Canned Patttterns

Sffince ffitt ffis ffimpracttfficafl tto dffispflay a flarge number off patttterns ffinI, tthe
number off patttterns shoufld be smaflfl and sattffisffy certtaffin desffirabfle
charactterffisttffics as ffinttroduced ffin [23].
Hffigh coverage. A patttternp∈PcoversGffiffGconttaffins a subgraph

stthatt ffis ffisomorphffic ttop. Sffincepmay have many embeddffings ffin
G, tthe pattttern settPshoufld ffideaflfly cover as flarge porttffion offGas
possffibfle. Then a flarge number off subgraph querffies onGcan be
consttructted by uttffiflffizffingP.
Hffigh dffiversffitty. Hffigh coverage off patttterns ffis ffinsufficffientt tto ffa-

cffiflffittatte efficffientt vffisuafl query fformuflattffion [23]. In order tto make
efficffientt use off tthe flffimffitted dffispflay space onI,Pshoufld besttruc-
tturaflfly dffiversetto serve a varffietty off querffies. Thffis aflso ffacffiflffittattes
bottttom-up search where a user getts a bffird’s-eye vffiew off tthe dffiverse
substtructtures ffinG.
Low cognffittffive fload.Cognffittffive floadreffers tto tthe memory demand

or menttafl effortt requffired tto perfform a gffiven ttask [22]. A ttopoflogffi-
caflfly compflex pattttern may demand substtanttffiafl cognffittffive effortt ffrom
an end user tto decffide ffiff ffitt can affid ffin her query fformuflattffion [23].
Hence, ffitt ffis desffirabfle ffor tthe canned patttterns ffinPtto ffimpose flow cog-
nffittffive fload on an end user tto make browsffing and seflecttffing reflevantt
patttterns cognffittffivefly efficffientt durffing vffisuafl query fformuflattffion.

4 THE CPS PROBLEM

Gffiven a datta graph or nettworkG=(V,E), a vffisuafl graph query
ffintterffaceIand a user-specffiffied pflugb, tthe goafl off tthecanned pattttern
seflecttffion(cps) probflem ffis tto seflectt a sett offunflabeflfledpatttternsPffor
dffispflay onI, whffich sattffisffies tthe specffifficattffions ffinbandopttffimffizes
coverage,dffiversffittyandcognffittffive floadoffP.
Observe tthatt our cps probflem dffiffers ffrom [23] ffin ttwo key ways.

Fffirstt, we ffocus on a sffingfle flarge nettwork ffinsttead off a flarge cofl-
flecttffion off smaflfl- or medffium-sffized datta graphs. Second, we seflectt
unflabeflfledpatttterns ffinsttead off flabeflfled ones. In flarge nettworks, a
subgraph query may nott aflways conttaffin flabefls on ffitts verttffices or
edges. Specffifficaflfly, unflabeflfled query graphs are fformuflatted ffin tthe
subgraph enumerattffionprobflem [6] whereas query graphs are fla-
beflfled ffin tthe subgraph mattchffing probflem [37]. Hence, by seflecttffing

1Addffittffionafl appflfficattffion-specffiffic consttraffintts (e.g.,pattttern dffisttrffibuttffion) can be ffincfluded ffin a pflug.
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unflabeflfled patttterns Tattttoo ffacffiflffittattes vffisuafl fformuflattffion off botth
tthese cattegorffies off querffies. In parttfficuflar, one may sffimpfly drag-and-
drop specffiffic verttex/edge flabefls ffrom ttheAttttrffibuttepanefl off a guffi
tto add flabefls tto tthe verttffices/edges off a pattttern (e.g.,Exampfle 1).
We now fformaflfly deffine tthe cps probflem addressed ffin tthffis pa-

per. We begffin by ffinttroducffingcoverage,dffiversffitty, andcognffittffive
floadoff canned patttterns. LettS(p)={s1,···,sn}be a bag off sub-
graphs ffinGffisomorphffic ttop(ffi.e.,embeddffings offp) where verttex
flabefls ffinG=(V,E)andp=(Vp,Ep)are assumed tto be tthe same
andsffi=(Vffi,Effi). We say an edgee∈Effiffiscoveredbyp. The
coverageoffpffis gffiven ascov(p)=|ffi∈|S(p)|Effi|/|E|. Sffimffiflarfly,

cov(P)=|E†|/|E|(ffi.e.,ffcov(P)) where everye∈E
†ffis covered by

att fleastt onep∈P. Sffince|E|ffis consttantt ffor a gffivenG,coverage

can be rewrffitttten ascov(p)=|ffi∈|S(p)|Effi|andcov(P)=|E
†|. The

dffiversffittyoffpw.r.tt ttoPffis tthe ffinverse offsffimffiflarffittyoffp. In par-
ttfficuflar, tthesffimffiflarffittyoff a sett off canned patttternsPffis denotted as
ffsffim(P)= (pffi,pj)∈P×Psffim(pffi,pj)wheresffim(pffi,pj)ffis tthe sffimffi-

flarffitty bettween patttternspffiandpj(dettaffifled ffin Secttffion 7). Fffinaflfly,
we measurecognffittffive floadoffp(denotted bycoд(p)) based on tthe
sffize, densffitty, and edge crossffings ffinp(dettaffifled ffin Secttffion 7) as a
user ttends tto spend more ttffime ffidenttffiffyffing reflattffionshffips bettween
verttffices ffin denser graphs wffitth more edge crossffings [21,22,42]. The
cognffittffive fload offP(ffi.e.,ffcoд(P)) ffis gffiven as p∈Pcoд(p).

Deffinffittffion 4.1.[CPSProbflem]Gffiven a nettworkG, a guffiI, and
a pflugb=(ηmffin,ηmax,γ), tthe goafl offcanned pattern seflecttffion
(CPS) probflemffis tto ffind a sett off unflabeflfled canned patttternsPffrom
Gtthatt sattffisffies

maxffcov(P),−ffsffim(P),−ffcoд(P)

subjectt tto|P|=γ,P∈U
(1)

wherePffis tthe sofluttffion;Uffis tthe ffeasffibfle sett off canned pattttern setts ffin
G;ffcov(P),ffsffim(P)andffcoд(P)are tthe coverage, sffimffiflarffitty, and
cognffittffive fload offP, respecttffivefly.

Remark.Observe tthatt cps ffis a muflttffi-objecttffive opttffimffizattffion
probflem as our goafl ffis tto maxffimffize coverage and dffiversffitty (ffi.e.,
mffinffimffize sffimffiflarffitty) off canned patttterns whffifle mffinffimffizffing ttheffir
cognffittffive fload. Hence, we address ffitt by converttffing cps ffintto a sffingfle-
objecttffive opttffimffizattffion probflem usffing apattttern score(dettaffifled ffin
Secttffion 7). Aflso, observe tthatt we affim tto ffind patttterns off sffize greatter
tthan 2 (ffi.e.,ηmffin >2). Smaflfl-sffize patttterns tthatt are basffic buffifldffing
bflocks off nettworks [29,40](e.g.,edge, 2-patth, ttrffiangfle) are provffided
bydeffauflttfforaflfldattasetts (ffi.e.,refferred tto asdeffaufltt patttterns).
The cps probflem ffis shown tto be NP-hard ffin [23,41] by reducffing

ffitt ffrom tthe cflassfficafl maxffimum coverage probflem.

5 CATEGORIES OF CANNED PATTERNS

In ttheory, numerous dffifferentt patttterns can be seflectted ffrom a gffiven
nettwork. Whffich off tthese are “useffufl” ffor subgraph query fformu-
flattffion ffin practtffice? In tthffis secttffion, we provffide an answer tto tthffis
questtffion.

5.1 Topoflogffies off Reafl-worfld Querffies

Afltthough basffic buffifldffing bflocks off nettworks [29,40] are presentted as
deffaufltt patttterns ffin our guffi, as remarked earflffier, tthey are ffinsufficffientt
as tthey do nott expose tto a user more domaffin-specffiffic and flarger
patttterns ffin tthe underflyffing datta. Such flarger substtructtures nott onfly
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ffacffiflffittatte more efficffientt consttructtffion off subgraph querffies butt aflso
guffide users ffor bottttom-up search by exposffing substtructtures tthatt are
nettwork-specffiffic. However, whffich ttopoflogffies off tthese substtructtures
shoufld be consffidered ffor canned patttterns?
Ideaflfly, reafl-worfld subgraph query flogs can provffide guffidance

tto resoflve tthffis chaflflenge. However, as remarked ffin Secttffion 1, such
datta may be unavaffiflabfle. Hence, we expfloffitt resufltts ffrom a recentt
sttudy [12] tthatt anaflysed a flarge voflume off reafl-worfld sparqfl query
flogs. Itt reveafledtthatt ttopoflogffies off many reafl-worfld subgraph querffies
map tto chaffins, ttrees, sttars, cycfles, pettafls, and flowers2[12]. Fffig-
ure 3 depffictts exampfles off tthese ttopoflogffies ffin reafl-worfld subgraph
querffies exttractted ffrom BffigRDFBench [35], BSBM [2], Rapffid [4], and
DBPedffia [17]. Consequenttfly, canned patttterns ffin any guffi shoufld
ffacffiflffittatte efficffientt consttructtffion off tthese ttopoflogffies.

5.2 Topoflogffies off Canned Patttterns

We consffider tthe ffoflflowffing ttypes off ttopoflogfficafl sttructtures off canned
patttterns ffin order tto ffacffiflffittatte consttructtffion off tthe above query sub-
sttructtures.
Patth and cycfle patttterns. A subgraph query may conttaffin patths

off dffifferentt flengtths (ffi.e.,chaffin) and/or cycfles. Fffigure 3 depffictts some
exampfles. Hence, our canned patttterns shoufld expose representtattffive
k-patthsandk-cycflesffin tthe underflyffing datta. Gffiven a graphG=
(V,E),ak-patth, denotted asPk=(Vk,Ek), ffis a waflk off flengtthk
conttaffinffing a sequence off verttfficesv1,v2,···,vk,vk+1whereEk⊆
E,Vk⊆Vsuch tthatt aflfl verttffices ffinVkare dffisttffinctt. Ak-cycfleffis
sffimpfly a cflosed(k−1)-patth wherek≥3.
Sttar and astterffism patttterns. Inttuffittffivefly, asttarffis a connectted

subgraph conttaffinffing a verttexrwhere tthe remaffinffing verttffices are
connectted onfly ttor(ffi.e.,neffighbors offr). Ak-sttarffis a sffingfle-flevefl,
rootted ttreeSk=(V,E)whereV={r} L,rffis tthe roott verttex
andLffis tthe sett off fleaves such tthatt∀e={u,v}∈E,u=r,v∈L
and|V|=k+1. We reffer tto tthe roott as tthecentter verttex. Notte tthatt
k≥ϵwhereϵffis tthe mffinffimum vaflue offkffor whffich tthe sffingfle-flevefl
rootted ttree ffis consffidered a sttar.
Reafl-worfld querffies may conttaffin muflttffipflek-sttars tthatt arecom-

bffinedttogetther. For ffinsttance, tthe query ttopoflogy ffin Fffigure 3(e)
ffis a combffinattffion off 6-sttar and 7-sttar by mergffing on a paffir off

2Apettaflffis a graph consffisttffing off a source nodes, ttargett nodettand a sett off att fleastt 2 node-dffisjoffintt
patths ffromsttott.Aflowerffis a graph consffisttffing off a nodexwffitth tthree ttypes off attttachmentts: chaffins
(sttamens), ttrees tthatt are nott chaffins (tthe sttems), and pettafls. Aflower settffis a graph ffin whffich every
connectted componentt ffis a flower.
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A1 B1

C1 D1

A2 B2
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4-chord pattttern

5-chord pattttern
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edge
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A2

C2 D2

ttruss edge (C4) combffines
wffitth non-ttruss edge (C5)

E2 A1

B2 B1

C1

D1

ttruss edge (C5) combffines
wffitth non-ttruss edge (C4)

CCPttn
CCPnttC2

D2

E2

C1

A1

A2 D1

B2 B1

A2

C2

E2

B1

D1D2 C1
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non-ttruss edge (C4) combffines
wffitth non-ttruss edge (C5) 

havffing overflappffing ttruss node

CCPno

A2

C2

E2

B1

D1

D2 A1

B2 C1

non-ttruss edge (C4) combffines
wffitth non-ttruss edge (C5) havffing
non-overflappffing ttruss node

CCPnn

Fffigure 4:k-chord and composffitte chord patttterns. Grey nodes
are ttruss nodes and ovafl-shaped nodes are combffined nodes.

Tabfle 1: No. off stteps ffor consttructtffing querffies.

ID Edge-att-
a-ttffime

Deffaufltt patttterns Canned patttterns

(c) 17 6 [2 2-patth + 1 square - 1 5 [4-patth + 2 2-patth + 2 merge]
edge+1edge+1merge] 5 [4-sttar + 1 2-patth+1node+2edge]

(e) 25 11 [5 2-patth+1node+2 1[A6,7]
edge + 3 merge] 3 [5-sttar + 6-sttar+1edge]

(g) 18 8 [4 2-patth+1edge+3 3 [5-cycfle + 4-sttar + 1 merge]
merge] 4 [6-patth + 2-patth+1edge+1merge]

(ffi) 23 10 [square + 3 2-patth + 1 5 [4-CP + 6-sttar + 1 node+1edge+1merge]
node+2edge+3merge] 5 [CCPno(4,4)-2edge+5-sttar + 1 merge]

edges. Hence, our canned pattttern ttopoflogy aflso ffinvoflves sttars tthatt
fform anastterffismpattttern bymergffingtthem on a paffir off edges. For-
maflfly, gffivennsttarsS={Sk1,···,Skn}andn−1 merged edges
Em ={em1,···,emn−1}whereSkffi =(Vffi,Effi)andemffi ∈Effi, flett
R={r1,···,rn}be tthe centter verttffices such tthattrffi∈Vffi. Theastter-
ffismpattttern offSffis deffined asAS=(V,E)whereeffi=(rffi,vffi),effi+1=
(rffi+1,vffi+1),E= 1≤ffi<n({(rffi,rffi+1)} (Effi\{effi}) (Effi+1\{effi+1})),
V= 1≤ffi<n((Vffi\{vffi}) (Vffi+1\{vffi+1})),kffi≥ϵand|E|≤ηmax.
k-chord and composffitte chord patttterns. Observe tthatt ttree-

sttructtured querffies can be consttructted by combffinffing chaffins and sttars
(e.g.,Fffigure 3(c)-(d)). However, tthey are ffinsufficffientt tto consttructt
more compflex pettafl and flower querffies efficffienttfly. In parttfficuflar,
pettafl and flower querffies may offtten conttaffinttrffiangfle-flffikesttructtures.
For exampfle, tthe query ffin Fffigure 3(ffi) conttaffins ttwo ttrffiangfles. Hence,
att ffirstt gflance ffitt may seem tthatt we can sffimpfly seflectt dffifferenttk-
ttrusses (k>2) off sffizes wffitthffin tthe pflug specffifficattffionbas canned
patttterns. However, a subgraph query may nott necessarffifly aflways
conttaffink-ttrusses. For ffinsttance, tthe query ffin Fffigure 3(j) conttaffins
muflttffipfle “ttrffiangfle-flffike” sttructtures as some common edges off ttrffian-
gfles are mffissffing. Consequenttfly, tthe use off onflyk-ttruss as a canned
pattttern may make query fformuflattffion ffinefficffientt as ffitt demands defle-
ttffion off muflttffipfle edges ffin order tto consttructt a ttrffiangfle-flffike query
ttopoflogy. Thffis ffincreases tthe number off stteps requffired tto fformuflatte
a query, tthereby ffincrease tthe fformuflattffion ttffime. Hence, ffitt ffis desffirabfle
tto have “k-ttruss-flffike” substtructtures as patttterns.
To tthffis end, we exttractt ttwo ttypes offk-ttruss-based sttructtures as

canned patttterns, namefly,k-chord patttterns(k-cp) andcomposffitte chord
patttterns(ccp). Inttuffittffivefly, ak-cp ffis a connectted graph conttaffinffing
attruss edgee(ffi.e.,edge beflongffing tto ak-ttruss) andk-2 ttrffiangfles
offe. Formaflfly, gffiven ak-ttrussGk=(Vk,Ek)ffork>2, tthek-
chord pattttern(k-cp)Ck=(Vck,Eck)assocffiatted wffitth every edge
e=(u,v)∈Ekwhereu,v∈Vkffis deffined asVck={u,v} V

ck
andEck={(u,v)} E

ck
whereV

ck
={wffi:0≤ffi≤k−2}and

Tabfle 2: TIR and TOR graphs ffin reafl nettworks.

Datta Name |V| |E| %(GT) %(GO)
BK floc-Brffighttkffitte 58K 214K 67.3 32.7
GO floc-Gowaflfla 197K 950K 78.2 21.8
DB com-DBLP 317K 1.05M 93 7
AM com-Amazon 335K 926K 77.2 22.8
RP RoadNett-PA 1.09M 1.54M 12.7 87.3
YT com-Youttube 1.13M 2.99M 46.8 53.2
RT RoadNett-TX 1.38M 1.92M 12.5 87.5
SK as-Skffitttter 1.7M 11M 79.1 20.9
RC RoadNett-CA 1.97M 2.77M 12.6 87.4
LJ com-LffiveJournafl 4M 34.7M 83.2 16.8

E
ck
={(u,wffi),(wffi,v):0≤ffi≤k−2}.k-cp can be consffidered

as a buffifldffing bflock offk-ttrusses sffince ffitt ffis ffound wffitth respectt tto
each edge ffin a gffivenk-ttruss. Exampfles offk-cps (4-cp and 5-cp) are
ffiflflusttratted ffin Fffigure 4. We reffer tto tthe edge ffin ak-chord pattttern tthatt
ffis ffinvoflved ffin (k-2) ttrffiangfles as attruss edgeand tthe remaffinffing edges
asnon-ttruss edges. For exampfle, ffin Fffigure 4, edges(A1,B1)and
(A2,B2)are ttruss edges whereas(A1,C1)and(B2,D2)are non-ttruss
edges. Correspondffingfly, verttffices off a ttruss edge (e.g.,A1,B1,A2,
B2) are refferred tto asttruss verttffices. Observe tthatt we can fformuflatte
a sffimpfle pettafl query ffin ttwo stteps by seflecttffing tthe 4-cp pattttern and
deflettffing tthe ttruss edge.
To seflectt flarger canned patttterns wffitth greatter sttructturafl dffiversffitty,

wecombffinek-cps tto yffiefld addffittffionaflcomposffitte chord patttterns(ccp)
tthatt occur ffin tthe underflyffing nettwork. Observe tthatt combffinffing a
sett offk-cps ffin dffifferentt ways resufltts ffin dffifferentt patttterns as demon-
sttratted ffin Fffigure 4. However, tthffis ffis an overkffiflfl as tthey are nott onfly
expensffive tto computte butt aflso may generatte patttterns wffitth hffigher
densffitty (hffigher cognffittffive fload) or are flarger tthanηmax. Hence, we
ffocus on tthe ccp generatted by mergffing asffingfleedge off ttwok-cps
as ffitt nott onfly reduces tthe compflexffitty off ccp generattffion, butt aflso
produces ccps wffitth flower densffitty.
Unffique smaflfl graph patttterns. Lasttfly, we ffind smaflfl connectted

subgraphs tthatt do nott ffaflfl under above cattegorffies butt occur muflttffipfle
ttffimes ffin tthe underflyffing nettwork.
Tabfle 1 reportts tthe number off stteps ttaken by varffious modes

off query consttructtffion off seflectted query ttopoflogffies ffin Fffigure 3.
Observe tthatt query consttructtffion usffing canned patttterns offtten ttakes
ffewer number off stteps compared tto consttructtffion usffing onfly deffaufltt
patttterns, emphasffizffing tthe need ffor patttterns beyond tthe deffaufltt
ones. One can aflso fformuflatte a specffiffic query ffoflflowffing muflttffipfle
afltternattffives,ffi.e.,usffing muflttffipfle setts off patttterns (canned and deffaufltt).
Thffis gffives users tthe flexffibffiflffitty tto fformuflatte a query usffing tthese
patttterns ffin many ways, aflfl off whffich offtten ttake ffewer stteps compared
tto tthe edge-att-a-ttffime or deffaufltt pattttern-based modes.

6 CANDIDATE PATTERNS GENERATION

In tthe precedffing secttffion, we cflassffiffied tthe ttopoflogffies off canned
patttterns broadfly ffintto “k-ttruss-flffike” and “non-k-ttruss-flffike” sttruc-
ttures. In tthffis secttffion, we descrffibe how candffidatte canned patttterns
confformffing tto tthese ttopoflogfficafl cattegorffies are exttractted ffrom tthe
underflyffing nettworkG. To tthffis end, we ffirsttdecomposeGffinttottruss-
ffinffesttedandttruss-obflffivffious regffionsand tthen generatte “k-ttruss-flffike”
and “non-k-ttruss-flffike” candffidatte patttterns ffrom tthese regffions, re-
specttffivefly. We dffiscuss tthese ttwo stteps ffin tturn.
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6.1 Truss-based Graph Decomposffittffion

In order tto exttractt “non-k-ttruss-flffike” and “k-ttruss-flffike” sttructtures
as candffidatte patttterns, we ffirstt decompose a nettworkGffinttosparse
(conttaffinffing non-k-ttrusses) anddense(conttaffinffingk-ttrusses) regffions.
The flatttter regffion ffis refferred tto asttruss-ffinffestted regffion(ttffir graph)
and tthe fformerttruss-obflffivffious regffion(ttor graph), and are denotted
byGTandGO, respecttffivefly. Tabfle 2 reportts tthe sffizes offGTandGO
ffin severafl reafl-worfld nettworks measured as tthe percenttage off tthe tto-
ttafl number off edges. We observeGTbasfficaflfly consffistts off reflattffivefly
flarge connectted subgraphs tthatt comprffise muflttffipflek-ttrusses. On tthe
otther hand,GOmaffinfly consffistts off chaffins (ffi.e.,patths), sttars, cycfles,
and smaflfl connectted componentts. Furtthermore, afltthough some nett-
works have smaflflGO(e.g.,com-DBLP), tthere are nettworks where
GOffis flarge (e.g.,RoadNett-CA), encompassffing up tto 87.5% off tthe tto-
ttafl number off edges. Consequenttfly, by decomposffing a nettwork ffintto
GTandGO, we can ffimprove efficffiency [41] by flffimffittffing tthe search
ffork-ttruss-flffike patttterns ffinGTffinsttead off tthe enttffire nettwork and
exttractt non-ttruss-flffike patttterns ffromGO. Addffittffionaflfly, generattffing
candffidatte patttterns off afforementtffioned ttopoflogfficafl cattegorffies ffrom
botthttffir and ttor graphs enabfles us tto seflectt ahoflffisttfficcoflflecttffion off
patttterns havffing hffigher coverage and dffiversffitty. Cognffittffive fload off
tthe pattttern sett ffis offtten reduced when patttterns ffrom botth regffions
are consffidered due tto tthe sparse sttructture off ttor [41].
Tattttoo uttffiflffizes tthe sttatte-off-tthe-artt ttruss decomposffittffion approach

ffin [39] tto decomposeGffinttoGTandGO. Brffiefly, tthffis approach ffiden-
ttffiffiesk-ttrusses (k∈[2−kmax])ffinGffitterattffivefly by removffing edges
wffitth supportt fless tthank−2ffromG. Hence, our graph decomposffi-
ttffion aflgorffitthm adaptts ffitt tto assffign 2-ttruss asGOand tthe remaffinffing
k-ttrusses asGT.
We keep ttrack off tthe edge ttrussness (denotted astt(e))ffinGT. Sffince

tthe goafl ffis tto seflectt canned patttterns wffitth maxffimum sffizeηmax, tthe
upper bound off edge ttrussness ffis sett tto tthffis vaflue. The aflgorffitthm
ffirstt ffidenttffiffies tthe supportt off each edge. Then, regffions off tthe datta
graph are ffitterattffivefly exttractted by removffing edges wffitth tthe flowestt
supportt, sttarttffing ffrom tthe sparsestt (ffi.e.,sup(e)=0) tto tthe densestt.
In parttfficuflar, Tattttoo consffiders aflfl edges wffitthsup(e)=0 as sparse
regffions and tthese edges fform tthe ttor graphGO. The remaffinffing
edges fform tthe ttffir graphGT.
In summary, tthe above approach makes tthe ffoflflowffing ttwo sffimpfle

modffifficattffions tto tthe ttruss decomposffittffion ttechnffique ffin [39]: (1)
ffinsttead off sttorffing eachk-ttruss as a separatte graph, ffitt sttores 2-ttruss
asGOand tthe remaffinffingk-ttrusses are combffined as a sffingfle graph
GT; (2) ffitt assffigns a ttrussness vafluett(e)tto every edge ffinGTandGO.
The worstt-case ttffime and space compflexffittffies off tthffis aflgorffitthm are
O(|E|1.5)andO(|V|+|E|), respecttffivefly [39].

6.2 Patttterns ffrom a TIR Graph

Nextt, we generattek-cps and ccps as candffidatte patttterns ffrom a ttffir
graph. For each pattttern we aflso computte ffitts ffrequency as ffitt wffiflfl
be used subsequenttfly tto measure ffitts coverage. We dffiscuss tthem ffin
tturn.
Generattffion offk-chord patttterns.We can ffindk-cps wffitth re-

spectt tto each edge ffin a gffivenk-ttruss. For ffinsttance, every edge ffin a
4-ttruss and a 5-ttruss ffis partt off att fleastt 2 and 3 ttrffiangfles, respecttffivefly.
Observe tthatt tthe 2-chord pattttern off an edgeeffis sffimpfly tthe edge
ffittseflff. Hence, Tattttoo generattesk-cps ffork≥3. Theffrequencyoff a

Fffigure 5:k-CCP node and edge neffighbourhoods.

k-cp ffis measured by tthe ffrequency off tthe pattttern occurrffing ffinGT,
whffich ffis essenttffiaflfly tthe number off edges havffing ttrussness greatter
tthan or equafls ttok. Formaflfly, gffiven a ttffir graphGT=(VT,ET)and
ak-chord patttternCk=(Vck,Eck), ttheffrequencyoffCkffis deffined
asffreq(Ck)=|{e∈E|tt(e)≥k}|. Then, tthe sett offk-cps off aGT
ffis sffimpfly tthe sett off patttternsCkwhose ffrequency ffis greatter tthan 0.
We ffirstt generattek-chord patttterns ffinGTand tthen computte ttheffir
ffrequencffies usffing edge ttrussness.

Lemma 6.1.The worstt-case ttffime and space compflexffittffies offk-cp
generattffion areO(kmax|ET|

1.5)andO(|VT|+|ET|), respecttffivefly.

Generattffion off composffitte chord patttterns.Nextt, we generatte
tthe ccps. Specffifficaflfly, we generatte tthe ffoflflowffing cattegorffies off ccps
based on dffifferentt ways off mergffing ttruss and non-ttruss edges.

Deffinffittffion 6.2. LettCk1=(Vck1,Eck1)andCk2=(Vck2,Eck2)be
ttwok-chord patttterns wheres,tt∈Vck1andu,v∈Vck2are ttruss
verttffices. Then, we can generatte tthe ffoflflowffing cattegorffies offcomposffitte
chord patternsoffCk1andCk2by mergffingCk1andCk2as ffoflflows:

(1)CCPttn(k1,k2): merge tthe ttruss edge offCk1wffitth a non-ttruss
edge offCk2.

(2)CCPntt(k1,k2): merge tthe ttruss edge offCk2wffitth a non-ttruss
edge offCk1.

(3)CCPno(k1,k2): merge a non-ttruss edge offCk1wffitth a non-ttruss
edge offCk2such tthatt tthere ffis an overflappffing ttruss verttex.

(4)CCPnn(k1,k2): merge a non-ttruss edge offCk1wffitth a non-ttruss
edge offCk2such tthatt tthere ffis no overflappffing ttruss verttex.

Fffigure 4 depffictts exampfles off tthese ffour cattegorffies off ccps. When
tthe conttextt ffis cflear, we shaflfl sffimpfly reffer tto a ccp asCCPffi.Akeen
reader may observe tthatt ffitt ffis possffibfle tto creatte anotther ccp by
mergffing tthe ttruss edge offCk1wffitth tthe ttruss edge offCk2. However,
tthffis ccp ffis ffin ffactt ak-cp wherek=k1+k2−2. For ffinsttance, when
C4andC5ffin Fffigure 4 are merged on ttheffir ttruss edges, tthe resuflttantt
pattttern ffis a 7-cp. Aflso, combffinffing ttwo 3-cps aflways yffieflds a 4-cp
(Lemma 6.3). Sffincek-cps have aflready been handfled earflffier, tthese
combffinattffions are ffignored.

Lemma 6.3.Two3-cps aflways yffiefld a ccp tthatt ffis4-cp.

Prooff.(Skettch.) The 3-ttruss patttternC3=(Vc3,Ec3)ffis a ttrffiangfle.
Then,∀e=(u,v)∈Ec3, tthere ffis a verttexwtthatt ffis adjacentt tto botthu
andv. Hence, aflfl dffifferentt ttypes off sffingfle edge merger bettween ttwo
C3produces a pattttern wffitth a merged edgeem=(x,y)and verttffices
xandyhave ttwo common adjacentt verttfficesw1andw2. Thffis ffis
essenttffiaflflyC4where ffitts ttruss edge corresponds tto tthe merged edge
off tthe ttwoC3.

We now eflaboratte on how tthe ccps and ttheffirffrequencffiesare com-
putted ffin Tattttoo efficffienttfly. We shaflfl ffinttroduce ttwo ttermffinoflogffies
reflatted ttonodeandedge neffighbourhoodsoff a ccp tto ffacffiflffittatte exposffi-
ttffion. Gffiven an edgee=(u,v)ffin ak-ttruss, tthek-ccp node neffighbour-
hood(denotted asNBcc(k,e))offeffis a sett off verttfficesWadjacentt tto
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Fffigure 6: (a) AGT; (b) Skefletton sttructture offCCPnn; (c) Skefle-
tton sttructture offCCPno.e1ande3are ttruss edges.

uandvsuch tthatt∀w∈W,tt((u,w)) ≥kandtt((w,v)) ≥kwhere
k≤k. Thek-ccp edge neffighbourhood(denotted asEBcc(k,e))off
effis tthe sett off edgesSadjacentt ttoesuch tthatt∀(u,x1),(x2,v)∈S,
x1,x2∈NBcc(k,e)wherek ≤k. Fffigure 5 ffiflflusttrattes exampfles
offk-ccp node and edge neffighborhoods. For ffinsttance,NBcc(4,e)
consffistts offv3sffincett(v1,v3)≥4 andtt(v2,v3)≥4.

Lemma 6.4.Gffiven a ttruss edgee, tthere ffis att fleastt ak-chord pattttern
Ckoneffiff|NBcc(k,e)| ≥ (k−2).

Prooff.(Skettch). Observe tthattk-chord pattttern on an edgee=
(u,v)ffimpflffies tthattk-2 ttrffiangfles ffin tthe graph conttaffine. Sffincenbcc(k,e)
ffis tthe sett off nodesW adjacentt ttouandvsuch tthatt∀w ∈W,
tt((u,w)) ≥kandtt((w,v)) ≥k,|nbcc(k,e)|ffis equffivaflentt tto tthe
number off ttrffiangfles arounde. Hence, when|nbcc(k,e)| ≥ (k−2),
ak-chord pattttern mustt exffistt one.

Frequencffies offCCPttn(k1,k2)andCCPntt(k1,k2). Consffider ttwo dffiff-

fferenttk-cps.CCPttnandCCPnttffinvoflve merger off a ttruss edge be-
flongffing tto onek-cp wffitth a non-ttruss edge beflongffing tto anottherk-cp.
Gffiven ttwok-cpsCk1andCk2, flett edgese1ande2be tthe ttruss edges
offCk1andCk2, respecttffivefly. Inttuffittffivefly, a pattttern ffis aCCPttn(k1,k2)
ffiff ffitt conttaffins an embeddffing offCk1and offCk2whereby tthere ffis an
edgeemffin tthe pattttern tthatt beflongs tto tthe ttwo embeddffings such
tthattemffis a ttruss edge offCk1’s embeddffing and ffis a non-ttruss edge
offCk2’s embeddffing, respecttffivefly. In otther words,Ck1andCk2can
fform a ccp (CCPttn(k1,k2)) by mergffing a ttruss edgee1ffromCk1
wffitth a non-ttruss edge ffromCk2ffiff tthe ffoflflowffing condffittffions are satt-
ffisffied: (a)Condffittffion 1:There ffis aCk1pattttern one1conttaffinffinge2.
(b)Condffittffion 2:There ffis aCk2pattttern one2wheree2 e1.
Notte tthatt due tto Lemma 6.4, Condffittffion 1 hoflds ffiff

|NBcc(k2,e2)\{u,v}| ≥ (k2−2)wheree1=(u,v). Furtther, ffiff
|NBcc(k1,e1) NBcc(k2,e2)\{u,v}| ≥ (k1−2)+(k2−2)), tthen
tthe patttternCCPttn(k1,k2)mustt exffistt. Hence, Tattttoo checks tthe
condffittffions ffitterattffivefly on decreasffingk2and skffips checks ffork2<k2
ffiff tthe condffittffions are sattffisffied ffork2. TheffrequencyoffCCPttn(k1,k2)
ffis sffimpfly tthe number off suche1edges. ForCCPntt(k1,k2), tthe ap-
proach ffis tthe same by swappffingCk1wffitthCk2.
Frequencffies offCCPnn(k1,k2)andCCPno(k1,k2). Recaflfl tthatt

(Deff. 6.2) a sffingfle-edge merge can aflso ffinvoflve tthe merger off ttwo
non-ttruss edges, each ffrom a dffifferenttk-cp. Each non-ttruss edge
conttaffins a ttruss verttex. There are ttwo ways ffin whffich ttwo non-ttruss
edges can merge as shown ffin Fffigures 6(b) and (c). In tthe fformer
(resp. flatttter), verttex paffirs (w1,w2)(resp.(w2,u1)) and (u1,u2) (resp.
(w1,u2)) are merged. Hence, a pattttern ffis aCCPnnffiff ffitt conttaffins att
fleastt one embeddffing off a sttructture shown ffin Fffigure 6(b) whffich we
reffer tto as ttheskefletton sttructtureoffCCPnn(denotted asSnn). Hence,
we can search ffor ttheSnnoff aCCPnnffin a ttffir graph tto computte ffitts
occurrence and ffrequency. Specffifficaflfly, aCCPnncan be obttaffined ffiff
tthe ffoflflowffings are sattffisffied: (a)Condffittffion 1: There ffis aCk1pattttern on

ffitts ttruss edgee1=(u1u2,v)whffich conttaffinse2=(u1u2,w1w2).(b)
Condffittffion 2: There ffis aCk2pattttern on ffitts ttruss edgee3=(w1w2,x)
whffich conttaffinse2.
Notte tthattCondffittffion 1hoflds ffiff|NBcc(k1,e1)\{u1u2,w1w2}| ≥

(k1 − 3)(Lemma 6.4). Sffimffiflarfly,Condffittffion 2 hoflds ffiff
|NBcc(k2,e3)\{u1u2,w1w2}| ≥ (k2 − 3). Furtther, ffiff
|NBcc(k1,e1)\{u1u2,w1w2} NBcc(k2,e3)\{u1u2,w1w2}| ≥ (k1−
3)+(k2−3), tthen tthe patttternCCPnnmustt exffistt. Theffrequencyoff
aCCPnnffis sffimpfly tthe number off skefletton sttructturesSnnffin a ttffir
graph.
CCPnoffis very sffimffiflar ttoCCPnnexceptt tthatt tthe ttruss verttffices off

tthe merged edges are nott combffined durffing tthe merger. Fffigure 6(c)
ffiflflusttrattes ttheskefletton sttructtureoff aCCPno(Sno), whffich occurs ffin
aflflCCPno. Theffrequencyoff aCCPnoffis tthe number off skefletton
sttructturesSno.
Observe tthattffreq(CCPnn(k1,k2))=ffreq(CCPno(k2,k1))sffince

k1andk2can be swapped. The same ffis ttrue fforCCPttnandCCPntt.
Hence, when combffinffing ttwok-cps, we onfly consffider tthe case when
k1≥k2.
Aflgorffitthm. Puttttffing tthe above sttrattegffies ttogetther, tthe ccps are

computted as ffoflflows. For each edge ffinGT, computte tthek1-ccp
node and edge neffighbourhoods. Nextt, ffitt computtes tthe ffour ttypes
off ccps based on tthe above sttrattegffies. Notte tthatt tthe smaflflestt ccp
generatted ffis a ccp(3,4) due tto Lemma 6.3. Aflso, we onfly computte
CCPttn(k1,k2)ffinsttead off botthCCPttn(k1,k2)andCCPntt(k1,k2)as
CCPntt(k1,k2)ffis covered whenk2andk1are swapped.

Theorem 6.5.The worstt-case ttffime and space compflexffittffies off tthe
ccp generattffion ttechnffique areO(k2max|ET||EBmax|

2)andO(kmax|ET|+
|VT|), respecttffivefly.

6.3 Patttterns ffrom a TOR Graph

Generattffion off candffidattes ffrom a ttor graph consffistts off ttwo phases:
sttar pattttern exttracttffionandsmaflfl pattttern exttracttffion. The fformer ex-
ttractts sttar and astterffism patttterns. Subsequenttfly, tthe edges ffinvoflved
ffin tthese patttterns are removed ffromGOresuflttffing ffin ffurtther decom-
posffittffion off tthe ttor graph. The resuflttantt graph ffis refferred tto as
ttheremaffinder graph(GR). Then, tthe second phase exttractts patths,
cycfles, and smaflfl connectted subgraphs ffromGR.
Exttracttffion off sttar and astterffism patttterns. The ffrequencffies

off tthese patttterns can be derffived dffirecttfly ffrom ttheffir deffinffittffions
(Secttffion 5.2). Specffifficaflfly,ffreq(Sk)=|{v|v∈VO,deд(v)=k}|
andffreq(AS)= ffreq({Em ={em1,...,emn−1})whereemffi =
(rffi,rffi+1)∈EO,{k,kffi}≥ϵ,deд(rffi)=kffianddeд(rffi+1)=kffi+1.
Brffiefly, astterffism patttterns are ffound usffing breadtth-ffirstt search (bffs).
A vecttor off verttffices ffis used tto keep ttrack off sttar centters ffin an astter-
ffism pattttern. We “grow” tthe pattttern by addffing a neffighbourffing verttex
zoff tthe currentt sttar centter beffing consffidered onfly ffiffdeд(z)≥ϵand
when tthe sffize off tthe grown pattttern ffis fless tthan or equafls ttoηmax.

Lemma 6.6.The worstt-case ttffime and space compflexffittffies off sttar
and astterffism pattttern exttracttffion areO(|VO|

2)andO(|EO|+|VO|),
respecttffivefly.

Exttracttffion off smaflfl patttterns.The remaffinder graphGRffis prffi-
marffifly composed off smaflfl connectted componentts such as patths,
cycfles, and subgraphs wffitth unffique ttopoflogy. We reffer tto smaflfl sub-
graph patttterns as connectted componentts ffinGRtthatt are neffitther
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k-patths nork-cycfles. Notte tthatt 1-patth, 2-patth, 3-cycfle and 4-cycfle
are basffic buffifldffing bflocks off reafl-worfld nettworks [29]. Recaflfl tthatt ffin
Tattttoo, we consffider tthem asdeffauflttpatttterns and tthey are nott partt
off tthe candffidatte canned pattttern sett. Hence, we exttractt aflflk-patths
ffork>2 andk-cycfles ffork>4 and ttheffir ffrequencffies. Afftter tthatt,
smaflfl connectted subgraphs and ttheffir correspondffing ffrequencffies
are exttractted.

Lemma 6.7.Worstt-case ttffime and space compflexffittffies tto ffind smaflfl
patttterns areO(ηmax|VR|ηmax!)andO(|ER|+|VR|), respecttffivefly.

Remark.Exponenttffiafl ttffime compflexffitty off tthe smaflfl pattttern ex-
ttracttffion phase ffis due tto tthe ffisomorphffism check. The ttffime costt ffis
smaflfl ffin practtffice due tto tthe smaflfl sffize off candffidatte patttterns and
ttheffir number ffis ttypfficaflfly smaflfl ffinGR.

7 SELECTION OF CANNED PATTERNS

In tthffis secttffion, we descrffibe tthe aflgorffitthm tto seflectt canned pattttern
settPffrom tthe generatted candffidatte patttterns. We begffin by presentt-
ffing tthe ttheorettfficafl underpffinnffing tthatt ffinfluences tthe desffign off our
aflgorffitthm.

7.1 Theorettfficafl Anaflysffis

Due tto tthe hardness off tthe cps probflem, we desffign an approxffi-
mattffion aflgorffitthm tto address ffitt. We draw on ffinsffightts ffrom a re-
flatted probflem,tteam fformattffion probflem(ttffp) [11,14], whffich affims
tto hffire a tteam off ffindffivffiduaflsTffrom a group off experttsSffor a
specffiffic projectt whereT⊆S. Bhowmffikett afl.[11] proposed tthatt
severafl aspectts shoufld be consffidered ffin ttffp, namefly, skffiflfl coverage
(skffiflfl), socffiafl compattffibffiflffitty (socffiafl), tteamffing costt (tteam) and mffiscefl-
flaneous aspectts such as redundantt skffiflfls avoffidance (red) and ffincflu-
sffion off seflectted expertts (exp). The fformuflattffion off ttffp ffis gffiven as
s(T)=αskffiflflffskffiflfl(T)−αsocffiaflffsocffiafl(T)−αtteamfftteam(T)−
αredffred(T)+αexpffexp(T)whereαskffiflfl,αsocffiafl,αtteam,αred
andαexpare non-negattffive coefficffientts tthatt representt tthe reflattffive
ffimporttance off each aspectt off tteam fformattffion [11]. The goafl ffis tto
ffind a tteamT ⊆Swhere tthenon-negattffiveandnon-monottoneffunc-
ttffions(T)ffis maxffimffized. Accordffing tto [11], tthffis fformuflattffion can
beposedasanunconsttraffined submoduflar ffuncttffion maxffimffizattffion
probflemwhffich ffis NP-hard ffor arbffittrary submoduflar ffuncttffions.
Seflecttffing a sett off canned patttterns ffin cps ffis akffin tto hffirffing a

tteam off ffindffivffiduafls ffin ttffp whereffskffiflfl,ffred,fftteamcorrespond
ttoffcov,ffsffimandffcoд, respecttffivefly. Hence, cps can be fformuflatted
ffin tthe fforms(P)=αffcovffcov(P)−αffsffimffsffim(P)−αffcoдffcoд(P)

(Deffinffittffion 7.1) wherePffis tthe sett off candffidatte patttterns whffich
yffieflds an opttffimffizeds(P).

Deffinffittffion 7.1.[Pattttern Sett Score]Gffiven a pattttern settP, tthe
scoreoffP ffiss(P)= 1

3|P|(ffcov(P)−ffsffim(P)−ffcoд(P)+2|P|)

whereffcov,ffsffimandffcoдare tthe coverage, sffimffiflarffitty and cognffittffive
fload offP, respecttffivefly.

Deffinffittffion 7.2.[Good Candffidatte Pattttern]Gffiven a pattttern sett
P and ttwo candffidatte patttternsp1andp2,p1ffis consffidered agood
candffidatte patternffiffs(P p1)>s(P p2)and ffis added ttoP
ffinsttead offp2.

Notte tthatt Deffinffittffion 7.2 can be uttffiflffized ffor dettermffinffing ffincflusffion
off a candffidatte pattttern ffinP. Nextt, we anaflyze tthe properttffies offffcov,
ffsffim,ffcoд, and tthe pattttern score.

Lemma 7.3.Coverage off a pattttern settP,ffcov(P), ffis submoduflar.

Prooff.Gffiven a sett offneflementts (N), a ffuncttffionff(.)ffis sub-
moduflar ffiff ffor everyA⊆B⊆Nandj B,ff(A {j}) −ff(A)≥
ff(B {j}) −ff(B). Gffiven a graphGand canned pattttern settsPAand
PBwherePA⊆PB, flett tthe coverage offPAandPBbeffcov(PA)
andffcov(PB), respecttffivefly. Observe tthattPBconsffistts offPAand
addffittffionafl patttterns (ffi.e.,P =PB\PA). For each canned pattttern
p∈P,wefletts=mffin(|ffcov(p)|,|ffcov(PA)|)andKdenottes tthe
overflappffing settffcov(p) ffcov(PA). The coverage offpffaflfls under
one off tthe ffour possffibfle scenarffios: (1)K=ffcov(p)ffiffs=|ffcov(p)|,
(2)K=ffcov(PA)ffiffs=|ffcov(PA)|, (3)Kffis an emptty sett and (4)
ottherwffise (ffi.e.,0<|ffcov(p) ffcov(PA)|<s).
In tthe case where coverage off everypffaflfls under scenarffio 1,

ffcov(PA)=ffcov(PB). Iff anypffaflfls under scenarffio 2, 3 or 4, tthen
ffcov(PA)⊂ffcov(PB). Hence,ffcov(PA)⊆ffcov(PB). Consffider
a patttternp PB, fletttt=mffin(|ffcov(p)|,|ffcov(PA)|). Suppose
ffcov(p) ffcov(PA)=ffcov(p)where|ffcov(p)|<|ffcov(PA)|
(Scenarffio 1), tthenffcov(PA {p}) −ffcov(PA)ffis an emptty sett.
Notte tthatt we use tthe mffinus and sett mffinus operattor ffintterchange-
abfly ffin tthffis prooff. Sffinceffcov(PA)⊆ffcov(PB),ffcov(PB {p})=
ffcov(PB). Hence,ffcov(PA {p})−ffcov(PA)=ffcov(PB {p})−
ffcov(PB).
Now, consffiderffcov(p) ffcov(PA)=ffcov(PA)where|ffcov(p)|

>|ffcov(PA)|(Scenarffio 2).ffcov(PA {p})−ffcov(PA)=ffcov(p)−
ffcov(PA)whereffcov(PA)⊂ffcov(p). LettLandMbeffcov(p)\
ffcov(PA)andffcov(PB)\ffcov(PA), respecttffivefly. Observe tthatt, sffim-
ffiflar tto prevffious observattffion, ffitt ffis possffibfle ffor (1)Ltto be ffuflfly con-
ttaffined ffinMffiff|L|<|M|, (2)Mtto be ffuflfly conttaffined ffinLffiff|M|<|L|,
(3)L Mtto be emptty or (4) ottherwffise (ffi.e.,0<|L M|<ttwhere
tt=mffin(|L|,|M|)). Hence,|L M|∈[0,tt]. When|L M|=0,
ffcov(PA {p})−ffcov(PA)=ffcov(PB {p})−ffcov(PB). Otther-
wffise, tthere are some common graphs covered byLandM, resuflttffing
ffinffcov(PB {p})−ffcov(PB)=L\(L M). Hence,|ffcov(PA {p})
−ffcov(PA)|>|ffcov(PB {p}) −ffcov(PB)|. Taken ttogetther, ffor
scenarffio 2,|ffcov(PA {p}) −ffcov(PA)| ≥ |ffcov(PB {p}) −
ffcov(PB)|.
Scenarffio 3 ffis sffimffiflar tto scenarffio 2 whereLffisffcov(p).ffcov(PA

{p}) −ffcov(PA)=Landffcov(PB {p}) −ffcov(PB)=L\
(L M). Sffince|L M|∈[0,tt],|ffcov(PA {p}) −ffcov(PA)| ≥
|ffcov(PB {p}) −ffcov(PB)|.
Scenarffio 4 ffis tthe same as scenarffio 3 exceptt tthattL=ffcov(p)\

(ffcov(PA) ffcov(p)). Observe tthatt|ffcov(PA {p})−ffcov(PA)| ≥
|ffcov(PB {p}) −ffcov(PB)|as|L M|∈[0,tt].
Hence, ffin aflfl cases,|ffcov(PA {p}) −ffcov(PA)| ≥ |ffcov(PB
{p}) −ffcov(PB)|andffcov(.)ffis submoduflar.

Lemma 7.4.The sffimffiflarffitty (resp. cognffittffive fload) off a pattttern sett
P,ffsffim(P)(resp.ffcoд(P)), ffis supermoduflar.

Prooff.Gffiven a submoduflar ffuncttffionff(.), ffor everyPA⊆PB⊆
Dand everyp⊂Ds.ttp PA,PB, tthe ffirstt order dffifference sttattes
tthattff(PA {p}) −ff(PA)≥ff(PB {p}) −ff(PB). Gffiven a graph
G, a canned patttternp PBand canned pattttern settsPAandPB
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wherePA⊆PB, flett tthe sffimffiflarffitty offPAandPBbeffsffim(PA)and
ffsffim(PB), respecttffivefly. ffsffim(PB {p}) − ffsffim(PB) =

pffi∈PBsffim(p,pffi)andffsffim(PA {p}) −ffsffim(PA)= pffi∈PA
sffim(p,pffi). Sffincesffim(pffi,pj)≥0∀pffi,pj⊂G,PA ⊆PBand by
deffinffittffion off tthe ffirstt order dffifference,ffsffim(.)ffis supermoduflar.
The prooff ffis sffimffiflar fforffcoд(.).

Theorem 7.5.The pattttern sett scores(P)ffin Deffinffittffion 7.1 ffis a
non-negattffive and non-monottone submoduflar ffuncttffion.

Prooff.(Skettch). Consffider a parttffiafl pattttern settP and a can-
dffidatte patttternp. Supposepdoes nott ffimprove tthe sett coverage
offP and adds a hffigh costt ffin tterms off cognffittffive fload and dffiver-
sffitty. Then,s(P)>s(P {p}). Hence,s(.)ffisnon-monottone. Sffince
ffcov(P),ffsffim(P),ffcoд(P)∈[0,|P|],ffcov(P)−ffsffim(P)−

ffcoд(P)ffis ffin tthe range [-2|P|,|P|]. Hence,
1
3|P|(ffcov(P)−

ffsffim(P)−ffcoд(P)+2|P|)ffis ffin tthe range[0,1]and ffisnon-negattffive.
Sffince supermoduflar ffuncttffions are negattffions off submoduflar ffunc-
ttffions and non-negattffive weffightted sum off submoduflar ffuncttffions
preserve submoduflar propertty [18],s(P)ffis submoduflar. Notte tthatt
addffing a posffittffive consttantt (ffi.e.,23) does nott change tthe submoduflar
propertty [11] and ensures tthatts(P)ffis non-negattffive. The scaflffing
ffacttors offαffcov =αffsffim =αffcoд =

1
3|P|ffurtther bounds(P)

wffitthffin tthe range[0,1].

Sffimffiflar ttos(T)ffin ttffp,s(P)ffin cps ffis non-negattffive and non-
monottone. However, unflffike ttffp, cps ffimposes a cardffinaflffitty con-
sttraffintt where|P|ffis att mosttγ. Thus, cps can be posed ffinsttead as a
maxffimffizattffion off submoduflar ffuncttffion probflem subjectt tto cardffinafl-
ffitty consttraffintt [13].

7.2 Coverage, Cognffittffive Load, and Sffimffiflarffitty

Nextt, we quanttffiffy tthe coverage, cognffittffive fload, and sffimffiflarffitty mea-
sures used ffin tthe pattttern scores(P).
Coverage.Recaflfl ffrom Secttffion 4, we can computte tthe cover-

age off a patttternpascovp=|ffi∈|S(p)|Effi|. Sffince tthe edge setts
offGT =(VT,ET)andGO =(VO,EO)are muttuaflfly excflusffive,
we ffurtther modffiffycovptto ffincflude a weffightt ffacttor tto accountt ffor
effectts exertted by tthe sffizes offGTandGO. Specffifficaflfly,covp=

|ffi∈|S(p)|Effi|
|Gx|
|E|whereGx∈{GT,GO}ffor patttterns obttaffined

ffromGx. However, exactt computtattffion off coverage ffor each can-
dffidatte pattttern ffis prohffibffittffivefly expensffive. Hence, we approxffimatte

covpas ffoflflows:covub(p)=|Ep|×ffreq(p)×
|Gx|
|E|. Observe tthatt

covub(p)ffis ffin ffactt tthe upper bound offcovpwhen no ffisomorphffic
ffinsttances offpffinGoverflap. Any superffior upper bound tthatt can be
computted efficffienttfly can be ffincorporatted. Unflffikecovp, computta-
ttffion offcovub(p)requffires onflyffreq(p), whffich ffis sffignffifficanttfly more
efficffientt.
The order off pattttern exttracttffion ffinGO(e.g., exttracttffing sttars and

astterffisms beffore smaflfl patttterns) may affectt tthe ffrequency off tthe
exttractted patttterns. Hence,normaflffizattffionoffcovubffis perfformed ffor
each cflass off patttterns (k-cp, ccp, sttar, astterffism, and smaflfl pattttern)
as ffoflflows:

covub(p)=
cov

ub(p)
−Mffin(cov

ub
(Ptt))+1

Max(cov
ub
(Ptt)) −Mffin(covub(Ptt))+1

(2)

wherett∈{k−CP,CCP,sttar,astterffism,smaflfl}representts a cflass
off pattttern. Specffifficaflfly, we computtek-cps and ccps ffinGT. Sttars,
astterffisms and smaflfl patttterns are computted ffinGO. The normaflffized
covubffis ffin [0-1].
Cognffittffive Load.[23, 24] measure cognffittffive fload based on sffize

and densffitty onfly, ffignorffing edge crossffings. Sffince ffitt ffis desffigned ffor a
coflflecttffion off smaflfl- or medffium-sffized datta graphs, ffitt ffis a reasonabfle
measure as ffin many appflfficattffions such datta graphs have very ffew
edge crossffings (e.g.,chemfficafl compounds), ffiff any. In conttrastt, edge
crossffings occur ffrequenttfly ffin flarge nettworks and hence cannott be
ffignored ffin our conttextt. In ffactt, Huang and coflfleagues examffined
tthe effectt off edge crossffings on menttafl fload off users and ffound
tthatt cognffittffive fload dffispflays a reflattffionshffip wffitth edge crossffings tthatt

resembfles tthe flogffisttffic curve [21]ff(x)= L
1+e−k(x−x0)

whereLffis tthe

curve’s maxffimum vaflue,x0ffis tthexvaflue off sffigmoffid’s mffidpoffintt
andkffis tthe flogffisttffic growtth ratte [43].

Lemma 7.6.The crossffing number (ffi.e.,number off edge crossffings)
off any sffimpfle graphG=(V,E)wffitth att fleastt 3 verttffices sattffisffies
cr≥|E|−3|V|+6.

Prooff.(Skettch) Consffider a graphG=(V,E)wffitthcrcrossffings.
Sffince each crossffing can be removed by removffing an edge ffromG,
a graph wffitth|E|−credges and|V|verttffices conttaffins no crossffings
(ffi.e.,pflanar graph). Sffince|E|≤3|V|−6 ffor tthe pflanar graph (ffi.e.,
Eufler’s fformufla), hence,|E|−cr≤3|V|−6 ffor|V|≥3. Rewrffittffing
tthe ffinequaflffitty, we havecr≥|E|−3|V|+6.

Hence cognffittffive fload off a patttternpffis computted based on tthe

sffize (szp=|Ep|), densffitty (dp=2
|Ep|

|Vp|(|Vp|−1)
) and edge crossffing

(crp).crp=0ffiffpffis pflanar. Ottherwffise, ffitt ffiscrp=|Ep|−3|Vp|+6.
We modeflfled tthe normaflffized cognffittffive fload ffuncttffion ffin Tattttoo
accordffing tto tthe flogffisttffic curve:

coдp=1/(1+e
−0.5×(szp+dp+crp−10)) (3)

Parametters offcoдpare sett empffirfficaflfly tto ensure even dffisttrffibuttffion
wffitthffin tthe range off [0 1].
Sffimffiflarffitty.Gffiven a parttffiafl pattttern settP and ttwo candffidatte

patttternsp1andp2, Tattttoo seflecttsp1prefferenttffiaflfly tto add ttoP
ffiffmaxp∈Psffim(p1,p)<maxp∈Psffim(p2,p). To tthffis end, we uttffiflffize
NettSffimffifle, a sffize-ffindependentt graph sffimffiflarffitty approach based on
dffisttance bettween ffeatture vecttors [8]. Itt ffis scaflabfle wffitth runttffime
compflexffitty flffinear tto tthe number off edges.

7.3 CPS-Randomffized Greedy Aflgorffitthm

The canned pattttern seflecttffion aflgorffitthm ffis as ffoflflows. Fffirstt, ffitt re-
ttrffieves tthe deffaufltt pattttern sett (1-patth, 2-patth, 3-cycfle and 4-cycfle).
Nextt, ffitt prunes candffidatte patttterns whose sffizes do nott sattffisffy tthe
pflug specffifficattffion or are “nearfly-unffique” (ffi.e.,ffreq(p)<δwhereδ
ffis a pre-deffined tthreshofld). Notte tthatt tthe flatttter patttterns have very
flow occurrences ffinGand are unflffikefly tto be as useffufl ffor query con-
sttructtffion ffin ttheffir enttffiretty3. Then, ffitt seflecttsPffrom tthe remaffinffing
candffidattes.
Recaflfl ffrom Secttffion 7.1, tthe cps probflem can be castt as a max-

ffimffizattffion off submoduflar ffuncttffion probflem subjectt tto cardffinaflffitty

3In tthe case, a user ffis ffintterestted ffin patttterns wffitth flow coverage,δcan be sett tto 0 aflong wffitth tthe
reducttffion ffinαffcov(P)ffins(P)(Deffn. 7.1).
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Fffigure 7: Deffaufltt patttterns and candffidatte patttterns.

consttraffintt. Recenttfly, tthe aflgorffitthm communffitty has proposed a ttech-
nffique wffitth quaflffitty guaranttee ffin [13] tto address ffitt. We expfloffitt tthffis
approach, refferred tto asCPS-Randomffized Greedy(CPS-R-Greedy),
ffin our cps probflem. To tthe bestt off our knowfledge, tthffis approach
has nott been uttffiflffized ffor graph queryffing.
In parttfficuflar,CPS-R-Greedyexttends tthe dffiscrette greedy aflgo-

rffitthm [30] usffing a randomffized approach. Att every sttep, a random
candffidatte pattttern ffis chosen ffrom a sett off “reasonabfly good” can-
dffidattes. Inttuffittffivefly, tthese candffidattes shoufld have very ffew edge
crossffings, good coverage and are dffifferentt ffrom patttterns aflready
ffinP. These candffidattes are ffidenttffiffied as ffoflflows. For every candffi-
datte patttternp, we computte tthe pattttern sett score (Deffinffittffion 7.1)
assumffingpffis added tto tthe canned pattttern sett. A “good” candffidatte
pffimproves on tthe score off tthe sett when ffitt ffis added (Deffinffittffion 7.2).
Notte tthattcovub,coд, andsffimchanges asPchanges. Hence, we re-
computte tthem att every ffitterattffion. Then, we randomfly seflectt a “good”
candffidatte and assffign ffitt ttoP. The aflgorffitthm ttermffinattes effitther when
tthe sett conttaffins tthe desffired number off patttterns or when tthere exffistts
no more good candffidattes. The ffoflflowffing quaflffitty guaranttee can be
derffived ffrom [13].

Theorem 7.7.CPS-R-Greedyachffieves1e-approxffimattffion off cps.

Theorem 7.8.CPS-R-Greedyhas worstt-case ttffime and space com-
pflexffitty offO(|Pcand|γ|Vmax||Vmax|!)andO(|Pcand|(|Vmax|+|Emax|)),
respecttffivefly, where|Vmax|and|Emax|are tthe number off verttffices and
edges ffin tthe flargestt candffidatte pattttern.

Exampfle 7.9.Consffider a guffiIand a pflugb=(3,11,6). Suppose
tthere are ffour deffaufltt patttterns and ffive candffidatte patttterns (ffi.e.,
Pcand) as depffictted ffin Fffigure 7. Lettδ=10. The aflgorffitthm ffirstt
removesp4sffinceffreq(p4)<δ. Then, ffor tthe remaffinffing patttterns
ffinPcand, each ffis consffidered ffin tturn tto be added ttoPby expfloffittffing
CPS-R-Greedy. Itt ffirstt consffiders addffingp1ttoPand computtes tthe
resuflttffing coverage (ffcovub(P p1)), cognffittffive fload (ffcoд(P p1))
and sffimffiflarffitty (ffsffim(P p1)). The pattttern sett score offP p1ffis tthen
computted usffing Deffinffittffion 7.1. The scores off tthe otther candffidatte
patttterns are computted sffimffiflarfly. Suppose tthe scores are 0.72, 0.63,
0.54, 0.68 fforp1,p2,p3,p5, respecttffivefly. Then, ffin tthe ffirstt ffitterattffion,
p1ffis seflectted (and removed ffrom subsequentt ffitterattffions) and tthe
currentt bestt scoresbesttffis updatted tto 0.72. In tthe nextt (ffi.e.,ffinafl)
ffitterattffion, tthe candffidattes are agaffin consffidered ffin tturn tto be added
ttoPand correspondffing pattttern sett scoresare computted.However,
unflffike tthe ffirstt ffitterattffion, onfly tthose candffidattes whose scores are
greatter tthansbesttare consffidered. Lett tthe scores offp2,p3andp5be
0.81, 0.7 and 0.77, respecttffivefly. Then, a candffidatte wffiflfl be randomfly
seflectted ffromp2orp5. Supposep2ffis chosen, tthen tthe ffinafl pattttern
sett ffis{d1,d2,d3,d4,p1,p2}.
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Fffigure 8: Query fformuflattffion ttffime ffin user sttudy.

8 PERFORMANCE STUDY

Tattttoo ffis ffimpflementted ffin C++ wffitth GCC 4.2.1 compffifler. We now
reportt tthe key perfformance resufltts off Tattttoo. Addffittffionafl resufltts
and a case sttudy are dffiscussed ffin [41]. Aflfl experffimentts are per-
fformed on a 64-bffitt Wffindows 10 deskttop wffitth Inttefl(R) Core(TM)
ffi7-4770K CPU (3.50GHz) and 16GB RAM.

8.1 Experffimenttafl Settup

Dattasetts.We evafluatte Tattttoo’s perfformance usffing 10 flarge nett-
works (Tabfle 2) ffrom snap (httttp://snap.sttanfford.edu/datta/ffindex.
httmfl) conttaffinffing up tto 34.7 mffiflflffion edges.
Aflgorffitthms.Sttatte-off-tthe-artt guffis ffor flarge nettworks [31,32]

do nott supportt canned patttterns. Hence, we compare Tattttoo wffitth
tthe ffoflflowffing baseflffines: (a)Cattapufltt[23]: We assffign same flabefls
tto aflfl nodes off a nettwork and parttffittffion ffitt ffintto a coflflecttffion off smaflfl-
or medffium-sffized datta graphs usffing Mettffis [27]. Then tthe aflgorffitthm
ffin [23] ffis used tto seflectt canned patttterns. (b)Use graphfletts, ffrequentt
subgraphs, random patttterns, deffaufltt patttterns, and edge-att-a-ttffime
(ffi.e.,pattttern obflffivffious):x-node graphflettswherex∈[2−5]are gen-
eratted usffing tthe approach ffin [15].Random patttternsare generatted
by randomfly seflecttffing subgraphs off specffiffic sffizes ffrom a nettwork.
The number off candffidattes per sffize ffoflflows a unffifform dffisttrffibuttffion.
Frequentt subgraphsare generatted usffingPeregrffine[26] (downfloaded
ffrom [3]). These subgraphs are consffidered as candffidattes ffrom whffich
tthe canned patttterns are seflectted usffing our aflgorffitthm ffin Secttffion 7.3.
Query setts and GUI.We use dffifferentt query setts ffor tthe user

sttudy and auttomatted perfformance sttudy. We shaflfl eflaboratte on
tthem ffin respecttffive secttffions. The guffi used ffor user sttudy ffis vffiewabfle
att httttps://youttu.be/sL0yHV1eEPw.
Parametter settttffings.Unfless specffiffied ottherwffise, we settηmffin=

3,ηmax =15,γ=30,δ=3, andϵ=5.
Perfformance measures.We measure tthe perfformance off Tatt-

ttoo usffing tthe ffoflflowffings: (1)Run ttffime: Executtffion ttffime off Tattttoo.
(2)Memory requffirementt(mr): Peak memory usage when executtffing
Tattttoo. (3)Reducttffion rattffio(denotted asμ): Gffiven a subgraph query

Q,μ=
sttepttottafl−sttepP
sttepttottafl

wheresttepPffis tthemffinffimumnumber off

stteps requffired tto consttructtQwhenPffis used andsttepttottaflffis tthe
ttottafl number off stteps needed whenedge-att-a-ttffimeapproach ffis used.
Notte tthatt tthe number off stteps excfludes verttex flabefl assffignmentts
whffich ffis a consttantt ffor a gffivenQregardfless off tthe approach. For
sffimpflfficffitty ffin auttomatted perfformance sttudy, we ffoflflow tthe same
assumpttffions ffin [23]: (1) a canned patttternp∈Pcan be used ffinQ
ffiffp⊆Q; (2) when muflttffipfle patttterns are used tto consttructtQ, ttheffir
correspondffing ffisomorphffic subgraphs ffinQdo nott overflap. In tthe
user sttudy, we shaflfl jettttffison tthese assumpttffions by aflflowffing users
tto modffiffy tthe canned patttterns and no resttrfficttffions are ffimposed (ffi.e.,
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