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Abstract
Approximatequery processinghas emerged as a cost-
effective approachfor dealing with the huge data vol-
umesandstringentresponse-timerequirementsof today’s
decision-supportsystems.Most work in this area,how-
ever, hassofar beenlimited in its applicabilityandquery
processingscope. In this paper, we proposethe use
of multi-dimensionalwavelets as an effective tool for
general-purposeapproximatequeryprocessingin modern,
high-dimensionalapplications.Our approachis basedon
building wavelet-coefficientsynopsesof thedataandusing
thesesynopsesto provideapproximateanswersto queries.
We developnovel queryprocessingalgorithmsthatoper-
ate directly on the wavelet-coefficient synopsesof rela-
tional tables,allowing us to processarbitrarily complex
queriesentirely in the wavelet-coefficient domain. This,
of course,guaranteesextremelyfastresponsetimessince
our approximatequeryexecutionenginecando the bulk
of its processingovercompactsetsof waveletcoefficients,
essentiallypostponingtheexpansioninto relationaltuples
until theend-resultof thequery. An extensive experimen-
tal study with syntheticas well as real-life datasetses-
tablishestheeffectivenessof our wavelet-basedapproach
comparedto samplingandhistograms.

1. Intr oduction
Approximate query processinghas recently emerged as
a viable solution for dealing with the huge amountsof
data, the high query complexities, and the increasingly
stringentresponse-timerequirementsthat characterizeto-
day’s Decision-SupportSystems(DSS)applications.Typ-
ically, DSS usersposevery complex queriesto the un-
derlying DatabaseManagementSystem(DBMS) that re-
quire complex operationsover Gigabytesor Terabytesof
disk-residentdataand,thus,take a very long time to exe-
cuteto completionandproduceexactanswers.Dueto the
exploratory nature of many DSSapplications,therearea
numberof scenariosin which anexactanswermaynot be
required,anda usermayin factprefera fast,approximate
answer. For example,duringa drill-down querysequence�
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in ad-hocdatamining, initial queriesin the sequencefre-
quentlyhave thesolepurposeof determiningthe truly in-
terestingqueriesand regions of the database[5]. Pro-
viding (reasonablyaccurate)approximateanswersto these
initial queriesgivesusersthe ability to focustheir explo-
rationsquickly andeffectively, without consuminginordi-
nateamountsof valuablesystemresources.

Prior Work.1 The strongincentive for approximatean-
swershasspurreda flurry of researchactivity on approxi-
matequeryprocessingtechniquesin recentyears[1, 5, 6,
11, 17, 18]. Themajorityof theproposedtechniques,how-
ever, have beensomewhat limited in their queryprocess-
ing scope, typically focusingon specificforms of aggre-
gatequeries.Besidestherangeof queries,anothercrucial
aspectof anapproximatequeryprocessingtechniqueis the
employed data reductionmechanism; that is, the method
usedto obtainsynopsesof thedataon which theapproxi-
matequeryexecutionenginecanthenoperate.Themeth-
ods explored in this context include samplingand, more
recently, histogramsandwavelets.� Sampling-basedtechniquesare basedon the use of
randomsamplesas synopsesfor large data sets. Ran-
dom samplesof a datacollectiontypically provide accu-
rate estimatesfor aggregatequantities(e.g., counts or
averages),aswitnessedby thelonghistoryof successful
applicationsof randomsamplingin populationsurveys [3]
andselectivity estimation[8]. Sampling,however, suffers
from two inherentlimitations that restrict its applicability
asanapproximatequeryprocessingtool. First,ajoin op-
eratorappliedon two uniform randomsamplesresultsin
a non-uniformsampleof the join resultthat typically con-
tainsveryfew tuples, evenwhenthejoin selectivity is fairly
high [1]. Thus,join operationstypically leadto signifi-
cantdegradationsin the quality of an approximateaggre-
gate.(“Join synopses”[1] provide a solution,but only for
foreign-key joins that are knownbeforehand; that is, they
cannotsupportarbitrary join queriesover any schema.)
Second,for a non-aggregate query, executionover ran-
dom samplesof the datais guaranteedto alwaysproduce
a small subsetof the exact answerwhich is often empty
whenjoinsareinvolved[1, 6].� Histogram-basedtechniqueshave beenstudiedexten-
sively in thecontext of queryselectivity estimation[12, 13]
and, more recently, as a tool for providing approximate
query answers[6, 11]. The very recentwork of Ioanni-
dis andPoosala[6] is the first to addressthe issueof ob-

1Due to spaceconstraints,we omit a detaileddiscussionof related
work; it canbefoundin thefull versionof thispaper[2].
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taining practical approximationsto non-aggregate query
answers,� demonstratinghow standardrelationaloperators
(like join andselect) canbe processeddirectly over
histogramsynopsesof the data. The experimentalresults
given in [6] prove that certainclassesof histogramscan
provide higher-quality approximateanswerscomparedto
randomsampling,when consideringsimple queriesover
low-dimensionaldata(oneor two dimensions).It is awell-
known fact,however, thathistogram-basedapproachesbe-
comeproblematicwhendealingwith thehigh-dimensional
datasetsthataretypical of modernDSSapplications.The
reasonis that,asthe dimensionalityof the dataincreases,
boththestorageoverhead(i.e.,numberof buckets)andthe
constructioncost of histogramsthat can achieve reason-
ableerrorratesincreasein anexplosivemanner[17]. This
problemis furtherexacerbatedbyjoin operationsthatcan
causethedimensionalityof intermediatequeryresults(and
thecorrespondinghistograms)to explode.� Wavelet-basedtechniquesprovide a mathematicaltool
for thehierarchicaldecompositionof functions,with along
historyof successfulapplicationsin signalandimagepro-
cessing[7, 10, 16]. Recentstudieshave alsodemonstrated
the applicability of waveletsto selectivity estimation[9]
and the approximationof range-sumqueriesover OLAP
datacubes[17, 18]. Briefly, the idea is to apply wavelet
decompositionto the input datacollection (attribute col-
umn(s)or OLAP cube)to obtaina compactdatasynopsis
that comprisesa selectsmall collection of waveletcoef-
ficients. The resultsof Vitter et al. [17, 18] have clearly
shown that waveletscanbe very effective in handlingag-
gregatesoverhigh-dimensionalOLAP cubes,while avoid-
ing the high constructioncostsand storageoverheadsof
histogramingtechniques.Nevertheless,the focusof these
earlierstudieshasalwaysbeenon a very specificform of
queries(i.e., range-sums)overa singleOLAP table.Thus,
theproblemof whetherwaveletscanprovidea solid foun-
dation for general-purposeapproximatequeryprocessing
hashithertobeenleft unanswered.

Our Contributions. In this paper, we significantlyextend
the scopeof earlierwork on approximatequeryanswers,
establishingthe viability andeffectivenessof waveletsas
a genericapproximatequeryprocessingtool for modern,
high-dimensionalDSS applications. More specifically,
we proposea novel approachto general-purposeapprox-
imate query processingthat consistsof two basicsteps.
First,multi-dimensionalHaarwaveletsareemployedto ef-
ficiently obtaineffective, compactsynopsesof generalre-
lationaltables.Second,usingnovel queryprocessingalgo-
rithms,standard(aggregateandnon-aggregate)SQL oper-
atorsareapplieddirectlyover thewavelet-coefficient syn-
opsesof the datato obtainfastandaccurateapproximate
queryanswers.Thecrucialobservationhereis that,aswe
demonstratein thiswork, ourapproximatequeryexecution
enginecando all of its processingentirely in thewavelet-
coefficientdomain; thatis, boththeinput(s)andtheoutput
of our queryprocessingoperatorsarecompactcollections
of wavelet coefficientscapturingtheunderlyingrelational

data.This,of course,impliesthatwe candelaytheexpan-
sionof our wavelet-coefficientsynopsesto thevery endof
an arbitrarily complex query, thusallowing for extremely
fast approximatequery processing.The contributionsof
ourwork aresummarizedasfollows.� New, I/O-Efficient WaveletDecompositionAlgorithm
for Relational Tables.Themethodologydevelopedin this
paperis basedonadifferentform of themulti-dimensional
Haartransformthanthatemployedby Vitter etal. [17, 18].
As a consequence,thedecompositionalgorithmsproposed
by Vitter and Wang [17] arenot applicable. We address
thisproblemby developinganovel, I/O-efficientalgorithm
for building thewavelet-coefficientsynopsisof a relational
table. The worst-caseI/O complexity of our algorithm
matchesthatof thebestalgorithmsof Vitter andWang,re-
quiringonly a logarithmicallysmallnumberof passesover
thedata.Furthermore,thereexist scenarios(e.g.,whenthe
tableis storedin chunks[4, 15]) underwhich our decom-
positionalgorithmcanwork in asinglepassovertheinput.� Novel Query Processing Algebra for Wavelet-
CoefficientData Synopses.We proposeanew algebrafor
approximatequery processingthat operatesdirectly over
thewavelet-coefficientsynopsesof relations, while guaran-
teeingthecorrectrelationaloperatorsemantics.Our alge-
braoperatorsincludetheconventionalaggregateandnon-
aggregateSQL operators,like select, join, sum, and
average. Basedon thesemanticsof Haarwaveletcoef-
ficients,we developnovel queryprocessingalgorithmsfor
theseoperatorsthatwork entirely in thewavelet-coefficient
domain. This allows for extremely fast responsetimes,
sinceour approximatequeryexecutionenginecando the
bulk of its processingover compactwavelet-coefficient
synopses,essentiallypostponingthe expansioninto rela-
tional tuplesuntil theend-resultof thequery.� Extensive ExperimentsValidating our Approach. We
have conductedanextensive experimentalstudywith syn-
thetic aswell asreal-life datasetsto determinethe effec-
tivenessof our wavelet-basedapproachcomparedto sam-
pling andhistograms.Our resultsdemonstratethat(1) the
qualityof approximateanswersobtainedfrom ourwavelet-
basedqueryprocessoris, in general,betterthan that ob-
tainedby eithersamplingor histogramsfor a wide range
of select, project, join, andaggregatequeries,(2)
query execution-timespeedupsof more than two orders
of magnitudearemadepossibleby our approximatequery
processingalgorithms;and(3) our waveletdecomposition
algorithmis extremelyfastandscaleslinearlywith thesize
of thedata.

2. Building Synopsesof Relational Data Using
Multi-Dimensional Wavelets

2.1 Background: The WaveletDecomposition

Waveletsarea usefulmathematicaltool for hierarchically
decomposingfunctionsin waysthatarebothefficient and
theoreticallysound.Broadlyspeaking,thewaveletdecom-
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positionof a functionconsistsof a coarseoverall approx-
imation� togetherwith detail coefficientsthat influencethe
functionatvariousscales[16]. Thewaveletdecomposition
hasexcellentenergy compactionandde-correlationprop-
erties,which canbe usedto effectively generatecompact
representationsthatexploit thestructureof data.

Thework in thispaperisbasedonthemulti-dimensional
Haar waveletdecomposition.Haarwaveletsareconceptu-
ally simple,very fastto compute,andhave beenfound to
performwell in practicefor a varietyof applicationsrang-
ing from imageeditingandquerying[10, 16] to selectivity
estimationandOLAP approximations[9, 17]. In this sec-
tion, we discussHaar waveletsin both one and multiple
dimensions.

One-DimensionalHaar Wavelets.Supposewe aregiven
a one-dimensionaldatavector

�
containingthe following

four values
�	��
 ������������

. The Haarwavelet transform
of
�

can be computedas follows. We first averagethe
valuestogetherpairwiseto get a new “lower-resolution”
representationof the datawith the following averageval-
ues

 ������

. In otherwords,theaverageof thefirst two val-
ues(that is, 2 and2) is 2 andthat of the next two values
(that is, 5 and 7) is 6. Obviously, someinformationhas
beenlost in this averagingprocess.To be ableto restore
theoriginal four valuesof thedataarray, we needto store
somedetail coefficients, thatcapturethemissinginforma-
tion. In Haarwavelets,thesedetailcoefficientsaresimply
thedifferencesof the(secondof the)averagedvaluesfrom
the computedpairwiseaverage. Thus, in our simpleex-
ample,for the first pair of averagedvalues,the detail co-
efficient is 0 since2-2 =0, while for the secondwe need
to store ��� since

� � ��� ��� . Note that it is possibleto
reconstructthe four valuesof theoriginal dataarrayfrom
thelower-resolutionarraycontainingthetwo averagesand
thetwo detailcoefficients.Recursively applyingtheabove
pairwiseaveraginganddifferencingprocesson the lower-
resolutionarraycontainingtheaverages,wegetthefollow-
ing full decomposition.

Resolution Averages DetailCoefficients
2 [2, 2, 5, 7] –
1 [2, 6] [0, -1]
0 [4] [-2]

We define the wavelet transform (also known as the
waveletdecomposition) of

�
to be the single coefficient

representingtheoverallaverageof thedatavaluesfollowed
by thedetailcoefficientsin theorderof increasingresolu-
tion. Thus,theone-dimensionalHaarwavelettransformof�

is givenby ��� � 
 !" � ���#" ��� � . Eachentry in �$� is
calleda waveletcoefficient. Themainadvantageof using�$� insteadof the original datavector

�
is that for vec-

torscontainingsimilarvaluesmostof thedetailcoefficients
tend to have very small values. Thus, eliminating such
smallcoefficientsfrom thewavelettransform(i.e., treating
them as zeros)introducesonly small errorswhen recon-
structingtheoriginal data,giving a very effective form of
lossydatacompression.

Note that, intuitively, wavelet coefficientscarry differ-

ent weightswith respectto their importancein rebuilding
the original datavalues. For example, the overall aver-
ageis obviouslymoreimportantthanany detailcoefficient
sinceit affectsthe reconstructionof all entriesin the data
array. In order to equalizethe importanceof all wavelet
coefficients,we needto normalizethefinal entriesof � �
appropriately. This is achieved by dividing eachwavelet
coefficient by % �'& , where ( denotesthe level of resolution
at which the coefficient appears(with ( �)# correspond-
ing to the “coarsest”resolutionlevel). Thus, the normal-
izedwavelettransformfor ourexampledataarraybecomes� � �*
 !+ � ���#� ����, % �-� .
Multi-Dimensional Haar Wavelets. Therearetwo com-
mon methodsin which Haar wavelets can be extended
to transformthe datavaluesin a multi-dimensionalarray.
Each of thesetransformationsis a generalizationof the
one-dimensionaldecompositionprocessdescribedabove.
To simplify the exposition to the basic ideas of multi-
dimensionalwavelets,we assumeall dimensionsof thein-
putarrayto beof equalsize.

The first methodis known asstandard decomposition.
In this method,we first fix an ordering for the data di-
mensions(say, � ���/.0./.1�2 ) andthenproceedto apply the
completeone-dimensionalwavelettransformfor eachone-
dimensional“row” of arraycellsalongdimension3 , for all3 � � /.0./.4�2 . ThestandardHaardecompositionformsthe
basisof the recentresultsof Vitter et al. on OLAP data
cubeapproximations[17, 18].

The work presentedin this paperis basedon the sec-
ondmethodof extendingHaarwaveletsto multipledimen-
sions,namelythenonstandard decomposition. Abstractly,
thenonstandardHaardecompositionalternatesbetweendi-
mensionsduringsuccessivestepsof pairwiseaveragingand
differencing: given an ordering for the data dimensions
( � ���/.0./.1�2 ), we performonestepof pairwiseaveraging
and differencing for eachone-dimensionalrow of array
cellsalongdimension3 , for each 3 � � 0./.0.4�2 . (The re-
sultsof earlieraveraginganddifferencingstepsaretreated
asdatavaluesfor largervaluesof 3 .) This processis then
repeatedrecursively only on the quadrantcontainingav-
eragesacrossall dimensions. One way of conceptualiz-
ing (andimplementing[10]) this procedureis to think of
a
��56��58707/795:�";<�=�?>-@

hyper-box beingshiftedacross
the dataarray, performingpairwiseaveragingand differ-
encing,distributing theresultsto theappropriatelocations
of the wavelet transformarray �$� (with the averagesfor
eachbox going to the “lower-left” quadrantof �$� ) and,
finally, recursingthe computationon the lower-left quad-
rantof � � . Thisprocedureis demonstratedpictorially for
a
��AB5���A

dataarray
�

in Figure1(a). More specifically,
Figure1(a)shows thepairwiseaveraginganddifferencing
stepfor onepositioningof the

�C5D�
boxwith its “root”(i.e.,

lower-left corner)locatedat thecoordinates

 �'EGF'��'EIH��

of
�

followed by the distribution of the resultsin the wavelet
transformarray. This stepis repeatedfor every possible
combinationof

EKJ
’s,
EKJMLON�#�/.0./.1�� AQP F �R�?S . Finally , the

processis recursedonly on thelower-left quadrantof ���
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(containingthe averagescollectedfrom all boxes). A de-
tailedT descriptionof the nonstandardHaardecomposition
canbefoundin any standardreferenceonthesubject(e.g.,
[7, 16]).

[2  +i  , 2  +i  ]
m-1

1 2

m-1

[i  , i  ]1 2

[2  +i  , i  ]
m-1

1 2

[2i  , 2i  ]1 2
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Figure1.Non-standarddecompositionin two dimensions.
(a) Computinganddistributing pairwiseaveragesanddif-
ferences.(b) Exampledecompositionof a UWVXU array.

Example2.1: Considerthe
!Y5$!

array
�

shown in Fig-
ure1(b.1). Figure1(b.2) shows theresultof thefirst hori-
zontalandverticalpairwiseaveraginganddifferencingon
the
�Z5O�

hyper-boxesof theoriginal array. Theaverages
of thevaluesfor eachpositioningof thehyper-box areas-
signedto the

�[5X�
lower-left quadrantof thewavelettrans-

form array � � , while thedetailcoefficientsaredistributed
in the threeremaining

�\56�
quadrantsof � � , asshown

in Figure1(b.3). Theprocessis thenrecursively performed
on the lower-left quadrantof ��� , resultingin detailcoef-
ficientsof

#
andan averagevalueof

��. �
which is stored

in thelower-left entryof ��� . Thefinal wavelettransform
array �$� is depictedin Figure1(b.4).

As notedin thewavelet literature,bothmethodsfor ex-
tendingone-dimensionalHaar waveletsto higher dimen-
sionalitieshave beenusedin a wide varietyof application
domainsand,to thebestof our knowledge,nonehasbeen
shown to be uniformly superior. Our choiceof the non-
standardmethodwasmostlymotivatedby ourearlierexpe-
riencewith nonstandardtwo-dimensionalHaarwaveletsin
thecontext of effective imageretrieval [10]. An advantage
of usingthe nonstandardtransformis that, aswe explain
later in the paper, it allows for an efficient representation
of the sign informationfor wavelet coefficients. This ef-
ficient representationstemsdirectly from the construction
processfor a nonstandardHaarbasis[16]. (We oftenomit
the“nonstandard”qualificationin whatfollows.)

Multi-Dimensional Haar Coefficients: Semanticsand
Representation.Considera waveletcoefficient � gener-
atedduring the multi-dimensionalHaardecompositionof
a
2
-dimensionaldataarray

�
. Froma mathematicalstand-

point, this coefficient is essentiallya multiplicative factor
for anappropriateHaar basisfunctionwhenthedatain

�
is expressedusingthe

2
-dimensionalHaarbasis[16]. The2

-dimensionalHaarbasisfunctioncorrespondingto � is

definedby (1) a
2
-dimensionalrectangularsupportregion

in
�

thatessentiallycapturestheregionof
�

’scellsthat �
contributesto during reconstruction;and(2) thequadrant
signinformationthatdefinesthesign( ] or � ) of � ’scon-
tribution(i.e., ]W� or �^� ) to any cell containedin agiven
quadrantof its supportrectangle. (Note that the wavelet
decompositionprocessguaranteesthat this sign canonly
changeacrossquadrantsof thesupportregion.) As anex-
ample,Figure2(a)depictsthesupportregionsandsignsof
thesixteennonstandard,two-dimensionalHaarbasisfunc-
tions for coefficients in the correspondinglocationsof a!�5_!

wavelet transformarray ��� . The blank areasfor
eachcoefficient correspondto regionsof

�
whoserecon-

structionis independentof the coefficient, i.e., the coeffi-
cient’s contribution is

#
. Thus, ��� 
 #��#'� is theoverall av-

eragethat contributespositively (i.e.,“ ]W�$� 
 #��#�� ”) to the
reconstructionof all valuesin

�
, whereas��� 
 `��`�� is a

detailcoefficient thatcontributes(with thesignsshown in
Fig. 2(a))only to valuesin

�
’s upperright quadrant.Fig-

ure2(a)alsodepictsthetwo levelsof resolution( ( �a#" � )
for our exampletwo-dimensionalHaarcoefficients; as in
theone-dimensionalcase,theselevelsdefinetheappropri-
ateconstantsfor normalizingcoefficientvalues[16].

Example2.2: In light of Figure2(a),let usnow revisit Ex-
ample2.1 andconsiderhow the entriesof �$� contribute
to the reconstructionof valuesin

�
. As we have already

observed, coefficient �$� 
 #��#'�D�b��.c� is the overall aver-
agethat contributes ] ��. � to the reconstructionof all six-
teendatavaluesin

�
. On the other hand,the detail co-

efficient � � 
 #�����d� ��� affectsthereconstructionof only
thefour valuesin thelower-left quadrantof

�
, contributing��� to

�e
 #��#'�
and
�e
 � �#'� , and � ; ��� @f� ]g� to

�e
 #� � � and�e
 �  � � . Similarly, the detail coefficient ��� 
 ���#'�W� � .c�
contributes � .c� to

�e
 #��#'�
and
�g
 #" � � , and ] . � to

�g
 � �#��
and
�e
 �  � � . For example,basedon Figure2(a), the data

value
�e
 #� � � canbereconstructedusingtheformula:h^i j?k�l�m[nporqtsui j�kGj/m+o_qtsdi j?kvl�m+oRqZsdiwl0kGj/m"oRqtsdicl-kvl�m1x

qtsdi j�k�yzm0o�qZsdi y'k{j/m�xZqZsdi y�kGyvm�n_y�| }~x\��xrlz��o$��xr| }0��n:��|
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Figure 2. (a) Supportregions and signs for the sixteen
nonstandardtwo-dimensionalHaar basisfunctions. (b)
Representingquadrantsigninformationfor coefficientsus-
ing “per-dimension”signvectors.

To simplify the discussionin this paper, we abstract
away the distinction betweena coefficient and its corre-
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spondingbasisfunctionby representingaHaarwaveletco-
ef� ficientwith thetriple � �����X��d���� , where:

(1) � . � is the d-dimensionalsupporthyper-rectangleof
W enclosingall the cells in the data array

�
to which� contributes(i.e., the supportof the correspondingba-

sis function). We representthis hyper-rectangleby its low
andhigh boundaryvalues(i.e., startingandendingarray
cells) alongeachdimension� , �$�B��� 2 ; thesearede-
notedby � . �X.c�v���+��2�
 � ��. ( � and � . �g.c�v������2+
 � �<.c�"E , respec-
tively. Thus,thecoefficient � contributesto eachdatacell�e
 E F 0././.�GE > � satisfyingthecondition � . �X.c�v������2+
 � �<. ( � �EKJ ��� . �X.c�v���+��2�
 � ��.c��E for all dimensions� , �Y�*�_� 2 .
Thespacerequiredto storethesupporthyper-rectangleof a
coefficient is

�������f�
bits,where

�
denotesthetotal num-

berof cellsof
�

.

(2) � . � storesthe sign informationfor all d-dimensional
quadrantsofW.R. Storingthequadrantsigninformationdi-
rectlywouldmeana spacerequirementof � ;<�?>�@ , i.e.,pro-
portional to the numberof quadrantsof a

2
-dimensional

hyper-rectangle. Instead,we use a more space-efficient
representationof thequadrantsigninformation(usingonly��2

bits) thatexploitstheregularityof thenonstandardHaar
transform. The basicobservation hereis that a nonstan-
dard
2
-dimensionalHaar basis is formed by scaledand

translatedproductsof
2

one-dimensionalHaarbasisfunc-
tions [16]. Thus, our idea is to storea 2-bit sign vector
for eachdimension� , thatcapturesthesignvariationof the
correspondingone-dimensionalbasisfunction.Thetwo el-
ementsof the sign vectorof coefficient � alongdimen-
sion � aredenotedby � . ��.  0E<¡¢�~
 � �<. ( � and � .c�d.c 0EK¡��~
 � ��.c��E ,
andcontainthesignthatcorrespondsto thelower andup-
per half of � . � ’s extent alongdimension� , respectively.
Given the sign vectorsalongeachdimensionandtreating
a signof ] ( � ) asbeingequivalentto ]g� (resp., ��� ), the
sign for each

2
-dimensionalquadrantcanbecomputedas

the productof the
2

sign-vector entriesthat map to that
quadrant;that is, following exactly the basisconstruction
process. (We will continueto make useof this “+1/-1”
interpretationof signs throughoutthe paper.) Our sign-
computationmethodologyis depictedin Figure 2(b) for
two examplecoefficienthyper-rectanglesfrom Figure2(a).

(3) � . � is the (scalar)magnitudeof coefficientW. This is
exactlythequantitythat � contributes(eitherpositively or
negatively, dependingon � .c� ) to all dataarraycells en-
closedin � . � .

Thus,our view of a
2
-dimensionalHaarwaveletcoeffi-

cientis thatof a
2
-dimensionalhyper-rectanglewith amag-

nitudeanda signthatmaychangeacrossquadrants.Note
that,by thepropertiesof thenonstandardHaardecomposi-
tion, givenany pair of coefficients,their hyper-rectangles
are either completelydisjoint or one is completelycon-
tained in the other; that is, coefficient hyper-rectangles
cannotpartially overlap. It is preciselythesecontainment
propertiescoupledwith our sign-vector representationof
quadrantsignsthat enableus to efficiently performjoin
operationsdirectlyoverwavelet-coefficientsynopses.

2.2 Building Wavelet-CoefficientSynopses

Consider a relational table
�

with
2

attributes£ F  £ H /.0./. £ > . The information in
�

can be accu-
rately capturedas a

2
-dimensionalarray

�^¤
, whose �?¥�¦

dimensionis indexed by the valuesof attribute
£ J

and
whosecells contain the count of tuples in

�
having the

correspondingcombinationof attributevalues.(
� ¤

is es-
sentiallythejoint frequencydistributionof all theattributes
of
�

.) We have developeda novel, I/O-efficient algo-
rithm for constructingthe nonstandardmulti-dimensional
wavelet decompositionof

� ¤
(denoted� ¤ ). Note that,

even though our algorithm computesthe decomposition
of
�Q¤

, it in fact works off the “set-of-tuples”(ROLAP)
representationof

�
. (As notedby Vitter andWang[17],

this is a requirementfor computationalefficiency sincethe
joint frequency array

�^¤
is typically extremely sparse.)

The worst-caseI/O complexity of our algorithmmatches
that of the best algorithms of Vitter and Wang [17],
requiring only a logarithmic numberof passesover the
data. Furthermore,thereexist scenarios(e.g.,when

�
is

storedin chunks[4, 15]) underwhich our decomposition
algorithmcanwork in a singlepassover

�
.

In a nutshell, our algorithm is basedon the recur-
sive applicationof the following key property the non-
standardHaardecomposition:Thedecompositionof a

2
-

dimensionalarray
�^¤

canbecomputedby independently
computing the decompositionfor each of the

�?>§2
-

dimensionalsubarrayscorrespondingto
�^¤

’s quadrants
and thenperformingpairwiseaveraging and differencing
on the computed

��>
averages of

� ¤
’s quadrants. Ab-

stractly, ourdecompositionalgorithmexploitsthisobserva-
tion by workingin a“depth-first”fashionon

2
-dimensional

chunksof
� ¤

– all thecomputationrequiredfor decompos-
ing a chunkis executedthefirst time thatchunkis loaded
into memory.

The size of the wavelet-coefficient synopsisof
�

is
controlledby a thresholdingschemethat retainsonly the
largest coefficients in absolutenormalizedvalue. (This
thresholdingrule is in factprovablyoptimalwith respectto
minimizingtheoverallmeansquarederrorin thedatacom-
pression[16].) We have alsoproposeda time- andspace-
efficient algorithm for rendering(i.e., expanding)a syn-
opsisinto anapproximate“set-of tuples” relation. Dueto
spaceconstraints,we have chosento omit thepresentation
of ourwavelet-decompositionandcoefficient-renderingal-
gorithms;thedetailscanbefoundin thefull versionof this
paper[2]. In theremainderof this section,we summarize
thenotationalconventionsusedthroughoutthepaper.

Notation. Let ¨ �)N�© F �© H /./.0.4�© > S denotethe setof
dimensionsof

�^¤
, wheredimension

©eJ
correspondsto the

valuedomainof attribute
£ J

. Without lossof generality,
weassumethateachdimension

© J
is indexedby thesetof

integers
N-#" � 07/707��ª © J ª ���?S , where

ª © J ª
denotesthesize

of dimension
© J

. Table1 outlinesthenotationusedin this
paperwith abrief descriptionof its semantics.

Most of the notation pertaining to wavelet coeffi-
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Symbol Semantics«
Dimensionalityof input relation¬

,
hC

Relationandcorrespondingjoint
frequency array®r¯

, ° ¯ ±�²´³
attributeof

¬
andcorresponding

domainof values(
lrµ ± µ «

)¶ n_· °D¸ k�|�|�|"k °Q¹-º Setof datadimensionsof
h»q\| ¬ | ¼�½0¾¢¿ « i ± mÀ| ·/ÁÂ½�k�Ã¢Ä º Support-rectangleboundariesalong

dimension° ¯ for
q

(
l»µ ± µ «

)q\| Å1| Æ�ÄÀÇ�¿�i ± mÀ| ·/ÁÂ½�k�Ã�Ä º Sign-vectorinformationalong
dimension° ¯ for

q
(
l»µ ± µ «

)q\| Å1| Æ�È�Ã�Ç�i ± m
Sign-changevaluealongdimension° ¯ for coefficient

q
(
lrµ ± µ «

)q\| É
Scalarmagnitudeof coefficient

q
Table1. Notation

cients � has already been describedin Section 2.1.
The only exception is the sign-change value vector� .c�d.c 0Ê0��¡4
 � � that captures the value along dimension� (between � . �X.c�v���+��2�
 � ��. ( � and � . �X.c�v������2+
 � �<.c��E ) at
which a transition in the value of the sign vector� .c�d.c /E<¡��~
 � � occurs, for each �Ë� �Ì� 2 . That
is, the sign � .c�d.c /E<¡��~
 � ��. ( � ( � . �d.c 0E<¡¢�~
 � �<.c��E ) applies to
therange


 � . �X.c�v������2+
 � �<. ( ��0././.4 � .c�d.  -Ê/��¡4
 � � �Í� � (resp.,
 � . ��.  -Ê/��¡1
 � �<X./.0.� � . �X.c�v������2+
 � �<.c��E<� ). As a conven-
tion, we set � .c�d.c 0Ê0��¡4
 � � equalto � . �X.c�v���+��2�
 � ��. ( � when
there is no “true” sign changealong dimension � , i.e.,� .c�d.c /E<¡��~
 � � contains


 ]  ] � or

 �  � � . Note that, for

baseHaar coefficients with a true sign changealong di-
mension� , � . ��.  -Ê/��¡1
 � � is simply the midpoint between� . �X. �v������2�
 � ��. ( � and � . �X. �v������2�
 � ��. �"E (Figure 2). This
property, however, no longerholds when arbitraryselec-
tions andjoins areexecutedover the wavelet coefficients.
As aconsequence,weneedto storesign-changevaluesex-
plicitly in orderto supportgeneralqueryprocessingopera-
tionsin anefficientmanner.

For theremainderof thepaper, weusethesymbol � ¤ to
denotethe setof coefficientsretained(after thresholding)
from the decompositionof

�
(i.e., the wavelet-coefficient

synopsisof
�

).

3 Processing Relational Queries in the
Wavelet-CoefficientDomain

In this section, we proposea novel query algebra for
wavelet-coefficient synopses.The basicoperatorsof our
algebracorresponddirectly to conventionalrelationalal-
gebraand SQL operators,including the (non-aggregate)
select,project, andjoin, aswell asaggregateoper-
atorslikecount, sum, andaverage. Thereis, however,
onecrucial difference:our operatorsaredefinedover the
wavelet-coefficientdomain; that is, their input(s)andout-
put are setsof waveletcoefficients(ratherthan relational
tables). The motivation for defining a query algebrafor
waveletcoefficientscomesdirectly from theneedfor effi-
cientapproximatequeryprocessing.To seethis, consider
an
�

-ary relationalquery Î over
� F /./.0.���MÏ

andassume
thateachrelation

�QÐ
hasbeenreducedto a (truncated)set

of waveletcoefficients � ¤4Ñ . A simplisticway of process-
ing Î would beto rendereachsynopsis� ¤4Ñ into thecor-
respondingapproximaterelation(denotedrender( � ¤4Ñ ))
andprocesstherelationaloperatorsin Î over theresulting
setsof tuples.Thisstrategy, however, is clearlyinefficient:
the approximaterelationrender( � ¤ Ñ ) may containjust
asmany tuplesastheoriginal

� Ð
itself, which impliesthat

queryexecutioncostsmayalsobe just ashigh asthoseof
theoriginalquery. Therefore,sucha“render-then-process”
strategy essentiallydefeatsoneof themainmotivationsbe-
hindapproximatequeryprocessing.

On the other hand, the synopsis � ¤4Ñ is a highly-
compressedrepresentationof render( � ¤4Ñ ) that is typ-
ically ordersof magnitudesmaller than

�MÐ
. ExecutingÎ in the compressedwavelet-coefficient domaincan of-

fer tremendousspeedupsin query execution cost. We
thereforedefine the operatorsop of our query process-
ing algebraover wavelet-coefficient synopses,while guar-
anteeingthe valid semanticsdepictedpictorially in the
transitiondiagramof Figure3. (Thesesemanticscan be
translatedto theequivalencerender(op( Ò F//./.0.� Ò�Ó )) Ô
op(render( Ò F0/.0./.4 Ò4Ó )), for eachoperatorop.) Our al-
gebraallows the fastexecutionof any relationalquery Î
entirelyoverthewavelet-coefficientdomain,while guaran-
teeingthatthefinal (rendered)resultis identicalto thatob-
tainedby executingÎ on theapproximateinput relations.

T1 T2 Tk, ,. . . ,

T1 T2 Tk, ,. . . ,

WS

. . . 

W

Wavelet-Coefficient 
Synopses

Wavelet Coefficients
Result Set of

Approximate 
Relations

Result Approximate
  Relation

)

)

)

)

SW render(

op( )

render(

render(

op(

S

, , . . . ,W W W
1T 2T kT

, , . . . ,W W W

W

1T 2T kT

1T

kT

Figure3. Valid semanticsfor processingqueryoperators
over the wavelet-coefficient domain. ( Õ ¸ k�|�|�|"k Õ+Ö canbe
baserelationsor intermediatequeryresults.)

In the following subsections,we describeour algo-
rithmsfor processingselect, project, andjoin op-
eratorsin thewavelet-coefficientdomain.(Our algorithms
for processingaggregateoperatorscan be found in [2].)
Eachoperatortakesas input oneor moreset(s)of multi-
dimensionalwavelet coefficients and appropriatelycom-
binesand/orupdatesthecomponents(i.e.,hyper-rectangle,
sign information,andmagnitude)of thesecoefficients to
producea“valid” setof outputcoefficients(Figure3). Note
that, while the wavelet coefficients(generatedby our de-
compositionalgorithm) for baserelational tableshave a
very regularstructure,thesameis not necessarilytrue for
the set of coefficientsoutputby an arbitraryselect or
join operator. Nevertheless,we looselycontinueto re-
fer to the intermediateresultsof our algebraoperatorsas
“wavelet coefficients” sincethey arecharacterizedby the
exactsamecomponentsasbase-relationcoefficients(e.g.,
hyper-rectangle,sign-vectors)andmaintaintheexactsame
semanticswith respectto theunderlyingintermediaterela-
tion (i.e., therenderingprocessremainsunchanged).
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3.1 SelectionOperator (select)

Our selection operator has the general form
select×/Ø�Ù > ; ��Ú @ , whereÛ+Ü�Ý 2 representsa genericcon-
junctive predicateon a subsetof the

2
attributesin Ò ; that

is, Û"Ü'Ý 2Z��; ( ÐßÞ � £ Ð´Þ � �+ÐßÞ/@�àO.0./.'à:; ( Ðßá � £ ÐÂá � �+ÐÂá�@ ,
where ( Ð�â and

� Ð�â
denotethe low andhigh boundariesof

the selectedrangealong eachselectiondimension
© Ð�â

,� � � ���07/7/71 3 , 3Z� 2 . This is essentiallya 3 -dimensional
range selection, where the queried range is specified
along 3 dimensions̈gã �äN�© Ð Þ-�© Ð�å /./.0.4�© Ð á S and left
unspecifiedalong the remaining

;�2 �æ3 @ dimensions; ¨§�ç¨gã @ . ( ¨ �§N-© F �© H 0././.4�© > S denotesthesetof all
dimensionsof Ò .) Thus, for eachunspecifieddimension©eJ

, theselectionrangespansthe full index domainalong
thedimension;that is, ( JW�è# and

��J��éª ©eJ¢ª �Í� , for each©eJWLç; ¨*�$¨gã @ .
Theselect operatoreffectivelyfiltersouttheportions

of thewaveletcoefficientsin thesynopsis�$Ú thatdo not
overlapwith the 3 -dimensionalselectionrange,andthusdo
notcontributeto cellsin theselectedhyper-rectangle.This
processis illustratedpictorially in Figure4(a). More for-
mally, let � L � Ú denoteany wavelet coefficient in the
input setof ourselect operator. Our approximatequery
executionengineprocessesthe selectionover � as fol-
lows. If � ’s supporthyper-rectangle� . � overlapsthe 3 -
dimensionalselectionhyper-rectangle;that is, if for every
dimension

©êÐ â L ¨gã , the following conditionis satisfied:( Ð â �p� . �X. �z���+��2�
 EKJv��. ( � � �+Ð â or � . �X. �v������2�
 EKJv�<. ( � �( Ð â �8� . �g.c�v������2+
 EKJv�<.c��E , then

1. For all dimensions°Më â[ì ¶[í do

1.1. Set
q\| ¬ | ¼�½0¾¢¿ « i Ä ¯ mÀ| ÁÂ½ î n ïDð/ñ¢·zÁ ë â ,q\| ¬ | ¼�½/¾�¿ « i Ä ¯ mÀ| Á�½ º and

q\| ¬ | ¼�½0¾¢¿ « i Ä ¯ mÀ| Ã¢Ä§î nï�òwó�·/Ã ë â , q\| ¬ | ¼�½/¾�¿ « i Ä ¯ mÀ| Ã�Ä º .
1.2. If

q\| ¬ | ¼�½/¾�¿ « i Ä ¯ m�| Ã¢Äõôäq\| Å1| Æ�È�Ã�Ç�i Ä ¯ m
then

set
q�| Å1| ÆvÈ�Ã�Ç�i Ä ¯ m î n q\| ¬ | ¼�½/¾�¿ « i Ä ¯ mÀ| Á�½

and
q\| Å4| Æ�Ä´Ç�¿�i Ä ¯ m î n i q\| Å4| Æ�Ä´Ç�¿�i Ä ¯ m�| ÁÂ½

,q\| Å4| Æ�Ä´Ç�¿�i Ä ¯ mÀ| Á�½/m
.

1.3. Else if
q\| ¬ | ¼�½/¾�¿ « i Ä ¯ mÀ| Á�½ ö q\| Å1| Æ�È�Ã�Ç�i Ä ¯ m

then set
q\| Å4| Æ�È�Ã�Ç�i Ä ¯ m÷î n q\| ¬ | ¼�½/¾�¿ « i Ä ¯ mÀ| Á�½

and
q\| Å4| Æ�Ä´Ç�¿�i Ä ¯ m î n i q\| Å4| Æ�Ä´Ç�¿�i Ä ¯ mÀ| Ã¢Ä

,q\| Å4| Æ�Ä´Ç�¿�i Ä ¯ mÀ| Ã�ÄÀm
.

2. Add the (updated)
q

to the setof outputcoefficients; that
is, set

qtøgî n6qtø^ùê·0q º , where
Å\n

selectú�û{ü<¹ � Õ � .
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+
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-
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W.v := W.v * (r1-r2)

+ -

(a)

Figure4. Processing(a)selectionand(b) projectionoper-
ationsin thewavelet-coefficientdomain.

Ourselect processingalgorithmchooses(andappro-
priately updates)only the coefficients in �$Ú that over-
lap with the 3 -dimensionalselectionhyper-rectangle.For

eachsuchcoefficient,our algorithm(a) updatesthehyper-
rectangleboundariesaccordingto the specifiedselection
range(Step1.1), and(b) updatesthe sign information,if
suchan updateis necessary(Steps1.2-1.3). Briefly, the
signinformationalongthequerieddimension

© Ðýâ
needsto

be updatedonly if the selectionrangealong
© Ð�â

is com-
pletely containedin eitherthe low (1.2) or the high (1.3)
sign-vector rangeof the coefficient along

© Ð�â
. In both

cases,thesign-vectorof thecoefficient is updatedto con-
tain only thesinglesignpresentin theselectionrangeand
thecoefficient’ssign-changeis setto its leftmostboundary
value(sincethereis no changeof signalong

©êÐ â
after the

selection). The sign-vectorandsign-changeof the result
coefficient remainuntouched(i.e., identicalto thoseof the
input coefficient) if the selectionrangespansthe original
sign-changevalue.

3.2 Projection Operator (project)

Our projection operator has the general form
project þ Ñ Þ-ÿ������Iÿ þ Ñ á ; � Ú @ , where the 3 projection at-
tributes

£ ÐßÞ'/.0./.4 £ Ðßá
form a subsetof the

2
attributesofÒ . Letting ¨Xã �	N-© Ð Þ�0././.4�© ÐÂá S denotethe 3�� 2 pro-

jectiondimensions,we areinterestedin projectingout the2 �:3 dimensionsin
; ¨§�$¨Xã @ . We give a generalmethod

for projectingout a singledimension
© J L ¨a� © ã . This

methodcan then be appliedrepeatedlyto project out all
thedimensionsin

; ¨*��¨Xã @ , onedimensionata time.
Consider Ò ’s correspondingmulti-dimensionalarray� Ú . Projectinga dimension

©eJ
out of

� Ú is equivalentto
summingup thecountsfor all thearraycells in eachone-
dimensionalrow of

� Ú alongdimension
©eJ

andthenas-
signingthisaggregatedcountto thesinglecell correspond-
ing to that row in the remainingdimensions( ¨é� N-©eJ S ).
Considerany

2
-dimensionalwavelet coefficient � in the

project operator’s input set ��Ú . Rememberthat �
contributesavalueof � . � to everycell in its supporthyper-
rectangle� . � . Furthermore,thesignof this contribution
for every one-dimensionalrow alongdimension

© J
is de-

terminedas either � .c�d.  0E<¡��~
 � ��. �"E (if the cell lies above� .c�d.c 0Ê0��¡4
 � � ) or � .c�d.c /E<¡��~
 � ��. ( � (otherwise).Thus,wecan
work directlyonthecoefficient � to projectoutdimension©eJ

by simplyadjustingthecoefficient’smagnitudewith an
appropriatemultiplicativeconstant� . � � � � . ��� Û J , whereÛ J is definedas:��q\| ¬ | ¼�½/¾�¿ « i ± mÀ| Ã�Ä1x q\| Å4| Æ�È�Ã?Ç�i ± m�o:lv����q\| Å4| Æ�Ä´Ç�¿�i ± mÀ| Ã¢Ä�o

��q\| Å1| Æ�È�Ã�Ç�i ± m�x q\| ¬ | ¼�½/¾�¿ « i ± mÀ| Á�½����dq\| Å1| Æ�Ä´Ç�¿�i ± m�| ÁÂ½�|
(1)

A two-dimensionalexampleof projectingoutadimension
in thewavelet-coefficientdomainis depictedin Figure4(b).
Multiplying � . � with Û J (Equation(1)) effectivelyprojects
out dimension

©eJ
from � by summingup � ’s contribu-

tion oneachone-dimensionalrow alongdimension
© J

. Of
course,besidesadjusting� . � , we alsoneedto discarddi-
mension

© J
from thehyper-rectangleandsigninformation

for � , sinceit is now a
;K2 � � @ -dimensionalcoefficient(on

dimensions̈�� N-© J S ). Notethat if thecoefficient’s sign-
changelies in themiddleof its supportrangealongdimen-
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sion
©eJ

(e.g.,seeFigure2(a)),thenits adjustedmagnitude
willT be

#
, whichmeansthatit cansafelybediscardedfrom

theoutputsetof theprojectionoperation.
Repeatingthe above processfor eachwavelet coeffi-

cient � L � Ú andeachdimension
© J L ¨*� © ã gives

the set of output wavelet coefficients �	� , where
� �

project 
�� ; Ò @ . Equivalently, givena coefficient � , we
cansimply set � . � � � � . ������ â�� 
 P � � Û J (whereÛ J is
asdefinedin Equation(1)) anddiscarddimensions̈*� © ã
from � ’s representation.

3.3 Join Operator (join)

Our join operator has the general form
join×/Ø�Ù > ; ��Ú Þ� �$Ú å @ , where Ò F and Ò H are (approx-
imate) relations of arity

2 F
and
2 H

, respectively, andÛ"Ü'Ý 2 is a conjunctive 3 -ary equi-join predicateof the
form

; £ FF � £ HF @ à8././.�à8; £ FÓ � £
H
Ó @ , where

£ ÐJ
(
© ÐJ

)
(� � � /.0./.4�2¢Ð ) denotesthe ��¥�¦ attribute(resp.,dimension)
of Ò Ð (

E � � �� ). (Without lossof generality, we assume
that the join attributes are the first 3 ������� N-2 F �2 H S
attributesof eachjoining relation.) Note that the resultof
thejoin operation� � is asetof

;�2 F ] 2 H �t3 @ -dimensional
wavelet coefficients; that is, the join operationreturns
coefficients of (possibly) different arity than any of its
inputs.

To seehow our join processingalgorithmworks, con-
sider the multi-dimensionalarrays

� Ú Þ and
� Ú å corre-

sponding to the join operator’s input arguments. Let;ÀE FF /./.0.�GE F> Þ @ and
;ÀE H F /./.0.4GE H> å @ denotethe coordinatesof

two cells belongingto
� Ú Þ and

� Ú å , respectively. If the
indexesof thetwo cellsmatchon thejoin dimensions,i.e.,E FF ��E HF 0././.�GE FÓ ��E

H
Ó , thenthecell in the join resultarray� � with coordinates
;�E FF /.0./.4�E F> Þ GE H Ó�� F /./.0.�GE

H> å @ is popu-
latedwith theproductof thecountvaluescontainedin the
two joinedcells. Sincethecell countsfor

� Ú Ñ arederived
by appropriatelysummingthecontributionsof thewavelet
coefficientsin �$Ú Ñ and,of course,a numericproductcan
alwaysbedistributedover summation,we canprocessthe
join operatorentirely in the wavelet-coefficient domain
by consideringall pairsof coefficientsfrom � Ú Þ and � Ú å .
Briefly, for any two coefficients from � Ú Þ and � Ú å that
overlap in the join dimensionsand, therefore,contribute
to joining datacells, we definean outputcoefficient with
magnitudeequalto the productof the two joining coeffi-
cientsanda supporthyper-rectanglewith rangesthat are
(a) equalto the overlapof the two coefficients for the 3
(common)join dimensions,and (b) equalto the original
coefficientrangesalongany of the

2 F ] 2 H � � 3 remaining
dimensions.Thesigninformationfor anoutputcoefficient
along any of the 3 join dimensionsis derived by appro-
priatelymultiplying the sign-vectorsof the joining coeffi-
cientsalongthatdimension,takingcareto ensurethatonly
signsalongtheoverlappingportionaretakeninto account.
(The sign informationalongnon-joindimensionsremains
unchanged.)An exampleof thisprocessin two dimensions
(
2�Fr� 2�H^� �

, 3 � � ) is depictedin Figure5(a).
More formally, our approximatequeryexecutionstrat-
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Figure5. (a) Processingjoin operationsin thewavelet-
coefficient domain. (b) Computingsign information for
join outputcoefficients.

egy for joins can be describedas follows. (To simplify
the notation,we ignorethe “1/2” superscriptsanddenote
the join dimensionsas

© F�0././.4�© Ó , and the remaining2 F ] 2 H � � 3 dimensionsas
© Ó�� F 0././.��© > Þ � > å P Ó .) For

eachpair of wavelet coefficients � F L ��Ú Þ and � H L� Ú å , if the coefficients’ supporthyper-rectanglesoverlap
in the 3 join dimensions;thatis, if for everydimension

©XÐ
,Ed� � ./.0.4 3 , thefollowing conditionis satisfied:q ¸ | ¬ | ¼�½0¾�¿ « | ÁÂ½?i ÄÀm4µOq��/| ¬ | ¼�½/¾�¿ « | Á�½�i Ä´m4µOq ¸ | ¬ | ¼�½/¾�¿ « | Ã¢Ä{i ÄÀm orq��z| ¬ | ¼�½0¾¢¿ « | ÁÂ½?i Ä´m4µçq ¸ | ¬ | ¼�½/¾�¿ « | ÁÂ½�i Ä´m4µOq��/| ¬ | ¼�½0¾�¿ « | Ã¢Ä{i Ä´m�k

thenthecorrespondingoutputcoefficient � L � � is de-
finedin thefollowing steps.

1. For all join dimensions° ë , Ä1nÍl-k�|�|�|+k � do

1.1. Set
q�| ¬ | ¼�½0¾�¿ « i Ä´mÀ| Á�½çî n�ïDð/ñ¢·/q ¸ | ¬ | ¼�½0¾�¿ « i Ä´mÀ| Á�½ ,q��/| ¬ | ¼�½/¾�¿ « i Ä´mÀ| ÁÂ½ º and

q\| ¬ | ¼�½/¾�¿ « i Ä´mÀ| Ã¢Äæî nï�òwó�·0q ¸ | ¬ | ¼�½0¾¢¿ « i Ä´mÀ| Ã¢Ä , q��/| ¬ | ¼�½/¾�¿ « i Ä´m�| Ã¢Ä º .
1.2. For

± nÍl0k�y
/* let
Æ ¯

bea temporarysign-vectorvariable*/

1.2.1. If
q\| ¬ | ¼�½/¾�¿ « i Ä´m�| Ã¢ÄWôèq ¯ | Å4| Æ�È�Ã?Ç�i Ä´m

thensetÆ ¯ î n8i q ¯ | Å4| Æ�Ä´Ç�¿�i Ä´mÀ| ÁÂ½?k�q ¯ | Å1| Æ�Ä´Ç�¿�i ÄÀmÀ| ÁÂ½zm
.

1.2.2. Elseif
q\| ¬ | ¼�½/¾�¿ « i Ä´m�| ÁÂ½eö_q ¯ | Å4| Æ�È�Ã?Ç�i Ä´m

then
set
Æ ¯ î nÍi q ¯ | Å1| ÆvÄ´Ç�¿�i Ä´m�| Ã¢ÄIk�q ¯ | Å4| Æ�Ä´Ç�¿�i Ä´mÀ| Ã¢Ä´m

.
1.2.3. Elseset

Æ ¯ î n6q ¯ | Å4| Æ�Ä´Ç�¿�i Ä´m
.

1.3. Set
q\| Å1| Æ�ÄÀÇ�¿�i Ä´m�î n8i Æ ¸ | ÁÂ½!��Æ � | ÁÂ½fk�Æ ¸ | Ã¢Ä"�dÆ � | Ã¢Ä´m

.

1.4. If
q\| Å4| Æ�Ä´Ç�¿�i Ä´mÀ| ÁÂ½ nrn q\| Å1| Æ�ÄÀÇ�¿�i Ä´mÀ| Ã�Ä

then setq�| Å1| ÆvÈ�Ã�Ç�i Ä´m�î n6q�| ¬ | ¼�½0¾�¿ « i Ä´mÀ| Á�½
.

1.5 Elseset
q\| Å1| Æ�È�Ã�Ç�i ÄÀm+î n:ïDðzñ ¯$# ¸ % � ·/q ¯ | Å4| Æ�È�Ã�Ç�i Ä´m1îq ¯ | Å1| Æ�È�Ã�Ç�i ÄÀm ì i q\| ¬ | ¼�½/¾�¿ « i Ä´mÀ| ÁÂ½�kq\| ¬ | ¼�½/¾�¿ « i ÄÀmÀ| Ã¢Ä´m º .

2. For each(non-join)dimension°Që , Ä n&�WoRl-kv|�|�|+k « ¸ do:
Set
q\| ¬ | ¼�½0¾¢¿ « i Ä´m~î naq ¸ | ¬ | ¼�½/¾�¿ « i Ä´m , q\| Å1| Æ�Ä´Ç�¿�i ÄÀm~î nq ¸ | Å1| ÆvÄ´Ç�¿�i Ä´m , and

q\| Å4| Æ�È�Ã?Ç�i Ä´m+î n6q ¸ | Å4| Æ�È�Ã�Ç�i Ä´m .
3. For each(non-join)dimension° ë , Ä»n « ¸ oÍl0kv|�|�|"k « ¸ o« �Mx'�

do: Set
q\| ¬ | ¼�½/¾�¿ « i Ä´m\î n q��/| ¬ | ¼�½/¾�¿ « i Ä»x« ¸ o(��m

,
q�| Å1| ÆvÄ´Ç�¿�i Ä´mQî npq��/| Å1| ÆvÄ´Ç�¿�i Ädx « ¸ o)�'m

, andq\| Å4| Æ�È�Ã�Ç�i Ä´m"î n_q � | Å1| Æ�È�Ã�Ç�i Ä�x « ¸ o��'m
.

4. Set
q\| É_î n q ¸ | É*�[q � | É

and
q ø î n q ø ù ·0q º ,

where
ÅZn

joinúvû{ü<¹ � Õ4¸ k Õ ��� .
Notethatthebulk of our join processingalgorithmcon-

centrateson the correctsettingsfor the outputcoefficient� alongthe 3 join dimensions(Step1), sincetheproblem
becomestrivial for the

2�F ] 2¢H �63 remainingdimensions
(Steps2-3). Givena pair of joining input coefficientsand
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a join dimension
©êÐ

, ouralgorithmstartsoutby settingthe
hyper+ -rectanglerangeof theoutputcoefficient � along

©êÐ
equalto theoverlapof thetwo input coefficientsalong

©êÐ
(Step1.1). We thenproceedto compute� ’s sign infor-
mation along join dimension

© Ð
(Steps1.2-1.3) , which

is slightly moreinvolved. (Rememberthat Ò F and Ò H are
(possibly)theresultsof earlierselect and/orjoin op-
erators,which meansthat their rectangleboundariesand
signsalong

© Ð
canbearbitrary.) Thebasicideais to deter-

mine, for eachof the two input coefficients � F and � H ,
where the boundariesof the join rangelie with respect
to thecoefficient’s sign-changevaluealongdimension

©XÐ
.

Givenaninput coefficient � J (� � � �� ), if the join range
along

©êÐ
is completelycontainedin eitherthe low (1.2.1)

or thehigh (1.2.2)sign-vectorrangeof � J along
©êÐ

, then
a temporarysign-vector

 zJ
is appropriatelyset (with the

samesignin bothentries).Otherwise,i.e., if thejoin range
spans� J ’s sign-change(1.2.3), then

 zJ
is simply set to� J ’s sign-vectoralong

© Ð
. Thus,

  J
capturesthe sign of

coefficient � J in thejoining range,andmultiplying
 'F

and -H
(element-wise)yieldsthesign-vectorfor theoutputco-

efficient � alongdimension
© Ð

(Step1.3). If the result-
ing signvectorfor � doesnot containa truesignchange
(i.e., the low andhigh componentsof � .c�d.  0E<¡��~
 E<� arethe
same),then � ’s sign-changevaluealongdimension

©êÐ
is

setequalto thelow boundaryof � . � along
©êÐ

, according
to our convention(Step1.4). Otherwise,the sign-change
valuefor theoutputcoefficient � along

©êÐ
is setequalto

themaximumof theinputcoefficients’sign-changevalues
thatarecontainedin thejoin range(i.e., � . � ’sboundaries)
along

©êÐ
(Step1.5).

In Figure5(b),weillustratethreecommonscenariosfor
thecomputationof � ’s signinformationalongthejoin di-
mension

© Ð
. The left-handsideof the figureshows three

possibilitiesfor the sign information of the input coeffi-
cients � F and � H alongthe join rangeof dimension

© Ð
(with crossesdenotingsignchanges).Theright-handside
depictsthe resultingsign informationfor the outputcoef-
ficient � along the samerange. The importantthing to
observe with respectto our sign-informationcomputation
in Steps1.3–1.5is thatthejoin rangealongany join dimen-
sion
©êÐ

cancontainat mostonetruesignchange.By this,
we meanthat if the sign for input coefficient � J actually
changesin the join rangealong

©êÐ
, thenthis sign-change

value is unique; that is, the two input coefficientscannot
have truesignchangesat distinctpointsof the join range.
Thisfollowsfromthecompletecontainmentpropertyof the
basecoefficient rangesalongdimension

© Ð
(Section2.1).

(Notethatouralgorithmfor select retainsthevalueof a
truesignchangefor a basecoefficient if it is containedin
theselectionrange,andsetsit equalto thevalueof theleft
boundaryotherwise.)Thisrangecontainmentalong

©êÐ
en-

suresthatif � F and � H bothcontaina truesignchangein
the join range(i.e., their overlap)along

©XÐ
, thenthat will

occurat exactly the samevalue for both (as illustratedin
Figure5(b.1)). Thus,in Step1.3, � F ’sand � H ’s signvec-
torsin thejoin rangecanbemultiplied to derive � ’s sign-

vector. If, on theotherhand,oneof � F and � H hasa true
signchangein the join range(asshown in Figure5(b.2)),
thenthe �-,/. operationof Step1.5will alwayssetthesign
changeof � along

©êÐ
correctly to the true sign-change

value(sincetheothersignchangewill eitherbeat the left
boundaryor outsidethejoin range).Finally, if neither � F
nor � H have a truesignchangein thejoin range,thenthe
high andlow componentsof � ’s signvectorwill beiden-
tical andStep1.4will set � ’s sign-changevaluecorrectly.

Example3.1: Considerthe wavelet coefficients � F and� H in Figure 5. Let the boundariesand sign informa-
tion of � F and � H along the join dimension

© F
be as

follows: � F . �g.c�v������2+
 � �:� 
 !" � �'� , � H . �X. �z���+��2�
 � �ç�
 0� � ��� , � F . ��.  0E<¡¢�~
 � �^�b
 �  ] � , � H .c�d.  0E<¡��~
 � �[�b
 �  ] � ,� F .c�d.c 0Ê0��¡4
 � ���10
, and � H .c�d.c 0Ê0��¡4
 � ��� � � . In thefollow-

ing, we illustrate the computationof the hyper-rectangle
andsigninformationfor join dimension

© F
for thecoeffi-

cient � that is outputby our algorithmwhen � F and � H
are“joined”. Notethatfor thenon-joindimensions

©êH
and©�2

, this informationfor � is identicalto that of � F and� H (respectively),sowefocussolelyonthejoin dimension© F
.
First, in Step1.1, � . �g.c�v������2+
 � � is setto


 0� � ��� , i.e., the
overlaprangebetween� F and � H along

© F
. In Step1.2.2,

since � . �X. �z���+��2�
 � �<. ( ���30
is greaterthan or equal to� F .c�d.c 0Ê0��¡4
 � �X�40

, we set
  F �÷
 ]  ] � . In Step1.2.3,

since � H .c�d.c 0Ê0��¡4
 � �W� � � lies in between� . � ’s bound-
aries,we set

  H � 
 �  ] � . Thus,in Step1.3, � .c�d.  0E<¡��~
 � �
is set to the productof

  F
and
  H

which is

 �  ] � . Fi-

nally, in Step1.5, � .c�d.c 0Ê0��¡4
 � � is set to the maximumof
the sign changevaluesfor � F and � H along dimension© F

, or � . �d.c -Ê/��¡1
 � � � � �-,5. N60� � � S � � � .
4 Experimental Study
In this section,we presentthe resultsof an extensive em-
pirical studythatwehaveconductedusingthenovel query
processingtoolsdevelopedin this paper. Theobjective of
this studyis twofold: (1) to establishthe effectivenessof
ourwavelet-basedapproachto approximatequeryprocess-
ing,and(2) to demonstratethebenefitsof ourmethodology
comparedto earlierapproachesbasedonsamplingandhis-
tograms.Ourexperimentsconsiderawiderangeof queries
executedon bothsyntheticandreal-lifedatasets.Thema-
jor findingsof ourstudycanbesummarizedasfollows.� Impr oved Answer Quality. The quality/accuracy of
theapproximateanswersobtainedfrom our wavelet-based
queryprocessoris, in general,betterthanthatobtainedby
eithersamplingor histogramsfor a widerangeof datasets
andselect, project, join, andaggregatequeries.� Low SynopsisConstruction Costs. Our I/O-efficient
wavelet decompositionalgorithm is extremely fast and
scaleslinearly with the size of the data(i.e., the number
of cells in theMOLAP array). In contrast,histogramcon-
structioncostsincreaseexplosivelywith thedimensionality
of thedata.
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� Fast Query Execution. Queryexecution-timespeedups
of� morethantwo ordersof magnitudearemadepossible
by our approximatequeryprocessingalgorithms.Further-
more,ourqueryexecutiontimesarecompetitivewith those
obtainedby thehistogram-basedmethodsof Ioannidisand
Poosala[6], and sometimessignificantly faster(e.g., for
joins).

Thus,ourexperimentalresultsvalidatethethesisof this
paperthatwaveletsarea viable,effective tool for general-
purposeapproximatequery processingin DSS environ-
ments. All experimentsreportedin this sectionwereper-
formed on a Sun Ultra-2/200machinewith 512 MB of
mainmemory, runningSolaris2.5.

Due to spaceconstraints,thepresentationin this paper
focuseson theresultsof our experimentalevaluationwith
real-life datasets,which are indicative of the overall set
of experimentalresults.Thedetailsof ourexperimentation
with syntheticdatasetscanbefoundin thefull versionof
thispaper[2].

4.1 Experimental Testbedand Methodology

Techniques.Weconsiderthreeapproximatequeryanswer-
ing techniquesin ourstudy.� Sampling. A randomsampleof thenon-zerocells in the
multi-dimensionalarrayrepresentationfor eachbaserela-
tion is selected, andthecountsfor thecellsareappropri-
atelyscaled.Thus,if thetotalcountof all cellsin thearray
is 7 andthe sumof the countsof cells in the sampleis

 
,

thenthecountof every cell in thesampleis multiplied by¥98;:< . Thesescaledcountsgive thetuplecountsfor thecor-
respondingapproximaterelation.� Histograms. Eachbaserelation is approximatedby a
multi-dimensionalMaxDiff(V,A) histogram. Our choice
of this histogramclassis motivatedby the recentwork of
IoannidisandPoosala[6], whereit is shown that MaxD-
iff(V,A) histogramsresult in higher-quality approximate
queryanswerscomparedto otherhistogramclasses.We
processselects,joins,andaggregateoperatorsonhis-
togramsasdescribedin [6]. For instance,while selects
areapplieddirectly to thehistogramfor a relation,ajoin
betweentwo relationsis doneby first partially expanding
their histogramsto generatethetuple-valuedistribution of
the eachrelation. An indexed nested-loopjoin is then
performedontheresultingtuples.� Wavelets. Wavelet-coefficient synopsesareconstructed
on thebaserelations(usingour decompositionalgorithm)
andqueryprocessingis performedentirelyin thewavelet-
coefficientdomain,asdescribedin Section3. In ourjoin
implementation,overlappingpairsof coefficientsaredeter-
minedusinga simplenested-loopjoin. Further, duringthe
renderingstepfor non-aggregatequeries,cellswith nega-
tivecountsarenot includedin thefinal answerto thequery.

Sinceweassume
2

dimensionsin themulti-dimensional
arrayfor a

2
-attribute relation,

Ê
randomsamplesrequireÊ=�e;K2 ] � @ unitsof space;

2
unitsareneededto storethe

index of the cell and 1 unit is requiredto store the cell

count.Storing
Ê

waveletcoefficientsalsorequiresthesame
amountof space,sincewe need

2
units to specifythepo-

sition of thecoefficient in thewavelet transformarrayand
1 unit to specify the valuefor the coefficient. (Note that
thehyper-rectangleandsigninformationfor a basecoeffi-
cientcaneasilybederivedfrom its locationin thewavelet
transformarray.) Ontheotherhand,eachhistogrambucket
requires̀

��C2 ] � unitsof space;
�>�C2

unitsto specifythe
low andhigh boundariesfor the bucket alongeachof the2

dimensions,
2

unitsto specifythenumberof distinctval-
uesalongeachdimension,and1 unit to specifytheaverage
frequency for thebucket [12]. Thus,for a givenamountof
spacecorrespondingto

Ê
samples/waveletcoefficients,we

store
��?A@2 histogrambucketsto ensurea fair comparison

betweenthemethods.

Queries. The workload usedto evaluatethe variousap-
proximationtechniquesconsistsof four mainquerytypes:
(1) SELECT Queries: rangesarespecifiedfor (asubsetof)
theattributesin arelationandall tuplesthatsatisfythecon-
junctive rangepredicatearereturnedaspart of the query
result,(2) SELECT-SUM Queries: the totalsum of a par-
ticularattribute’svaluesis computedfor all tuplesthatsat-
isfy a conjunctiverangepredicateover (a subsetof) theat-
tributes,(3) SELECT-JOIN Queries: afterperformingse-
lectionsontwo inputrelations,anequi-joinonasinglejoin
dimensionis performedandtheresultingtuplesareoutput;
and,(4) SELECT-JOIN-SUM Queries: the total sum of
anattribute’s valuesis computedover all thetuplesresult-
ing from aSELECT-JOIN.

For each of the above query types, we have con-
ductedexperimentswith multiple differentchoicesfor (a)
select ranges,and (b) select, join, and sum at-
tributes. The resultspresentedin the next sectionare in-
dicative of the overall observed behavior of the schemes.
Furthermore,thequeriespresentedin this paperarefairly
representativeof typicalqueriesoverourdatasets.

Answer-Quality Metrics. In our experimentswith aggre-
gatequeries(e.g.,SELECT-SUM queries),we usetheab-
soluterelativeerror in theaggregatevalueasa measureof
the accuracy of theapproximatequeryanswer. Whende-
cidingonanerrormetricfor non-aggregateresults,wecon-
sideredboththeMatch AndCompare (MAC) errorof Ioan-
nidis and Poosala[6] and the network-flow-basedEarth
Mover’s Distance(EMD) error of Rubneret al. [14]. We
eventuallychosea variantof theEMD errormetric,since
it offers a numberof advantagesover MAC error (e.g.,
computationalefficiency, naturalhandlingof non-integral
counts)and, furthermore,we found that MAC error can
show unstablebehavior under certaincircumstances.A
moredetaileddiscussionon MAC andEMD errorsaswell
asthe actualEMD error calculationformulasusedin this
papercanbefoundin thefull paper[2].

4.2 Query ExecutionTimes

In orderto comparethequeryprocessingtimesfor thevar-
ious approaches,we measuredthe time (in seconds)for
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executingaSELECT-JOIN-SUM queryover synopsesof
twB o-dimensionalsyntheticdatasetsusingeachapproach.
Wedonotconsiderthetimefor randomsamplingsincethe
join resultswith samplesdid not generateany tuples,ex-
ceptfor very largesamplesizes. The runningtime of the
join queryon theoriginal baserelations(usinganindexed
nested-loopjoin) to produceanexactanswerwas3.6 sec-
onds. In practice,we expect that this time will be much
higher since in our case,the entire relationsfit in main
memory. As is evident from Table2, our wavelet-based
techniqueis morethantwo ordersof magnitudefastercom-
paredto runningthequerieson theentirebaserelations.

Technique Number of Coefficients
500 1000 2000 5000

Wavelets 0.01 0.02 0.04 0.08
Histograms 9.8 1.48 0.43 1.26

Table2. SELECT-JOIN-SUM QueryExecutionTimes

Also, notethat theperformanceof histogramsis much
worsethanthatof wavelets.Theexplanationliesin thefact
thatthejoin processingalgorithmof IoannidisandPoos-
ala[6] requiresjoining histogramsto bepartiallyexpanded
to generatethetuple-valuedistribution for thecorrespond-
ing approximaterelations.Theproblemwith thisapproach
is that the intermediaterelationscan becomefairly large
andmay even containmore tuplesthanthe original rela-
tions. For example,with 500 coefficients, the expanded
histogramcontainsalmost5 times asmany tuplesas the
baserelations.The sizesof the approximaterelationsde-
creaseasthenumberof bucketsincrease,andthusexecu-
tion timesfor histogramsdropfor largernumbersof buck-
ets. In contrast,in our wavelet approach,join processing
is carriedout exclusively in the compresseddomain,that
is, joins areperformeddirectly on thewaveletcoefficients
without ever materializingintermediaterelations. The tu-
plesin thefinal queryansweraregeneratedat theveryend
aspartof therenderingstepandthis is theprimaryreason
for thesuperiorperformanceof thewaveletapproach.

4.3 Experimental Results– Real-life Data Sets

We obtainedour real-life data set from the US Census
Bureau(www.census.gov). We employed theCurrent
PopulationSurvey (CPS)datasourceandwithin it thePer-
sonDataFilesof theMarchQuestionnaireSupplement.We
usedthe1992datafile for theselectandselectsumqueries,
andthe1992and1994datafiles for the join andjoin sum
queries.For bothfiles,weprojectedthedataonthefollow-
ing four attributeswhosedomainvalueswere previously
coded: age (with valuedomain0 to 17), educationalat-
tainment(with valuedomain0 to 46), income(with value
domain0 to 41) andhours per week(with valuedomain0
to 13). Along with eachtuple in theprojection,we stored
a countwhich is thenumberof timesit appearsin thefile.
Weroundedthemaximumdomainvaluesoff to thenearest
power of 2 resultingin domainsizesof 32, 64, 64 and16
for thefour dimensions,anda totalof 2 million cellsin the
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Figure7. SELECT-JOIN-SUM querieson real-lifedata.

array. The 1992andthe 1994collectionshad16271and
16024cellswith non-zerocounts,respectively, resultingin
a densityof

?
0.001. However, even thoughthe density

is very low, we did observe largedenseregionswithin the
arrayswhenwe visualizedthe data– thesedenseregions
spannedtheentiredomainsof theage andincomedimen-
sions.

For all thequeries,we usedthe following selectrange:� �'C ¡ ÝEDè� # and � # � E���Êz�6F ÝGDè� � thatwe foundto be
representative of several selectrangesthat we considered
(theremainingtwo dimensionswereleft unspecified).The
selectivity of the querywas 1056/16271

�
6%. For sum

queries,thesum operationwasperformedon the age di-
mension.For join queries,thejoin wasperformedon
theagedimensionbetweenthe1992and1994datafiles.

SELECT Queries. In Figures6(a) and 6(b), we plot
the EMD error and relative error for SELECT and
SELECT-SUM queries,respectively, asthespaceallocated
for theapproximationsis increasedfrom 3%to 25%of the
relation.Fromthegraphs,it follows thatwaveletsresultin
the leastvaluefor theEMD error, while samplinghasthe
highestEMD error. For SELECT-SUM queries,wavelets
exhibit morethanan orderof magnitudeimprovementin
relative error comparedto both histogramsand sampling
(the relative error for waveletsis between0.5%and3%).
Thus,theresultsfor theselectqueriesindicatethatwavelets
areeffective at accuratelycapturingboththevalueaswell
asthefrequency distributionof theunderlyingreal-lifedata
set.

It is interestingto note that the relative error for sam-
pling is betterthanthatof histograms.We conjecturethat
oneof the reasonsfor this is the higherdimensionalityof
thereal-lifedatasets,wherehistogramsarelesseffective.

JOIN Queries. We only plot the results of the
SELECT-JOIN-SUM queriesin Figure7, sincetheEMD
error graphs for SELECT-JOIN queries were similar.
Over theentirerangeof coefficients,waveletsoutperform
samplingandhistograms,in mostcasesbymorethananor-
derof magnitude.With thereal-lifedataset,evenafterthe
join, the relative aggregateerror usingwaveletsis very
low andrangesbetween1%to 6%. Therelativeerrorof all
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Figure6. (a)SELECT and(b) SELECT-SUM queryerrorson real-lifedata.

the techniquesimprove as the amountof allocatedspace
is increased.Comparedto the syntheticdatasets,where
the result of a join over samplescontainedzero tuples
in mostcases,for thereal-lifedatasets,samplingperforms
quitewell. Thisis becausethesizeof thedomainof theage
attributeon which the join is performedis only 18, which
is quitesmall. Consequently, theresultof thejoin query
over thesamplesis no longerempty.

5 Conclusions
In this paper, we have proposed the use of multi-
dimensionalwavelets as an effective tool for general-
purposeapproximatequery processingin modern,high-
dimensionalapplications.Our approachis basedon build-
ing wavelet-coefficientsynopsesof thedataandusingthese
synopsesto provide approximateanswersto queries.We
havedevelopednovel queryprocessingalgorithmsthatop-
eratedirectly on the wavelet-coefficient synopsesof rela-
tional data,thusallowing for very fastprocessingof arbi-
trarily complex queriesentirely in the wavelet-coefficient
domain. We have also proposeda novel I/O-efficient
waveletdecompositionalgorithmfor building thesynopses
of relationaldata.Finally, wehaveconductedanextensive
experimentalstudywith syntheticaswell asreal-life data
setsthatverifiestheeffectivenessof ourwavelet-basedap-
proachcomparedto bothsamplingandhistograms.
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