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Abstract

XML queriesare usually expressedby means
of XPath expressionsidentifying portions of
the selecteddocumerts. An XPath expression
de nes a way of navigating an XML tree and
returns the set of nodes which are reachable
from one or more starting nodesthrough the
paths speci ed by the expression. The prob-
lem of exciently answering XPath queriesis
very interesting and has recertly receiwed in-

creasingattention by the researty community.

In particular, an increasing e®ort has been
dewoted to de ne e®ective optimization tech-
niques for XPath queries. One of the main
issuesrelated to the optimization of XPath

queriesis their minimization. The minimiza-

tion of XPath querieshasbeenstudied for lim-

ited fragmerts of XPath, cortaining only the
descendety the child and the branch opera-
tors. In this work, we addressthe problem of
minimizing XPath queriesfor a more general
fragment, containing also the wildcard oper-
ator. We characterize the complexity of the
minimization of XPath queries, stating that

it is NP-hard, and propose an algorithm for

computing minimum XPath queries. More-
over, we identify an interesting tractable case
and proposean ad hoc algorithm handling the
minimization of this kind of queriesin poly-

nomial time.
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1 Intro duction

Extracting information usinganincomplete knowledge
of the data structure is the main issue that has to
be dealt with when extending classicaltechniques for
guerying databasesto the "eld of semistructured data,
and in particular of XML data. The useralways knows
what kind of information heis interestedin, but rarely
knows where this information is placed or how it is
structured. Therefore,answering a query over an XML
databasecan make it necessaryto explore the data in
seweral directions.

XML queries are usually expressedby means of
XPath expressiong4], which de ne a way of navigat-
ing an XML tree (corresponding to some documert)
and return the set of nodeswhich are reachable from
oneor more starting nodesthrough the paths speci ed
by the expressions.

An XPath expressioncan be represetied graphi-
cally by meansof a tree pattern de ning somestruc-
tural properties of the nodesbelongingto the speci ed
path.

<authors> <editor>  <title>

<author> <author>

Figure 1: An XML tree

For instance, considerthe documert represerted in
Fig. 1 containing some information about a collec-
tion of books, and the query: \'nd the titles of all the
books for which at least one author is known". This
qguery can be formulated with the XPath expression
bib/book[//author]/title which de nes the follow-
ing navigation: starting from an elemert bib , consider



its children book from which we can reach an elemen
author by meansof any path, and return the title of
these books. This expressionis equivalent to the fol-
lowing tree pattern:

<bib>

<book>

| <title>

<author>

Figure 2: A tree pattern

The boxed node in the above tree pattern de nes
the output node (corresponding to the elemert title ),
i.e. the information that must be returned. The edge
represened with a double line correspondsto the sym-
bol *// ' in the original expressionand is called desen-
dant edge The condition on the elemer book (we are
interested in books having at least one author) corre-
sponds to the branch in the tree pattern at the node
book. The answer to XPath queriesis built by match-
ing the tree pattern represening the query against a
documernt. In our example, when the tree pattern is
matched on the documert in Fig. 1, the content of
the elemer title  on the left-hand side of the tree is
returned.

The exciency of the matching operation greatly de-
pendson the size of the pattern [8], soit is crucial to
have queries of minimum size. To achieve this goal
we should re-formulate queries avoiding \redundant"
conditions. For instance, considerthe following query:
\retrieve the editors that publishel thril lers and whose
authors havewritten a thril ler". Looking at the struc-
ture of this query we obsene that the “rst condition
makesthe secondoneredundant. Thus, an equivalent
(and minimal) query can be formulated as: \retrieve
the editors that publishel a thril ler".

Obsene that the problem of minimizing the tree
pattern corresponding to a given query is strictly re-
lated to the problem of cheking whether there are
two \subpatterns" (corresponding to someconditions
on intermediate nodes) which are cortained one into
the other. That is, it can be reducedto nding a con-
dition expressedn the query which can be subsumed
by another condition speci ed in the samequery. This
problem is called query containment, and hasreceived
a great deal of attention by the researti community,
originally for relational queries[3, 9, 10], and, more
recertly, for XML queries[5, 12, 13, 15, 17].

The minimization of XPath querieswas rst stud-
ied in [16], where simple XPath expressiongi.e. with-
out the use of the symbol *// ) were considered. The
complexity of minimizing queriesexpressedusing this

restricted fragmert of XPath (called X Pf=11:"9) was
shown to be polynomial w.r.t. the sizeof the query. In
has beenstudied, shawing that queriescontaining the
operators /', /I ', 7[] ' but without any occurrenceof
the wildcard symbol *' can be alsominimized in poly-
nomial time (a node marked with **' in a tree pattern
can be matched to a node with any label in a docu-
ment). More ezxcient algorithms for minimizing tree
recertly proposedin [14].

We point out that the minimization problem for
both the XPath fragments analyzedin [16] and [1] can
be etciently solved as: 1) it can be reducedto solve a
number of instancesof containment between pairs of
tree patterns; 2) for thesefragmens, the containment
betweentwo tree patterns can be decidedin polyno-
mial time, asit can be reducedto 'nd a homomor-
phism betweenthem [12]. For more generalfragmens
of XPath the containment problem is coNP-complete
[12, 13, 17], asit cannot be reducedto 'nd a homo-
morphism between two tree patterns. Moreover, the
technique used in [16] and [1] for minimizing a tree
pattern is basedon the property that, for X Pf=[1=9
alert to a giventree pattern p can be found amongthe
subpatterns of p, i.e. it can be computed by pruning
\redundant" nodesfrom p. The validity of this prop-
erty for more generalXPath fragmerts hasnever been
proved.

Main Contribution. In our work we show somefun-
damertal results on minimization:

1. we show that given a tree pattern p belongingto
branches,descendah edgesand the wildcard sym-
bol), a minimum tree pattern canbe found among
the subpatterns of p. This result allows us to de-
sign a sound and complete algorithm for tree pat-
tern minimization;

2. we shaw that the decisionalproblem \ given a car-

there exist a tree pattern p° (equivalentto p) whose
sizeis lessthan or equalto k?" is coNP-complete;

3. weidentify aninteresting subclassof X Pf===[129
which can be minimized exciently (i.e. in poly-
nomial time).

We point out that the containment problem has

beenalready characterizedfor the whole X Pf===1 129,
and its restricted fragmerts X Pf===[19 X pf====9
and X PT=L1®9  On the other side, the complexity

of the minimization problem has been characterized



only for the above restricted fragmerts, but not for
Plan of the paper In Section 2 we introduce basic
notions about tree patterns and de ne the notations
that will be usedthroughout the rest of the paper. In
Section 3 we illustrate in detail our goal, and state
the main theoretical results of this work. In Section
4 we introduce a framework for reasoningabout the
minimization of XPath queries,and useit for de ning
an algorithm for minimization. In Section 5 we ana-
lyze the complexity of the minimization problem and,
“nally, in Section 6 we introduce a form of XPath ex-
pressionswhich can be minimized exciently.

2 Preliminaries

In this paper we model XML documerts asunordered
node labelled treesover an in"nite alphabet. We point
out that, evenif by choosing this model we disregard
the order of XML documerts, this is not a limitation

sincethe fragment of XPath we useignoresthe order of
the documert. We assumethe presenceof an alphabet
N of nodesand an alphabet § of node labels.

Trees and Tree patterns

A tree t is a tuple (r¢;N¢;E¢;,t), where Ny p N is
the set of nodes, ,; : Ny ! § is a node labelling
function, r; 2 Ny is the distinguished root of t, and
E: 1 N¢ £ N¢ is an (acyclic) set of edgessuch that
starting from any node n; 2 N it is possibleto reach
any other node n; 2 N¢, walking through a sequence
of edgese;;:::;

Givenatreet = (ry;Ny¢; E¢;, t), we say that a tree
t%= (ri0;Nyo; Eto;, 10) is a subtree of t if the following
conditions hold:

1. Npo i Ng;
2. the edge(n;; n;) belongsto E i® nj 2 N¢o, n; 2
N:o and (ni ; nj) 2 E;.
The set of treesde ned on the alphabet of node labels
8 will be denotedas Ts .
De nition
whele:

1 A tree pattern p is a pair hp;0pi,

1.ty = (rpsNp; Ep; ., p) is atree;

2. Ep is partitioned into the two disjoint setsC, and
D, denoting, resgectively, the child and descen-
dert branches;

3. op 2 N is a distinguished output node *.

1We do not consider tree patterns with a set of output nodes
(called k-ary tree patterns) since a unique output node (unary
tree patterns ) sutce to express XP ath queries. However, it can
be shown that the containment (and equivalence) problem be-
tweenk-ary tree patterns is equivalent to the containment (and
equivalence) between unary tree patterns.

Obsene that, the alphabet of labelscaninclude the
wildcard symbol **';

X PF the fragmert of XPath which usesonly opera-
tors in F. The classof tree patterns usedin our frame-
work corresponds to a fragment of XPath studied in
[12], denoted X PfL %5729 consisting of the expres-
sionswhich can be de ned recursively by the following
grammar:

exp !  exp=exp| exp==exp| explexp] | %| = | :

where ¥%is a symbol in §, and the symbol °.' stands

for the \ current node".

p corresponding to e can be trivially de ned. For in-
stance, the XPath expressiona[b/*//c]//d can be
represened by the tree pattern shown in Fig. 3.

Figure 3: A pattern corresponding to a[b/*//c]//d

Givenatreet and a tree pattern p, an emtedding e
of pinto t is a total function e: Ny ! Ny, sud that:

1. e(rp) = ry,
2. 8(x;y) 2 Cp, e(y) is achild of &x) in t,
3. 8(x;y) 2 Dy, e(y) is adescendan of e(x) in t, and

4.8x 2 Np, if ,p(x) = a (where a 6 =n) then
L (e(x) = a.

Given a tree pattern p and a tree t, p(t) denotes
the unary relation p(t) = fx 2 N¢j 9 an embedding
eof pinto t s.t. e(op) = xg.

Fig. 4 shawstwo examplesof embedding of the tree
pattern of Fig. 3 into two distinct trees.

Mo dels and Canonical Mo dels of Tree Patterns

The models of a tree pattern p de ned over the alpha-
bet § arethe treesof Tg which canbe embeddedby p.
The set of modelsof pis Mod(p) = ft 2 Tgjp(t) 6 ;9.
Canonical models of a tree pattern p are models
having the same shag as p. That is, a canonical
model of p is a tree which can be obtained from p by
substituting descendah edgeswith chains of *-marked
nodes of any length, and then replacing every * label
(both * labelswhich wereoriginally in the pattern and
those which have beenobtained transforming descen-
dant edges)with any symbol in §. The setof canonical



models of a pattern p will be denoted as m(p). The
subset of canonical models of p obtained by expand-
ing descendah edgesinto chains of *-labelled nodes
of length at most ! , and replacing the = with a new
symbol z (i.e. z is not usedfor labelling any node of
p) will be denoted as m? (p).

In Fig. 4 two examples of model and canonical
model of the tree pattern p of Fig. 3 are shawn.

A pattern p

A tree te Mod(p) Atree tem(p)

Figure 4: A model and a canonical model of a tree
pattern

Containmen t and equiv alence between tree pat-
terns

Given two tree patterns p1, p2, we sa that p; is con-
tained in p2 (p1 K P2) i® 8t pa(t) K pa(t).

We say that p; and p, are equivalent (p; ~ p2) i®
P M Pz and p2 W p1 (i.e. 8t pa(t) = po(t)). The set
of patterns which are equivalernt to a given pattern p
will be denoted as E g(p).

The containment and equivalenceproblems are ba-
sically identical (equivalencebetweentwo tree patterns
is a two way containment), and their complexity has
beenwidely studied. In the table shown in Fig. 5 we
report someresults about the complexity of the con-
tainment problem for somefragmerts of XPath.

| Fragment | Complexity |
X pf===l570 | co-NP complete
X pf===ing P
X pf=llrg P
X pf===illg P

Figure 5: Complexity of the containment problem

An important result on containment which is not
reported in the above table is that for a pair of sub-

whether p 1 g can be donein polynomial time [12].

Boolean tree patterns

A boolean tree pattern is a \nullary" tree pattern,
that is a tree pattern with no output node. A pattern
p with this property is called \b oolean" sincep(t) can

be seenas a boolean function which evaluatesto true
if an embedding betweenp and t exists (the true value
corresponds to a set with an empty singleton), false
otherwise (the false value corresponds to an empty
set).

The notions of model and canonical model can be
extendedto booleantree patterns. That is, the models
of a booleantree pattern p arethe treesof Tg on which
p evaluatesto true: Mod(p) = ft 2 Tgjp(t) is trueg.
Analogously, the canonicalmodelsof p are modelshav-
ing the same\shape" asp.

Also the notions of containment and equivalence
between tree patterns can be trivially extended to
boolean patterns. In particular, for boolean tree pat-
terns the containment problem reducesto implication:
p1 M p2 i® 8t pi(t) ) p2(t), whereasthe equivalence
problem reducesto verifying whether 8t p1(t) ~ pa(t).

As shown in [12], the containment and equivalence
problems for \general" tree patterns and booleantree
patterns are equivalert. That is, two tree patterns
p1; P2 can be always translated into two boolean pat-
terns p¢; p9 such that p; Y2 p; i® pd % p9. The same
property holds for the equivalenceproblem, which can
be seenas a two way containment. Therefore, for the
sake of simplicity, in the following we will useboolean
tree patterns for studying the tree pattern minimiza-
tion problem (we shall not care about output nodes).

Givenabooleantree pattern p = hy; ;i , wesay that
the boolean tree pattern p® = hyo;;i is a subpattern
of p if the following conditions hold:

1. Npo it Np;

2. the edge(n;; n;) belongsto Cpo i®Nj 2 Nyo, nj 2
Npo and (nj; n;) 2 Cp;

3. the edge(n;; n;) belongsto Do i®nN; 2 Npo, nj 2
Npo and (ni;n;) 2 Dyp;

Given a pattern p, we de ne size(p) = jNpj and
minsiz e(p) = mMin poz £ o(p) (Siz€(P%).

Notations on tree patterns

In the following we denote the subpattern of p rooted
in any node n and containing all the descendaih nodes
of n assp,. The following gure explainsthis notation.

Moreover, given a tree pattern p whoseroot r has

p directly connectedto r by either a child or descen-
dant edgecontaining all the descendah nodes). We
will denote as p; the subpattern of p obtained from
sp; adding r to sp; and connecting it to the root of
sp in sameway asit was connectedin p. Obviously,
for any pair p; and sp; it holds that minsiz e(p;) =



A pattern p sp, P, sp

Figure 6: A pattern p and its subpatterns spy, Spqy, SPa

minsiz e(sp) + 1. Furthermore, we will denote as
SP(p) and P(p), respectively, the sets of all the sp;
and p; in p.

Fig. 7 shaws the meaning of this notation for a tree
pattern p whoseroot has 2 children. In the examined

case,P(p) = fp1;p2g and SP(p) = fspi;spzg.

Py

The subpatterns p and p,
corresponding to P, and 5p,

A tree pattern p

Figure 7: Examples of subpatterns

Given a pattern p and a subpattern p° of p, we de-
note aspi p°the pattern obtained from p by prun-
ing p. Given a pattern p and a node n of p, we de-
note aspj n the pattern obtained from p after prun-
ing the subpattern sp,. Analogously, given a set of
N O the
pattern obtained from p by pruning all the subpat-
Finally, given a set of positive

Reasoning about containmen t using mo dels

We can reasonabout containment betweentree pat-
terns using the notions of model and canonical model
described above. In particular, the following result
holds [12):

Fact 1 For any (boolean) tree patterns p and g, the
following assertions are equivalent: 1) p p ¢, 2)
Mod(p) 1 Mod(g), 3) m(p) u Mod(q), 4) mf(p) U
M od(g), where ! is one plus the longest chain of *-
lakelled nodesnot containing desendant edgesin g.

As mf (p) is a nite set of trees, the equivalence
between 1) and 4) permits us to test the containment
p 1 qby generatingall the treesin m{ (p) and cheding
whether they all belongto M od(q).

3 Problem statement

The problem of minimizing a tree pattern can be
formulated as follows:

Given a tree pattern p, construct a tree pattern pmin
which is equivalent to p and having minimum size

(i.e. size(pmin ) = minsiz e(p)).

This problem hasbeenrecertly investigatedfor dif-
ferent fragmens of XPath expressions.In particular,
in [16] it has beenshown that the tree pattern mini-
mization problem can be solved in polynomial time for
X PfL1e9 and in [1] a soundand complete polynomial
time algorithm minimizing a pattern in X Pf[ =29 has
beende ned.

The latter casesare tractable as, for the above frag-
ments of XPath, the following two properties hold:

1. a minimum size tree pattern equivalent to p can
be found amongthe subpatterns of p;

2. the containment between two tree patterns p, q
(p 1 ) is equivalert to the problem of nding a
homomorphism from g to p. A homomorphism h
from a pattern qto a pattern pis a total mapping
from the nodesof q to the nodesof p such that:

2 h presenesnodetypes(i.e. 8u2 Ng, ¢(u) &
) L qu) =, p(h(w));

2 h presenes structural relationships (i.e.
wheneer v is a child (resp. descendat) of
uin g, h(v) is a child (resp. descendat) of
h(u) in p).

The former property ensuresthat a tree pattern of
minimum size can be obtained from p by \pruning"
some of its nodes, until no node can be further re-
moved preservingthe equivalenceof the obtained pat-
tern w.r.t. p. The latter property can be used for
cheking whether a node of a pattern is redundant
(i.e. it can be removed) etciently, as nding a ho-
momorphism can be done in polynomial time. Fig. 8
shaws a pair of patterns p, g such that there exists a
homomorphism from q to p proving that pu g

Unfortunately, property 2 does not hold for
more general XPath fragmerts. In particular, for
tweenq and p suzces for assertingp 1 g, but is not
a necessarycondition. Fig. 9 shaws a pair of patterns



. Atree pattern ¢

Figure 8: A homomorphismbetweentwo tree patterns

A tree pattern p A tree pattern ¢

Figure 9: Two tree patterns which are not related via
a homomorphism

p, g such that no homomorphism from ¢ to p exists,
although p is contained into q.

No homomorphismbetweenthe tree patterns q and
p of Fig. 9 existsas, evenif the right-hand side branch
of q can be mapped onto the right-hand side branch of
p, the node b of the left-hand side branch of g cannot
be mapped onto any node of p.

Howewer, it can be proved that, although no homo-
morphism between p and q exists, p g4 q holds. In
fact, it is easyto seethat any canonical model t of
p is a model of g. This can be showvn by considering
that canonical models of p are obtained by expanding
descendah edgesof p into (possibly empty) chains of
*-lab elled edges,and then \reasoning by cases".

Canonical models of p obtained by expanding the
descendah edge connecting the nodesa and b in the
left-hand side branch of p into a child edge can be
embeddedby q in the sameway as the tree t°in Fig.
10. In this case,q mapsthe portion of t° corresponding
to the \righ t-hand side" portion of p. Otherwise, when
expanding the descendah edge connecting the same
pair of nodesa and b into a chain of at least one *-
labelled node, the canonical model can be embedded
by qin the sameway asthe tree t%in Fig. 10. In this
case, g maps the portion of t° corresponding to the
\righ t-hand side" portion of p. This phenomenoncan

be seenasa form of disjunction, which is not caugtt by
homomorphism and makes the containment problem
harder.

The tree patterg

Atreet¢Tm(p)

An embedding ofj into t¢

Atreet¢t m(p) The tree patterg

An embedding ofjinto t¢¢

Figure 10: Embedding of the pattern q of Fig. 9

Thus, deciding whether p pu g by searding for a
homomorphism betweenq and p leadsto a sound but
not complete algorithm.

As regards property 1, obsene that, if property
1 does not hold we cannot minimize a query by
simply pruning some of its parts, since it is neces-
sary to consider also queries having a completely dif-
ferent structure. For instance, consider the query
Q = (Fwame=a'R [ ¥wame="wR) on a relational
schema fRg expressedusing named relational alge-
bra. This query can be completely reformulated,
changing the selection condition, obtaining a query
Q%= (¥wame=a° name=wR), that requires only one
selection operation. Obviously the possibility of ob-
taining in this way a minimum size query makes the
minimization problem harder.

The work of [12] shawvs that the presenceof both ==
and @ in our XPath fragment adds a limited form of
disjunction. Indeed, they show that, considering the

be reducedto the cortainment of two pattern p® and
p° Thus, while for both the fragmert X Pf=[179 (an-
easyto shaw that property 1 holds, it is not straight-
forward to prove that the sameproperty holds for the
fragment X Pf===[1=9,

In our work we provide two main cortributions:



1. we showv that property 1 still holds for

2. on the basis of the latter property, we investi-
gate the problem of minimizing tree patterns in

Moreover, we provide an algorithm for minimizing
a tree pattern.

4 A framew ork for minimizing XP ath
queries

In this section we provide two fundamertal cortri-

butions. First, we prove that property 1 holds for
X Pf===11%9 (i.e. a minimum sizetree pattern equiv-
alert to p 2 XPf===[1"9 can be found among the

subpatterns of p). Then, we de ne an algorithm for
minimizing a tree pattern query.

In order to prove that property 1 still holds for
Although the \partial" results stated in theselemmas
are not of practical usefor the de nition of algorithms
for minimization of tree patterns, they constitute a
generalframework for reasoningabout tree patterns.

Our rst result regardsthe containment of two pat-
terns p and g. In particular, we prove that if p is
contained in ¢, then ead subpattern ¢ of g cortains
at least one subpattern p; of p.

Lemma 1 Let p and g be two patterns with root r,
suchthat pu g. Then, for each subgttern g 2 P(q)
there exists a submttern p; 2 P(p) s.t. pi 4 6.

An application of Lemma lis sketchedin Fig. 1, where
two patterns p, g s.t. p i q are reported. In this
case,u corntains pz, ¢p cortains pz, and g contains
p:. Note that the subpattern p, of p is not contained
in any subpattern g of g.

A pattf:m )4 A pattern g
‘ A
@ (x) ©
/
® © b)

Figure 11: Explaining Lemma 1

2 A more precise characterization of the optimization problem
states that it isin FPNP

The above lemmaallows usto reasonabout the con-
tainment of two patterns in terms of the containment
of their subpatterns. We can usethis lemmato derive
a rst result about equivalert patterns: If two patterns
p and g are equivalent, but the root of p has more chil-
dren than the root of g, then somesubpatterns p; are
\redundant".

Lemma 2 Letp and q be two patterns rooted in r s.t.
p°~ g andlet m and n, with m > n, be the number
of children of r in p and, resgctively, g. Then, there
existsa setS %2 SP (p) consisting of mj n submtterns
sp; suchthat pj S” p.

The above lemma can be applied to the patterns p
and g of Fig. 12. Thesetwo patterns are equivalen,
but the root of p has more children than the root of
g. As stated by Lemma 2 one of the subpatterns p;
is redundant. In this case,the subpattern p, can be
removed from p obtaining an equivalent subpattern.

A pattern p

A pattern g

Figure 12: Two equivalent patterns with a di®eren
\shape"

The following Lemma states another important re-
sult. It implies that all the patterns which have mini-
mum sizeand are equivalent to a given pattern p have
a common structural property: their roots have the
samenumber of children.

Lemma 3 Let p and q be two eguivalent patterns
rooted in r having the same numker of child and de-
sendant nodes of r, and let q be of minimum size.
Then, there not exists a subpttern spx 2 SP(p) such

that pi spc = p.

The above Lemma statesthat, if a pattern has min-
imum size, the conditions expressedby the subpat-
terns connectedto its root cannot be expressedusing
a smaller set of subpatterns (i.e. conditions). The
following Lemma strengthensthis result, asit ensures
that, given a pair of patterns p, g such that p~ qand
g hasminimum size, if the root of p hasthe samenum-
ber of children asthe root of g, then every subpattern
pi expresses condition equivalert to somesubpattern
g in g. This result makesit possibleto assaiate eah
pi in p with a unique ¢ in q.



Lemma 4 Let p and g be two equivalent patterns
whoseroots havethe samenumkter of child and desen-
dant nodes, and let g be of minimum size. For each
submttern p; 2 P(p) there exists a unique submttern
g 2 P(q) directly connected to rq s.tpi © g .

Another important result regarding patterns mini-
mality is stated by the following Lemma, which indi-
catesthe conditions that might lead a pattern to benot
minimal. More formally, a pattern has not minimum
sizeif at least one of its subpatterns p; is redundart
(i.e. it expressesa condition which can be subsumed
by another subpattern p;) or has not minimum size
(i.e. the conditions expressedby this subpattern can
be reformulated in a more coinciseform).

imum size i® at least one of the following conditions
hold:

1. there existsa pair of submtterns p;,p; s.t. pi 4 pj;

2. there exists a subpttern p; of p which is not of
minimum size.

The above lemmas sutce to shaw the following theo-
rem, which statesthat, given a tree pattern p, a pat-
tern pmin 2 Eq(p) can be found among the subpat-
terns of p.

minsiz e(p) = k then there exists a subpttern pmin
of psuchthat p” pmin and size(pPmin ) = k.

Proof. As minsiz e(p) < size(p), from Lemma 5 we
have that either there exists at least a pair of subpat-
terns pi, p; s.t. pi W pj, or there exists at least one
subpattern p; of p which is not minimum. Thereforewe
canremove from p all the subpatterns sp; (correspond-
ing to somep; cortaining another p;) thus obtaining a
subpattern p® which is equivalert to p. The subpattern
p° can possibly coincideto p if there weren't any pairs
P, B Stpi KR

If, after pruning all the redundant subpatterns,
minsiz e(p) = size(p% then we have proven the the-
orem, aspis a subpattern of p and has minimum size.
Otherwise, from Lemma 5 we know that, as there is
no pair pf, p? s.t. p? u p’, there exists a set N otM in
(with cardinality at least 1) of subpatterns p? of p°
which are not minimum. Each of these subpatterns
consistsof a tree pattern having the sameroot as p°
and whoseroot is connectedto a unique child. It is
trivial to show that ead pP is not minimum i® sp?
(obtained from p? removing its root) is not minimum.
We can apply iterativ ely the samereasoningto ead

non minimum sp® 2 N otM in, replacing it in p°with a
minimum subpattern sp®of sp obtained from sp? as
shawn above. At the end of this process,p® will be a
subpattern of p s.t. neither there is a pair p;, p; s.t.
pi U pj, nor there is onesubpattern p; of p which is not
minimum. Therefore, for Lemma 5, p® has minimum
size. 2
4.1 An Algorithm minimiza-
tion

for tree pattern

Theorem 1 suggestsa technique for minimizing a tree
pattern, as it states that a minimum tree pattern
equivalent to a given tree pattern p can be found
among the subpatterns of p. The following algorithm
implemerts the idea usedfor the proof of Theorem 1.

Algorithm 1 works as follows. First, it chedks
whether there is any subpattern p; of p which is \re-
dundant” w.r.t. the remainder of p. That is, it chedks
whether pj 1 pi spi, where sp is obtained from
pi by removing its root, for each p;. Then, if suc
a \redundant" pattern is found, it is removed from
p. After removing all the \redundant" subpatternsin
SP(p), the algorithm is recursively executedon the not
pruned subpatterns sp;. Finally, every minimized pat-
tern sp™" is connectedto the root in the sameway as
the corresponding sp; was connectedto the root using
the function assembk.

Algorithm 1
FUNCTION Minimize
Input: p (a tree pattern)

Output:  Ppmin (2 minimum tree pattern equivalent to p)
begin
Pmin = P;

For each pj 2 P(pmin ) do

if (i 7 Pmin i SP)

Pmin = Pmin i SPi;

SPhew = ;3
For each sp 2 SP(pmin ) do

SPrew = SPrew [ Minimiz e(spi);
Pmin = assembE(Pmin ; SPrew );
return Pmin ;

end

Figure 13: An algorithm minimizing a tree pattern

For deciding the containment betweenpairs of pat-
terns we can use the sound and complete algorithm
introduced in [12], that is to our knowledge the only

""" In the
latter work an upper bound on the complexity of
this algorithm has been stated: given two patterns
at most O(jpj ¢jpY ¢(w®+ 1)4*1) steps, where jpj is
the size of p, jpY is the size of p° d is the number of



descendah edgesin p and w? is one plus the longest
chain of @' in p°.

Using this result, we can state an upper bound for
the complexity of Algorithm 1. We denotethe number
of branchesof p asb, the maximum degreeof any node
of p asr, the length of the longestchain of @' in p plus
one asw, and the number of descendah edgesof p as
d.

Prop osition 1 (Upp er bound) Algorithm 1 works
in O(b¢r ¢jpj? ¢(w + 1)4+1).

Proof. For ead branching node by of p, Algorithm 1
calls the subroutine for cheding cortainment as many
times as the number of children of b. Therefore, the
algorithm performs at most b¢r containment cheding
step, and ead of these steps has a cost bounded by
O(jpj? ¢(w + 1)4*1) (as shown in [12)). 2

Obsene that the exciency of Algorithm 1 can
be improved by speeding up the containment test.
Lemma 1 ensuresthat cheking if pj 1 pi sp is
equivalent to testing the containment of p; in any of
the subpatterns p; with j 6 i, that is: p; 1 pi sp i®
9 & ijpi 1 pj. The upper bound on the number of
operations that must be executedusing this strategy
is smaller than the upper bound expected on the
number of operations that should be performed if
the containment test were executed between p; and
the whole pj sp. We can show this, for the sake
of simplicity, considering a pattern p consisting of
three tree patterns pi;p2;ps3, such as the one on
the left-hand side of Fig. 12. We chedk whether
p; is redundant using both the two described ap-
proaches. First, we chedk whether p; 1 p2.3, where
P2:3 = Pi p1; then, wedecidep; T p; andpl  ps sep-
arately. In former casewe have the following bound:
B1 = jp1jdp2.3jqwi+ 1)923 %1 | In the latter case,chedk-
ing the containment will have the following bound:
B2 = jp1j ¢ip2j G(wi + 1)%* + jpuj ¢jpaj ¢(wy + 1)%*1,
where dy3 = dy + d3. It is easy to prove that
this bound is better than the “rst one. In fact,
B, = iPuipzjowi+l) 9281 L jp1j¢ipajé(wy +1) 923"
(wy+1) 93 (wi+1) 92
jP1i¢ip2jt(wa+1) 923*! +jps j¢jpaje(w, +1) 9231 -

(wy+1) 9min
jpaje(wi+1) 922" Wjpoj+jpsj) —  [pai®(wi+1) 423" A pasj+l)
(wq+1) 9min (wyq+1) 9min
By jpajo(ws +1) 9287 - By
(wy+1) min (wWp#1) Gmin 7
+
jpzsim(w?il)dmm - Bl¢jp231¢(](‘xij+1§dmm 7 Bu
where dmin = minfd,; dsg.
The above considerationscan be easily extendedto

a pattern p consisting of a genericnumber of patterns

Remark We point out that Algorithm 1 is based

on a top-down strategy. Obviously, we could de ne
an analogousalgorithm for minimization basedon a
bottom-up approad. Howewer the asymptotic com-
plexity would not change. The main di®erencebe-
tween the two approadesis that using a bottom-up
strategy we are guaranteed that when we test the con-
tainment betweentwo subpatterns, these subpatterns
have minimum size. As the cost of deciding the con-
tainment betweentwo patterns dependson their size,
this could possibly lead to an improvemert of ex-
ciency. Howevwer, if a subpattern is redundant and is
rooted \closely" to the root, then Algorithm 1removes
it without performing any minimization step. In con-
trast, a bottom-up algorithm would “rst minimize this
subpattern and then chedk whether it is redundart.
This strategy can be inexcient, especially when the
redundant subpattern is already of minimum size.

An algorithm exploiting a bottom-up strategy for
minimization is given in Section 6. This algorithm is
specialized for the minimization of a particular form
of tree patterns, for which the bottom-up strategy is
optimal.

5 Complexit y results

Algorithm 1 works in exponertial time w.r.t. the size
of the pattern to be minimized, as stated in Proposi-
tion 1. In this sectionwe analyzethe complexity of the
shawing that unfortunately it is not possibleto de ne
an algorithm performing much better than ours. In

fact, we will shaw that the decisional problem \giv en
there exist atree pattern p°(equivalert to p) whosesize
is lessthan or equalto k?" is coNP-complete. In order
to characterizethe complexity of this problem, we rst

characterize the complexity of the following decisional
problem.

k a positive integer. The problem of testing if
minsiz e(p) > k is N P-complete.

Proof. (Sketch)

(Membership) Due to spacelimitations, we only pro-
vide the intuition underlying this part of the proof. A
polynomial size certi cate proving that minsiz e(p) >
k should contain a set X of k nodes of p that cannot
be removed obtaining an equivalent pattern. Howewer,
verifying whether this set of nodes can be removed
from p yielding an equivalent pattern cannot be done
in polynomial time, as chedking the equivalence be-
tween patterns is in coNP. Therefore, the certi cate
should contain for ead node x 2 X a\sub-certi cate"

(a canonicalmodel of p) shawing that the tree pattern



obtained after removing x is more general than the
original tree pattern (i.e. p2 m(p)i Mod(pi spx))-
(Completeness)We provethat the problem is complete
for the classN P by showing a reduction of the problem
of cheding that a pattern q; is not cortained into a
pattern .

Given two patterns ¢ and ¢, we build a pattern p
that consistsof two chains of n nodes both attached
to the root of p. The nodes of the rst chain are all
labelled with a new symbol \x", whereasthe nodes of
the secondchain are labelled with \*".  We attach the
pattern g, at the end of the “rst chain, and the pattern
¢ at the end of the secondchain, asshown in Fig. 14.

n nodes n nodes

9% %

Figure 14: The tree pattern p

We choosen > 2 max(size(q); size(qp)) and test
whether minsiz e(p) , 2d. Clearly, minsiz e(p) > 2
i®q * . Indeed,if @ * @ then p; * po. Fur-
thermore p, * p; by construction, since p, consists
of a chain of @ nodes and p; consists of a chain of
nodes labelled with the symbol \x".  This implies
that neither sp; nor sp, can be removed from p yield-
ing an equivalert pattern, and, since minsiz e(sp;) >
n and minsiz e(spz) > n, then minsize(p) , 1+
minsiz e(spy) + minsiz e(spz) > 2 ¢n. Suppose now
that g 1 o this impliesthat p; p p2 andthenp, © p.
Thus minsiz e(p) < 2¢n sincesize(p;) - N+ size(q),
and size(p) - 5. 2

a positive integer. The problemof testing if there exits
a pattern p° equivalent to p suchthat size(p® - k is
coNP-complete.

Proof.  (Sketch) It straightforwardly follows from
Lemma 6 and Theorem 1. 2

6 Tractabilit y Results

Theorem 6 states that the problem of minimizing a

section we will discussa form of tree pattern queries
which can be minimized exciently (i.e. in polynomial

time). That is, we will describe some limitations on
the \shape" of a tree pattern which make this problem
easier.

De nition 2 A limited branched tree pattern p is a

1. everynon leaf node of p may have any number of
children;

In the following gure we shov some examples of
patterns satisfying De nition 2.

Figure 15: Tree patterns satisfying the normal form of
De nition 15

The three patterns in Fig. 15 correspond, respec-
tively, to the following expressions:

1. bla[b/Ic)id/a[d/*/alcla)/d)icld :
2. alb[d/blId]ifclbl/idia)liar*la[*Ic]ib
3. alb/d//c)/id/a[c/d)/di*/bla/la)/d/b[a)/b ;

Theorem 3 Let p be a limited branchal tree pattern.
A minimum pattern pnmin equivalentto p can be found
in polynomial time (w.r.t. the size of p).

Proof. Lemma 5 implies that p can be minimized
by cheding the containment betweenead subpattern
rooted in a branching node and the other subpatterns
rooted in the same node, for every branching node.

according to their depth (i.e. by is the nearestto the
root, whereashy, is the deepest).

We can minimize p starting from by, . This node is
the root of only linear subpatterns. Applying Lemma
5 on sp,, Wwe have that the subpattern sp,, can be
minimized in polynomial time, as 1) linear patterns
have minimum size, and 2) the containment between



pairs of linear patterns can be decidedin polynomial
time (see[12)). Let sp?" beapattern of minimum size
equivalert to spy, , and let p' be the pattern obtained
from p by replacing sp,,, with sp[{‘mi” .

Next, we considerby,; 1 in pt. The pattern SPon 1
consistsof k subpatterns such that ki 1 of thesesub-
patterns are linear and the remainder oneis composed
of a linear pattern connecting by,; 1 to spﬂni” . From
Lemma5 we have that sp,, canbe minimized in poly-
nomial time, as 1) linear patterns have minimum size,
2) the subpattern consisting of a linear pattern con-
necting by; 1 to spg:” has minimum size, and 3) the
containment betweena linear pattern and a pattern in
X PT===[1"9 can be decidedin polynomial time (see
[12).

We can apply the samereasoningiterativ ely. Af-
ter the m-th iteration we have a pattern p™ 2 Eq(p)
having minimum size. 2

Following the schema of the proof of Theorem 3
we can de ne an algorithm which minimizes a limited
branched pattern exciently. This algorithm is shown
in Fig. 16.

Algorithm 2
FUNCTION Minimize
Input: p (a bounded branched tree pattern)

Output:  Pmin (2 minimum tree pattern equivalent to p)
begin
Pmin = P
B = flby;:::;bnhg; /fthe set of branching nodes of p
while (B 6 ;)
b= deepes(B);
q= Spy;
Redq =, IN\r edundant" submtterns of g;

For each g 2 P(q) do
For each ¢ 2 P(q) do
if (i6j)" (g islinear)” (g ZRed)” (g 1 ¢)
Red, = Redy[ fgg;

q=qi Redy;
Pmin = replace(Pmin ; SPo; d);
B=Bi fbg
end while;
return Pmin ;
end
Figure 16: An algorithm minimizing a limited

branched tree pattern

We point out that Algorithm 2 hassomedi®erences
w.r.t the algorithm for minimization preseried in the
previous section. In fact, it is based on a bottom-
up schema. Instead of visiting the pattern starting
from the root, it considersall of its branching nodes

starting from the deepest one. Therefore, at eat step
it operates on patterns of minimum size (every sub-
pattern rooted in a branching node either is linear or
has been minimized at some previous step), so that
it must never decidethe containment of a linear pat-
tern into a non linear one (as a non linear pattern of
minimum size can never contain a linear one). Vicev-
ersa, it must decide the containment between linear
patterns and possibly the cortainment of non linear
patterns into linear ones,which can be donein poly-
nomial time (as shown in [12)). If we used Algorithm
1 for minimizing a limited branched tree pattern, we
should possibly ched the containment betweenlinear
patterns and non linear onesin both directions, sowe
could not be guaranteed on the polynomial bound.

7 Conclusions and Future Works

In this paper we have studied the minimization prob-
lem for tree patterns belonging to the fragment of

""" the fragment containing
branches, descendah edgesand the wildcard sym-
bol) and have provided some relevant cortributions.
First, we have proved the glokal minimality property:
a minimum tree pattern equivalent to a given tree pat-
tern p can be found among the subpatterns of p, and
thus obtained by pruning \redundant" branchesfrom
p. On the basis of this result, we have designeda
sound and complete algorithm for tree pattern min-
imization which works, in the general case, in time
exponertial w.r.t. the size of the input tree pattern.
Secondly we have characterized the complexity of the
minimization problem, showing that the correspond-
ing decisional problem is coNP-complete, and have
studied a \tractable" form of tree pattern which can
be minimized in polynomial time, providing an ad-hoc
algorithm for the excient minimization of this classof
tree patterns.

Currently, we are investigating the possibility to ex-
tend our minimization framework to deal with XPath
gueriesthat must satisfy someconstraints sud asjoin
conditions on tree pattern nodes. An example of join
condition is shown on the left-hand side of Fig. 17.
In this case,the join condition involvesthe two nodes
of p with label a and says that they should be the
samenode. The tree pattern pmin on the right-hand
side of Fig. 17 is a minimum tree pattern equivalent
to p, but it is not a sub pattern of p. Therefore, the
introduction of these constraints makesthe minimiza-
tion problem harder, asthe global minimalit y property
doesnot hold.



Figure 17: Two equivalent tree patterns

References

[1] S. Amer-Yahia, S. Cho, L. K. S. Lakshmanan, D.
Srivastava, Minimization of tree pattern queries,
Proc. of the 2001 ACM SIGMOD Conf. on Man-
agement of Data, Sarta Barbara, California,
USA, May 21-24,2001.

[2] D. Calvanese, G. De Giacomo, M. Lenzerini,
M. Y. Vardi, Containment of Conjunctive Reg-
ular Path Queries with Inverse, Proc. of the 7th
Int. Conf. on Principles of Knowledge Represen-
tation and Reasoning (KR), Breckenridge, Col-
orado, USA, April 11-15,2000.

[3] A. K. Chandra, P. M. Merlin, Optimal imple-
mentation of conjunctive queries in relational
databases, Proc. of ACM Symp. on Theory of
Computing (STOC), Boulder, Colorado, USA,
May 2-4,1977.

[4] 3. Clark, XML path language (XP ath),
http://iwww.w3.or g/TR/xp ath.

[5] A. Deutsch, V. Tannen, Containment and In-
tegrity constraints for Xpath fragmerts, Proc. of
the 8th Int. Work. on Knowledge Representation
meets Databases(KRDB) , Rome, Italy, Septem-
ber 15, 2001.

[6] A. Deutsch, V. Tannen, Reformulation of XML
Queries and Constraints, Proc. of the 9th Int.
Conf on Database Theory (ICDT) , Siena, ltaly,
January 8-10, 2003.

[7] D. Florescu, A. Levy, D. Suciu, Query cortain-
ment for disjunctive querieswith regular expres-
sions,Proc. of the 17th ACM SIGACT-SIGMOD-
SIGART Symp. on Principles of Database Sys-
tems (PODS), Seattle, Washington, June 1-3,
1998.

[8] G. Gottlob, C. Koch, R. Pichler, Excient al-
gorithms for processingXPath queries, Proc. of
the 28th International Conference on Very Large
Data Bases(VLDB) Hong Kong, China August
20-23,2002.

[9] P. G. Kolaitis, M. Vardi, Conjunctive-query con-
tainment and constraint satisfaction, Proc. of the
17th ACM SIGACT-SIGMOD-SIGART Symp.
on Principles of Database Systems(PODS), Seat-
tle, Washington, USA, June 1-3, 1998.

[10] P. G. Kolaitis, D.L. Martin, M.N. Thakur,
On the complexity of the containment prob-
lem for conjunctive queries with built-in  predi-
cates,Proc. of the 17th ACM SIGACT-SIGMOD-
SIGART Symp. on Principles of Database Sys-
tems (PODS), Seattle, Washington, USA, June
1-3,1998.

[11] AY. Levy, D. Suciu, Deciding containment
for queries with complex objects, Proc. of the
16th ACM SIGACT-SIGMOD-SIGAR T Symp.
on Principles of Database Systems(PODS), May
12-14,1997, Tucson, Arizona.

[12] G. Miklau, D. Suciu, Containment and Equiv-
alence for an XPath Fragmert, Proc. of the
21stACM SIGACT-SIGMOD-SIGAR T Symp.on
Principles of Database Systems(PODS), Madi-
son, Wisconsin, USA, June 3-5, 2002.

[13] F. Neven, T. Schwentick, XPath Containment in
the Presenceof Disjunction, DTDs, and Vari-
ables,Proc. of the 9th Int. Conf on DatabaseThe-
ory (ICDT) , Siena,ltaly, January 8-10, 2003.

[14] P. Ramanan, Excient algorithms for minimizing
tree pattern queries,Proc. of the 2002 ACM SIG-
MOD Int. Conf. on Managementof Data, Madi-
son, Wisconsin, June 3-6, 2002.

[15] P. T. Wood, On the equivalence of XML pat-
terns, Proc. of the 1st Int. Conf. on Computa-
tional Logic (CL), London, UK, July 24-28,2000.

[16] P. T. Wood, Minimizing simple xpath expres-
sions, Proc. of the 4th Int. Workshop on the Web
and Databases(WebDB), Sarta Barbara, Califor-
nia, USA, May 21-24,2001.

[17] P. T. Wood, Containment for XPath Fragmens
under DTD Constraints, Proc. of the 9th Int.
Conf. on Database Theory (ICDT) , Siena, ltaly,
January 8-10, 2003.



