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ABSTRACT

Simulation is one of the most powerful tools that scientists
have at their disposal for studying and understanding real-
world physical phenomena. In order to be realistic, the
mathematical models which driv e simulations are often very
complex and run for a very large number of simulation steps.
The required computational resourcesoften make it infeasi-
ble to evaluate simulation models exactly at eact step, and
thus sciertists trade accuracy for reduced simulation cost.
In this paper, we explore function approximation for
a combustion simulation. In particular, we model high-
dimensional function approximation (HFA) asa storage and
retrieval problem, and we show that HFA de nes a novel
class of applications for high dimensional index structures.
The interesting property of HFA is that it imposesa mixed
query/up date workload on the index which leads to novel
tradeo s betweenthe e ciency of seard versusupdates. We
investigate in detail one speci ¢ approach to HFA basedon
Taylor Seriesexpansionsand we analyze tradeo s in index
structure designthrough a thorough experimental study.

1. INTRODUCTION

Studying physical phenomenathrough computer simula-
tion is an important method of sciertic researd. Appli-
cation areasinclude studies of heat and masstransfer, uid
dynamics, combustion, evaporation and many more [1, 2].
The general methodology in these application areasis simi-
lar. Sciertists rst understand the physical laws that govern
the observed phenomenon. These laws then drive a mathe-
matical model that is usedin simulations as an approxima-
tion of reality.

In practice sciertists often face serious computational
challenges. The more realistic the model, the more complex
the corresponding mathematical equations. As an example,
consider the simulation of a combustion process[25], the
application that brought our group together. Simulation of
combustion requires tracking the composition of gasesin a
combustion chamber and the change in their compositions
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over time. The transition from one composition to the next
is de ned by a complex high-dimensional transition func-
tion. Depending on the gasesstudied, a composition can
be described using nine dimensions for a simple Hydrogen
simulation and ft y or more dimensions for a Methane sim-
ulation. A single transition step (which is an evaluation of
this function) can require millions of oating point opera-
tions. On a modern processorwith the optimized code of
the domain sciertists, a simple Hydrogen simulation of low
dimensionality would run for a few hours, while a Methane
simulation with higher dimensionality would require seweral
weeks. Simulations needto be run for many di erent gases
and dierent con gurations for ead gas. This problem is
not speci ¢ to combustion simulation, but represertativ e of
a large class of sciertic simulations that require repeated
evaluations of computationally expensive functions that gov-
ern a physical process[14, 21, 22].

To trade accuracy for simulation time, the domain scien-
tists do not expend the resourcesto evaluate the function
for each transition step, but instead use cheaper approxima-
tions. The main approach to function approximation is to
build a model f* of the function. Given a query point x at
which the function f must be evaluated, function approxi-
mation techniques return f'(x) which approximates the true
value f (x) within a speci ed error tolerance. There are two
main types of function approximations. Global approxima-
tion technigues use a single model to represert f. Local
approximation techniques break the domain into regions,
represerting ead region with a di erent model. It has been
shown that local approximations work better for the class
of simulations that are the focus of this paper [14, 18].

A local function approximation scheme posestwo main
challenges. First, we need to decide how to select appro-
priate regions in the domain of the function, suc that f
can be approximated well within ead region by a model
f*. Approaches basedon the Taylor Seriesare generally ac-
cepted for approximating high-dimensional functions in this
domain [20, 22, 25]. The second challenge is to e cien tly
store the regions such that given a query point x, we can
e cien tly nd the region responsible for x in order to calcu-
late f'(x). It is this storage and retrieval part that we think
the database community can make signi cant contributions
to. The domain sciertists already took the rst steps by
developing the ISAT method [22] for indexing of regions. In
collaboration with them, we are now studying the general
problem of high-dimensional function approximation (HFA)
and the design of e cien t index structures for it. The work-
load imp osedon indexing structures by HFA is very di eren t
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Figure 1: Com bustion chamber

from the workloads studied so far in the literature [5, 10].
In summary, this paper makesthe following contributions:

We introduce the novel problem of high-dimensional
function approximation as an application of high-
dimensional indexing, and we describe an algorithmic
framework that abstracts the salient elemerts of an
HFA application (Sections 2 and 3).
We give an analysis of the index designtradeo s that
this problem poses,and we identify their e ects on the
overall performance of HFA (Section 4).
We perform a thorough evaluation of a set of candidate
index structures from the databasecommunity for this
application (Section 5).
Section 6 discussegrelated work and Section 7 concludesthe
paper.

We would like to emphasize that this paper is just the
beginning of an exciting new direction of researd into high-
dimensional indexing, and it is this connection between an
active application areaand the databasecommunity that we
believe is one of the major contributions of this paper.

2. PROBLEM FORMULATION

We rst introduce the basic problem of high-dimensional
function approximation and then show in Section 3 how it
leadsto a challenging indexing problem. We start with our
casestudy, an example of a typical scierti ¢ application that
usesHFA to improve the running time of simulations. We
then formally de ne the resulting HFA problem.

2.1 Simulating Combustion

The application simulates the combustion of a hydro-
carbon in a reaction chamber. The chamber has three
ino ws (air, the hydrocarbon being studied | Methane
in the diagram, and a mixture of air and hydrocarbon)
and a single outo w (see Figure 1). The gases ow into
the chamber at dierent rates which are input parame-
ters to the simulation. The simulation starts with a user-
speci ed number of particles in the chamber. Each particle
p has a user-speci ed chemical composition, which is de-
scribed by its thermochemical composition vector P(t) =

cal speciesin p, Y, (t) is the massfraction of chemical species
i in particle p at time t of the simulation, and h (which is a
constant) is the enthalpy of the particle [25].

Each simulation step consists of the following three
phases: (1) Ino w-Outo w. Some of the particles in the
reactor leave through the out o w and the same number of
new particles enter from the in o wsin ratios proportional to

Simulator Xt Xt

fA(Xt ) generatesXt +1

Approximator Evaluator

fA(Xt) f (Xt)

Figure 2: Application mo del

the rates of the in o w. (2) Mixing. Particles in the reactor
mix with ead other, generating new particle compositions.
(3) Reaction. The particle compositions evolve due to re-
action and the new compositions must be calculated for all
particles.

The computationally expensive part is the reaction step,
which for a particle p is described by a reaction function
f that maps one thermochemical composition to the next
composition. Moreover, typical simulations require 108 to
10 reaction function evaluations. These factors can cause
simulations to run for yearsif the function value is calculated
at eac step. Thus in practice, the domain sciertists accept
approximations to f in order to be able to run large, complex
simulations.

2.2 Application Model

Combustion simulation is represenativ e of the classof ap-
plications that our methods apply to in general. Figure 2
shows the general framework. There is an application simu-
lating some mathematical model, which we call the simula-
tor. The simulator generatesquery points at which the value
of a function f is required. These function values are used
by the simulator to generate future query points. The ap-
plication queries a function approximator for the function
values. The approximator can calculate the exact value!
using the function evaluator, which is an expensive opera-
tion, or it can use some algorithm to return approximate
valueswithin a user speci ed error tolerance. Typically, the
approximator haslimited knowledgeabout f, e.g., only pre-
viously calculated function values.

2.3 Problem De nition

Let us now de ne the function approximation problem
for the above application model. We start by de ning an
"-approximation of a function value.

Definition 1. Letf : R™ ! R" beafunction, letx 2 R™
and let" 2 R. We say that f'\(x) 2 R" is an "-approximation

of f (x) at x if kF\(x) f(x) k< "

We can now formalize the function approximation prob-
lem as a game between two players, the simulator (appli-
cation) and the function approximator. In the rst round
of the game, the simulator produces query point xi, and
the function approximator computesf'\(xl) at computational
cost ¢1, where f" is an "-approximation to f. In the next
round, the simulator takesf'(x1) and computesxz, the func-
tion approximator generatesf'\(xz) at costc, and soon. Note
that in general x;+1 , among other things dependson f'(x;),
i=1:::;n 1. The game stops after n rounds. The goal
of function appgoximation is, for a given ", to minimize the
total cost, min = ., ¢.

In this paper we study approximators that attempt to
minimize the total cost by partitioning the input domain

1Up to the accuracy of the evaluator. In practice the eval-
uator is a di eren tial equation solver that intro duces some
error as well.



into local regions and modeling eadh region with some f".
The motiv ation is that the local regions enable cheaper ap-
proximate computation. We make this notion of local region
more formal in the next de nition.

Definition 2. An "-Local Region R;.~(x;") R™ for

function f based on approximation f* at point x is a max-
imal connected region containing x 2 R™ such that 8x' 2
Ri.p(X") f(x') is an "-approximation of f (x').

As a shortcut, we will often refer to an "-Local Region
R;.n(x;") for function f basedon approximation f*at point
x as Local Region when the parameters are clear from the
context.

There is a cost assaiated with nding the Local Region
around a point. At the very least a function evaluation is
required for the \center" of the region, together with addi-
tional computation for determining the extent of the region.
Assuming that this cost is approximately the same for all
regions, we can minimize total function approximation cost
by nding the smallest set of Local Regions that covers all
query points. The hardness of this problem is analyzed in
the next section.

2.4 Analysis

In this section we show that the function approximation
problem is hard. This applies to both its oine and its
online formulation. We show hardnessfor an easierversion
of the problem, where the Local Region of x is obtained for
free when f (x) is computed. The more general case, i.e.,
where determining the extent of the Local Region around x
has some cost assignedto it aswell, is therefore at least as
hard.

Oine problem : GivenasetX = fxi;:::;xng of query

in the data space(not limited to Local Regions around the
query points), such that for eadh x; 2 X thereisanl; 2 L,
which contains X;.

If the Local Regions are constrained to be hyper-spheres,
we can show by reduction from Geometric Covering By
Discs [16], that the oine problem is NP-complete. This
implies that the more general formulation above is at least
as hard.

Using a similar reduction, we can showv the samehardness
results even for a restricted version of the oine problem.
In this restricted version, we constrain L to be a subset of

the Local Regions around query points.

In practice the algorithm for function approximation does
not know the query points in advance. It has to solve an
online problem, where query points are preserted one-hy-
one.

Online problem : For i > 0 let X (i) = fxa;:::;xig

k(i 1) k(i) foralli> 1. Find the smallest setL (n), such
that the following holds for each set X (i): Each x 2 X (i) is
contained in someLocal Region | 2 L(i).

Intuitiv ely the set X (i) contains the query points seen
until time i, and L(i) contains the Local Regionsthat have
been materialized until time i. To be able to compute the
function for query point x;i, x; has to be contained in one
of the Local Regionsthat are available at time i. If no such
Local Region exists, it hasto be inserted into L (i).

(9,) = F(a) + sq, (A, dp)

f'l\(qz) f(q,)>"
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Figure 3: Example for non-comp etitiv eness

A standard performance measurefor online algorithms is
the competitive ratio [6]. It measuresthe cost of the on-

an optimal oine algorithm, which knows the whole input
in advance. The competitiv e ratio is de ned as the worst
(i.e., highest) ratio over all possible inputs of length n. If
this ratio is independert of n, i.e., bounded by a constant c,
then the online algorithm is c-competitiv e. E.g., if the on-
line algorithm never materializes more than twice as many
Local Regions asthe optimal oine algorithm, then it is 2-
competitiv e. Notice that it is often possibleto analyze com-
petitiv enesseven without knowing the optimal algorithm [6].
We can show that there exists no deterministic online al-
gorithm that is competitive. Due to space constraints we
only sketch the proof. The adversary can always construct
a function (even if we are restricted to smooth functions),
such that the online algorithm hasto materialize a new Lo-
cal Region for every query x;, while the o ine algorithm can
pick a single Local Region that contains all query points.
Figure 3 illustrates the construction. The gure shows
a one-dimensional function where linear interpolations are
usedasf i.e., f for a Local Region is f\(a) = f (x) + s«
(x a), where sy is the derivative of f at x. Note that the

Local Regionsaround them do not contain any other g, but
the Local Region of gs covers the whole domain. Since the
online algorithm is deterministic, the adversary can always
select a function such that all Local Regions computed by

the oine algorithm can choose an optimal point like gs.
This construction even works for the more restricted online
problem, where materialized Local Regions have to be se-
lected from the Local Regions de ned by the query points.
The adversary constructs the same function and input; it
simply selectsa point like gs as the last query point.

The proof of non-competitiv enessmight appear contriv ed.
However, without knowing the nature of the function it is
impossibleto rule out the casethat there are \large" Local
Regions that contain many \small" Local Regions. We are
currently exploring what properties of a function could be
taken advantage of to obtain better competitiv eness.

3. AN ALGORITHMIC FRAMEW ORK

In this section we introduce an algorithmic framework
for the problem, which highlights the indexing problem in
function approximation. Since the results from our analy-



Algorithm 1 : Framework Algorithm 3 : Update
Require: Query Point x, index structure S Require: S, x, f(x)
L if OhR( o(x';");f1 2 S such that x 2 Ry «(x';") then 1 if 9hR;.(x';");f1 2 S x canbeincluded in R, (X ;")
2. Compute y = f(x) then
3: else 2:  for all WR;.n(x';");fi 2 Sdo
4. Compute y = f(x) 3: if x can be included in R;.(x';") then
5 Update(S, x, f (x)) 4: Update HR; ~(x';");fi to include x
6: end if 5. end if '
7:retun 6: end for
7: else
Algorithm 2 : Update 8. Add new PR, .~(x;");fi to S
Require: S, x, f (x) 9: end if

1: Add new MR .n(x;");fi to S

sis in 2.4 are discouraging, we start with algorithms that
we abstracted from the approach of the domain sciertists:
A greedy heuristic (Section 3.1) and its re nements (Sec-
tion 3.2). We then summarize the instantiation of choice of
this framework by the domain sciertists (Section 3.3).

3.1 A GreedyHeuristic

Sincethe problem is hard and there is no hope for a com-
petitiv e online algorithm, we use a simple greedy strategy
as shown in Algorithm 1. The algorithm maintains an in-
dex structure S, which contains the Local Regions around
previously evaluated query points. Given a new query point
X, it rst triesto nd alLocal Regionthat contains x (Lines
1-2). If the point lies in somelLocal Region, an approximate
value of f (x) is calculated and returned. If the point does
not lie in any indexed region, then the algorithm hasto com-
pute f (x) (Line 4). It then updates the index basedon the
knowledge of f (x) asit belongsto a part of the domain that
is yet to be indexed (Line 5). In the simple version of the
algorithm, the update routine creates a new Local Region
containing x and inserts it into the index (Algorithm 2).

3.2 Practical Constraints

In practice, it is often impossibleto accurately compute
the Local Region (R;.»(x;")) around a point. We will see
why this is the casein Section 3.3. Usually an initial (con-
senative) guessof the Local Region is rst obtained and
inserted into the index. We denote these approximate Local
Regionsaslﬁf;fA(x;"). As the simulation proceedsand larger
portions of the domain are seen, better approximations of
the existing Local Regionsin S are obtained. This calls for
amodi ed update operation in Algorithm 1. Algorithm 3is
an update stub which replacesAlgorithm 2.

In our initial algorithm, if the function was evaluated be-
cause no existing region contained the query point, then a
new Local Region was created and inserted into the index.
The new update stub on the other hand rst cheds to see
if the current query point can be part of any existing Lo-
cal Region (Line 1). If such regions exist, then it nds the
regions that can include x and updates them (Lines 2-6).
Finally, only if no existing region can include x, then a new
Local Region is initialized and inserted into S in Line 8.
Updating existing Local Regions is usually more bene cial
than adding new ones becauseit reducesthe total number
of Local Regions. We will also seelater that updating an
existing region is cheaper than creating a new one.

3.3 An Instantiation

In practice nding a represenation of the Local Regions
of a function is not easy In this section we review a method
based on the Taylor Series[22]. This method, commonly
used by sciertists nds the Local Regionsin two steps. It
rst createsan initial approximation, which is then re ned
over time.

3.3.1 Initializing Local Regions

Under fairly general conditions a function f (x+a ) can be
expanded using the Taylor Seriesas

X q ,
f(x+a )= [j—l(a:r OF )+ «(x;a); 1)
j=0 1°
wherer  is the gradient [gZ-cZ ::: 5@ ] and the error
is O(jaj*), i.e., lim hso+L52 = 0.

The Taylor Seriesprovides uswith a simple mechanism for
function approximation. Given the value of f at a point x,
the value at any point x+a \near" x is usually approximated
using the rst few terms of the summation in Equation 1.
For example, using the rst term only, we get a constant
approximation fox of f asfollows:

fox (xta ) f(x) )

Similarly, the rst two terms give the following linear ap-
proximation f1.x

f(x+a )

flx (x+a ) f(x)+ (ar x)f(x) (3)

The errors of the above approximations can be obtained
from the remaining terms in the summation of Eq. 1, i.e.,
those terms not usedin the approximation. For small values
of jaj, high-order terms in Eq. 1 are dominated by low-order
terms and are therefore commonly ignored. The domain
sciertists only use the single lowest-order term to estimate
the approximation error. More precisely, the approximation
quality requirement is de ned for the constant approxima-
tion as

f (x+a )

k (arr x)f (x) k< ™ (4)
and similarly for the linear approximation
K %(a;r O (x) k< " 5)

Equation 5 for a high dimensional function is the equation
of a tensor and hence, except under special conditions, it
is computationally infeasible to compute the Local Region
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de ned by it. However, it can be shown that Eq. 4 de nes
a hyper-ellipsoid around x [22]. Therefore, using a con-
stant approximation, the local region around x is a hyper-
ellipsoid.

3.3.2 Growing

The linear approximation is preferred over the constant
approximation, becauseit tends to generatemuch larger Lo-
cal Regions. Unfortunately , sincethe region de ned by Eq. 5
is dicult to compute, we have to start out with the more
consenative (and hence smaller) region de ned by Eq. 4.
Since we know that the true Local Region is much larger,
we use the grow operation to extend the initial region over
time asfollows. Consider a query point x and an ellipsoid e
around it. Suppose,there exists another query point x' such
that x' liesjust outside e but fix (x") is an "-approximation.
Then x' is assumedto be part of the Local Region of x;
therefore e is grown to a larger ellipsoid that contains x'.
This simple heuristic of growing has been found to work
well in practice [20]. For applications with stricter error
guarantees, growing can be further controlled by using do-
main speci ¢ information like the maximum allowable size
of ellipsoids or it may even be turned o and other function
speci ¢ methods may beusedto nd the true Local Regions.

3.3.3 Final Algorithm

Instantiating the framework with ellipsoids as the Local
Regionsis straightforward. The algorithm performs the fol-
lowing high level operations on a query point x.

Retriev e: The algorithm rst tries to nd an ellipsoid
that contains x (Line 1 of Algorithm 1).

Gro w: If the retrieve fails then the algorithm attempts
to grow existing ellipsoids in the index to include x (Lines
1-6 of Algorithm 3).

Add : If both the retrieve and the grow fail a new ellipsoid
derived from the constant approximation is initialized and
inserted into the index (Line 8 of Algorithm 3).

4. INDEXING PROBLEM

We now turn to the indexing problem in function approxi-
mation, which producesa challenging workload for the oper-
ations on index S in Algorithms 1, 2 and 3. The retrieve re-
quires the index to support fast lookups. The grow requires

both afast lookup to nd growable ellipsoids and then an ef-
cient update processonce an ellipsoid is grown. Finally, an
e cien t insert operation is required for the add step. Also,
past decisions about growing and adding a ect future per-
formance of the index, therefore the algorithm produces a
query/up date workload that is not common in traditional

indexing applications.

A straightforw ard implementation of the algorithm intro-
duced in the previous section would seard in the index for
an ellipsoid containing the query point until it nds an el-
lipsoid or has established that no such ellipsoid exists. The
grow similarly would try to nd all ellipsoids that can be
grown and nally the add is performed if these operations
fail. Our initial experiments showed that this implementa-
tion can result in poor performance.

This obsenation brings us to the most interesting as-
pect of the indexing problem in function approximation: It
preserts a very dierent framework in which indexes must
be evaluated. Traditionally , the performance of index struc-
tures has been measured simply in terms of the cost of a
seard and in somecasesupdate. There are two distinct cost
factors in the function approximation problem. First, there
are the costs assaiated with the search and update opera-
tions on the index. Second, there are costs of the function
approximation application which include function evalua-
tions and ellipsoid operations. Since, the goal of function
approximation is to minimize the total cost of the simula-
tion, all these costs must be accourted for when evaluating
the performance of an index. We will seethat a principled
analysis leads to the discovery of novel tradeos. These
tradeo s produce signicant and dierent e ects on dier-
ent index structures. This makesindexing for function ap-
proximation a challenging problem.

4.1 Costs

This section intro duces a cost model for the function ap-
proximation algorithm. We use the cost model to qualita-
tively explore the tradeos in the indexing problem. The
formulation of a quantitativ e cost model for optimization
purp oseshas limited use. This is becausethe bene ts from
an operation can be determined only in the future after the
operation has been done. As a simple example, consider
the grow operation. The benet from the grows cannot be
estimated accurately until the actual grown ellipsoids are
known, which requires the grow operation to be performed.
Therefore, we do not explore a true quantitativ e cost model
further in the paper. Table 1 is a summary of the commonly
referencedvariables in this section and the next.

The total cost (Ci: ) of processinga query g can be ex-
pressedas

ta+ (1 lret) Chiss (6)

Note that the the costsin Eq. 6 vary from one query to the
next. However, the dependenceon g has been dropped for
easeof notation. tsearch is the cost of seardiing the index for
an ellipsoid containing q. This is essetially the cost of the
retrieve step. e is anindicator which is 1 if there exists an
ellipsoid containing g in the index and 0 otherwise. t, is the
cost of calculating the linear approximation on a successful
retrieve. Cniss is the cost incurred if q does not result in
a retrieve operation. A miss results in either a grow or an
add. Cniss can therefore be written as

Ciot = tsearch * lret

C:miss = tf"'tgrowsearch"'|grow Cgrow+(1 |grow) Cadd (7)



Name Description

Chot Total cost of a query
Criss Total cost of a miss
Cgrow Total cost of a grow

Cadd Total cost of an add

Ivet Indicator variable for successfulretriev e
Igrow Indicator variable for successful grow
tsearch Index search cost during Retrieve

tf Cost of a function evaluation

tia Cost of a linear approximation

tgrowsearc h Index search cost during grow

tinellipsoid Cost of checing if ellipsoid contains point
tgrow Cost to grow ellipsoid
tup date Index update cost
t dfdx Cost of a derivativ e evaluation
tinsert Index insertion cost
Elir Max. number ellipsoids examined for Retrieve
Ellg Max. number ellipsoids examined for Grow
Nfp os Number of false positives during Retrieve
Nfound Number of growable ellipsoids found
Ngro wmax Max. number of grows allowed
Ngrown Number of ellipsoids grown

Table 1. Index of variables

Ellipsoid Operation | Cost
ts 2000
L dfdx 1200
tgrow 10
tia 1
tinellipsoid 1
Usual seard cost 1

Table 2: Relativ e costs of the ellipsoid op erations

The cost of a grow comprises two parts. tgowseach IS the
cost assaiated with searding for growable ellipsoids. Cgrow
is the cost of actually growing the ellipsoids and updating
the index. lgow is an indicator which is 1 if there is some
ellipsoid in the index that can be grown and O otherwise.
Finally, if no ellipsoids were grown, an ellipsoid is added at
a cost of Caqq .

Table 2 describestypical ratios betweencosts of the appli-
cation in the combustion problem, which is a typical exam-
ple of an application that our methods apply to. The table
also lists the commonly obserned cost of searding for an
ellipsoid in an index. It is important to note that for most
indexesthe costsof the application are more expensive than
the index operations.

4.2 Effects And Tradeoffs

In the previous section we outlined the cost of processing
a query. Here we will analyze the dierent componens of
Ciot - Figure 4 displays the cost assaiated with ead high-
level operation.

Retriev e: The rst component of Ciwt iS tsearch. IN most
high dimensional index structures the ellipsoid containing a
query point is usually not the rst ellipsoid found. The index
endsup looking at a number of ellipsoids before nding \the
right one" (Section 5.1). The additional ellipsoids that are
examined by the index are called false positives, the number
of which is denoted by Nfpos. Taking Nfpos into accourt,
we can rewrite tsearch as

tseach = (Nfpos+ 1)  (tr + tinelipsoid ):

For ead false positive the algorithm pays to seardh and re-
triev e the ellipsoid from the index (t;) and to ched if the
ellipsoid contains the query point (tineipsoid ). In practice
using an iterator for the seard could lead to di eren t values
of t, for ead false positive. However, this is not important
for this qualitativ e study and hence we ignore such e ects
to keepthe analysis simple.

In traditional indexing problems, if an object that sat-
is es the query condition exists in the index, then nding
this object during seard is mandatory. Therefore, Nfpos
is a xed property of the index. However, the function ap-
proximation problem provides the exibilit y to tune Nfpos,
becausewe can evaluate the function if the index search
was not successful. The number of false positives can be
tuned by limiting the number of ellipsoids examined during
the retrieve step. We denote this parameter by Ellr. Elir
places an upper bound on the number of false positives for
a query. Taking this parameter into accourt, the total cost
of processinga query can be rewritten as

Iret(EIIr) ) Cmiss (8)

leeny is 1 if an ellipsoid containing the query point is
found by the index before Ellr ellipsoids are examined, and
0 otherwise. Notice that for a given query, It | ret(ein)
Tuning Ellr intro ducesthe following tradeo s:

Eect 1: Decreasing Ellr restricts the number of ellip-
soids examined during the retrieve for a given query. This
e ectiv ely reducesthe number of false positives, therefore
decreasingtsearch -

E ect 2: DecreasingEllr decreasesthe probabilit y that
leeiy = 1 for agiven query q, thereby lowering the prob-
ability of a query resulting in a retrieve. This is because
there might be an ellipsoid containing g in the index but
it is not found before Ellr ellipsoids are examined. Reduc-
ing the probabilit y of retriev e increasesthe probabilit y of an
expensive miss operation.

E ect 3: The previoustradeo s demonstrated the e ects
of decreasingEllr on the probabilit y of a retrieve for a given
query. There is another tradeo unique to the problem.
Misses that result from decreasing Ellr can grow and add
ellipsoids. These grows and adds index new parts of the
domain and also change the overall structure of the index.
Both of these a ect the probability of retrieves for future
queries.

Ciot = tsearch + Iret(EIIr) ta + (1

Gro w: The next major cost componert is the cost of the
grow operation: tgowsearch + lgow  Cgrow. In the rst part of
the grow processthe index is traversedto nd ellipsoids that
can be grown. Every ellipsoid in the index is a candidate for
growing. Cheding an ellipsoid for growing involves a cost
of retrieving it from the index (tg) and then cheding to see
if the ellipsoid can be grown (tia). Therefore, most indexes
prune the seard spacefor nding growable ellipsoids using
somedomain information or heuristic. Just like the retrieve
operation, the cost incurred in searding for growable ellip-
soids can be tuned by restricting the number of ellipsoids
examined for growing (Ellg). Taking this parameter into
accourt, Cmiss can be rewritten as Cmiss =

Cgrow + (l

te + tgrovvsear(:h + Igrow(EIIg) Igrow(EIIg) ) Cadd :

lgoweng IS 1if at least onegrowable ellipsoid is found before
Ellg ellipsoids are examined, and O otherwise.
The cost of searding for growable ellipsoids can be writ-



ten as
(trg + ta):

Tuning Ellg intro ducesthe following tradeo s:

Eect 4: Decreasing Ellg decreasestgrowseach because
fewer ellipsoids are examined for growing.

E ect 5: DecreasingEllg decreasesthe number of ellip-
soids examined for growing and hencethe number of grow-
able ellipsoids that are found (Nouna ). Therefore, restrict-
ing Ellg also limits Ngrown (the number of ellipsoids that are
nally grown). The e ects assaiated with Ngown are de-
scribed in E ects 6 and 7.

After nding the ellipsoids that can be grown, the next
step of the grow operation is to actually grow the ellip-
soids, which costs Cgqow. There is another tuning param-
eter, Ngrowmax , Which represerts the maximum number of
ellipsoids that are allowed to be grown during a grow op-
eration. Hence the number of ellipsoids that are actually
grown, Ngrown , IS only minf Niound ; Ngrowmax 9. For ead el-
lipsoid that is grown during the grow step, the algorithm
incurs a cost to grow the ellipsoid (tgow) and update the
index (t up date )-

tgrowsearch = Ellg

Cgrow = Ngrown (tgrow + tup date)

Ngrown hasthe following e ects on the cost of the algorithm:

Eect 6: Lower values of Ngown decreasesCgow. This
cana ect the simulation time signi cantly becausetgow and
tupdate Can be expensive.

Eect 7: Larger values of Ngown increase the fraction
of the domain that is covered by ellipsoids. Therefore, |et
changesfrom 0 to 1 for future query points that lie in the
newly covered part of the domain.

Eect 8: For Ngown > 1the false positive rate of the in-
dex can increase,becausethe grown ellipsoids overlap (they
all cover the new query point). This in turn might nega-
tively aect lger . The reasonfor this is that the higher
false positive rate can result in failed retrieves due to the
seard limit imposedby Ellr.

Add : The last cost componert is the cost of adding an
ellipsoid. It includes the cost of nding the derivativ e of the
function (taax ), Which is costly (seeTable 2), and inserting
the new ellipsoid into the index (tinset ). The derivative is
neededto estimate the initial ellipsoid and for computing
the linear approximation [22]. A new ellipsoid is added only
if the retrieve and grow both fail. Therefore there is no
direct way of controlling the number of adds.

Eect 9: Lowering the e ort spent on the retrieve and
grow can causethe number of add operations to increase.
This can be undesirable becausethe add operation is expen-
sive and a newly added ellipsoid is a consenative approx-
imation of a Local Region. Adds also increase the index
size.

In summary, the algorithm provides us with a set of tunable
parameters, namely the number of ellipsoids examined dur-
ing retrieve (Ellr ), the number of ellipsoids examined during
grow (Ellg), and the maximum number of ellipsoids allowed
to be grown (Ngrowmax ). Each parameter can have di eren t
e ects on Cit . What makesthe problem interesting is that
these e ects often move in opposite directions. Moreover,
tuning aects indexes dierently and to varying degrees,
which makesit necessaryto analyze eadh index individually .
In the next section we will demonstrate the e ects of these

parameters on the performance of di eren t index structures
when usedin the function approximation algorithm.

5. EXPERIMENTS

In the previous section we intro duced the tuning param-
eters of the function approximation problem and we iden-
tied nine qualitativ e e ects these parameters could have
on the runtime. In this section we study the corresponding
tradeo s for a concreteinstance of the problem and di eren t
index structures.

All experimental results are for a Methane combustion
simulation. In the simulation, the number of specieswas set
to s= 31, i.e., the thermochemical composition vector has
32 dimensions. There are 100 particles in the combustion
chamber; at each time step a single particle enters the re-
action step. The simulation wasrun for 6 10° timesteps,
thereby generating 6 10° query points for function evalua-
tion. The error tolerance, unlessotherwise noted, was set to
"= 5 10 5. All reported measuremerts are wall-clock time
for an execution on a Windows XP machine with a 2.4Ghz
processorand 2GB of memory.

5.1 Candidate Index Structures

Our goal in this paper is not to nd the best index for
function approximation. In fact becauseof the diversity of
function approximation applications in terms of their cost
structure, dimensionality, and locality of access,the exis-
tence of a single best index is unlikely. For this reasonwe
selecteda very diverseset of indexes, without attempting a
comparison of all existing ones. Another criterion for selec-
tion for this initial study wasto pick only well understood in-
dex structures with predictable behavior, rather than highly
optimized and complex indexes.

We chose a candidate from ead of the dierent classes
of commonly used indexes, namely linear scan, spatial par-
titioning, balanced index for points and balanced index for
extended objects. In the simulations we studied, the indexes
were small enoughto t in main memory, therefore we lim-
ited our attention to in-memory performance. Extending
our experiments to other indexes and 1/0O performance is
part of our future work.

Bounding Box Rtree (Bb ox Rtree) : An obvious
choice for function approximation is an index that can man-
age the Local Regions, i.e., the ellipsoids in our case. The
most well-known data structure with this functionality is
the Rtree, a balanced multidimensional generalization of the
B-tree which can handle both point and hyper-rectangular
objects. There exists a large number of Rtree-variants (see
Section 6); as a represertativ e we selected the robust R*-
tree [3]. Bbox Rtree indexes the axis-parallel minimum
bounding boxes of the ellipsoids, using the standard R*-tree
algorithms. The retrieve operation nds leaf objects (min-
imum bounding boxes of ellipsoids) that contain the query
point. Then it needsto verify that the corresponding ellip-
soid also contains the query point. Growing of ellipsoids is
implemented by a deletion, followed by an insertion. Grow-
able ellipsoids are found by performing a nearest-neighbor
(NN) seard on the bounding boxes.

Point Rtree : Managing objects with extent is far more
challenging than handling points [10]. We can map our prob-
lem to a point-indexing problem by only indexing the center
points of the ellipsoids in an Rtree. The Point Rtree does
not have to deal with overlapping leaf objects (bounding



boxes of inner nodes can still overlap) and growing does
not require an index update, becausethe certer of an ellip-
soid is not modi ed by the grow operation. Unfortunately ,
without any information about the dimensions of the ellip-
soid, the index has no way of pruning seard|as long as
the ellipsoid is large enough, even a certer point far away
from the query could be relevant. Intuitiv ely based on the
Taylor Series, the Euclidean distance between query point
and ellipsoid certer should be correlated with the probabil-
ity that the query point is within the ellipsoid. We therefore
implemented both the retrieve and the seard for growable
ellipsoids as a NN-query.

Binary Tree: This is a binary space partitioning
tree [10], which was introduced for the ISAT function ap-
proximation problem [22]. The Binary Tree indexes the
certers of the ellipsoids by recursively partitioning the space
with cutting planes. Leaf nodes of the tree correspond to el-
lipsoid certers and non-leaf nodesrepresen cutting planes.
During the retrieve step, the index is traversed from the
root by following the subtree corresponding to the side of
the cutting plane that the query point lies on. Like the
Point Rtree, the Binary Tree requires no update when an
ellipsoid is grown, becauseit only indexes the ellipsoid cen-
ter points. A more detailed discussion of the index can be
found in Section 5.2.2.

MR U List + Rtree : For high dimensional data, it has
beenshown that a simple linear scan often outp erforms any
sophisticated indexing technique [27]. We therefore include
a list-based data structure. This simple structure has the
advantage that if there is locality of access,we can directly
apply existing cache-replacemen policies. The MRU List
storesthe ellipsoids ordered by their most recernt access.The
retrieve operation simply scansthe list, starting with the
most recertly used object. To improve the seard for grow-
able ellipsoids, we index the ellipsoids with a \secondary"
point Rtree. This tree is identical to the Point Rtree de-
scribed above, but it is not used for the retrieve operation.
Notice that the leaf objects also contain a pointer to the
corresponding ellipsoid in the MR U list.

5.2 Tradeoffs: Detailed Analysis

We examined the tradeo s for all candidate index struc-
tures. Due to space constraints, we only discuss the two
best-performing indexesin detail and report the overall per-
formance for the others. Somewhat to our surprise, the Bi-
nary Tree and the simple MRU List + Rtree have the best
performance after tuning. If we do not tune any index, i.e.,
set Ellr = Ellg = Ngowmax = 1, the Bbox Rtree clearly
outperforms the Binary Tree. However, the Binary Tree
bene ts much more from tuning. This will be discussedin
more detail in this section.

For our experiments we do not examine the eect of
the Ngowmax parameter. Recall that we grow Ngown =
Minf Ntound ; Ngrowmax g €llipsoids, i.e., Ngrowmax limits the
number of nally grown ellipsoids if there are too many
growable candidates. However, we currently do not have any
meaningful way of preferring one grow candidate over an-
other, therefore we set Ngowmax = 1 . Notice alsothat Ellg
directly limits Nfuna , and therefore we can control Ngrown
through Ellg. Hencein our experiments we only study the
e ect of two tuning parameters: Ellr and Ellg.

Point RTree

S

MRU Linked List

Figure 5. MR U List + Rtree

5.2.1 MRU List + Rtree

The MRU List + Rtree index (Figure 5) usesthe list for
the retrieve operations. The list contains pointers to the
ellipsoids. During the retrieve step, it is scanned, starting
with the most recertly used ellipsoid. This contin ues until
either an ellipsoid is found that contains the query point,
or Ellr ellipsoids have been examined unsuccessfully If a
containing ellipsoid is found, it is moved to the front of the
list.

As mentioned earlier, the Rtree improvesthe performance
of the seard for growable ellipsoids during the grow step.
It indexesthe ellipsoid certers (seeFigure 5 for an illustra-
tion). Instead of scanning the list for growable ellipsoids,
we perform a NN-search for the query point to nd grow
candidates sorted by the Euclidean distance to the ellipsoid
certers. The seard terminates oncethe Ellg nearest neigh-
bors have beenexamined. All growable ellipsoids are grown.
Since their center points do not change, we do not need to
update the Rtree. The linked list is updated by moving all
grown ellipsoids to the front.

An add operation adds the new ellipsoid to the front of
the list. Its certer point, together with a pointer to the
ellipsoid object, is inserted into the Rtree.

We rst examine the e ect of tuning Elir, the number
of ellipsoids in the list that are examined during the re-
trieve step. For this experiment, we held the grow searc
limit constant at Ellg = 3000. Limiting the grow seard to
3000 nearest neighbors was found to be enoughto nd all
growable ellipsoids. We report the total number of retrieves
(Figure 6) and the total cost of the simulation, also bro-
ken down into retrieve and miss (grow and add) cost (Fig-
ure 7). As we increaseEllr, tsearcnh increasesin accordance
with Eect 1 (Figure 7). At the same time the number
of retrieves increases (Figure 6), becausewe are searding
further, thereby reducing Cmiss (E ect 2). As we increase
Ellr, E ect 2initially causesthe simulation time to decrease.
However, at somepoint further increasing Ellr will only add
very few additional retrieves, hencethe total humber of re-
triev esasymptotes and the increasede ort in searding does
not pay o any more. At this point E ect 1 causesthe over-
all simulation time to increaseslightly.

Next we examine the e ect of tuning Ellg, the number
of nearest neighbors examined for growing. In this experi-
ment there were no restrictions placed on Elir. The Rtree
examines ellipsoids for growing in nearest neighbor order.
Therefore, as we start to increaseEllg, larger ellipsoids are
grown and the domain is indexed more aggressiely. The
number of retrieves increases (Figure 8) and the number
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Figure 12: Binary Tree

of missesdecreases(Figure 9). The total simulation time

(Figure 10) therefore decreases(E ect 7). Increasing Ellg

increasesthe chancesof nding at least one growable ellip-

soid, hence reducesthe number of adds (E ect 9). Reduc-
tion in the number of adds causesthe list size to decrease
for larger values of Ellg. This accourts for the decreasein

tsearch @S We start increasing Ellg. As we go on increasing
Ellg, the number of retrievesasymptotes (Figure 8) because
no additional ellipsoids are found for growing. There is no
increasein retrieve time. However, the total simulation time

then increasesbecauset gowsearc n iNCreaseswith Ellg caused
by E ect 4 (Figure 10).

Figure 11: Num ber of retriev es vs.
Ellr (Binary Tree)

5.2.2 BinaryTree

The Binary Tree partitions the data spacerecursively, us-
ing cutting planes[22]. It might be unbalanced, i.e., leaves
can be at di eren t depths. Figure 12 shows an example tree
with three ellipsoids A, B, C and two cutting planes X and
Y. For now we focus on the tree in the top half of the g-
ure, together with the corresponding view of the data space
showing the cutting planes and ellipsoids.

We illustrate the retrieve step with query point q,. The
retriev e starts at the root, chedking on which side of hyper-
plane X the query point lies. The seard contin ues recur-
sively with the corresponding subtree, the left one in our
example. When we reach a leaf node, we test if the ellip-
soid in the leaf contains the query point. In the example, A
contains g,, therefore we have found a containing ellipsoid.
This process,i.e., when the traversal from root to leaf is
successful,will be denoted as a Primary Retrieve [22].

Notice that ellipsoids can straddle cutting planes, e.g., A
coversvolume on both sidesof cutting plane X . If ellipsoids
are straddling planes, then the Primary Retrieve can result
in a false negative. For example, q, lies to the right of X
and so the Primary Retrieve fails even though there exists
an ellipsoid A containing it. To overcome this problem the
Binary Tree performs a Secondary Retrieve if the Primary
fails. The main idea of the Secondary Retrieve is to explore
the \neighborhood" around the query point by examining
\nearby" subtrees. In the case of g5, the failed Primary
Retrieve ended in leaf B. Nearby subtrees are explored by
moving up a level in the tree and exploring the other side
of the cutting plane. Specically, we rst examine C (af-
ter moving up to Y, C is in the unexplored subtree). Then
the seard would continue with A (now moving up another



level to X and accessingthe whole left subtree). This pro-
cesscontinues until a containing ellipsoid is found, or Elir
ellipsoids have been examined unsuccessfully

The searc for growable ellipsoids proceedsin exactly the
sameway as a Secondary Retrieve, starting where the failed
Primary Retrieve ended. Assume that in the example in
Figure 12, ellipsoid B can be grown to include q,, but C
and A cannot. After the retrieve failed, the grow operation
rst attempts to grow C. Then it continuesto examine B,
then A (unless Ellg < 3). B is grown to include q,, as
shown on the bottom left (Scenario 1). Growing of B made
it straddle hyper-plane Y. Hence,for any future query point
near g, and \b elow" Y, a Secondary Retrieve is necessary
to nd containing ellipsoid B, which is \ab ove" Y.

The alternativ e to growing B is illustrated on the bottom
right part of Figure 12 (Scenario 2). Assume Ellg = 1,
i.e., after examining C, the grow seard ends unsuccessfully
Now we add a new ellipsoid F with center g, to the index.
This is done by replacing leaf C with an inner node , which
stores the hyper-plane that best separatesC and F. The
add step requires the expensive computation of F, but it
will enable future query points near q, to be found by a
Primary Retrieve.

As we can seefrom this example, tuning parameter Ellg
aects the Binary Tree in its choice of scenario 2 over 1.
Furthermore, this choice, i.e., performing an add instead
of a grow operation, reduces Nfpos for future queries, but
adds extra-cost for the current query. The experiments show
that this tradeo has a profound in uence on the overall
simulation cost. We will alsoseethat the e ect of the tuning
parameters is very di eren t for the Binary Tree ascompared
to the MRU List + Rtree.

We rst study the e ect of varying Ellr, which limits the
number of ellipsoids examined during the Secondary Re-
trieve phase. For this experiment we set Ellg = 1. It
can be seenfrom Figure 13 that as we increase Ellr, tscarch
goesup (E ect 1). This increasein the retrieve time is ac-
companied by a reduction in miss time, which is causedby
the improved total number of retriev es (hence fewer misses)
due to the more aggressie Secondary Retrieves (E ect 2,
seeFigure 11).

One of the most interesting obsenations from Figure 13is
the super-linear increasein the time for successfulretriev es,
which starts dominating the total simulation time. Figure 11
revealsthe explanation: As we increaseEllr, Secondary Re-
trieves(and hencealso Nfp os) are increasing, becausewe are
seardiing the index more extensively. Therefore we are re-
ducing the number of add operations, ultimately causingthe
Primary Retrieve rate to decrease(E ect 3). At the same
time, the averagecost of a SecondaryRetrieve alsoincreases,
becausethe seard proceedsfurther in the tree. These two
e ects together|increase in number of Secondary Retrieves
and in average cost per Secondary Retrieve|create the su-
perlinear trend of the retrieve time with increasing Ellr .

Lastly, we examine the e ect of varying Ellg, the number
of ellipsoids examined for growing, while setting Ellr = 1 .
As we start increasing Ellg, becauseof E ect 7 the total
number of retriev esincreasesslightly (Figure 14). Therefore
there are fewer misses,which results in lower miss cost and
better total simulation time (seeFigure 15). Note the initial
drop in retrieve time in Figure 15. The reasonis that tscarch
includes the cost of all seardes,including unsuccessfulones.
A better retriev erate therefore alsoreducesthe total retrieve

Table 3: Total simulation time in seconds

Value of "
Index Type 0.0005 | 0.00005 | 0.00004
Binary Tree (tuned) 1073 10181 13100
MRU List + Rtree 1125 14000 19920
Bbox Rtree 1201 14700 20850
Random Projection Rtree 1378 15800 22051
Binary Tree (default) 1344 29186 31200
FIF O List + Rtree 2164 33770 42900
Point RTree 10431 | > 44000 -
Ellipsoidal Rtree 14328 | > 44000 -

cost.

Figure 14 shows that as we increase Ellg, Primary Re-
triev esare being replaced by SecondaryRetrieves, while the
overall number of successfulretrieves stays fairly constant
for larger values of Ellg. This is becauseincreasing Ellg is
replacing adds with grow operations, which as we discussed
earlier increasesNfpos and is a manifestation of E ect 8.
The explanation of the super-linear increasein retrieve time
is similar to that described for tuning Ellr. As we increase
Ellg the miss cost also increasesslightly (seeFigure 15) be-
causeof E ects 4 and 6. Overall the total simulation time
rst decreasesbecauseof the dominance of E ect 7, but
later starts to increasebecauseof E ects 4 and 8.

5.3 Tradeoffs: The Big Picture

It is evident from the detailed analysisin Section 5.2 that
the tuning parameters can have a signicant e ect on the
performance of the indexes and the overall function approx-
imation algorithm. We performed a similar analysis for the
other index structures and selectedthe best parameter set-
ting for each of them accordingly. Table 3 lists the over-
all running time of the Methane combustion simulation; the
times are for the indexesafter tuning, unlessexplicitly stated
otherwise. We report times for di eren t valuesof ", because
the index sizeincreaseswith lower error tolerance and hence
smaller ellipsoids.

The tuned Binary Tree performs signi cantly better than
the Binary Tree with default parameter settings (Ellr =
Ellg = 1). In fact, it outperforms all competitors. The
\natural" index for this problem, the Bbox Rtree, performs
well, but is 20-40% slower than the tuned Binary Tree. We
established that the causefor this di erence was the ability
of the Binary Treeto achieve a large number of Primary Re-
triev esbecauseit partitions the space,rather than searding
through levels of overlapping bounding boxes. Careful tun-
ing can bias the Binary Treetoward a high rate of Primary
Retrieves, with little reduction in overall retrieval rate. On
the other hand, tuning had comparatively little e ect on the
Bbox Rtree. The overlap of bounding boxes at all levels of
the tree resulted in large numbers of false positives during
seard. We note here that the di erence in performance of
the Bbox Rtree and the Binary Treeis not dueto the update
costs of the Rtree. We have found in our experiments that
E ect 6 does not signicantly aect performance because
very few ellipsoids actually grow during a single grow step.

The dramatic di erence betweenthe FIF O List and MRU
List indexesis causedby locality in the combustion simula-
tion. Both index structures are identical; they only dier in
the order of the ellipsoids in the list. MRU sorts by most re-
cert accesswhile FIF O maintains the ellipsoids in the order
in which they were added.
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A surprising result wasthe poor performance of the Point
Rtree. Sinceit doesnot know the spatial extent of the ellip-
soids, we implemented the retrieve operation with an NN-
query to nd the \b est" ellipsoids early on. Unfortunately
becauseof the limited pruning power and the high cost of
the NN-search, the Point Rtree wasnot more successfulthan
scanning the FIF O List. The MRU List + Rtree essemially
usesthe same Rtree during the grow stepto nd grow can-
didates. Hence the performance di erence betweenit and
the Point Rtree approach is mostly due to the poor retrieve
performance of the Point Rtree.

We also experimented with two extensions of the Bbox
Rtree to explore ways to improve its performance. Both are
motivated by the problem that in high dimensions, hyper-
rectangular bounding boxes are only poor approximations
of ellipsoids. The bounding boxes contain a large fraction
of \dead space", i.e., volume that is outside the ellipsoid,
which creates many false positives during seard.

The Random Pro jection Rtree addressesthe problem
by projecting all ellipsoids onto a xed set of k randomly se-
lected lines. This transforms a d-dimensional ellipsoid into
a k-dimensional hyper-rectangle in the transformed space
de ned by the projection lines. We can now use a stan-
dard Rtree to index the objects. By using larger numbers
of projections, we can achieve a tighter bounding polyhe-
dron around an ellipsoid, at the cost of more expensive in-
dex operations in the higher-dimensional space. The results
for k = 60 showed the expected lower false positive rates
(compared to Bbox Rtree), but slightly worse overall per-
formance (see Table 3) becauseof higher dimensionality. A
detailed study of Random Projection Rtrees is part of our
future work.

We can also reduce dead spaceby using ellipsoids as the
bounding shape at all tree levels. The corresponding El-
lipsoid Rtree performed very poorly, becauseof the high
cost of basicindex operations lik e testing if a point is within
a bounding ellipsoid or splitting nodes and computing the
new bounding ellipsoids, which is done approximately .

6. RELATED WORK

The ISAT function approximation approach was rst in-
tro duced by Pope[22]. It is one of the most widely usedtech-
niques for function approximation in the sciertic commu-
nity and is now a part of Fluent's CFD package[2]. Machine
learning and data mining researd have extensively stud-
ied the problem of automatically learning unknown func-
tions [13]. By treating the known function valuesasa train-

500 1000 1500 2000 2500 3000 3500 4000

Figure 14: Num ber of retriev es vs. Figure 15: Time vs.
Ellg (Binary Tree)

500 1000 1500 2000 2500 3000 3500 4000
Ellg Ellg

Ellg (Binary
Tree)

ing sample, machine learning techniques can be used for
function approximation. For the combustion simulation,
neural networks have been proposed and used [14]. How-
ever, there has been very little work on studying function
approximation as an indexing problem. Pope [22] and later
Veljkovic et al. [26] propose new index structures for com-
bustion simulation. Our work is the rst principled analysis
of the indexing problem.

A large variety of index structures have been proposed
by the database and computational geometry communities,
and their suitabilit y for the function approximation problem
needsto be studied. Work prior to 2001 is surveyed in [5]
and [10]. In the following we discussa few selectedindexes,
which are most related to the onesstudied in this paper.

The Rtree [12]is a commonly usedmultidimensional index
in the database community. It is a balanced data structure
basedon axis-parallel bounding boxes and can manageboth
point and extended objects. It is thus a natural choice for
indexing Local Regionsfor function approximation. Seweral
variants of the Rtree have been proposed, e.g., R*-tree [3],
R+-tree [24], and Xtree [4]. The goal of most improvemerts
is to reduce the overlap of bounding boxes in tree nodes,
which is a major factor in degrading performance for high-
dimensional data. The SS-Tree[28] takesthis a step further
by using spheresas bounding regions. It is therefore a good
candidate for managing spherical or ellipsoidal regions of
accuracy.

To avoid overlap of bounding regions, some index struc-
tures partition the space,e.g., the Binary SpacePartitioning
(BSP) tree [10]. The Binary Tree usedin our experiments
is an adaptation of this index structure.

It has been shown that in high dimensions linear scans
are sometimes faster than complex index structures, espe-
cially when data is accessedon disk. The VA-le [27] im-
proves the performance of linear scans by quantizing the
space. A simple approach basedon scanning les at dier-
ent resolutions has beenshown to outp erform sophisticated
bulk-loaded Rtrees [23].

The Random Projection Rtree in this paper was mo-
tivated by work on using projections for containment
queries [7] and approximate nearest-neighbor queries [17].
Multidimensional problems can be mapped to lower dimen-
sions by hashing [11, 15]. Other common approaches to
combat the curse of dimensionality are dimensionality re-
duction and principal component analysis, e.g., used by the
TV-tree [19], the -tree [8] and the VA+ le [9].



7. CONCLUSIONS AND FUTURE WORK

In this paper we introduced the function approximation
problem. We showed its hardness and how it motivates
an interesting indexing problem. A principled analysis of
the indexing problem led to the discovery of novel tradeo s
which have a signi cant and varied impact on di eren t index
structures.

This is the rst in-depth study of the general indexing
problem in high-dimensional function approximation and
there are sewral avenues for future researd. (1) Function
approximation can provide a new and non-traditional bend-
mark for comparing indexes. (2) We have so far evaluated
tradeos when parameter values are xed throughout the
simulation. Performance could be improved considerably
by varying parameters adaptively. For example, growing
and adding could be turned o towards the end of the sim-
ulation. (3) The Random Projection Rtree provides a new
direction in the design of index structures for ellipsoids. (4)
It is also interesting to compare this approach of function
approximation to the algorithms usedby the machine learn-
ing community.
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