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ABSTRACT

Document insertion into a native XML Data Store (XDS) requires
to partition the document tree into a number of storage units with
limited capacity, such as records on disk pages. Asintra partition
navigation is much faster than navigation between partitions, min-
imizing the number of partitions has a beneficial effect on query
performance.

We present a linear time algorithm to optimally partition an or-
dered, labeled, weighted tree such that each partition does not ex-
ceed a fixed weight limit. Whereas traditionally tree partitioning
algorithms only allow child nodes to share a partition with their
parent node (i.e. a partition corresponds to a subtree), our algorithm
also considers partitions containing several subtreesaslong astheir
roots are adjacent siblings. We call this sibling partitioning.

Based on our study of the optimal agorithm, we further intro-
duce two novel, near-optimal heuristics. They are easier to imple-
ment, do not need to hold the whole document instance in memory,
and require much less runtime than the optimal algorithm.

Finally, we provide an experimental study comparing our novel
and existing algorithms. One important finding is that compared to
partitioning that exclusively considers parent-child partitions, in-
cluding sibling partitioning as well can decrease the total humber
of partitions by more than 90%, and improve query performance
by more than afactor of two.

1. INTRODUCTION

We consider the problem of tree partitioning from the perspective
of native XML data stores (XDSs). In particular, we are concerned
with the quality of the storage representation of XML documentsin
systems that natively store the ordered, |abeled tree representation
of the XML documents, and use navigational primitives to access
this representation during query processing. Any storage engine
designed to store trees that require more space than a single unit
of secondary storage must have atree partitioning algorithm. Tree
partitioning decomposes the logical document tree into partitions
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Figure 1. Partitioning with parent-child edges only

smaller than aweight limit, which corresponds to the storage unit’s
capacity, e.g. the disk page size. The tree partitioning agorithms
may be ad-hoc in some systems which arbitrarily place nodes wher-
ever there is sufficient space. In general, however, it isagood idea
to carefully design partitioning algorithms for XDSs because (1)
the number and structure of partitions is an important determinant
of query performance, since crossing storage units during query
processing is expensive, and (2) performance of the partitioning
algorithm itself affects overall system performance because docu-
ment insertion is a frequent operation.

An important feature of the XML data model is order, and this
must be taken into account when designing partitioning algorithms.
The storage engine of an XDS not only has to store parent-child
edges of a tree, but must also capture the sibling order. Storage
engines for native XDSs such as IBM’s System RX/DB2 Viper [2]
and the Natix system [6] provide such ordered tree storage. They
go even further and provide optimized storage for consecutive sib-
lings that share a storage unit, even if their parent is located on
a separate storage unit. Without such an optimization, access to
nodes with alarge number of children would suffer from bad per-
formance. Consider the tree shown in Fig. 1. Assume that the
root node p that does not fit on a storage unit together with any
of its children’s subtrees. If the storage format does not alow to
put consecutive siblings into a storage unit that does not contain
their parent, the resulting partitioning looks as indicated by the
dashed lines in Fig. 1. In this case, each child is stored seper-
ately, and every partition corresponds to a single subtree. Query
evaluation with an XML query language such as XPath [1] and



Figure 2: Partitioning with parent-child and sibling edges

XQuery [3] isexpensive here. In case of an in-order traversal of all
children or descendants of p, such as the evaluation of the child
or descendant axis starting for context node p would access a
different storage unit for every child of p, i.e. 5 storage unitsin
total. If siblings can share a storage unit even if their parentisina
different storage unit, then we have a situation as shown in Fig. 2.
Here, several subtrees may share a partition, as long as their roots
are siblings. We call this partitioning style sibling partitioning. It
results in fewer expensive crossings of storage unit borders (in our
example, there are three), which in turn improves the query perfor-
mance. To keep the number of such crossings as low as possible, a
tree partitioning algorithm for XDS should create sibling partition-
ings and minimize the total number of partitions.

Our primary motivation for studying the tree sibling partition-
ing problem is our experience with the storage engine of our native
XML data store Natix [6]. Natix uses a storage format where the
storage units are physical records, each of which contains a frag-
ment of the document tree whose nodes are connected by parent-
child or sibling edges. Natix hastwo algorithmsto determinewhich
nodes share aphysical record [9, 10]. The node-at-a-time algorithm
[9] maintainsthe clustered XML storage format on incremental up-
dates. Insertions of whole documents are handled by the bulkload
component, whose design and implementation is described in [10].
Its standard partitioning algorithm for document import isasimple
heuristics.

In practice, for several cases we observed peculiar partitioning
decisions by this simple algorithm that lead to inacceptable query
performance. Ad-hoc attemptsto refine the heuristicswere not very
robust, i.e. always vulnerable to new pathological cases (some of
them are presented throughout this paper). To be able to judge
the quality of the various algorithms and to get an insight how to
construct a more robust one, we wanted to know the theoretical
optimum, i.e. a partitioning with a minima number of partitions.
However, determining the minimal number of partitions for a typ-
ical document is not an easy task: The number of potential sibling
partitionings is exponential with respect to the number of nodes, so
abrute force algorithm for determining the optimum is not feasible.

Over the last decades, a number of algorithms for tree partition-
ing has been developed, including [4, 5, 12, 13, 15, 17]. Severa
of them were specifically designed for the then-current storage en-
gines. Tree partitioning algorithms have been studied in the context
of hierarchica DBMS[13, 15], object-oriented DBMSs [17] and,
recently, XDSs [4, 5]. Unfortunately, none of the algorithms con-
siders sibling order or allows sibling subtrees to share a partition if
their parent isin a different partition.
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The three main contributions of this paper are:

1. We present a linear time algorithm for optimal tree sibling
partitioning.

2. Wepresent two novel, near-optimal heuristicsthat have much
better runtime than the optimal algorithm.

3. We provide experimental results, comparing our algorithms
and several existing heuristics with respect to the number of
generated partitions and the query performance on the pro-
duced partitioning.

The paper is structured as follows. Sec. 2 formalizes the prob-
lem. Sec. 3 develops a sequence of algorithms for tree partitioning
problems which culminate in a complete optimal algorithm for tree
sibling partitioning. We discuss the problem substructure in detail,
supported by formal proofs where necessary. The first of these al-
gorithms is limited to flat trees and uses dynamic programming to
partition the sequence of children. We proceed with an algorithm
that applies the flat tree algorithm in a bottom-up manner to deep
trees, using optimal solutions for subtrees to obtain a global solu-
tion. Unfortunately, this does not always yield an optimal solution.
In some situations, alocally suboptimal tree partitioning isrequired
for the global optimum. We present a method to generate the re-
quired local solutions. Inafinal step, we show how the proper local
solutions can be chosen to achieve the global optimum. Although
the algorithms get progressively more complex, all of them have a
runtime proportional to the number of document nodes in the worst
case. Sec. 4 explains why the optimal agorithm is not always a
wise choice for document import into real XDSs, and presents a
number of both existing and novel heuristics that are better suited
for real systems. Sec. 5 assesses other existing algorithms for tree
partitioning and XML document clustering. Sec. 6 evaluates our
three novel and four existing sibling partitioning algorithms. Sec. 7
concludes the paper.

2. PROBLEM STATEMENT

2.1 Termsand Definitions

Let T = (V,t,p,<, w) be arooted, ordered, and weighted tree
with nodes V/, aroot ¢, a parent function p, a transitive sibling
ordering <, and aweight function w. p maps each nonroot node to
its parent and the root to NIL, and w maps each node to a positive
integer weight. In the following, the term tree aways denotes a
rooted, ordered and weighted tree.

Fig. 3showsanexampletreeT = ({a,b,c,d,e,f,g,h},a, p, <, w),
which we will useto illustrate our definitions below. In the figure,
the nodes are represented as ovals with identifiers, the parent func-
tion p is represented using solid child-parent arrows, the sibling
ordering is represented by the < symbols (with the transitive rela-
tionships such as b<g omitted), and the node weights w are the
numbers in the ovals.

Given atree T = (V, t, p, <, w), we denote the subtree induced
by anodev € V with T,. Thesubtree weight Wr (v) isthe sum of
the weights of all nodesin T,. In our example, the tree T.. consists
of thenodes ¢, d, and e. c’s subtree weight Wr(c) is5.

A sibling interval (I,r)r of T is a set of consecutive siblings
determined by afirst sibling { and alast sibling r with [<r, such that
(I,m)r == {z|zr = rvVa =1Viazar}. Atree sibling partitioning
P of T isaset of digoint sibling intervals. The subtree weight of
asiblinginterval isWr(l,r) := X,cq,ry, Wr(x). The weight of
aset S of sibling intervals Wz (S) isthe sum of the weights of the



Figure3: Exampletree

contained intervals. In our example, the interval (b,f)r consists of
the nodes b, ¢, and f, and has a subtree weight of 8.

Given atreeT and atreesibling partitioning P as above, the par-
tition forest F% of T" with respect to P isthe set of treesthat results
from T when cutting the parent edges from those nodes that belong
to a sibling interval in P. This is equivalent to having a parent
function p” such that for al (I,7)r € P, Ve @,ryp" (v) := NIL.
Hence, in F¥, each node that is contained in an interval in P be-
comes theroot of atree. Thepartition defined by aninterval (I, r)r
is the set of all trees from F¥ whose root isin (I,)r. In our ex-
ample, the partition defined by (b,f)r is{T3,T., Ty}

The partition weight W (v) of anode v isits subtree weight in
FF . Andogously, the partition weight of asibling interval W5 (1, )
is the sum of al the partition weights of its nodes, and the parti-
tion weight of a set of sibling intervals is the sum of the partition
weights of its intervals. The root weight of a partitioning is the
partition weight of the root node, W (t). In our example tree,
consider the partitioning P := {(b,f)r}. The root weight of P is
6, because only the nodes a, g, and h remain in the tree of the root
a after the parent edges of b, ¢, and f have been removed.

Given T and apositiveinteger K, atree sibling partitioning P of
T iscaled feasible iff (t,t)r € Pand V¥, ,.),.cpW7 (I,7) < K.
A feasible partitioning of our exampletreeand K = 5is P :=
{(a,a)r, (b,b)r, (c,c)r, (f.9)r}. Here, hisin the same partition
astheroot, and the root weight is 5.

A tree sibling partitioning is called minimal iff it is feasible and
has the smallest possible cardinality of all feasible partitionings.
A tree sibling partitioning P is called lean iff its root weight is
minimal among all partitionings with the same cardinality. A tree
sibling partitioning is called optimal iff it is both minimal and lean.
In our example, R := {(a,a)r, (c,c)r, (f,h)r} isaminimal par-
titioning (K = 5) with cardinality of 3. b isin the same partition
as the root, so R has aroot weight of 5. However, R is not lean.
Thereis a partitioning with the same cardinality and a smaller root
weight: InP := {(a,a)r, (c,h)r, (d,e)r}, theroot weightis3. P
is optimal. We will often denote optimal tree sibling partitionings
with calligraphic letters such as P or D.

2.2 TheTree Sibling Partitioning Problem

Given these terms, the problem we want to solve is formally
stated as follows:

Tree SiblingPartitioning: GivenatreeT and aweight
limit K, determine aminimal tree sibling partitioning.

To solve this problem, we devel op algorithms that find partition-
ings with a stronger property, namely optimality. According to our
definition, this means that the partitionings must have minimal root
weight among all minimal partitionings. We will see below that
thereason for thisliesin our recursive, bottom-up approach: While
minimality is all we need for the overall solution, the subproblems
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we solve must also be lean to guarantee minimality on higher lev-
els.

3. OPTIMAL TREE SIBLING
PARTITIONING

The number of feasible tree sibling partitionings for a given tree
with n nodes is very large, even if afixed weight limit K is pro-
vided. For every parent node, we have to decide which subset of
children to place in the same partition as the parent. For the re-
maining children, we must decide how to combine the siblingsinto
partitions. Itisnot at all obvious how to find aminimal partitioning
in time proportional to n, given afixed partition weight limit K. In
fact, we shall see that even simplified versions of the problem are
not obviously solvablein linear time.

We pursue an incremental strategy. We approach tree sibling
partitioning formally, proving a sequence of properties that enable
us to develop progressively more advanced agorithms.

We start out by showing that a bottom-up approach is viable be-
cause we can combine partitionings for subtrees to obtain a global
solution. As a second step, we present a dynamic programming al-
gorithm that can partition flat trees (i.e. trees where al nodes but
the root node are leaves) in O(nK?) time.

Unfortunately, we will see that the bottom-up application of this
algorithm to a deep tree does not necessarily yield an optimal so-
lution: Sometimes we have to choose a suboptimal solution in the
lower levels of the tree to avoid extra partitions on the next higher
level. However, we can show that at each step, we only need to
choose between an optimal and a nearly optimal solution, for a
rather simple definition of "nearly optimal”. We also show how to
incorporate this choice into our dynamic programming algorithm,
finally arriving at an O(nK?) agorithm for optimal tree sibling
partitioning.

3.1 Bottom-Up Tree Partitioning

Our agorithms are based on the assumption that in order to de-
termine aglobally optimal partitioning, we can select anode v from
the tree and determine a partitioning for the subtree induced by that
node. Then we can recursively determine a global partitioning for
the remainder of the tree and combine the two solutions to obtain
the global solution. We will now formalize this basic assumption.

Recall that we consider a solution optimal if it is not only mini-
mal, but also lean. The reason for thisis explained below.

In the following lemma, we do not assume that the local subtree
partitioning for a subtree T, called .S, is locally optimal. We just
assume that we know for some reason that .S is part of some global
solution, and show how to get a global solution based on S. We
do this by collapsing T, from the original tree into a single node
v with a weight that represents the whole collapsed subtree. We
recursively determe an optimal solution P for this new tree 7', and
merge this result with S to obtain an optimal solution P’.

LEMMA 1. Let T = (V,t,p,<,w) be atree. Letv € V be
a node from T'. Let V, be the nodes of T),. Let S be a feasible
tree sibling partitioning of 7, such that there exists some optimal
tree sibling partitioning P of T that contains .S and has no other
intervals among the descendants of v, i.e. with S — {(v,v)r} =
{@,r)r ePl(l,r)r € Tu}

Further, let T = (V —V,U{v}, ¢, p,<, w) be the tree T with the
descendants of v removed, such that p, Jand w are the functions
from T restricted to 7', with the exception of a new weight for v:
@(v) := Wi (v). Let P be an optimal tree sibling partitioning of
T.



Then P’ := P U (S — {(v,v)7}) is an optimal tree sibling
partitioning of 7.

We omit the proofs of our lemmas due to space constraints.
They are contained in the extended version of thispaper [11].

Lemma 1 suggests an algorithm that traversesthe treein a bottom-
up manner. For each non-leaf node v, determine a partitioning S
for T, that is part of a globa solution (we will explain how to do
thisin the remaining section). We then remove the sibling intervals
in S (except (v, v)7), and replace the whole subtree T', by asingle
node whose weight is equal to the total weight of all the nodes in
T, that are not part of an interval in .S. Then we proceed with the
next node.

This approach reduces our original problem of finding partition-
ings for arbitrary treesto the simpler problem of finding partition-
ings only for flat trees. Flat trees are trees in which al nodes but
the root node are leaves. Our bottom-up approach guarantees that,
once we reach an inner node, al deeply nested subtrees below that
node have been pruned and only aflat tree remains.

The bottom-up traversal is also the reason why we require the
local solutions to be lean in addition to be minimal: By cutting
away as much of the tree weight as possible, we generate asimpler
subproblem in the next higher level of the tree. Of course, we only
do so if it does not introduce additional sibling intervals, because
the ultimate goal isto find aminimal partitioning.

However, we have not yet specified the subroutine to compute a
suitable partitioning for flat trees. We turn to this problem in the
next section.

3.2 Flat Tree Partitioning

Beforelooking at an optimized way to determine an optimal tree
sibling partitioning for flat trees, we want to verify that a smple
brute-force algorithm is not a viable solution. Let us look at the
number of feasible tree sibling partitionings in aflat tree. Assume
aflat treewith n leaf nodesin which al the nodes have weight 1. In
this case, we can put upto K — 1 leaves of the n leavesin the same
partition as the root. There are (" ,) possible ways to do this.
Hence, a lower bound for the number of feasible root partitions is
Q(n®~1). Thisestimate does not yet include the different possibil-
ities to group the remaining sibling nodes into intervals. Hence, it
isreasonable to conclude that a brute force algorithm isimpractical
for typical values of K.

We approach the problem by showing that an optimal solution
for atree with n leaf nodes contains an optimal solution for atree
with less than n leaves. Then, we use this knowledge to develop a
dynamic programming algorithm that finds the optimal solution in
O(nK?) time. Finally, we discuss the optimization potential of the
algorithm.

3.2.1 Optimal Substructure for Flat Trees

Consider the options we have for aleaf in the solution: either the
child is put into the same partition with the root, or it belongs to an
interval of the result partitioning. Together with the fact that there
is only a limited number of feasible intervals to which the child
can belong, this forms a useful problem substructure for dynamic
programming.

The following lemma states that we can find an optimal tree sib-
ling partitioning for a flat tree with n leaf nodes by choosing the
best candidate sol ution from one of the following two subproblems:
Either (1) the solution is the same as an optimal tree sibling parti-
tioning for a similar tree with n — 1 nodes, which represents the

!Keepin mind that K isthe sizelimit for astorage unit, and typical
disk page sizes are thousands of bytes.
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original tree with the last child put into the root partition, or (2)
the solution can be constructed by adding a single interval to an
optimal partitioning for asmaller tree.

LEMMA 2. Let T = ({t,c1,..-,¢n}, t,p,<,w) be a tree in
which all nodes but the root node are leaves, i.e. p(c;) = t.
< orders the ¢; according to their index value i. The tree 77 =
({t,c1,...,¢5},t,p, <, wy) is the tree T with all children {c;|i
7} removed and a different weight s for the root node ¢, with p and
< regarded as restricted to {ci1,...,¢;}, and wj(t) := s, and for
v € {c1,...,ci}, wj(ei) := w(ei). Let Dj be the set of optimal
tree sibling partitionings for 7.

Then, for j = 0 and any s < K holds D§ = {{(t,t)r}}.

For each j with 1 < j < n, at least one of the following state-
ments holds:

1. Di_, C Djwiths" := s+ w(c;).
2. Forsomemwitho<m<jiAm<K:
Vueps (M U{(¢j—m,cj)r}) € Dj.

Vv

Given the notation used above, the problem that has to be solved
by our algorithm can be stated like this: Find an arbitrary element
of DX,

Since such an arbitrary element of D, ) can be computed from
optimal sibling partitionings D; for smaller trees(j < n), the prob-
lem is susceptible to adynamic programming approach, aswe show
bel ow.

3.2.2 Algorithm FDW for Flat Trees

Our algorithm FDW (Flat trees, Dynamic programming for tree
Width) employs dynamic programming by starting out with a tree
that only contains the root node. We then successively add all leaf
nodes in left-to-right order and iterate over al potential weights
of the root node. For each such intermediate tree, we compute an
optimal partitioning. For each node, we have to decide whether it
isgoing to be part of asibling interval in the solution, or whether it
will be part of the root partition. This decision is based on optimal
solutions for already processed intermediate trees.

Moreformally, for esch j < nandeach s € {w(t),..., K}, we
determine asingle element P € D7, and store it in atable indexed
by j and s.

For j = 0, we have D§ = {{(¢,t)r}} for al s, hence P =
{(t,t)r}. For j > 0, Lemma 2 statesthat we only have to consider
alimited number of candidates: Either our desired partitioning P
isan arbitrary element of Dj',l , or, for somem with0 < m < K,
an arbitrary element of D;_,,,_; together with (c; ., ¢;).

Hence, we have at most K + 1 candidates in each step. We pro-
cess the stepsin increasing order of j. This makes sure we already
know a partitioning from every D; with i < j. To determine P
in each step, we just check all candidates for feasibility and store
a candidate with minimum cardinality that also has minimum root
weight.

The agorithm in Fig. 4 implements this strategy. It uses atable
D(s, j) to store a partitioning from Dj. It is assumed that out-of-
bounds accessesto D (i.e. where s > K) always return a dummy
interval with card = oo. This makes exposition of our agorithm
simpler (we do not need to check for out-of-bounds conditions in
the pseudocode).

Lemma2 tellsusthat each partitioning D(s, j) iseither the same
as an existing partitioning, or it extends an existing partitioning by
at most one interval. Hence, it is sufficient to store as entriesin D
either acopy of another partitioning, or only the added interval and
a pointer to the remaining chain of intervals. This next pointer
is implemented as a pair of indices of another partitioning in the



input 7' = ({t, c1,...,¢n}, t, p, <, w) flat tree
output D dynamic programming table with final result in D(w(t), n)

for s :=w(t) tok
D(s, 0).begin:=t
D(s,0).end:=t
D(s,0).card:=1
D(s, 0).rootweight:=w(t)
D(s, 0).next:=(0,0)

for j:=1ton
for s:=w(t)to K
s’ =5+ w(cy)
P:=D(s,5—1)
w:=0
m:=0

whilem <jAm<KAw< K
w:=w+w(cj—m)
ifw<K
crd:= D(s,j —m — 1).card+1
rw:= D(s,j — m — 1).rootweight
if crd< P.cardv(crd= P.cardArw< P.rootweight)
P.begini=c;_,
P .end:=c;
P.card:=crd
P.rootweight:=rw
P.next=(s,j —m —1)
m:=m-+1
D(s,j) =P

Entriesin the dynamic programming table D(z, j)
begin first node of interval
end last node of interval
card cardinality of best parititioning so far
(length of next chain)
rootweight rootweight of best parititioning so far
next index of next interval

Figure4: Algorithm FDW for flat tree partitioning

table. The new or copied interva is represented by the two bound-
ing nodes (begin and end). In addition, each entry in D (Fig. 4)
has two fieldsthat contain the cardinality and the weight of the root
partition to avoid recomputing them during comparisons.

Having run the algorithm, an optimal tree sibling partitioning can
be obtained by starting at theinterval in D(w(t), n) and traversing
the list of next pointers until we reach a next pointer with value
(0,0).

It is easy to specify the runtime of thisalgorithm: There arethree
nested loops, the outermost loop is processed at most n times, and
the two inner loops are processed at most K times. Hence, the
algorithm has aworst-case runtime of O(nKk?).

3.2.3 Optimizations

We do not need to determine D(s, 7) for every value of s. For
each j, we only need to consider those values of s that are needed
by higher values. These are awaysthe sum of node weights. Hence,
we only need s values that are sums of the weight of the root node
and the weights of nodes to the right of ¢;.

A simple way to achieve this is to use the memoization tech-
nique: We do not precompute al entries in the D table as shown
in our pseudocode. Instead, we only compute the entries on de-
mand and remember them in D. Subsequent requests for the same
entry can then be satisfied in O(1) time. This does not affect the
asymptotical complexity, but significantly reduces real-world run-
time: Only afraction of the whole D tableisreally needed for real
trees (for an example, see Sec. 3.3.6).
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input T tree
output D dynamic programming table

for all nodes v of T in postorder

for s :==wr(v) to K
D(v, s,0).begin:=NIL
D(v, s,0).end:=NIL
D(v, s,0).card:=0
D(v, s,0).rootweight:=s
D(v, s, 0).next:=(0,0)

for j := 1to childcount(v)
for s:=wp(v) to K

s’ := s+ D(v).rootweight
P:=D(v,s,5—-1)
w:=0
m:=0
whilem < jAm< KAw< K
w :=w + D(cj_m (v)).rootweight
ifw<K
crd:i= D(v,s,j —m — 1).card+1
rw:= D(v, s,j — m — 1).rootweight
if crd< P.card
V(crd= P.cardArw< P.rootweight)
P.begin=c;j_m (v)
P.end:=c;(v)
P .card:=crd
P.rootweight:=rw
P.next=(s,j —m —1)
m:=m-+1
D(v,s,j) =P

Figure5: Algorithm GHDW for deep tree partitioning

3.3 Optimal Deep Tree Partitioning

In this section, we extend the FDW algorithm for optimal flat tree
partitioning to deep trees. We first propose a straightforward exten-
sion of FDW to deep trees, called GHDW (for Greedy—Height/Dynamic—
Width). GHDW uses locally optimal partitionings to construct a
globa partitioning. However, there are cases in which GHDW
yields suboptimal results, and we show that a globally optimal so-
lution for our partitioning problem sometimes requires locally sub-
optimal solutions. We then characterize the kind of locally subop-
timal partitionings that are needed and show how to generate them.
We incorporate this into our dynamic programming algorithm. Fi-
nally, we arrive at alinear time algorithm for optimal tree sibling
partitioning.

3.3.1 The GHDW Algorithm

It is tempting to use the result of the FDW algorithm as S in
Lemma 1. Inabottom-up manner, we can collapse flat subtreesinto
single nodes, producing a flat tree at the next higher level. When
reaching the root, we have afeasible tree sibling partitioning that is
constructed from locally optimal partitionings. This approach uses
our dynamic programming algorithm for each inner node, but with
respect to the "height” of the tree, it procedes in a greedy manner,
always choosing an optimal partitioning for each subtree. We call
this approach GHDW (employing a Greedy strategy for the Height
of the tree, and Dynamic programming for the Width).

The pseudo-code is shown in Fig. 5. The code looks like FDW
with an additional outer loop over al nodes. However, we now
deal with deep trees and use appropriate primitives to access the
tree structure: We use ¢;(v) to specify the jth child of v, and
childcount(v) to denote the number of children of v.

For each node, flat tree partitioning is performed once and the
results are stored in the dynamic programming table D. In GHDW,
D has an extra dimension compared to FDW because we have one
























