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Abstract

The history of histogramsis long and rich, full
of detailed information in every step. It in-
cludes the course of histograms in di�eren t
scienti�c �elds, the successesand failures of
histogramsin approximating and compressing
information, their adoption by industry, and
solutions that have beengiven on a great va-
riety of histogram-related problems. In this
paper and in the samespirit of the histogram
techniques themselves, we compresstheir en-
tire history (including their \future history"
as currently anticipated) in the given/�xed
spacebudget, mostly recording details for the
periods, events, and results with the highest
(personally-biased) interest. In a limited set
of experiments, the semantic distancebetween
the compressedand the full form of the history
was found relatively small!

1 Prehistory
The word `histogram' is of Greek origin, as it is a com-
posite of the words `isto-s' (�� � os) (= `mast', also
means `web' but this is not relevant to this discus-
sion) and `gram-ma' (
 ����� ) (= `something writ-
ten'). Hence, it should be interpreted as a form of
writing consistingof `masts', i.e., long shapesvertically
standing, or something similar. It is not, however, a
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word that was originally usedin the Greek language1.
The term `histogram' wascoinedby the famousstatis-
tician Karl Pearson2 to refer to a \common form of
graphical representation". In the Oxford English Dic-
tionary quotesfrom \Philosophical Transactionsof the
Royal Society of London" SeriesA, Vol. CLXXXVI,
(1895) p. 399, it is mentioned that \[The word `his-
togram' was] intro duced by the writer in his lectures
on statistics asa term for a commonform of graphical
representation, i.e., by columns marking as areas the
frequency corresponding to the range of their base.".
Stigler identi�es the lectures as the 1892 lectures on
the geometry of statistics [69].

The abovequotesuggeststhat histogramswereused
long before they received their name, but their birth
date is unclear. Bar charts (i.e., histograms with an
individual `base'element associated with each column)
most likely predate histograms and this helps us put
a lower bound on the timing of their �rst appearance.
The oldest known bar chart appearedin a book by the
Scottish political economist William Playfair 3 titled
\The Commercial and Political Atlas (London 1786)"
and shows the imports and exports of Scotland to and
from seventeen countries in 1781[74]. Although Play-
fair was skeptical of the usefulnessof his invention, it
was adopted by many in the following years, includ-
ing for example,FlorenceNightingale, who usedthem
in 1859 to compare mortalit y in the peacetimearmy
to that of civilians and through those convinced the
government to improve army hygiene.

From all the above, it is clear that histograms were
�rst conceived asa visual aid to statistical approxima-
tions. Even today this point is still emphasizedin the
commonconceptionof histograms: Webster'sde�nes a

1To the contrary , the word `history ' is indeed part of the
Greek language (`istoria' - �� � o��� ) and in use since the ancient
times. Despite its similarit y to `histogram', however, it appears
to have a di�eren t etymology, one that is related to the original
meaning of the word, which was `knowledge'.

2His claim to fame includes, among others, the chi-square test
for statistical signi�cance and the term `standard deviation'.

3 In addition to the bar chart, Playfair is probably the fa-
ther of the pie chart and other extremely intuitiv e and useful
visualizations that we use today.



histogram as \a bar graph of a frequencydistribution
in which the widths of the bars are proportional to the
classesinto which the variable has been divided and
the heights of the bars are proportional to the class
frequencies". Histograms, however, are extremely use-
ful even whendisassociated from their canonicalvisual
representation and treated aspurely mathematical ob-
jects capturing data distribution approximations. This
is precisely how we approach them in this paper.

In the past few decades,histograms have beenused
in several �elds of informatics. Besidesdatabases,his-
tograms have played a very important role primarily
in image processingand computer vision. Given an
image(or a video) and a visual pixel parameter, a his-
togram captures for each possiblevalue of the param-
eter (Webster's \classes") the number of pixels that
have this value (Webster's \frequencies"). Such a his-
togram is a summary that is characteristic of the image
and canbevery useful in several tasks: identifying sim-
ilar images,compressingthe image, and others. Color
histogramsare the most commonin the literature, e.g.,
in the QBIC system[21], but several other parameters
have been proposed as well, e.g., edge density, tex-
turedness,intensity gradient, etc. [61]. In general,his-
tograms usedin imageprocessingand computer vision
are accurate. For example,a color histogram contains
a separateand precisecount of pixels for each possi-
ble distinct color in the image. The only element of
approximation might be in the number of bits usedto
represent di�eren t colors: fewer bits imply that several
actual colors are represented by one, which will be as-
sociated with the number of pixels that have any of
the colors that are grouped together. Even this kind
of approximation is not common, however.

In databases,histograms are used as a mechanism
for full-
edged compressionand approximation of data
distributions. They �rst appearedin the literature and
in systemsin the 1980'sand have beenstudied exten-
sively since then at a continuously increasingrate. In
this paper, we concentrate on the databasenotion of
histograms, discussthe most important developments
on the topic so far, and outline several problems that
we believe are interesting and whosesolution may fur-
ther expand their applicabilit y and usefulness.

2 Histogram De�nitions

2.1 Data Distributions

Consider a relation R with n numeric attributes X i
(i = 1::n). The value set Vi of attribute X i is
the set of values of X i that are present in R. Let
Vi = f vi (k): 1 � k � D i g, where vi (k) < vi (j ) when
k < j . The spread si (k) of vi (k) is de�ned as
si (k) = vi (k + 1) � vi (k), for 1 � k < D i . (We
take si (D i ) = 1.) The frequency f i (k) of vi (k) is
the number of tuples in R with X i = vi (k). The
area ai (k) of vi (k) is de�ned as ai (k) = f i (k) � si (k).

The data distribution of X i is the set of pairs Ti =
f (vi (1); f i (1)) ; (vi (2); f i (2)) ; : : : ; (vi (D i ); f i (D i )) g.

The joint frequencyf (k1; ::; kn ) of the value combi-
nation < v1(k1); ::; vn (kn ) > is the number of tuples
in R that contain vi (ki ) in attribute X i , for all i . The
joint data distribution T1;::;n of X 1; ::; X n is the entire
set of (value combination, joint frequency) pairs.

In the sequel, for 1-dimensional cases,we use the
above symbols without the subscript i .

2.2 Motiv ation for Histograms

Data distributions are very useful in databasesystems
but are usually too large to be stored accurately, so
histograms comeinto play asan approximation mech-
anism. The two most important applications of his-
togram techniques in databaseshave been selectivity
estimation and approximate query answering within
query optimization (for the former) or pre-execution
user-level query feedback (for both). Our discussion
below focusesexactly on these two, especially range-
query selectivity estimation as this is the most pop-
ular issue in the literature. It should not be forgot-
ten, however, that histogramshave proved to be useful
in the context of several other databaseproblems as
well, e.g., load-balancing in parallel join query execu-
tion [65], partition-based temporal join execution [68]
and others.

2.3 Histograms

A histogram on an attribute X is constructed by parti-
tioning the data distribution of X into � (� 1) mutu-
ally disjoint subsetscalled bucketsand approximating
the frequenciesand valuesin each bucket in somecom-
mon fashion. This de�nition leavesseveral degreesof
freedomin designingspeci�c histogram classesasthere
are several possible choices for each of the following
(mostly orthogonal) aspects of histograms [67]:

Partition Rule: This is further analyzed into the
following characteristics:

� Partition Class: This indicates if there are any
restrictions on the buckets. Of great importance
is the serial class,which requiresthat buckets are
non-overlapping with respect to someparameter
(the next characteristic), and its subclass end-
biased, which requires at most one non-singleton
bucket.

� Sort Parameter: This is a parameter whose
value for each element in the data distribution
is derived from the corresponding attribute value
and frequencies.All serial histogramsrequire that
the sort parameter values in each bucket form a
contiguous range. Attribute value (V), frequency
(F), and area(A) are examplesof sort parameters
that have beendiscussedin the literature.

� Source Parameter: This captures the property
of the data distribution that is the most critical



in an estimation problem and is used in conjunc-
tion with the next characteristic in identifying a
unique partitioning. Spread (S), frequency (F),
and area (A) are the most commonly usedsource
parameters.

� Partition Constrain t: This is a mathematical
constraint on the sourceparameter that uniquely
identi�es a single histogram within its partition
class. Several partition constraints havebeenpro-
posed so far, e.g., equi-sum, v-optimal, maxdi�,
and compressed, which are de�ned further below
as they are intro duced. Many of the more suc-
cessfulonestry to avoid grouping vastly di�eren t
sourceparameter values into a bucket.

Following [67], we use p(s,u) to denote a serial his-
togram classwith partition constraint p, sort parame-
ter s, and sourceparameter u.

Construction Algorithm: Given a particular
partition rule, this is the algorithm that constructs
histograms that satisfy the rule. It is often the case
that, for the same histogram class, there are several
construction algorithms with di�eren t e�ciency .

Value Appro ximation: This captures how at-
tribute values are approximated within a bucket,
which is independent of the partition rule of a his-
togram. The most common alternativ es are the con-
tinuous value assumption and the uniform spread as-
sumption; both assumevaluesuniformly placed in the
rangecoveredby the bucket, with the former ignoring
the number of thesevaluesand the later recording that
number inside the bucket.

Frequency Appro ximation: This captures how
frequenciesare approximated within a bucket. The
dominant approach is making the uniform distribution
assumption, where the frequenciesof all elements in
the bucket are assumedto be the sameand equal to
the averageof the actual frequencies.

Error Guaran tees: These are upper bounds on
the errors of the estimates a histogram generates,
which are provided basedon information that the his-
togram maintains.

A multi-dimensional histogram on a set of at-
tributes is constructed by partitioning the joint data
distribution of the attributes. They have the exact
samecharacteristics as 1-dimensional histograms, ex-
cept that the partition rule needsto be more intricate
and cannot always be clearly analyzed into the four
other characteristics as before, e.g., there is no real
sort parameter in this case,as there can be no order-
ing in multiple dimensions[66].

3 The Past of Histograms

First App earance

To the best of our knowledge,the �rst proposal to use
histograms to approximate data distributions within
a databasesystem was in Kooi's PhD thesis [47]. His

proposal was an immediate loan from statistics of the
simplest form of histogram, with the value set being
divided into rangesof equal length, i.e., the so called
equi-width histograms. Hence, in terms of the tax-
onomy of Section 2.3, the entry point for histograms
into the world of databaseswasthe serial classof equi-
sum(V,S), where the equi-sumpartition constraint re-
quires that the sums of the source-parametervalues
(spreadsin this case)in each bucket are equal. Within
each bucket, valuesand frequencieswereapproximated
basedon the continuous valueassumptionand the uni-
form distribution assumption, respectively.

Equi-width histograms represented a dramatic im-
provement over the uniform distribution assumption
for the entire value set (i.e., essentially a single-bucket
histogram), which was the state of the practice at the
time. Hence,they were quickly adopted by the Ingres
DBMS in its commercialversion,and later on by other
DBMSs as well.

First Alternativ e

A few years after Kooi's thesis, the �rst alternativ e
histogram was proposed, changing only the source
parameter [62]. Instead of having buckets of equal-
size ranges, the new proposal called for buckets with
(roughly) the samenumber of tuples in each one, i.e.,
the so called equi-depth or equi-height histograms. In
terms of the taxonomy, these are the equi-sum(V,F)
histograms. There wasampleevidencethat equi-depth
histogramswereconsiderablymore e�ectiv e than equi-
width histograms, hence, many commercial vendors
switched to those in the years following their intro-
duction. Equi-depth histograms were later presented
in their multi-dimensional form as well [58].

Optimal Sort Parameter

After several years of inactivit y on the topic of his-
tograms, interest in it was renewed in the context of
studying how initial errors in statistics maintained by
the databasepropagatein estimatesof the sizeof com-
plex query results [36]. In particular, it was shown
that, under some rather general conditions, in the
worst case,errors propagateexponentially in the query
size (i.e., in the number of joins), removing any hope
for high-quality estimatesfor large multi-join queries.

The �rst results that led towards new typesof his-
tograms were derived in an e�ort to obtain statistics
that would be optimal in minimizing/con taining the
propagation of errors in the size of join results [37].
The basicmathematical toolsusedwereborrowedfrom
majorization theory [55]. The focus was on a rather
restricted classof equality join queries,i.e., single-join
queries or multi-join queries with only one attribute
participating in joins per relation (more generally, with
a 1-1 functional dependencybetweeneach pair of join
attributes of each relation). For this query class,and



under the assumption that the value set is known ac-
curately, it was formally proved that the optimal his-
togram was serial and had frequency as the sort pa-
rameter4.

Ten years ago

The above result might have not had the impact it did
if it had remained true only for the restricted query
classit was�rst proved for. Soon afterwards, however,
in VLDB'93, it was generalizedfor arbitrary equality
join queries,giving a strong indication that the most
e�ectiv e histograms may be very di�eren t from those
that were useduntil that point [34].

To the best of our knowledge,histograms with fre-
quency as the sort parameter represented the �rst de-
parture from value-basedgrouping of buckets, not only
within the areaof databases,but overall within math-
ematics and statistics as well. Furthermore, their in-
tro duction essentially generalizedsomecommonprac-
tices that were already in use in commercial systems
(e.g., in DB2), wherethe highest frequencyvalueswere
maintained individually and accurately due to their
signi�can t contribution to selectivity estimates. Such
a practice is an instanceof a specialcaseof a histogram
in the end-biased partition class,with frequencyasthe
sort parameter: the highest sort-parameter valuesare
maintained in singleton buckets. Although lessaccu-
rate than general serial histograms, in several cases,
end-biasedhistograms proved quite e�ectiv e.

New Partition Constrain ts

The results on the optimalit y of frequencyas the sort
parameter left open two important questions. First,
which partition constraints are the most e�ectiv e, i.e.,
which onesamong all possiblefrequency-basedbucke-
tizations? Second,which histogramsare optimal when
the value set is not accurately maintained but is ap-
proximated in somefashion?

The answer to the �rst question came in the form
of the v-optimal histograms, which partition the data
distribution so that (roughly) the variance of source-
parameter valueswithin each bucket is minimized [38].

Unfortunately , the secondquestion had no analyt-
ical answer, but extensive experimentation led to the
formation of the space of histogram characteristics
that we useas the basic framework for our discussion
in this paper (Section2.3) [67]. In addition to the equi-
sum and v-optimal partition constraints, it intro duced
several possiblenew onesaswell, which similarly to v-
optimal had asa goal to avoid grouping together in the
samebucket vastly di�eren t source-parametervalues.
Among them, we distinguish maxdi� , which places
bucket boundariesbetweenadjacent source-parameter

4These were called simply serial histograms at the time, but
the term was later generalized to imply non-overlapping ranges
of any sort parameter, not just frequency, which is how we use
the term in this paper as well.

values (in sort-parameter order) whose di�erence is
among the largest, and compressed, which puts the
highest source values in singleton buckets and parti-
tions the rest in equi-sum fashion. Overall, the new
partition constraints (i.e., v-optimal, maxdi�, com-
pressed)wereshown to be the most e�ectiv e in curbing
query-result-sizeestimation errors.

The samee�ort pointed towardsseveral possibilities
for the sort and sourceparameters, i.e., value, spread,
frequency, area, cumulativ e frequency, etc., with fre-
quencyand areabeing the best sourceparameters. In-
terestingly, the best sort parameter proved to be the
value and not the frequency, as the original optimal-
it y results would suggest,indicating that, if valuesare
not known accurately, having bucketswith overlapping
value rangesdoesnot pay o� for range queries.

The most e�ectiv e of these histograms have actu-
ally beenadopted by industrial products (seeSection
4). Furthermore, in addition to selectivity estimation
for various relational and non-relational queries,these
histograms have proved to be very e�ectiv e in approx-
imate query answering as well [39].

Since the speci�cation of the above space of his-
tograms, there have been several e�orts that have
studied one or more of its characteristics and have
proposedalternativ e, improved approaches. For each
characteristic, we outline some of the most notable
piecesof work on it in a separate subsection below.
Unlessexplicitly mentioning the opposite, the discus-
sion is about 1-dimensionalhistograms.

Alternativ e Partition Constrain ts

In addition to the partition constraints that were in-
tro duced as part of the original histogram framework
[67], a few more have been proposedthat attempt to
approach the e�ectiv enessof v-optimal, usually hav-
ing a more e�cien t construction cost. Among them,
we note one that usesa simpli�ed form of the opti-
mal knot placement problem[18] to identify the bucket
boundaries, which are where the `knots' are placed
[46]. The simpli�cation consists of using only linear
splinesthat are alsoallowed to be discontinuousacross
bucket boundaries. This is combined with interesting
alternativ eson the value and frequencyapproximation
within each bucket.

Multi-Dimensional Partition Rules

The �rst intro duction of multi-dimensional histograms
wasby Muralikrishna and DeWitt [58], who essentially
described 2-dimensionalequi-depth histograms. Space
was divided in the same way it is done in a Grid-
�le, i.e., recursively cutting the entire spaceinto half-
spacesby using a value of one of the dimensionsas a
boundary each time, the dimension and the value be-
ing chosenin a way prespeci�ed at the beginning of the
process[58]. Bucketswerenon-overlapping (the multi-
dimensional version of the serial partition class) on



the spaceof the multi-dimensional values (the multi-
dimensional version of value as the sort parameter),
the boundarieschosenwith equi-sum as the partition
constraint and frequencyas the sourceparameter.

It wasnot until several yearslater that any newpar-
tition rules wereproposed[66], this time taking advan-
tage of the generality of the histogram taxonomy [67].
The most e�ectiv e family of such rules was MHIST-
2, which starts from the entire joint data distribution
placed in a single bucket and, at each step, splits the
spacecaptured by one of the buckets it has formed
into two subspaces,until it has exhausted its budget
of buckets. The split is made in the bucket and along
the dimension that is characterized asmost \critical",
i.e., whose marginal distribution is the most in need
of partitioning , basedon the (1-dimensional) partition
constraint and sourceparameter used. In combination
with the most e�ectiv epartition constraints and source
parameters (i.e., v-optimal or maxdi� with frequency
or area), MHIST-2 represented a dramatic improve-
ment over the original multi-dimensional equi-depth
histograms.

Since MHIST, there have been several other inter-
esting partition rules that have beenproposed. One of
them is GENHIST [31], which wasoriginally proposed
in the context of multi-dimensional real-valued data,
but its applicabilit y is broader. The main characteris-
tic of GENHIST is that it allows buckets to overlap in
the spaceof multi-dimensional values: the algorithm
starts from a uniform grid partitioning of the spaceand
then iterativ ely enlargesthe buckets that contain high
numbers of data elements. This has two e�ects: �rst,
the density of data in each bucket decreases,thus mak-
ing the overall density smoother; second,the buckets
end up overlapping, thus creating many more distinct
areasthan there are bucketsper se. The data distribu-
tion approximation within each area is a combination
of what all the overlapping bucket that form the area
indicate. This results in a small number of buckets
producing approximations with low errors.

Another alternativ e is the STHoles Histogram [11],
which takes, in somesense,a dual approach to GEN-
HIST: instead of the region covered by a bucket in-
creasing in size and overlapping with other buckets,
in STHoles, this region may decreasein size due to
the removal of a pieceof it (i.e., opening a hole) that
forms a separate, child bucket. This creates buckets
that are not solid rectangles,and is therefore capable
of capturing quite irregular data distributions.

Identifying e�ectiv e multi-dimensional partition
rules is by no meansa closedproblem, with di�eren t
approachesbeing proposedcontinuously [23].

Value Appro ximation Within Each Buc ket

Given a speci�c amount of spacefor a histogram, one
of the main tradeo�s is the number of buckets ver-
sus the amount of information kept in each bucket.

A small amount of information within each bucket im-
pliesgrosslocal approximations but alsomore buckets.
Finding the right balance in this tradeo� to optimize
the overall approximation of the data distribution is a
key question.

With respect to approximating the setof valuesthat
fall in a 1-dimensional bucket, there have beenessen-
tially two approaches. Under the traditional continu-
ous value assumption, onemaintains the least amount
of information (just the min and max value), but noth-
ing that would give someindication of how many val-
uesthere are or where they might be. Under the more
recent uniform spread assumption[67], one also main-
tains the number of values within each bucket and
approximates the actual value set by the set that is
formed by (virtually) placing the samenumber of val-
uesat equaldistancesbetweenthe min and max value.
A di�eren t versionof that hasalsobeenproposedthat
does not record the actual average spread within a
bucket but onethat reducesthe overall approximation
error in range queriesby taking into account the pop-
ularit y of particular ranges within each bucket [46].
There have been several studies that show each gen-
eral technique superior to the other, an indication that
there may be no universal winner.

The two main approaches mentioned above have
been extended for multi-dimensional buckets as well,
maintaining the min and max value of each dimension
in the bucket. Under the continuous value assump-
tion nothing more is required, but under the uniform
spread assumption, the problem arises of which dis-
tinct (multi-dimensional) values are assumedto exist
in the bucket. If di is the number of distinct values in
attribute X i that are present in a bucket and v0

i (k) is
the k'th approximate value in dimension i (obtained
by applying the uniform spreadassumptionalong that
dimension), then a reasonableapproach is to assume
that all possible combinations < v0

1(k1); ::; v0
n (kn ) > ,

1 � ki � di , exist in the bucket [66].
There has also been an interesting e�ort that in-

tro duces the use of kernel estimation into the 1-
dimensional histogram world [10] to deal speci�cally
with real-valued data. Roughly, it suggestschoosing
the points of considerablechange in the probabilit y
density function as the bucket boundaries (in a spirit
similar to the maxdi� partition constraint) and then
applying the traditional kernel estimation method for
approximating the valueswithin each bucket. This has
also been generalized for the multi-dimensional case
[31].

Frequency Appro ximation Within Each Buc ket

With respect to approximating the set of frequencies
that fall in a bucket, almost all e�orts deal with the
traditional uniform distribution assumption. Among
the few exceptions is one that is combined with the
linear spline partition constraint mentioned above and



usesa linear spline-based approximation for frequen-
cies as well [46]. It records one additional data item
per bucket to capture linearly growing or shrinking
frequencies at the expense of fewer buckets for a
�xed spacebudget. Likewise,another exception uses
equally small additional spacewithin each bucket to
store cumulativ e frequencies in a 4-level tree index
[13]. Contrary to the previous e�ort, however, it is
combined with someof the establishedpartition con-
straints, i.e., v-optimal and maxdi�.

E�cien t and Dynamic Constructions

Although estimation e�ectiv enessis probably the most
important property of histograms (or any other com-
pression/estimation method for that matter), con-
struction cost is also a concern. With respect to this
aspect, histogramsmay be divided into two categories:
static histograms and dynamic/adaptive histograms.

Static histograms are those that are traditionally
used in databasesystems: after they are constructed
(from the stored data or a sample of it), they remain
unchangedeven if the original data gets updated. De-
pending on the details of the updates, a static his-
togram eventually drifts away from what it is sup-
posedto approximate, and the estimations it produces
may su�er from increasingly larger errors. When this
happens,the administrators ask for a recalculation, at
which point the old histogram is discardedand a new
one is calculated afresh. An important consideration
for static histograms is the cost of each calculation
itself, which is mostly a�ected by the partition con-
straint. Most such constraints (e.g., equi-sum, maxd-
i�, compressed)have straightforward calculations that
are e�cien t. This is not the case,however, for what
has been shown to be the most e�ectiv e constraint,
i.e., v-optimal, whosestraightforward calculation is in
generalexponential in the number of source-parameter
values. A key contribution in this direction has been
the proposal of a dynamic-programming based algo-
rithm that identi�es the v-optimal histogram (for any
sort and sourceparameter) in time that is quadratic
in the number of source-parametervaluesand linear in
the number of buckets, thus making thesehistograms
practical as well [42]. Subsequently , several (mostly
theoretical) e�orts have intro duced algorithms that
have reduced the required running time for calculat-
ing these optimal histograms, eventually bringing it
down to linear overall and achieving similar improve-
ments for the required spaceas well [30]. Dynamic-
programming algorithms have also been proposedfor
constructing the optimal histograms for (hierarchical)
range queries in OLAP data [44]. For the multi-
dimensional case,optimal histogram identi�cation is
NP-hard, soseveral approximate techniqueshave been
proposed[59].

Another interesting development has beenthe pro-
posal of algorithms to identify optimal sets of his-

tograms (as opposedto individual histograms), based
on an expectedworkload [40]. This e�ort focuseson v-
optimal histograms, but is equally applicable to other
partition constraints as well.

Even with the existenceof e�cien t calculation al-
gorithms, however, static histograms su�er from in-
creasing errors between calculations. Moreover, in
a data stream environment, static histograms are
not an option at all, as there is no opportunit y to
store the incoming data or examine it more than
once. Hence,several works have proposedvarious ap-
proachesto dynamic/adaptiv e/self-tuning histograms,
which changeas the data gets updated, while remain-
ing competitiv e to their static counterparts. Among
these,we note one for equi-depth and compressedhis-
tograms [26], one for v-optimal histograms [27], and
one for (linear) spline-basedhistograms [46]. There
is also an e�ort focusing on data streams, where a
sketchon the (join t) data distribution of the stream is
maintained, from which an e�ectiv e multidimensional
histogram may be constructed [72]; the STHoles his-
togram is used for experimentation with the method,
but in principle, it could be applied to other histogram
classesas well.

Another approach to dynamic construction that has
been examined in the past consists of query feed-
back mechanisms that take into account actual sizes
of query results to dynamically modify histograms so
that their estimates are closer to reality. In essence,
this is histogram adaptation at query time instead of
at update time. The main representativ esin this cat-
egory are the ST-histograms [2] and their descendant
STHoleshistograms[11], which employ a sophisticated
partition rule as well. These techniques are indepen-
dent of the particular characteristics of the initial his-
tograms, which may be constructed in any way, e.g.,
they could be equi-depth histograms. In addition to
their dynamic nature, a key advantage of these ap-
proachesis their low cost.

The LEO system [70] generalizesthese e�orts as
it usesresult sizesof much more complicated queries
to modify its statistics, including join and aggregate
queries, querieswith user-de�ned functions, and oth-
ers. Interestingly, LEO doesnot update the statistics
in place, but puts all feedback information into sepa-
rate catalogs,which are usedin combination with the
original histograms at estimation time.

Error Guaran tees

Most work on histograms dealswith identifying those
that exhibit low errors in some estimation problem,
but not with providing, together with the estimates,
someinformation on what those errors might be. The
�rst work to address the issue [42] suggestsstoring
in each bucket the maximum di�erence between the
actual and the approximate (t ypically, the average)
frequency of a value in the bucket and using that to



provide upper bounds on the error of any selectivity
estimatesproduced by the histogram for equality and
range selectionqueries. An interesting alternativ e fo-
cuseson optimizing top-N rangequeriesand storesad-
ditional information on a per-histogram rather than on
a per-bucket basis [20].

Other Data T yp es

As mentioned earlier, most work on histogramshasfo-
cusedon approximating numeric values,in oneor mul-
tiple dimensions (attributes). Nevertheless,the need
to approximation is much broader, and several e�orts
have examined the use of histograms for other data
typesas well.

With respect to spatial data, the canonical ap-
proaches to 2-dimensional histograms do not quite
work out astheseare for point data and do not extend
to objects that are 2-dimensionalthemselves. Further-
more, frequencyis usually not an issuein spatial data,
asspatial objects are not repeated in a database. Sev-
eral interesting techniqueshave beenpresented to ad-
dress the additional challenges,which essentially are
related to the partition rule, i.e., how the spatial ob-
jects are grouped into buckets. Some form buckets
by generalizingconventional histogram partition con-
straints while othersdo it by following approachesused
in spatial indices (e.g., R-trees). The MinSkew His-
togram [5] is among the more sophisticated onesand
divides the spaceby using binary partitionings (recur-
sively dividing the spacealong one of the dimensions
each time) sothat the overall spatial skewof all buckets
is minimized. The latter captures the variance in the
density of objects within each bucket, so it follows, in
somesense,the spirit of the v-optimal histograms. The
SQ-Histogram [3] is an interesting alternativ e, divid-
ing the spaceaccording to the Quad-tree rule (which
is more restrictiv e than arbitrary binary partitionings)
and, in addition to spatial proximit y, taking into ac-
count proximit y in the size as well as the complexity
(number of vertices) of the polygonsthat are placedin
the samebucket. Both approachesare quite e�ectiv e,
with SQ being probably the overall winner. Spatial
histograms, i.e., MinSkew histograms, have also been
extended to capture the velocity of object movement,
thus becoming able to approximate spatio-temporal
data as well [17].

The recent interest in XML could not, of course,
leave untouched XML �le approximation, XML query
result sizeestimation, and other related problems. The
semi-structured nature of XML �les does not lend
itself to histogram-based approximation, as there is
no immediate multi-dimensional space that can be
bucketized but one needs to be formed from some
numeric XML-�le characteristics. In the StatiX ap-
proach [22], information in an XML Schema is used
to identify potential sourcesof structural skew and
then 1-dimensional histograms are built for the most

problematic places in the schema, approximating the
distributions of parent ids for di�eren t elements. In
the XPathLearner approach [49], (�rst-order) Markov
Histograms are used [1], where the frequencies of
the results of traversing all paths of length 2 are
stored in two 2-dimensional histograms. The dimen-
sions always represent the `from' and `to' nodes of
the paths in the XML graph; in the �rst histogram,
both nodes/dimensions are for XML tags, whereas
in the secondhistogram, the `from' node/dimension
is an XML tag and the `to' node/dimension is a
value. Assuming enough memory, frequencies are
maintained accurately for all tag-to-tag pairs (accu-
rate histogram), as there are very few. To the con-
trary , < tag,value> pairs are placed in a histogram
that is basedon a 2-dimensional version of the com-
pressed partition constraint, with frequency as the
source parameter. Another approach for estimating
XML-query result sizesbuilds position histograms on
a 2-dimensional spaceas well, only here the two di-
mensionsare directly or indirectly related to the num-
bering of each node in a preorder traversalof the XML
graph [79]. Finally, histograms have also beenusedin
combination with or as parts of other data structures
for XML approximations. The XSketch is quite an
e�ectiv e graph-basedsynopsis that tries to captured
both the structural and the value characteristics of an
XML �le [63, 64]. Histograms enter the picture as
they are used at various parts of an XSketch to cap-
ture statistical correlations of elements and values in
particular neighborhoods of the XSketch graph.

In addition to XML graphs, histograms have also
been proposedto capture the degreesof the nodes in
general graphs as a way to compare graphs between
them and grade their similarit y [60].

Uncon ventional Histograms

Throughout the years, there have beena few interest-
ing piecesof work that do not quite follow the gen-
eral histogram taxonomy or histogram problem de�-
nitions. One of them suggeststhe useof the Discrete
CosineTransform (DCT) to compressan entire multi-
dimensional histogram and store its compressedform
[48]. It employs a very simple multi-dimensional parti-
tion rule (a uniform grid over the entire space),divides
the spaceinto a large number of small buckets, and
then compressesthe bucket information using DCT.
This appearsto saveon spacebut alsoestimation time,
as it is possible to recover the necessaryinformation
through the integral of the inverseDCT function.

There is alsoa promising line of work that combines
histograms with other techniques to produce higher-
quality estimations than either technique could do
alone. In addition to several such combinations with
sampling, a particularly interesting technique tries to
overcome the `curse of dimensionality' by identify-
ing the critical areasof dependenceand independence



among dimensionsin multi-dimensional data, captur-
ing them with a statistical interaction model (e.g.,
log-linear model) which can then form the basis for
lower-dimensionalMHIST histograms to approximate
the overall joint data distribution [19].

Finally, there is a very interesting departure from
the convention that histograms are built on baserela-
tions and estimations of the data distributions of in-
termediate query results are obtained by appropriate
manipulations of these base-relation histograms [12].
It discussesthe possibility of maintaining histograms
on complex query results, which provesto be quite ef-
fective in somecases. This work usesthe main SQL
Server histograms (essentially maxdi� - seeSection 4)
to demonstratethe proposedapproach, but the overall
e�ort is orthogonal to the particular histogram class.
As the number of potential complex query histograms
is much larger than that of base-relation histograms,
the corresponding databasedesign problem of choos-
ing which histograms to construct is accordingly more
di�cult as well. Fortunately, a workload-basedalgo-
rithm provesadequatefor the task.

4 Industrial Presence of Histograms

Histograms have not only been the subject of much
research activit y but also the favorite approximation
method of all commercial DBMSs as well. Essentially
all systems had equi-width histograms in the begin-
ning and then eventually moved to equi-depth his-
tograms. In this section, we brie
y describe the cur-
rently adopted histogram class for three of the most
popular DBMSs.

DB2 employs compressedhistograms with value as
the sort parameter and frequency as the source pa-
rameter [50]. Usersmay specify the numbersof single-
ton and non-singleton buckets desired for the most-
frequent values and the equi-depth part of a com-
pressedhistogram, respectively, with the default be-
ing 10 and 20. A departure from our generaldescrip-
tions above is that DB2 storescumulativ e frequencies
within non-singleton buckets. Histogram construction
is basedon a reservoir sample of the data. DB2 ex-
ploits multi-dimensional cardinalit y information from
indices on composite attributes (whenever they are
available) to obtain someapproximate quanti�cation
of any dependence that may exist between the at-
tributes, and uses this during selectivity estimation.
Otherwise, it assumesattributes are independent. The
learning capabilities of LEO [70] play a major role in
how all available information is best exploited for high-
quality estimation.

Oracle still employs equi-depth histograms [78]. Its
basic approach to multi-dimensional selectivities is
similar to that of DB2, basedon exploiting any avail-
able information from composite indices. In addition
to that, however, it o�ers dynamic sampling capabil-
ities to obtain on-the-
y dependenceinformation for

rather complexpredicateswhenever needed(selections
and single-table functions are already available, while
joins will be in the next release). It also takes into
account the dependenciesthat exist between the at-
tributes of a cube'sdimensions'hierarchiesduring roll-
up and provides estimates at the appropriate hierar-
chy level. Finally, the next releasewill employ learning
techniquesto remember selectivities of past predicates
and usethem in the future.

SQL Server employs maxdi� histograms with value
asthe sort parameterand essentially averagefrequency
(within each bucket) as the source parameter [9]. It
permits up to 199 buckets, storing within each bucket
the frequency of the max value and (essentially) the
cumulativ e frequencyof all valueslessthan that. His-
togram construction is typically based on a sample
of the data. Composite indices are used in a similar
fashion as in the other systems for obtaining multi-
dimensional selectivity information.

Note that all commercialDBMSs have implemented
strictly 1-dimensionalhistograms. Except for somein-
cidental indirect information, they essentially still em-
ploy the attribute value independence assumptionand
havenot ventured o� to multi-dimensional histograms.

5 Comp etitors of Histograms

The main technique that has competed against his-
tograms in the past decadeis wavelets, which is very
important for image compressionand has been intro-
duced into the databaseworld in the late 90's [7, 56].
Wavelets have been used extensively for approximate
answering of di�eren t query types and/or in di�er-
ent environments: multidimensional aggregatequeries
(range-sum queries) in OLAP environments [75, 76],
aggregate and non-aggregaterelational queries with
computations directly on the stored wavelet coe�-
cients [14], and selection and aggregatequeries over
streams[28]. As with histograms, there have alsobeen
e�orts to devise wavelet-basedtechniques whose ap-
proximate query answersare provided with error guar-
antees [24], as well as to construct and maintain the
most important wavelet coe�cien ts dynamically [57].

Sampling is not a direct competitor to histograms,
as it is mostly a runtime technique, and furthermore,
the literature on sampling is extremely large, so it is
impossible to analyze the corresponding highlights in
the limited spaceof this paper. However, we should
emphasize that sampling is often a complementary
technique to histograms, as static (and even several
forms of dynamic) histograms are usually constructed
basedon a sampleof the original data [15, 26, 62].

There are also several specialized techniques that
have been proposedand compete with histograms on
speci�c estimation problems. Theseinclude techniques
for selectivity estimation of select-join queries [71] or
spatial queries [8], using query feedback to modify
stored curve-�tting/parametric information for bet-



ter selectivity estimation [16], selectivity estimation
for alphanumeric/string data in 1-dimensional[43, 45]
and multi-dimensional environments [41, 77], identi�-
cation of quantiles [6, 53, 54] and their dynamic main-
tenance with a priori guarantees [29], approximate
query answering for aggregatejoin queries [4], select-
join queries[25], and within the general framework of
on-line aggregation [33, 32, 51], computing frequencies
of high-frequency items in a stream [52], and others.
Despite their suboptimalit y comparedto someof these
techniqueson the corresponding problems,histograms
remain the method of choice, due to their overall ef-
fectivenessand wide applicabilit y.

6 The Future of Histograms
Despite the successof histograms, there are several
problems whosecurrent solutions leave enough space
for signi�can t improvement and several others that re-
main wide open, whosesolution would make the ap-
plicabilit y of histograms much wider and/or their ef-
fectivenesshigher. We have recently discussedvarious
problems of both types [35], someaddressingspeci�c
histogram characteristics from the existing taxonomy
while others being cast in a slightly more generalcon-
text. In this section, we focus on three of the open
problems, those that we believe are the most promis-
ing and senseasbeing the furthest away from any past
or current work that we are aware of.

Histogram Techniques and Clustering

Abstracting away the details of the problem of
histogram-basedapproximation, one would seesome
striking similarities with the traditional problem of
clustering [73]: the joint data distribution is parti-
tioned into buckets,whereeach bucket contains similar
elements. Similarit y is de�ned basedon somedistance
function that takesinto account the valuesof the data
attributes and the value of the frequency if there is
any variation on it (e.g., if it is not equal to 1 for all
data elements). The buckets are essentially clusters in
the traditional sense,and for each one, a very short
approximation of the elements that fall in it is stored.

Despite the similarities, the techniques that have
been developed for the two problems are in general
very di�eren t, with no well-documented reasoningfor
many of these di�erences. Why can't the histogram
techniquesthat have beendeveloped for selectivity es-
timation be used for clustering or vice versa? From
another perspective, why can't the frequency in selec-
tivit y estimation be consideredas another dimension
of the joint data distribution and have the problem be
consideredas traditional clustering? What would the
impact be of using stored approximations developed
for oneproblem to solveanother? In general,given the
great variety of techniquesthat exist for the two prob-
lems, it is crucial to obtain an understanding of the
advantagesand disadvantagesof each one, its rangeof

applicabilit y, and in general,their relative characteris-
tics when mutually compared. A comprehensive study
needsto be conducted that will include several more
techniquesthan thosementioned here. The \New Jer-
sey Data Reduction Report" [7] has examined many
techniques and has produced a preliminary compar-
ison of their applicabilit y to di�eren t types of data.
It can serve as a good starting point for veri�cation,
extrapolation, and further exploration, not only with
respect to applicabilit y, but also precise e�ectiv eness
trade-o�s, e�ciency of the algorithms, and other char-
acteristics.

Buc ket Recognition and Represen tation

The goal of any form of (partition-based) approxima-
tion, e.g., histogram-basedand traditional clustering,
is to identify groupsof elements sothat all thosewithin
a group are similar with respect to a small number
of parameters that characterize them. By storing ap-
proximations of just these parameters, one is able to
reconstruct an approximation of the entire group of
elements with little error. Note that, in the terms
of the histogram taxonomy, these parameters should
be chosen as the source parameter(s), to satisfy the
proximit y-expressingpartition constraint.

How do we know which parameters are similar for
elements so that we can group them together and rep-
resent them in terms of them? This is a typical ques-
tion for traditional pattern recognition [73], where be-
fore applying any clustering techniques, there is an
earlier stage where the appropriate dimensionsof the
elements are chosenamong a great number of possi-
bilities. There are several techniques that make such
a choice with varying successdepending on the case.

It is important, however, to emphasizethat, in prin-
ciple, theseparametersmay not necessarilybe among
the original dimensionsof the data elements presented
in the problem but may be derivatives of them. For
example, in several histogram-based approximations
as we have described them above, proximit y is sought
directly for frequenciesbut not for attribute values,as
attention there is on their spreads. (Recall also the
successof area as a source parameter, which is the
product of frequencywith spread.) The frequenciesin
a bucket are assumedconstant and require a smaller
amount of information to be stored for their approxi-
mation than the attribute values, which are assumed
to follow a linear rule (equal spread). Hence, con-
ventional histogram-basedapproximation, under the
uniform distribution and uniform spreadassumptions,
implies clustering in the derived space of frequency
and spread. In principle, however, not all data distri-
butions are served best with such an approach.

To increasethe accuracy of histogram approxima-
tions, there should be no �xed, prede�ned approxi-
mation approach to the value dimensionsand the fre-
quencies. It should not necessarilyeven be the same



for di�eren t buckets. Histograms should be 
exible
enoughto use the optimal approximation for each di-
mension in each bucket, one that would produce the
best estimations for the least amount of information.
Identifying what that optimal approximation is, is a
hard problem and requires further investigation.

Histograms and Tree Indices

The fact that there is a closerelationship betweenap-
proximate statistics kept in databases,especially his-
tograms, and indices has been recognizedin the past
in several works [7]. If one considersthe root of a B+
tree, the values that appear in it essentially partition
the attribute on which it is built into buckets with the
corresponding borders. Each bucket is then further
subdivided into smaller buckets by the nodes of the
subsequent level of the tree. One can imagine storing
the appropriate information next to each bucket spec-
i�ed in a node, hence transforming the node into a
histogram, and the entire index into a so called hi-
erarchical histogram. This may adversely a�ect in-
dex search performance,of course,as it would reduce
the out-degreeof the node, possibly making the tree
deeper. Nevertheless,although this idea works against
the main functionalit y of an index, its bene�ts arenon-
negligibleaswell, soit hasevenbeenincorporated into
somesystems.

We believe that hierarchical histogramsand, in gen-
eral, the interaction betweenapproximation structures
and indices should be investigated further, as there
are several interesting issuesthat remain unexplored
as analyzed below. Consider again a B+ tree whose
nodesare completely full. In that case,the root of the
tree speci�es a bucketization of the attribute domain
that correspondsto an equi-depth histogram, i.e., each
bucket contains roughly an equal number of elements
under it. Similarly, any node in the tree speci�es an
equi-depth bucketization of the rangeof valuesit leads
to.

The main issue with B+ trees being turned into
hierarchical equi-depth histograms is that the latter
are far from optimal overall on selectivity estimation
[67]. Histograms like v-optimal and maxdi� are much
more e�ectiv e. What kind of indices would one get if
each node represented bucketizations following one of
these rules? Clearly, the trees would be unbalanced.
This would make traditional search lesse�cien t on the
average. On the other hand, other forms of searches
would be served more e�ectiv ely. In particular, in a
system that provides approximate answers to queries,
the root of such a tree would provide a higher-quality
answer than the root of the corresponding B+ tree.
Furthermore, the system may move in a progressive
fashion, traversing the tree as usual and providing a
seriesof answers that are continuously improving in
quality, eventually reaching the leaves and the �nal,
accurate result.

Returning to precise query answering, note that
typically indicesare built assumingall valuesor ranges
of values being equally important. Hence, having a
balanced tree becomescrucial. There are often cases,
however, where di�eren t values have di�eren t impor-
tance and di�eren t frequency in the expected work-
loads [46]. If this query frequency or someother such
parameter is used in conjunction with advanced his-
togram bucketization rules, somevery interesting trees
would be generatedwhoseaveragesearch performance
might be much better than that of the B+ tree.

From the above, it is clear that the interaction be-
tween histograms and indices presents opportunities
but also several technical challengesthat need to be
investigated. The trade-o� between hierarchical his-
tograms that are balancedtreeswith equi-depth buck-
etization and thosethat are unbalancedwith more ad-
vanced bucketizations requires special attention. The
possibility of some completely new structures that
would strike even better trade-o�s, combining the best
of both worlds, cannot be ruled out either.

7 Conclusions

Histograms have been very successful within the
databaseworld. The reasonis that, amongseveral ex-
isting competing techniques, they probably represent
the optimal point balancing the tradeo� betweensim-
plicit y, e�ciency , e�ectiv eness,and applicabilit y for
data approximation/compression. Research-wisemost
of the basicproblemsaround histograms seemto have
been solved, but we believe there are still better so-
lutions to be found for some of them. Moreover, as
outlined in the previous section, there are some un-
touched foundational problemswhosesolution may re-
quire signi�can t changesin our overall perspective on
histograms. As much as the past ten yearshave been
enjoyable and productive in deepening our collective
understanding of histogramsand applying them in the
real world, we believe the next ten will be even more
exciting and really look forward to them!

8 Personal History

Our personal history with histograms has been
strongly in
uenced by Stavros Christodoulakis. It all
started during the \Query Optimization Workshop",
which was organizedin conjunction with SIGMOD'89
in Portland, whenStavros arguedthat optimizing very
large join queries did not make any sense,as the er-
rors in the selectivity estimates would be very large
after a few joins. Wanting to prove him wrong due
to a personal interest in large query optimization, we
started collaborating with him on the error propaga-
tion problem, work that led to results that justi�ed
Stavros' fears completely [36]. During this e�ort, we
were initiated by Stavros into the wonderful world of
majorization theory, Schur functions, and all the other



mathematical tools that much of our subsequent his-
togram work would bebasedon. Further collaboration
with Stavros resulted in the identi�cation of \serial his-
tograms" and the �rst realization of their signi�cance
[37], which was the springboard for the VLDB'93 pa-
per. For all these,we want to expressour sinceregrat-
itude to Stavros for revealingan exciting research path
that was hiding many treasuresalong the way.

The secondpersonwho hasmarkedsigni�can tly our
involvement with histograms is Vishy Poosala. As
a PhD student at Wisconsin, Vishy took the origi-
nal \serial histogram" results, dived deep into them,
and pushed them in many di�eren t directions, an ef-
fort that eventually led us to several interesting results
that have played an important role in the successof
histograms. For the long and fruitful collaboration we
have had, both beforeand after his PhD degree,many
thanks are due to Vishy as well.

Ac kno wledgemen ts: For this present paper, we
would like to thank Minos Garofalakis, Neoklis Poly-
zotis, and again Vishy Poosala for several useful sug-
gestionsand for verifying that the error in the approxi-
mation of the history of histogramspresented is small.
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