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Abstract

Our experimental analysis of several popu-
lar XPath processorsreveals a striking fact:
Query evaluation in each of the systems re-
quires time exponential in the size of queries
in the worst case. We show that XPath can
be processedmuch more e�cien tly , and pro-
pose main-memory algorithms for this prob-
lem with polynomial-time combined query
evaluation complexity. Moreover, we present
two fragments of XPath for which linear-time
query processingalgorithms exist.

1 In tro duction
XPath hasbeenproposedby the W3C [17] asa practi-
cal languagefor selectingnodes from XML document
trees. The importance of XPath stems from (1) its
potential application asan XML query languageper se
and it being at the core of several other XML-related
technologies, such as XSLT, XPointer, and XQuery
and (2) the great and well-deserved interest such tech-
nologiesreceive [1]. SinceXPath and related technolo-
gieswill be tested in ever-growing deployment scenar-
ios, its implementations need to scale well both with
respect to the size of the XML data and the growing
sizeand intricacy of the queries(usually referred to as
combined complexity).

Recently , there hasbeensomework on related prob-
lems such as query containment for XPath [6, 11, 16],
XPath axis rewriting to dealwith streamingXML data
[4], the expressivenessand complexity of various frag-
ments of XSLT [2, 12], and contributions towards a
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formal semantics de�nition of XPath [7, 14]. However,
to the best of our knowledge, no research results on
good or evenreasonablemethods for processingXPath
have beenpublished which may serve asyardsticks for
new algorithms.

Con tributions

In this paper, we show that it is possibleto noticeably
improve the e�ciency of existing and future XPath
engines. We claim that current implementations of
XPath processorsdo not live up to their potential.
The way XPath is de�ned in [17] motivates an im-
plementation approach that leads to highly ine�cien t
(exponential-time) XPath processing,and many im-
plementations seemto have naively followed this intu-
ition. Likewise,the semantics of a fragment of XPath
de�ned in [14], which usesa fully functional formalism,
motivates an exponential-time algorithm.

To get a better understandingof the state-of-the-art
of XPath implementations, we experiment with three
existing XPath processors,namely XALAN, XT, and
Microsoft Internet Explorer 6 (IE6). XALAN [19] is
a framework for processingXPath and XSLT which is
freely available from the Apache foundation. XT [5] is
a freely available XSLT 1 processorwritten by James
Clark. IE6 is a commercial Web browser which sup-
ports the formatting of XML documents using XSL.
Our experiments show that the time consumption of
all three systems grows exponentially in the size of
XPath queriesin general. This exponentialit y is a very
practical problem. Of course,queriestend to be short,
but we will arguethat meaningful practical queriesare
not short enoughto allow the existing systemsto han-
dle them.

The main contributions of this paper, apart from
our experiments, are the following:

� We de�ne a formal bottom-up semantics of XPath
(i.e., for the full languageasproposedin [17]), which
leadsto a bottom-up main-memory XPath process-
ing algorithm that runs in low-degreepolynomial
time in terms of the data and of the query size in
the worst case.By a bottom-up algorithm we mean

1Of course, XSLT allows to embed and execute arbitrary
XP ath queries.
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Figure 1: XPath fragments consideredin this paper.

a method of processingXPath while traversing the
parse tree of the query from its leavesup to its root.

� We discussa generalmechanism for translating our
bottom-up algorithm into a top-down one. (\T op-
down" again relates to the parsetree of the query.)
Both have the sameworst-casebound on running
times but the latter may compute fewer uselessin-
termediate results than the bottom-up algorithm.

� We present a linear-time algorithm (in both data
and query size) for a practically useful fragment of
XPath, which wewill call Core XPath in the sequel.

In the experiments presented in this paper, we show
that evaluating such queries in XALAN and XT
already takes exponential time in the size of the
queries in the worst case. The processingtime of
IE6 for this fragment growspolynomially in the size
of queries, but requires quadratic time in the size
of the XML data (when the query is �xed).

� We discussthe now supersededlanguageof XSLT
Patterns of the XSLT draft of December 16th, 1998
[18]. Since then, full XPath has been adopted as
the XSLT Pattern language.This languageremains
interesting, as it sharesmany features with XPath
and is a usefulpractical query language. We extend
this languagewith all of the XPath axesand call it
XPatterns to keepit short. Surprisingly, XPatterns
queries can be evaluated very e�cien tly , in linear
time in the sizeof the data and the query.

The rationale for presenting thesefragments is their
relevanceto the e�ciency of enginesfor full XPath on
common queries. An overview of the various query
languagefragments consideredin this paper and data
complexity bounds of the associated algorithms is
given in Figure 1. By L 1  L 2, we denote that lan-
guageL 1 subsumeslanguageL 2: XPatterns fully sub-
sumesthe Core XPath language,and subsumesXSLT
Patterns'98 (except for a minor detail). XPatterns is
a fragment of XPath.

Structure

The structure of this paper is as follows. In Sec-
tion 2, we provide experimental results for existing
XPath processors. Section 3 presents basic notions,
including the data model and auxiliary functions. Sec-
tion 4 intro duces XPath axes. Section 5 de�nes the
semantics of XPath in a conciseway. Section6 houses
the bottom-up semantics de�nition and algorithm for
full XPath, and Section 7 comesup with the modi-
�cations to obtain a top-down algorithm. Section 8

presents linear-time fragments of XPath (Core XPath
and XPatterns). We concludewith Section 9.

2 State-of-the-Art of XP ath Systems
In this section, we evaluate the e�ciency of three
XPath engines, namely Apache XALAN (the Lo-
tus/IBM XPath implementation which has been do-
nated to the Apache foundation) and James Clark's
XT, which are, as we believe, the two most popular
freely available XPath engines,and Microsoft Internet
Explorer 6 (IE6), a commercial product. The reader
is assumedfamiliar with XPath and standard notions
such as axes and location steps (cf. [17]).

The version of XALAN used for the experiments
was Xalan-j 2 2 D11 (i.e., a Java release). We used
the current version of XT (another Java implementa-
tion) with releasetag 19991105,as available on James
Clark's homepage,in combination with his XP parser
through the SAX driver. We ran both XALAN and
XT on a 360 MHz (dual processor) Ultra Sparc 60
with 512 MB of RAM running Solaris. IE6 was eval-
uated on a Windows 2000 machine with a 1.2 GHz
AMD K7 processorand 1.5 GB of RAM.

XT and IE6 are not literally XPath engines,but are
able to processXPath embeddedin XSLT transforma-
tions. We used the xsl:foreach performative to obtain
the set of all nodesan XPath query would evaluate to.

We show by experiments that all three implementa-
tions require time exponential in the sizeof the queries
in the worst case.Furthermore, we show that even the
simplest queries,with which IE6 can deal e�cien tly in
the sizeof the queries,take quadratic time in the size
of the data. Sincewe usedtwo di�eren t platforms for
running the benchmarks, our goal of course was not
to comparethe systemsagainst each other, but to test
the scalabilities of their XPath processingalgorithms.
The reasonwe used two di�eren t platforms was that
Solaris allows for accurate timing, while IE6 is only
available on Windows. (The IE6 timings reported on
here have the precision of � 1 second).

The XML documents we used were of very simple
structure. The document of sizen was of the form

hai hb/ i : : : hb/ i
| {z }

n times

h/a i

and its tree thus contained n + 1 nodes.

Exp erimen t 1: Exp onential-time Query Com-
plexit y of XALAN and XT

In this experiment, we used the document of size 2
(i.e., haihb/ i hb/ ih/a i ). Querieswereconstructed using
a simple pattern. The �rst query was `//a/b' and the
i + 1-th query was obtained by taking the i -th query
and appending `/parent::a/b'. For instance, the third
query was `//a/b/paren t::a/b/paren t::a/b'.

It is easy to see that the time measurements re-
ported in Figure 2, which usesa log scaleY axis, grow
exponentially with the size of the query. The sharp
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Figure 2: Exponential-time query complexity of XT
and XALAN (Experiment 1).

bend in the curvesis due to the near-constant runtime
overheadof the Java VM and of parsing the XML doc-
ument.

Discussion

This behavior can be explained with the follow-
ing pseudocode fragment, which seemsto appropri-
ately describe the basic query evaluation strategy of
XALAN and XT.

pro cedure process-location-step(n0, Q)
/* n0 is the context node;

query Q is a list of location steps*/
begin

node set S := apply Q.�rst to node n0;
if (Q.tail is not empty) then

for each node n 2 S do
process-location-step(n, Q.tail );

end

It is clear that each application of a location step to a
context node may result in a set of nodesof sizelinear
in the sizeof the document (e.g., each node may havea
linear number of descendants or nodesappearing after
it in the document). If we now proceedby recursively
applying the location steps of an XPath query to in-
dividual nodesas shown in the pseudocode procedure
above, we end up consuming time exponential in the
sizeof the query in the worst case,even for very simple
path queries. As a (simpli�ed) recurrence,we have

Time( jQj) :=
�

jD j � Time(jQj � 1) : : : jQj > 0
1 : : : jQj = 0

where jQj is the length of the query and jD j is the size
of the document, or Time( jQj) = jD j jQ j .

The class of queries used puts an emphasis on
simplicit y and reproducibilit y (using the very simple
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Figure 3: Exponential-time query complexity of IE6,
for document sizes2, 3, 10, and 200 (Experiment 2).

document hai hb/ i hb/ ih/a i ). Interestingly, each `par-
ent::a/b' sequencequite exactly doublesthe times both
systems take to evaluate a query, as we �rst jump
(back) to the tree root labeled \a" and then experi-
encethe \branc hing factor" of two due the two child
nodeslabeled \b".

Our classof queriesmay seemcontriv ed; however,
it is clear that we make a practical point. First, more
realistic document sizes allow for very short queries
only2. At the sametime, XPath query enginesneedto
be able to deal with increasingly sophisticatedqueries,
along the current trend to delegate larger and larger
parts of data management problems to query engines,
where they can pro�t from their e�ciency and can
be made subject to optimization. The intuition that
XPath can be used to match a large classof tree pat-
terns [13, 10, 3] in XML documents also implies to a
certain degreethat queriesmay be extensive.

Moreover, similar queries using antagonist axes
such as \follo wing" and \preceding" instead of \c hild"
and \parent" do have practical applications, such as
when we want to put restrictions on the relative po-
sitions of nodes in a document. Finally, if we make
the realistic assumption that the documents are al-
ways much larger than the queries (jQj << jD j),
it is not even necessary to jump back and forth
with antagonist axes. We can use queries such as
//follo wing::*/follo wing::*/ : : :/follo wing::* to observe
exponential behavior.

Exp erimen t 2: Exp onential-time Query Com-
plexit y of In ternet Explorer 6

In our secondexperiment, we executed queries that
nest two important features of XPath, namely paths

2We will show this in the second experiment for IE6 (see
Figure 3), and have veri�ed it for XALAN and XT as well.
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Figure 4: Quadratic-time data complexity of IE6. f 0

and f 00 are the �rst and second derivatives, respec-
tiv ely, of our graph of timings f (Experiment 3).

and arithmetics, using IE6. The �rst three queries
were

//a/b[coun t(parent::a/b) > 1]
//a/b[coun t(parent::a/b[

count(parent::a/b) > 1]) > 1]
//a/b[coun t(parent::a/b[

count(parent::a/b[
count(parent::a/b) > 1]) > 1]) > 1]

and it is clear how to continue this sequence.
The experiment was carried out for four document

sizes(2, 3, 10, and 200). Figure 3 shows clearly that
IE6 requires time exponential in the sizeof the query.

Exp erimen t 3: Quadratic-time Data Complex-
it y for Simple Path Queries (IE6)

For our third experiment, we took a �xed query and
benchmarked the time taken by IE6 for various docu-
ment sizes.The query was `//a' + q(20) + `//b' with

q(i ) :=

(
`//b[ancestor::a' + q(i � 1)

+`//b]/ancestor::a' : : : i > 0
`' : : : i = 0

(Note: The sizeof queriesq(i ) is of courseO(i ).)

Example 2.1 For instance, the query of size two ac-
cording to this scheme,i.e. `//a' + q(2) + `//b', is

//a//b[ancestor::a//b[ancestor::a // b
]/ancestor::a//b

]/ancestor::a//b �

The granularit y of measurements (in terms of doc-
ument size) was 5000nodes. Figure 4 shows that IE6

takesquadratic time w.r.t. the sizeof the data already
for this simple classof path queries.

The query complexity of IE6 w.r.t. such queries is
polynomial as well. Due to spacelimitations, we do
not provide a graph for this experiment.

By virtue of our experiments, the following ques-
tion naturally arises: Is there an algorithm for process-
ing XPath with guaranteed polynomial-time behavior
(combined complexity), or even one that requiresonly
linear time for simple queries?In the remainder of this
paper, we are able to provide a positive answer to this.

3 Basic Notions
In this paper, we use an XML document model sim-
pli�ed as follows. All of the artifacts of this section
are de�ned in the context of a given XML document.
In our data model, an XML document is an unranked,
ordered, and labeled tree. Let dom be the set of all
nodesin this tree, and let us usethe two functions

�rstc hild, nextsibling : dom ! dom;

to represent the tree3. \�rstc hild" returns the �rst
child of a node (if there are any children, i.e., the
node is not a leaf), and otherwise \n ull". Let
n1; : : : ; nk be the children of some node in-order.
Then, nextsibling(n i ) = n i +1 , i.e., \nextsibling" re-
turns the neighboring node to the right, if it exists,
and \n ull" otherwise (if i = k). We de�ne the func-
tions �rstc hild � 1 and nextsibling� 1 as the inversesof
the former two functions, where \n ull" is returned if
no inverseexists for a given node. Where appropriate,
we will usebinary relations of the samename instead
of the functions. (fhx; f (x)i j x 2 dom; f (x) 6= nullg
is the binary relation for function f .)

Let � be a �nite labeling alphabet. We de�ne a
function T: (� [ f�g ) ! 2dom (\no detest") 4 which as-
signsto each label (XML tag) the set of nodeslabeled
with it; moreover, T (� ) := dom. Let < doc be the docu-
ment order, wherex < doc y (for two nodesx; y 2 dom)
i� the opening tag of x precedesthe opening tag of y
in the (well-formed) document. The function �rst < doc

returns the �rst node in a set w.r.t. document order.
All nodes are of the same type; thus, we do not

distinguish among element, attribute, and processing
instruction nodes,amongothers. For the samereason,
we do not discuss the \namespace" and \attribute"
axes5 as well as the \lo cal-name", \namespace-uri",
and \name" core library functions [17] either. The
reason for this is lack of space; however, extending
our semantics and algorithms (without a penalty w.r.t.
e�ciency bounds) is an easyexercise.

3Actually , \�rstc hild" and \nextsibling" are part of the XML
Document Ob ject Mo del (DOM).

4Our `*' node test coincides with node() of [17], while `*' of
[17] is a node-typed version of node().

5To cover these two kinds of axes in our simple node-labeled
tree data model, we could for instance assume that attributes
are modeled in the document tree as child nodes with special
labels.



child := �rstc hild :nextsibling �

parent := (nextsibling � 1) � :�rstc hild � 1

descendant := �rstc hild :(�rstc hild [ nextsibling) �

ancestor := (�rstc hild � 1 [ nextsibling � 1) � :�rstc hild � 1

descendant-or-self := descendant [ self
ancestor-or-self := ancestor [ self
following := ancestor-or-self:nextsibling :

nextsibling � :descendant-or-self
preceding := ancestor-or-self:nextsibling � 1 :

(nextsibling � 1) � :descendant-or-self
following-sibling := nextsibling :nextsibling �

preceding-sibling := (nextsibling � 1) � :nextsibling � 1

Table 1: Axis de�nitions in terms of \primitiv e" tree
relations \�rstc hild", \nextsibling", and their inverses.

Each node in an XML document may be identi�ed
by a unique id. The function deref ids : string !
2dom interprets its input string as a whitespace-
separated list of keys and returns the set of nodes
whose id's are contained in that list. The function
strval : dom ! string returns the string value of a
node, which is the concatenationof non-tag strings be-
tweenthe node's start and end tags in the document.
The functions to string and to number convert a num-
ber to a string resp. a string to a number according to
the rules speci�ed in [17].

4 XP ath Axes
The XPath axes self, child, parent, descendant,
ancestor, descendant-or-self, ancestor-or-self , fol-
lowing, preceding, following-sibling, and preceding-
sibling are binary relations � � dom � dom. Let
self := fhx; xi j x 2 domg. The other axesare de�ned
in terms of our \primitiv e" relations \�rstc hild" and
\nextsibling" as shown in Table 1 (cf. [17]). R1:R2,
R1 [ R2, and R�

1 denote the concatenation,union, and
re
exiv e and transitiv e closure, respectively, of binary
relations R1 and R2. Let E(� ) denote the regular ex-
pressionde�ning � in Table 1. It is important to ob-
servethat someaxesare de�ned in terms of other axes,
but that thesede�nitions are acyclic / non-recursive.

De�nition 4.1 Let � denote an XPath axis relation.
We de�ne the function � : 2dom ! 2dom as � (X 0) =
f x j 9x0 2 X 0 : x0�x g (and thus overload the relation
name � ), where X 0 � dom is a set of nodes.

�

Algorithm 4.2 (Axis Evaluation)
Input : A set of nodesS and an axis �
Output : � (S)
Metho d: eval� (S)

function eval(R 1 [ ::: [ R n ) � (S) begin
S0 := S; /* S0 is represented as a list */
while there is a next element x in S0 do

append f Ri (x) j 1 � i � n; Ri (x) 6= null ;
Ri (x) 62S0g to S0;

return S0;
end ;

function eval� (S) := evalE ( � ) (S).
function evalself(S) := S.
function evale1 :e2 (S) := evale2 (evale1 (S)).
function evalR (S) := f R(x) j x 2 Sg.
function eval� 1 [ � 2 (S) := eval� 1 (S) [ eval� 2 (S).

whereS � dom is a set of nodesof an XML document,
e1 and e2 are regular expressions,R, R1, : : :, Rn are
primitiv e relations, � 1 and � 2 are axes, and � is an
axis other than \self ".

�

Clearly, some axes could have been de�ned in
a simpler way in Table 1 (e.g., ancestor equals
parent.parent � ). However, the de�nitions, which use
a limited form of regular expressionsonly, allow to
compute � (S) in a very simple way, as evidencedby
Algorithm 4.2.

The function eval(R 1 [ ::: [ R n ) � essentially computes
graph reachabilit y (not transitiv e closure). It can be
implemented to run in linear time in terms of the data
in a straightforward manner; (non)membership in S0 is
checked in constant time using a direct-accessversion
of S0 maintained in parallel to its list representation
(naively, this could be an array of bits, one for each
member of dom, telling which nodesare in S0).

Lemma 4.3 Let S � dom be a set of nodes of an
XML document and � be an axis. Then, (1) � (S) =
eval� (S) and (2) Algorithm 4.2 runs in time O(jdomj).

Pro of Sketch (O(jdomj) running time) The time
bound is due to the fact that each of the eval functions
can be implemented so as to visit each node at most
once and the number of calls to eval functions and
relations joined by union is constant (seeTable 1).

�

De�nition 4.4 (Document order relative to an axis)
We de�ne the relation < doc;� relative to the axis � as
follows. For � 2 f self, child, descendant, descendant-
or-self, following-sibling, followingg, < doc;� is the stan-
dard document order < doc. For the remaining axes,it
is the reversedocument order.

Moreover, given a node x and a set of nodesS with
x 2 S, let idx � (x; S) be the index of x in S w.r.t.
< doc;� (where 1 is the smallest index).

�

5 Semantics of XP ath
In this section, we present a concisede�nition of the
semantics of XPath 1 [17]. We assumethe syntax of
this languageknown, and coherewith its unabbreviated
form [17]. We use a normal form syntax of XPath,
which is obtained by the following rewrite rules, ap-
plied initially:

1. Location steps� ::t[e], wheree is an expressionthat
producesa number (seebelow), are replacedby the
equivalent expression� ::t[e = position()].

2. All type conversions are made explicit (using the
conversion functions string, number, and boolean,
which we will de�ne below).



P[[� ::t[e1] � � � [em ]]](x) :=
begin

S := f y j x�y ; y 2 T(t)g;
for 1 � i � m (in ascendingorder) do

S := f y 2 S j [[ei ]](y; idx � (y; S); jSj) = trueg;
return S;

end ;
P[[� 1 j� 2]](x) := P[[� 1]](x) [ P[[� 2]](x)
P[[=� ]](x) := P[[� ]](root)
P[[� 1=� 2]](x) :=

S
y2 P [[� 1 ]]( x ) P[[� 2]](y)

Figure 5: Standard semantics of location paths.

3. Each variable is replacedby the (constant) value of
the input variable binding.

The main structural feature of XPath are expres-
sions, which are of oneof four types,namely node set,
number, string , or boolean. Each expressionevaluates
relativeto a context ~c = hx; k; ni consistingof a context
node x, a context position k, and a context size n [17].
C = dom � fhk; ni j 1 � k � n � jdomjg is the do-
main of contexts. Let ArithOp 2 f + ; � ; � ; div; modg,
RelOp 2 f = ; 6=, � , <; � ; > g, EqOp 2 f = ; 6= g, and
GtOp 2 f� ; < , � , > g. By slight abuse of notation,
we identify thesearithmetic and relational operations
with their symbols in the remainder of this paper.
However, it should be clear whether we refer to the
operation or its symbol at any point. By � ; � 1; � 2; : : :
we denote location paths.

De�nition 5.1 (Semantics of XPath) Each XPath
expressionreturns a value of one of the following four
types: number, node set, string, and boolean (abbre-
viated num, nset, str, and bool, respectively). Let T
be an expressiontype and the semantics [[e]] : C ! T
of XPath expressione be de�ned as follows.

[[� ]](hx; k; ni ) := P[[� ]](x)
[[position()]](hx; k; ni ) := k

[[last()]](hx; k; ni ) := n

For all other kinds of expressionse = Op(e1; : : : ; em )
mapping a context ~c to a value of type T ,
[[Op(e1; : : : ; em )]](~c) := F [[Op]]([[e1]](~c); : : : ; [[em ]](~c)),
whereF [[Op]] : T1 � : : : � Tm ! T is called the e�ective
semantics function of Op. The function P is de�ned
in Figure 5 and the e�ectiv e semantics function F is
de�ned in Table 2.

�

To save space, we at times re-use function de�-
nitions in Table 2 to de�ne others. However, our
de�nitions are not circular and the indirections can
be eliminated by a constant number of unfolding
steps. Moreover, for lack of space, we de�ne nei-
ther the number operations 
o or, ceiling, and round
nor the string operations concat, starts-with, contains,
substring-before, substring-after, substring (two ver-
sions), string-length, normalize-space,translate, and
lang in Table 2, but it is very easy to obtain these
de�nitions from the XPath 1 Recommendation[17].

Expr. E : Op erator Signature
Seman tics F [[E ]]
F [[constant number v : ! num]]()
v
F [[ArithOp : num � num ! num]](v1 ; v2)
v1 ArithOp v2

F [[count : nset ! num]](S)
jSj
F [[sum : nset ! num]](S)
� n 2 S to number(strv al(n))
F [[id : nset ! nset]](S)

�

n 2 S deref ids(strval(n))
F [[id : str ! nset]](s)
deref ids(s)
F [[constant string s : ! str]]()
s
F [[and : bool � bool ! bool]](b1 ; b2)
b1 ^ b2

F [[or : bool � bool ! bool]](b1 ; b2)
b1 _ b2

F [[not : bool ! bool]](b)
: b
F [[true () : ! bool]]()
true
F [[false() : ! bool]]()
false
F [[RelOp : nset � nset ! bool]](S1 ; S2)
9n1 2 S1 ; n2 2 S2 : strval(n1) RelOp strval(n2)
F [[RelOp : nset � num ! bool]](S; v)
9n 2 S : to number(strv al(n)) RelOp v
F [[RelOp : nset � str ! bool]](S; s)
9n 2 S : strval(n) RelOp s
F [[RelOp : nset � bool ! bool]](S; b)
F [[boolean]](S) RelOp b
F [[EqOp : bool � (str [ num [ bool) ! bool]](b;x)
b EqOp F [[boolean]](x)
F [[EqOp : num � (str [ num) ! bool]](v; x)
v EqOp F [[number]](x)
F [[EqOp : str � str ! bool]](s1 ; s2)
s1 EqOp s2

F [[GtOp : (str [ num [ bool) �
(str [ num [ bool) ! bool]](x1 ; x2)

F [[number]](x1) GtOp F [[number]](x2)
F [[string : num ! str]](v)
to string( v)
F [[string : nset ! str]](S)
if S = ; then \" else strval(�rst < doc (S))
F [[string : bool ! str]](b)
if b=true then \true" else \false"
F [[boolean : str ! bool]](s)
if s 6= \" then true else false
F [[boolean : num ! bool]](v)
if v 6= � 0 and v 6= NaN then true else false
F [[boolean : nset ! bool]](S)
if S 6= ; then true else false
F [[number : str ! num]](s)
to number(s)
F [[number : bool ! num]](b)
if b=true then 1 else 0
F [[number : nset ! num]](S)
F [[number]](F [[string ]](S))

Table 2: XPath e�ectiv e semantics functions.



Expression T yp e Asso ciated Relation R
num R � C � �

bool R � C � f true; falseg

nset R � C � 2dom

str R � C � char�

Table 3: Expressiontypesand associated relations.

The compatibilit y of our semantics de�nition (mod-
ulo the assumptionsmadein this paper to simplify the
data model) with [17] can easily be veri�ed by inspec-
tion of the latter document.

It is instructiv e to compare the de�nition of
P[[� 1=� 2]] in Figure 5 with the procedure process-
location-step of Section 2 and the claim regarding
exponential-time query evaluation madethere. In fact,
if the semantics de�nition of [17] (or of this section, for
that matter) is followed rigorously to obtain an analo-
gous functional implementation, query evaluation us-
ing this implementation requires time exponential in
the sizeof the queries.

6 Bottom-up Evaluation of XP ath

In this section, we present a bottom-up semantics and
algorithm for evaluating XPath queriesin polynomial
time. We discuss the intuitions which lead to poly-
nomial time evaluation (which we call the \context-
value table principle"), and establish the correctness
and complexity results.

De�nition 6.1 (Semantics) We represent the four
XPath expressiontypesnset, num, str, and bool using
relations as shown in Table 3. The bottom-up seman-
tics of expressionsis de�ned via a semantics function

E" : Expression! nset [ num [ str [ bool;

given in Table 4 and as

E" [[Op(e1; : : : ; em )]] :=
fh~c;F [[Op]](v1; : : : ; vm )i j ~c 2 C; h~c; v1i 2 E" [[e1]]; : : : ;

h~c; vm i 2 E" [[em ]]g

for the remaining kinds of XPath expressions.
�

Now, for each expressione and each hx; k; ni 2 C,
there is exactly one v s.t. hx; k; n; vi 2 E" [[e]].

Theorem 6.2 Let e be an arbitrary XPath expres-
sion. Then, for context node x, position k, and size
n, the value of e is v, where v is the unique value such
that hx; k; n; vi 2 E" [[e]].

The main principle that we propose at this
point to obtain an XPath evaluation algorithm with
polynomial-time complexity is the notion of a context-
value table (i.e., a relation for each expression,as dis-
cussedabove).

Expr. E : Op erator Signature
Seman tics E" [[E ]]
location step � ::t : ! nset
fhx0 ; k0 ; n0 ; f x j x0 �x; x 2 T (t)gi j hx0 ; k0 ; n0 i 2 Cg
location step E [e] over axis � : nset � bool ! nset
fhx0 ; k0 ; n0 ; f x 2 S j hx; idx � (x; S); jSj; true i 2 E" [[e]]gi

j hx0 ; k0 ; n0 ; Si 2 E" [[E ]]g
location path =� : nset ! nset
C � f S j 9k; n : hroot; k; n; Si 2 E" [[� ]]g
location path � 1=� 2 : nset � nset ! nset
fhx; k; n; zi j 1 � k � n � jdomj;

hx; k1 ; n1 ; Y i 2 E" [[� 1 ]];
�

y 2 Y hy; k2 ; n2 ; zi 2 E" [[� 2 ]]g
location path � 1 j � 2 : nset � nset ! nset
E" [[� 1 ]] [ E" [[� 2 ]]
position() : ! num
fhx; k; n; ki j hx; k; ni 2 Cg
last() : ! num
fhx; k; n; ni j hx; k; ni 2 Cg

Table 4: Expressionrelations for location paths, posi-
tion(), and last().

Con text-v alue Table Principle . Given an ex-
pressione that occurs in the input query, the context-
value table of e speci�es all valid combinations of con-
texts ~c and values v, such that e evaluates to v in
context ~c. Such a table for expressione is obtained by
�rst computing the context-value tables of the direct
subexpressionsof e and subsequently combining them
into the context-value table for e. Given that the size
of each of the context-value tables has a polynomial
bound and each of the combination steps can be ef-
fected in polynomial time (all of which we can assure
in the following), query evaluation in total under our
principle also has a polynomial time bound6.

�

Query Evaluation . The idea of Algorithm 6.3
below is so closely basedon our semantics de�nition
that its correctnessfollows directly from the correct-
nessresult of Theorem 6.2.

Algorithm 6.3 (Bottom-up algorithm for XPath)
Input : An XPath query Q;
Output : E" [[Q]].
Metho d:

let Tree(Q) be the parse tree of query Q;
R := ; ;
for each atomic expressionl 2 leaves(Tree(Q)) do

compute table E" [[l ]] and add it to R ;
while E" [[root(T ree(Q))]] 62R do
begin

take an Op(l1; : : : ; ln ) 2 nodes(Tree(Q))
s.t. E" [[l1]]; : : : ; E" [[ln ]] 2 R ;

compute E" [[Op(l1; : : : ; ln )]] using E" [[l1]]; : : : ; E" [[ln ]];
add E" [[Op(l1; : : : ; ln )]] to R ;

end ;
return E" [[root(T ree(Q))]].

�

6The number of expressions to be considered is �xed with
the parse tree of a given query.



Example 6.4 Let D denote the simple XML docu-
ment of size4 from Section 2, i.e., it has one node la-
beleda and four child nodeslabeledb. Hence,wewrite
dom = f a; b1; : : : ; b4g, where a denotes the unique
node labeled a and bi denotes (in document order)
the i -th node labeled b. Now supposethat we want to
evaluate the XPath query Q, which readsas

descendant::b/follo wing-sibling::*[p osition() != last()]

over the input context ha; 1; 1i . We illustrate how this
evaluation canbedoneby the context-value table prin-
ciple: First of all, we have to set up the parsetree

�

�

�

�

N5: last()N4: position()

N3: N4 != N5

N2: following-sibling::*[N3]

N1: descendant::b/ N2

of Q with its 5 nodes N1, . . . , N5, corresponding to
the 5 subexpressionsof Q (N1, the root node of the
parse tree, corresponds to Q). Then we compute the
context-value tables of the leaf nodes N4 and N5 in
the parse tree. (All context-value tables are shown in
Figure 6.) Note that it su�ces to compute the result
value \ val" for thosecombinations hx; k; ni of context-
node/size/p osition which can possiblybe generatedby
the \follo wing-sibling" axis. From the context-value
tables at the nodes N4 and N5, it is easyto compute
the table at N3, and subsequently the tables at N2 and
N1. From the context-value table at the root N1 of the
parsetree, we can read out the �nal result f b2; b3g.

In Figure 6, we have made a number of simplify-
ing assumptionsto keepthe tables short. The table of
N3 contains only those contexts for which the value is
\true"; thus, the values are not displayed. Similarly,
in the context-value tables at N2 and N1, we haveonly
consideredthe dependenceof the result (nodesetshave
been unnested to obtain a 
at table) on the context
node x. In contrast, the context position and sizehave
beenomitted sincethey have no in
uence on the over-
all result (they would only blow up the tables).

�

Theorem 6.5 XPath can be evaluated bottom-up in
polynomial time (combined complexity).

Pro of Sketch During the bottom-up computation
of a query Q, O(jQj) relations are created. The sizeof
bool relations is bounded by O(jD j3) and the size of
nset relations by O(jD j4). All relations have a func-
tional dependencyfrom the expressionand the context
(columns one to three) to the value (column four).
Thus, num and string relations are of size O(jD j3)
times the maximum size of such values. It remains
to be shown that numbers and strings computable in
XPath are of sizeO(jD j � jQj).

Indeed, strings and numbers that may be obtained
from the document are guaranteed to be of linear size.

N4

x k n val
b2 1 3 1
b3 2 3 2
b4 3 3 3
b3 1 2 1
b4 2 2 2
b4 1 1 1

N5

x k n val
b2 1 3 3
b3 2 3 3
b4 3 3 3
b3 1 2 2
b4 2 2 2
b4 1 1 1

N3

x k n
b1 1 3
b1 2 3
b2 2 3

N2

x val
b1 b2
b1 b3
b2 b3

N1

x val
a b2
a b3

Figure 6: Context-value tables of Example 6.4.

(Note: For the conversion from a node set to a string
or number, only the �rst node in the set is chosen.)

Of the string functions, only \concat" may produce
a string longer than the input strings. (Note that the
\translate" function of [17] does not allow for arbi-
trary but just single-character replacement, e.g. for
case-conversion purposes.) The size of such strings is
bounded by O(jD j � jQj) (In each operation, the can
only grow by a constant factor). Likewise, the num-
bers obtained through arithmetic operations can be
represented within the samespacebound.

The overall spacebound of O(jD j4 � jQj2) follows.
Note that no signi�can t additional amount of spaceis
required for intermediate computations.

Regarding time, the algorithm for evaluating a
query Q bottom-up is as follows. First, we prepare
a number of data structures which will allow to eval-
uate each of the e�ectiv e semantics functions of Fig-
ure 2 in time O(I 2), where I is the sizeof their argu-
ments. These preprocessingsteps can be carried out
with a time bound better than the overall time bound
to be shown. By consideringthe de�nition of E" , it be-
comesclear that each of the expressionrelations can
be computed in time O(jD j5 � jQj) at worst when the
expressionsemantics tables of the direct subexpres-
sionsare given. (The jQj factor is due the sizebound
on strings and numbersgeneratedduring the computa-
tion.) Moreover, O(jQj) such computations are needed
in total to evaluate Q.

As a �nal remark, note that contexts can also be
represented in terms of pairs of a current and a \pre-
vious" context node (rather than triples of a node, a
position, and a size), which are de�ned relative to an
axis and a node test (which, however, are �xed with
the query). For instance, the corresponding ternary
context for ~c = hx0; xi w.r.t. axis � and node test t is
hx; idx � (x; Y ); jY ji , where Y = f y j x0�y ; y 2 T(t)g.
Thus, position and sizevaluescan be recoveredon de-
mand. Using this more sophisticated representation,
it is possible to obtain an improved time bound of
O(jD j3 � jQj2) for XPath query evaluation.

�



S# [[� ::t [e1 ] � � � [em ]]](X 1 ; : : : ; X k ) :=
begin

S := fhx; yi j x 2
� k

i =1 X i ; x � y; and y 2 T (t)g;
for each 1 � i � m (in ascendingorder) do
begin

�x someorder ~S = hhx1 ; y1 i ; : : : ; hx l ; yl ii for S;
hr 1 ; : : : ; r l i := E# [[ei ]](t1 ; : : : ; t l )

where t j = hyj ; idx � (yj ; Sj ); jSj ji
and Sj := f z j hx j ; zi 2 Sg;

S := fhx i ; yi i j r i is trueg;
end;
for each 1 � i � k do

R i := f y j hx; yi 2 S; x 2 X i g;
return hR1 ; : : : ; Rk i ;

end ;

S# [[=� ]](X 1 ; : : : ; X k ) := S# [[� ]](

k times
� ��� �

f rootg; : : : ; f rootg)

S# [[� 1=� 2 ]](X 1 ; : : : ; X k ) :=
S# [[� 2 ]](S# [[� 1 ]](X 1 ; : : : ; X k ))

S# [[� 1 j � 2 ]](X 1 ; : : : ; X k ) :=
S# [[� 1 ]](X 1 ; : : : ; X k ) [ hi S# [[� 2 ]](X 1 ; : : : ; X k )

Figure 7: Top-down evaluation of location paths.

7 Top-do wn Evaluation of XP ath
In the previous section, we obtained a bottom-up
semantics de�nition which led to a polynomial-time
query evaluation algorithm for XPath. Despite this
favorable complexity bound, this algorithm is still not
practical, as usually many irrelevant intermediate re-
sults are computed to �ll the context-value tables
which are not used later on. Next, building on the
context-value table principle of Section 6, we develop
a top-down algorithm based on vector computation
for which the favorable (worst-case)complexity bound
carries over but in which the computation of a large
number of irrelevant results is avoided.

We intro ducea family of tuple operators to simplify
the following discussion. Given a unary operation
Op : D ! D , the operation Ophi : D k ! D k is
de�ned as Ophi (x1; : : : ; xk ) := hOp(x1); : : : ; Op(xk )i .
Analogously, given a binary operation � : D � D ! D ,
the operation � hi : D k � D k ! D k is de�ned as
hx1; : : : ; xk i � hi hy1; : : : ; yk i := hx1 � y1; : : : ; xk � yk i .
For instance, hX 1; : : : ; X k i [ hi hY1; : : : ; Yk i :=
hX 1 [ Y1; : : : ; X k [ Yk i . counthi (X 1; : : : ; X k ) :=
hjX 1j; : : : ; jX k ji computes the cardinalities of a
tuple of sets element-wise, sshi (x1; : : : ; xk ) :=
hfx1g; : : : ; f xk gi lifts a tuple of elements to a tuple of
singleton sets, and projhi

i (~c1; : : : ;~cl ) selects the i -th
elements from the tuples ~c1; : : : ;~cl .

For practical reasons,before we arrive at the point
of de�ning a top-down semantics function E# for
XPath, we intro duce an auxiliary semantics de�nition
for location paths, S#:

S# : LocationPath ! List(2 dom) ! List(2dom)

That is, givena location path � and a list hX 1; : : : ; X k i

of node sets,S# determinesa list hY1; : : : ; Yk i of node
sets, s.t. for every i 2 f 1; : : : ; kg, the nodes reachable
from the context nodes in X i via the location path �
are precisely the nodes in Yi . S#[[� ]] can be obtained
from the relations E" [[� ]] as follows. Let

S#[[� ]](X 1; : : : ; X k ) = hY1; : : : ; Yk i

Then, a node y is in Yi i� there is an x 2 X i and some
p;s such that hx; p;s; yi 2 E" [[� ]]. For the actual com-
putation of S#[[� ]], we basically distinguish the same
cases(related to location paths) as for the bottom-up
semantics E" [[� ]] (seeFigure 7).

De�nition 7.1 The semantics function E# for arbi-
trary XPath expressionsis of the following type:

E# : XPathExpression ! List( C)
! List(XP athT ype)

Given an XPath expressione and a list (~c1; : : : ;~cl ) of
contexts, E# determines a list hr 1; : : : ; r l i of results of
one of the XPath types number, string, boolean, or
node set. E# is de�ned as

E#[[� ]](~c1; : : : ;~cl ) := S#[[� ]](sshi (pro jhi
1 (~c1; : : : ;~cl )))

E#[[position()]](hx1; k1; n1i ; : : : ; hx l ; kl ; nl i ) :=
hk1; : : : ; kl i

E#[[last()]](hx1; k1; n1i ; : : : ; hx l ; kl ; nl i ) :=
hn1; : : : ; nl i

and

E#[[Op(e1; : : : ; em )]](~c1; : : : ;~cl ) :=
F [[Op]]hi (E#[[e1]](~c1; : : : ;~cl ); : : : ; E#[[em ]](~c1; : : : ;~cl ))

for the remaining kinds of expressions.
�

For example,

E#[[e1 ArithOp e2]](~c1; : : : ; ~cl ) :=
E#[[e1]](~c1; : : : ; ~cl ) ArithOp hi E#[[e2]](~c1; : : : ; ~cl )

E#[[count( e)]](~c1; : : : ; ~cl ) :=
counthi (E#[[e]](~c1; : : : ; ~cl ))

E#[[e1 RelOp e2]](~c1; : : : ; ~cl ) :=
/* where e1 and e2 are of type num */

E#[[e1]](~c1; : : : ; ~cl ) RelOphi E#[[e2]](~c1; : : : ; ~cl )

Example 7.2 Consider the XPath query

/descendant::a[count(descendant::b/c hild::c)
+ position() < last()]/c hild::d

Let L = hhy1; 1; l i ; : : : ; hyl ; l ; l i i , where the yi are those
nodes reachable from the root node through the de-
scendant axis and which are labeled \a". The query is
evaluated top-down as

S#[[child::d]](S#[[descendant::a[e]]](f r ootg))

where E#[[e]](L ) is computed as
�
counthi (� ) + hi E#[[position()]](L )

�
< hi E#[[last()]](L )



and

� = S#[[child::c]](S#[[descendant::b]](sshi (pro jhi
1 (L )))) :

Note that the arit y of the tuples usedto compute the
outermost location path is one, while it is l for e.

�

The correctness of the top-down semantics fol-
lows immediately from the corresponding result in the
bottom-up caseand from the de�nition of S# and E#.

Theorem 7.3 (Corr ectnessof E#) Given an arbitrary
XPath expression e, hv1; : : : ; vl i = E#[[e]](~c1; : : : ;~cl ) i�
h~c1; v1 i ; : : : ; h~cl ; vl i 2 E" [[e]].

S# and E# can be immediately transformed into
function de�nitions in a top-down algorithm. We thus
have to de�ne one evaluation function for each case
of the de�nition of S# and E#, respectively. The func-
tions corresponding to the various casesof S# have
a location path and a list of node sets of variable
length (X 1; : : : ; X k ) as input parameter and return a
list (R1; : : : ; Rk ) of node sets of the same length as
result. Likewise, the functions corresponding to E#
take an arbitrary XPath expressionand a list of con-
texts as input and return a list of XPath values(which
can be of type num, str, bool or nset). Moreover, the
recursions in the de�nition of S# and E# correspond
to recursive function calls of the respective evaluation
functions. Analogously to Theorem 6.5, we get

Theorem 7.4 The immediate functional implemen-
tation of E# evaluates XPath queries in polynomial
time (combined complexity).

Finally, note that using arguments relating the top-
down method of this section with (join) optimization
techniquesin relational databases,onemay arguethat
the context-value table principle is alsothe basisof the
polynomial-time bound of Theorem 7.4.

8 Linear-time Fragmen ts of XP ath
8.1 Core XP ath

In this section, we de�ne a fragment of XPath (called
Core XPath) which constitutes a clean logical core of
XPath (cf. [8, 9]). The only objects that are manipu-
lated in this languageare setsof nodes(i.e., there are
no arithmetical or string operations). Besides from
these restrictions, the full power of location paths is
supported, and so is the matching of such paths in
condition predicates(with an \exists" semantics), and
the closureof such condition expressionswith respect
to boolean operations \and", \or", and \not".

We de�ne a mapping of each query in this language
to a simple algebraover the set operations \ , [ , �̀ ', �
(the axis functions from De�nition 4.1), and an oper-
ation dom

root (S) := f x 2 dom j root 2 Sg, i.e. dom
root (S)

is dom if root 2 S and ; otherwise.
Note that each XPath axis has a natural in-

verse: self� 1 = self, child � 1 = parent, descendant � 1

= ancestor, descendant-or-self� 1 = ancestor-or-self,
following� 1 = preceding, and following-sibling� 1 =
preceding-sibling.

Lemma 8.1 Let � be an axis. For each pair of nodes
x; y 2 dom, x�y i� y� � 1x.

(Proof by a very easyinduction.)

De�nition 8.2 Let the (abstract) syntax of the Core
XPath languagebe de�ned by the EBNF grammar

cxp: locationpath j `/' locationpath
locationpath: locationstep ('/' locationstep)*
locationstep: � `::' t j � `::' t `[' pred `]'
pred: pred `and' pred j pred `or' pred

j `not' `(' pred `)' j cxp j `(' pred `)'

\cxp" is the start production, � standsfor an axis (see
above), and t for a \no de test" (either an XML tag or
\*", meaning \an y label"). The semantics of Core
XPath queriesis de�ned by a function S!

S! [[� ::t[e]]](N0) := � (N0) \ T (t) \ E1[[e]]
S! [[=� ::t[e]]](N0) := � (f rootg) \ T (t) \ E1[[e]]

S! [[� =� ::t[e]]](N0) := � (S! [[� ]](N0)) \ T (t) \ E1[[e]]

S [[� ::t[e]]] := � � 1(T (t) \ E1[[e]])

S [[� ::t[e]=� ]] := � � 1(S [[� ]] \ T (t) \ E1[[e]])

S [[=� ]] :=
dom
root

(S [[� ]])

E1[[e1 and e2]] := E1[[e1]] \ E1[[e2]]
E1[[e1 or e2]] := E1[[e1]] [ E1[[e2]]

E1[[not(e)]] := dom � E1[[e]]
E1[[� ]] := S [[� ]]

whereN0 is a set of context nodesor dom and a query
� evaluates as S! [[� ]](N0).

�

Example 8.3 The Core XPath query

/descendant::a/c hild::b[child::c/c hild::d or
not(following::*)]

is evaluated as speci�ed by the query tree

dom

�

�

�

�

� �

�

�

�

� �

�

���

�

���

�

� �

�

� �

�

���

�

�

���

�

� �

�

�

���

�

� �

�

\

\

parent

[\

\

child �T (b)

T(a)descendant

f rootg

T(c) parent

T(d)

dom preceding

�

�

�

���



(There are alternativ e but equivalent query trees due
to the associativit y and commutativit y of someof our
operators.)

�

The semantics of XPath and Core XPath (de�ned
using S , S! , and E1) coincide in the following way:

Theorem 8.4 Let � be a Core XPath queryand N0 �
dom be a set of context nodes. Then,

S [[� ]] = f x j S#[[� ]](f xg) 6= ;g

E1[[e]] = f x j E#[[e]](fhx; 1; 1ig)g

hS! [[� ]](N0)i = S#[[� ]](hN0 i ):

This can be shown by easyinduction proofs. Thus,
Core XPath (evaluated using S! ) is a fragment of
XPath, both syntactically and semantically .

Theorem 8.5 Core XPath queries can be evaluated
in time O(jD j � jQj), where jD j is the size of the data
and jQj is the size of the query.

Pro of Given a query Q, it can be rewritten into an
algebraicexpressionE over the operations � , [ , \ , �̀ ',
and dom

root using S! , S , and E1 in time O(jQj). Each
of the operations in our algebra can be carried out in
time O(jD j). Since at most O(jQj) such operations
need to be carried out to processE, the complexity
bound follows.

�

8.2 XP atterns

We extend our linear-time fragment Core XPath by
the operation id: nset ! nset of Table 4 by de�ning
\id" as an axis relation

id := fhx0; xi j x0 2 dom; x 2 deref ids(strval(x0))g

Queries of the form � 1=id(� 2)=� 3 are now treated as
� 1=� 2=id=� 3.

Lemma 8.6 Let � 1=id( � 2)=� 3 be an XPath query s.t.
� 1=� 2=id=� 3 is a query in Core XPath with the \id"
axis. Then, the semantics of the two queries rela-
tiv e to a set of context nodes N0 2 dom coincide,
S#[[� 1=id( � 2)=� 3]](hN0 i ) = S! [[� 1=� 2=id=� 3]](N0).

�

Theorem 8.7 Queries in Core XPath with the \id"
axis can be evaluated in time O(jD j � jQj).

Pro of Sketch. The hard part of this proof is to
de�ne a function id: 2dom ! 2dom and its inverse
consistent with the functions of De�nition 4.1 which
is computable in linear time. We make use of a bi-
nary auxiliary relation \ref " which contains a tuple of
nodeshx; yi i� the text belongingto x in the XML doc-
ument, but which is directly inside it and not further
down in any of its descendants, contains a whitespace-
separatedstring referencingthe identi�er of node y.

\@n", \@*", \text()", \comment()", \pi(n)", and
\pi()" (where n is a label) are simply setsprovided with
the document (similar to those obtained through the
node test function T ).
\=s" (s is a string) can be encoded as a unary predicate
whoseextension can be computed using string search in
the document before the evaluation of our query starts.
Clearly, this can be done in linear time.

�rst-of-an y := f y 2 dom j 69x : nextsibling (x; y)g

last-of-any := f x 2 dom j 69y : nextsibling( x; y)g

\id(s)" is a unary predicate and can easily be computed
(in linear time) before the query evaluation.

Table5: Someunary predicatesof XLST Patterns [18].

Example . Let id( i ) = n i . For the XML document
ht id=1 i 3 ht id=2 i 1 h/t i ht id=3 i 1 2 h/t i h/t i , we
have ref := fhn1; n3i ; hn2; n1i ; hn3; n1i ; hn3; n2ig .

�

\ref " can be e�cien tly computed in a preprocessing
step. It doesnot satisfy any functional dependencies,
but it is guaranteed to be of linear sizew.r.t. the input
data (however, not in the tree nodes). Now we can
encode id(S) as those nodesreachable from S and its
descendants using \ref ".
id(S) := f y j x 2 descendant-or-self(S); hx; yi 2 refg
id � 1(S) := ancestor-or-self(f x j hx; yi 2 ref; y 2 Sg)
This computation can be performed in linear time.

�

We may de�ne XPatterns as the smallest language
that subsumesCore XPath and the XSLT Pattern
language of [18] (see also [15] for a good and for-
mal overview of this language) and is (syntactically)
contained in XPath. Stated di�eren tly , it is obtained
by extending the languageof [18] without the �rst-of-
type and last-of-type predicates(which do not exist in
XPath) to support all of the XPath axes. As pointed
out in the intro duction, XPatterns is an interesting
and practically useful query language. Surprisingly,
XPatterns queriescan be evaluated in linear time.

Theorem 8.8 Let D be an XML document and Q be
an XPatterns query. Then, Q can be evaluated on D
in time O(jD j � jQj).

Pro of (Rough Sketch) . XPatterns extends Core
XPath by the \id" axis and a number of featureswhich
are de�nable as unary predicates,of which we give an
overview in Table 5. It becomesclear by considering
the semantics de�nition of [15] that after parsing the
query, one knows of a �xed number of predicates to
populate, and this action takes time O(jD j) for each.
Thus, sincethis computation precedesthe query eval-
uation { which hasa time bound of O(jD j � jQj) { this
doesnot posea problem. \id( s)" (for some�xed string
s) may only occur at the beginning of a path, thus in
a query of the form id(s)/ � , � is evaluated relative to
the set id(s) just as, say, f rootg is for query =� .

�

Note that the unary �rst-of-t ype and last-of-type
predicatescan be computed in time O(jD j � j� j) when



jQj IE6 IE6 IE6 New New New
10 20 200 10 20 200

1 0 0 0.02
2 2 0 0 0.05
3 346 0 0 0.06
4 1 - 0 0 0.07
5 21 - 0 0 0.10
6 5 406 - 0 0.01 0.11
7 42 - - 0.01 0.01 0.13
8 437 - - 0 0.01 0.16
...

16 - - - 0.01 0.02 0.30

Figure 8: Benchmark results in secondsfor IE6 vs.
our implementation (\New"), on the queriesof Exper-
iment 2 and document sizes10, 20, and 200.

parsing the document, but are of sizeO(jD j):

�rst-of-t ype() :=
[

l 2 �

�
T (l ) � nextsibling+ (T (l ))

�

last-of-type() :=
[

l 2 �

�
T (l ) � (nextsibling � 1)+ (T (l ))

�

where R+ = R:R� .

9 Conclusions
In this paper, we presented the �rst XPath query eval-
uation algorithm that runs in polynomial time with
respect to the sizeof both the data and of the query.
Our results will empower XPath enginesto be able to
deal e�cien tly with very sophisticated queries.

We have made a main-memory implementation of
the top-down algorithm of Section 7. Figure 8 com-
paresit to IE6 along the assumptionsmade in Experi-
ment 2 (i.e., the queriesof which werestrictly the most
demandingof all three experiments). It shows that our
algorithm scaleslinearly in the sizeof the queriesand
quadratically (for this classof queries)in the sizeof the
data. Our implementation is still an early, naive pro-
tot ype without any optimizations, and which strictly
coheresto the speci�cation given in this paper. We
plan to signi�can tly improve on its real-world runtime
in terms of data in the future. Resourcesand further
benchmarks that becomeavailable in the courseof this
e�ort will be made accessibleat

http://www.xmlt askfo rc e.c om

Apart from full proofs of our theorems, the long ver-
sion of this paper will discussfurther largeXPath frag-
ments which can be processedin improved time and
spacebounds. Due to lack of space,no treatment of
these fragments was possiblein this paper. In the fu-
ture, we intend to work on algorithms for processing
XPath with disk accessand with streamingXML data.

Ac knowledgmen ts
We thank G. Moerkotte and the anonymous review-
ers of VLDB 2002, whose constructive comments

have helped to considerably improve this paper, and
P. Fankhauserfor a wealth of pointers to the literature.

References
[1] S. Abiteb oul, P. Buneman, and D. Suciu. Data on the

Web. Morgan Kaufmann Publishers, 2000.
[2] G. J. Bex, S. Maneth, and F. Neven. A Formal Model

for an Expressive Fragment of XSLT. In Proc. CL
2000, LNCS 1861, pages1137{1151. Springer, 2000.

[3] N. Bruno, D. Srivastava, and N. Koudas. \Holistic
Twig Joins: Optimal XML Pattern Matching". In
ACM SIGMOD 2002, June 3-6 2002.

[4] F. Bry, D. Olteanu, H. Meuss, and T. Furche. Sym-
metry in XPath. Technical Report PMS-FB-2001-16,
LMU M•unchen, 2001. Short version.

[5] J. Clark. XT. A Java Implementation of XSLT
http://www.jclark.com/xml/xt.h tml/.

[6] A. Deutsch and V. Tannen. Containment and In-
tegrit y Constraints for XPath. In KRDB 2001, CEUR
Workshop Proceedings45, 2001.

[7] P. Fankhauser. A Mapping of XPath 1.0 to the XML
Query Algebra (with J. Clark, M. Fernandez, and J.
Sim�eon), Nov. 2001. Personal Communication.

[8] G. Gottlob and C. Koch. \Monadic Datalog and
the Expressive Power of Web Information Extraction
Languages". In Proc. PODS'02, Madison, Wisconsin,
2002. to appear.

[9] G. Gottlob and C. Koch. \Monadic Queriesover Tree-
Structured Data". In Proc. LICS'02 , Copenhagen,
Denmark, July 22{25 2002. to appear.

[10] P. Kilp el•ainen. Tree Matching Problemswith Applica-
tions to Structured Text Databases. PhD thesis, De-
partment of Computer Science,Univ ersity of Helsinki,
Nov. 1992. Report A-1992-6.

[11] G. Miklau and D. Suciu. \Con tainment and Equiv-
alence for an XPath Fragment". In Proc. PODS'02,
pages65{76, Madison, Wisconsin, 2002.

[12] T. Milo, D. Suciu, and V. Vianu. \T ypechecking for
XML Transformers". In Proc. PODS'00, pages11{22,
2000.

[13] D. Shasha,J. T. L. Wang, and R. Giugno. \Algorith-
mics and Applications of Tree and Graph Searching".
In Proc. PODS'02, June 3 { 5 2002.

[14] P. Wadler. \Tw o Semantics for XPath", 2000. Draft
paper available at
http://www.researc h.avayalabs.com/user/w adler/
topics/recent.h tml.

[15] P. Wadler. \A Formal Semantics of Patterns in
XSLT". In Markup Technologies, Philadelphia, De-
cember 1999. Revised version in Markup Languages,
MIT Press, June 2001.

[16] P. T. Wood. On the Equivalence of XML Patterns.
In Proc. CL 2000, LNCS 1861, pages 1152{1166.
Springer, 2000.

[17] World Wide Web Consortium. XPath Recommenda-
tion. http://www.w3c.org/TR/xpath/.

[18] World Wide Web Consortium. XSL Working Draft
http://www.w3.org/TR/1998/ WD-xsl-19981216.

[19] Xalan-Java version 2.2.D11.
http://xml.apac he.org/xalan-j/.


